Quiz II

18.085 (Dr. Christianson) H C
6/April/09 PRINTED Naine: i .

e Do all your work on these pages. No calculators or computers may be used. Notes and
the text may be used. The point value (out of 100) of each problem is marked in the
margin. Note that some problems are worth much more than others and plan your {ime
accordingly. Please confine your answers to the given pages.

1. (25 points) This problem concerns least squares for rectangular matrices. The next page
is blank for extra work.

a. (5 pts) Let A and b be given by

10 2
2 1 2
A = 1 1) b= -1 [’
2 0 1
and show Au = b has no solution u.
b. (10 pis)
For the same A and b, find 0 minimizing
| Ad — bl

What is the error e = A — b?

c. (10 pts)
What is the projection p = A(AT A)~1ATH of the vector b onto the column space of the matrix
A? Show that eTp = 0.
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Figure 1: The truss for problem 2.

2. (30 points) This problem concerns the truss in Figure 1. Nodes 1 and 2 have the vectors
of displacements (uf’,u}) and (uf,uY) respectively, with the usual orientation (the other two
nodes are fixed). The next page is left blank for extra work.

a. (10 pts) TFind the elongation matrix A so that

describes the stretch in bars 1, 2, and 3.

b. (10 pts) What are the nullspace solutions to Au = 07 Sketch the motion(s) corre-
sponding to these solutions.

c. (5 pts) How many bars do you need to add to eliminate these motions?

d. (5 pts)  Where would you add it, and what is the new matrix A?
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3. (380 points) This problem concerns the BVP

—u' =1,
{u(O) =u(1) = 0. (2)

The next page is blank for extra work.

a. (10 pts) Find the exact solution to (2).

b. (10 pts) Let h =1/3, and use the piecewise linear hat functions ¢; and ¢ as in your
text, and the test functions V7 = ¢ and V5 = ¢» to calculate the 2 x 2 finite element matrix K.
Calculate the vector F.

c. (10 pts) Find the coefficient vector U satisfying
KU=F.

Sketch the graph of U(z) = Ur¢i(x) + Usga(z) and the graph of the solution u(z) to part (a).
What is the maximum error |U(z) — u(z)|?
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4. (15 points) This problem concerns the perturbed BVP

{—u” +pu=1,
u(0) = u(1) =0,

where the parameter p > 0. The next page is blank for extra work.

a. (5 pts)  Find the exact solution to (3). (Hint: a linear combination of the functions
e and e™%" can also be written as a linear combination of the functions sinh ez and coshaz.)

b. (5 pts)  You calculated the exact solution ug(z) to the unperturbed problem (p = 0)
in Problem 3. Using the ansatz wapprox(z) = ug(z) + pv(z), plug into (3) and discard terms with
p? to get a BVP for the function v. Solve for v.

c. (5 pts) (Do this part only after you have double-checked the rest of your quiz.)
Expand the exact solution from part 1 in a Taylor polynomial about p = 0 and verify that your
approximate solution agrees with the exact solution up to p=.
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