Computational Science & Enginecring I - Fall 2015 EXAM 1

Exam 1
October 8, 2015
Time limit: 80 minutes

g O wT ?923 E’roblem Points Score

1 20
Name (Print): B g ;8
‘j 4 20
S 20
Total: 100
t Total (%):

This exam contains 10 pages (including this cover page) and 5 problems. Check to sce if any
pages are missing.

Enter all requested information on the top of this page, and put your initials on the top of
cevery page, in case the pages become separated.

You may use your course textbook and notes. No electronic devices or other materials are
allowed.

You are required to show your work on cach problem on this exam, unless otherwise specified.
The following rules apply:

e Organize your work, in a neat and coherent way. Work without a clear ordering will
receive very little credit.

e Mysterious or unsupported answers will not receive full credit. A correct
answer, unsupported by calculations, explanation, or algebraic work will receive very
little credit; an incorrect answer supported by substantially correct calculations and
explanations will still receive partial credit.

o your final answer to cach problen.

e If you need more space, use the back of the pages; clearly indicate when you have done
this.
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Problem 1 (20 points):
(a) (6 points) Let’s practice the LU factorization with an casy example. Compute the LU

decomposition of the following matrix by hand. Show your steps.
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(b) (27points) Following from question (a), can we factorize A in LDLT? Why? If so, compute

ND !ICO\)SQ A £ 1/\9‘{‘ SOW’{TJ‘Q_

(¢) (2 points) Following from question (a), is A singular? Why?

No keccwse det(h) = 42-X=6
3
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(d) (2 points) Following from question (c), what can we say about the columns of A?

'MO ofe (t’b\earlo (ndeyaaindest—

(e) (2 points) What is the null space of A compose of?

TLZ +r gl SDLUPITD"\ W= [gl

o

(f) (6 points) Write a Matlab algorithm to calculate the LU factorization of a given m x m
matrix A. Don’t even think about writing [L, U] = lu(A)... Forget about trying to deal with
special cases such as first pivot equal to zero, row reordering, etc. Suppose that A is as nice
as in the questions above. (Hint #1: Yow can do it with only tow for loops and two lines of
commands within them. Hint #2: Initialize U = A and L = I)

U= A
L: €O€<M>

<€or K=4: m-|
Wlbc )= Kels m
] L) - R /U(x) |
U (ko) = 0y - LERYU (wKew)

erdh
O
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Problem 2 (20 points): Supposc A; = 1 and )y = 2 arc the eigenvalues of a matrix A,
and y{ = [1 0] and yZ = [1 1] arc the corresponding eigenvectors.
(a) (4 points) Calculate the matrix A.
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(b) (4 points) Calculate the matrix A8 its cigenvalues and its cigenvectors.

Note that A‘:«S*[\K‘S'\
A"{; 10 A1 s %l
o 15 we)- [oiiﬂ

e domoutrted thet )
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(c) (4 points) Suppose a new matrix B with eigenvalues A; = 1 and )y = 2 and eigenvectors
yI =2712|-1 1] and y¥ = 27Y/2[-1 —1]. Can you compute B without using 1‘? Explain

your answer and, if pos51ble compute B.
bt A yToy,= 40 1L 2] 4 (- ) = 4 A o,
3'\ M'L \rL Vi{ cie. {)Cfp&&‘q/éf
. 2 e efpeiels }fb B wwdt ke %J'“”d%c

Q’Fapcwl@\or ezj@"v O
> B QAQ H" “10 in ,\\ T =41 \l[ G

(d) (2 points) In the question abovo what if 1, and Yo are not unit vectors? Can you still do

the same? | /‘ 3 +;1
355, O"ﬂoaowltjj w wltd’rculb ’Wo\HErJ”, N L\
B

——

(¢) (4 points) Suppose —
I =1
o= (1 3)

Can you diagonalize C' in terms of its ecigenvalues and cigenvectors? Explain your answer
and, if possible, perform the diagonalization.

Xs U ): A-W(A-X) 1 = =1 =XtN4¥¢4) =0
L | =5 W=7 (Repected)

' _ (I»C& € & Sl U{o“)
—AQX'X'A’)M“O o Vepe ® ‘g secondd e"jw\%dgr

L
l‘ [ I_ \lsb é9 \/ = C C,c»«lno-'- \DQ d”aJOholc'geV,

(f) (2 points) For A, A%, B and C, determine if cach matrix is positive definite, semidefinite
or indcfinite.

A, p‘/ B — W D0 et NP0 =P Pos%lﬂ Aﬁ(é»\{[w
C —dd(€)=0 = Ruitiuc &tWI'O‘Ld/‘}“rFfC
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Problem 3 (20 points): Consider the following boundary value problem:

@) = 1 2)

with f(z) = =61(z — §) + 63(x — £) and fixed-fixed boundary conditions, i.e. u(0)=u(1)=0.
(a) (8 points) Solve the problem analytically. Write the solution in the form:

u(x):{ . if0<a<l/4
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(b) (6 points) Sketch the solution including the valucs of u(z = 1/4) and u(z = 3/4).

(c) (6 points) Sctup but do not solve the discretized problem in matrix form Au = b with a
grid spacing of A = 1/4. The solution vector u to this linear system is our approximation to

u(x) at the grid points.

S T Y R TR
Uo=© 5 Uy-=0
4 P -} 0 (A‘ -\ 0
'K;. - 2 o[ W :_/(L‘, 0O *4: 0
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Problem 4 (20 points): For the following system of spring and masses,

C1

C2 ma

ms

(a) (3 points) What matrix 4 gives the spring stretching e = Au from the displacements u
of the masses?

€s= U4 Yol 71 o o '

= UD*M/l = & A
—b

€3 = lh-Uy \ “i=1 } @ a"

ey = Uyl 1“7 Lo v | |W

&

(b) (8 points) Find the stiffness matrix K of the system.

{
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(¢) (2 points) Is there any zero entry in K? Why?

MO ybeco‘u;e o(( ’Ha wefSel  alde OLLl‘eo-H(; Cowh@(jid
5& sprinog

(d) (5 points) Suppose ¢; = ¢, ¢z = 2¢, ¢5 = 3¢, ¢4 = 4c (with ¢ > 0), demonstrate whether
or not K is singular.

6C "3(_
Ke |-3c  3Fc

let (i~ | &3¢ + A (DA~ (DB ~3Y5) -
5.

25 Y -4 3 54

—D> Obi‘t_(W) = C3<25L~2,26>; —2:5793 >0

NN \\V\\th'ui

(¢) (2 points) Under the same conditions as in the previous question (cﬂ demonstrate whether
or not K is positive definite.

dt (>0 =0 Posrtive olq/wﬁc

—
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Problem 5 (20 points): Approximation to mixed derivatives (2D). Suppose u = u(z,y),
find the finite approximation to
0?u
e K 3)
Oxdy

Use always a centered scheme and show the order of accuracy.
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