18.085: Computational Science and Engineering 1
Problem Set 8 Solutions
Fall 2014

4.1:

1) Find the Fourier series on —7 < = < 7 for ...

(a) f(x)=sin®z, an odd function

sin(3z) = sin(x) cos(2z) 4 cos(x) sin(2x)
= sin(z) [cos*(z) — sin*(z)] + 2cos®(z) sin(z)
= sin(z) — 2sin”(x) + 2sin(z) — 2sin®(x)

sin(3z) = 3sin(z) — 4sin®(x)

3 3 1.
sin”(x) = 1 sinfz) — 1 sin(3z)

(b) f(z)=|sinz|, an even function

LT 1" 1 2
ao = 5~ /:r | sin(z)|dz = - -/u sin(z)dr = - [ cos() + cos(0)] = -

First, the identity 2sin(z) cos(kz) = sin((k + 1)z) — sin((k — 1)z) for k = 1,2, ... is proven, which will be
useful later.

sin{(k + 1)z) —sin((k — 1)r) = siatertenst=t + cos(kz) sin(z) — simHesteesiz=} + cos(kz) sin(z) = 2sin(z) cos(kx)

1 ks 2 m
Fork=1,2,.. ar= - / | sin(x)| cos(kx)dz == / sin(x) cos(ka)d [ [sin((k + 1)z) —sin((k — 1)x)]
7 — [ Y]
N ((k+1 ! E—1 ’
ol cos((k + 1)x) + cos(( ) .
_1 1 ((k+ 1)) —1 s((k— 1)7) 0 (0
= rI;_'_lcos,( + 1w +I¢—ICO5( Jw) + ] cos ) ] cos )
0, if k is odd 0, if kis odd
B % [k—_t_l — ﬁ] , ifkiseven —% [pl_—l] , if k is even
, 2 4 cos((25)x)
|sin{z)| = = ;;W

(¢) flz) ==z, an odd funetion which can be treated as periodic over —x to

by = 2 /u'xsin(kz)dx=§fu' ;m { - cos(kz :|dx—k?rf 2 (] cos(ka) dm+—[ %cos(kx)]:
2(—

k

2
[5111(&1) — sin(0)] — - [ cos(km) + IZI]

for -w <z <w




(d) fiz)=e", using the complex form of the series
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1 . . (—1)F(e™ —e ™)
_ T (cos(km) — 45 § _ a—T 2 fer 8 _
pe [e™ (cos(km) — ésinthry) — e~ (cos(km) + isinthm})| 2 (TR
. et — o= oo {_l)kcik.l:
© = 2w Z ik—1
k=—oo
A function F(z) can be split into even, Foyen(x), and odd, Foa4(x), parts.
Filz)+ F(— F(x)— F(-
-F(I} = Fe\-‘cn(-r) + -Fodd I:'I) FEI—'F_‘I'I (I} = M -Fodd{:r} = M

The even an odd parts of * are cosh(x) and sinh(x), respectively.
The even and odd parts of & are cos(x) and isin(x), respectively.

3) A periodic square pulse centered at x = 0 is given by the following eguation for —w < z= < m

Square Pulse centered atx =0

1.5 T T T T T T T
1_ 4
1, for|a| <3 Z 05f 1
flx) = i
0, f0r§{|m|<?r
0
053 -2 -1 0 1 2 3

We would like to find the Fourier coefficients ay, by for this square pulse. Because the pulse is an even func-

1
T=|ag = —
2 2

1 = z
agz—/ flo)de = — dr =
2‘JT, — 2 ;2'_

1
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T 1 [T 1 [, (km . km B 2 km
f_r flz) cos(kz)dx = - f_% cos(kx)dr = y= [:-,m <?) — sin (—7)} =|ak = —sin (?)
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7)

Pericdic Half Wave f(x)
1_5 T T T T T T T
1 L 4
. sin(z), for0<z<w g 05F ]
flz)= )
0, for —m<z<0
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X
The Fourier coefficient of f(x) are:
/ flx)d L Fcsin )d: —i[—m'-; )+ cos L]}]—l
ang = l[:r}.r:— 27, (IJ£_2:'.- 0s(m 08 ( ==
1 /™ 1 /7 0, if & is odd
ap = — flx)cos(kx)de = — / sin(x) cos(kx)dr = o [ 1 . (See Problem 1h)
T J_x T Jo = [F_—l} if k is even

. Y 1 i T—
by = %f_n f(z)sin(kz)dz = % .[u sin(z) sin(kx)dx = {{Q]: i: :: P i

e+ 12 Z cos((24)z)

(27)* -1

‘-\--F'
taln—n

Comparing the above Fourier series to that in problem 1b, it can be seen that the above equation is simply
f(z) = 3sin(z) + | sin(x)|.

11)
1
ckzﬁfork>0,c0=1

P | 1 .
_ E 0~ _ 0
Uy =1+ k_le”‘ ﬁ—l—zlog(l—e‘ )

1 i6
u=1 —Elog(l —re'?)



Section 4.1 (Problem 13):

For the following even square pulse f(x) = + Y1 51nc( ) cos kx

-0 1072 TU2

(a) The energy [|f(x)]*dx 1s

mf2
J-|f(x)|2dx j ldx=m
-mf2
(b) Note that
1 = 1 il z'k.r_l_ —ikx
flx) = E+Zsmc( )coskx=§ Z mc( ) 29

k=1

(c) Using the energy identity, and noting that ¢, is even, we get

f|f{x)|2dx—2n Z el —z?r(|ca|2+zZ|ck|2)—2

k=—oo
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_ZH( Z(Zk—l)) 2“(Z+n_



4.2:

4.2.1.a) We have

1 2 m™ m™ . .
Conn = (—) / / F(z,y)e "™ e "™ dxdy
2?T —m —T

1 m m . . 1 m™ . m™ .
— . e_im:{:e_iﬂ'y dﬂ:dy - / e_'f,m:{: d:]: / e_Iledy-
4TT2 /D 0 4?T2 0 0

- L] . _ —imm .
Since ft} e " Tdy equals w if m = 0., and ]‘iT otherwise, we get cgg =
1/4 1/(2mim)  if m odd ¢ £ 0. and ;2% if m,n odd
Con0 = Com = . orm cand ¢ = 4 7 ,
» Em0 Orm 0 otherwise ‘ m otherwise
for m,n # 0.
T —i 0 0 — —i L.
b) emn = 417 (for fge T myda:dy—l—f_Tf_We T e mydﬂ:dy). Simi-
larly to a), we obtain cpg = 1/2,¢mo0 = com = 0 for m # 0 and ¢y, =
—9 .
——=— if m,n odd .
T s . for m,n # 0.
0 otherwise '

4.2.2. Since sinmae and sinny are odd in z and y respectively, S(z,y) will
have a double sine series Y > b, sinmzsinny if S(z,y) is odd in = and y:
—S(z,y) = S(—z,y) = S(z,—y). The double sine functions are orthogonal:

%f / (sin kx sin ly) (sin ma sin ny )dzdy = { L if k=mandl=n
m —m —m

0 otherwise
4.2: 3

3) A Zm-periodic, odd 2D funetion F'(z,y) has a double sine series:

F(z.y)= i i by sin(nz) sin{my)

n=1m=1

The coefficients b, can be found through the formula

b = [ " / F(z, y) sin(nz) sin(ny)dzdy
™ J =J =




4.3:

2) The jth row (where 57 = 0 is the first row and j = N — 1 is the last row) of the Fourier matrix Fy is a
row vector

[1 wl w? u'(N_I]j] (1)
where w = exp(i2x /N ). The (N — j)th row vector of Fiy is
[1 wW—d) 20V—3) | (V-1 -]
which can be also written as
[ w W L WD (2)

by noting that the complex conjugate of w™ is wk = w* =3} The row vector 2 is simply the complex
conjugate of the row vector 1, or alternatively, the (N — j)th row of Fy is identical to the jth row of the
F . The proof of wki = wF¥ =7 ig given below:

k]

) - . ; o nr o K ) F
5 _ (%) _ 27k ok —i2xk\ Y _ 2w N —i2wk
W= (u. ) = | N =1 e N =\ N P N
o LN Dok k(N — 9, k(N —3) .
— oxp e-i‘rﬁ;f\ exp _12:":?1'3 —exp 1‘271.[4’\' i) — |exp 12'7 _ ki)
N N N N

8) ¢ =(1,0,1,0), N =4
el = (1_1) e’ = (D, D)
f—’ — cm-' fﬂ' — FZC”

[ -
ROBE

fi= fj’ + (wN)ij‘”

n=lo]=1 - [E)

Fivar = f — (wn) f]'

r=lo]=10 ][5

2
.. Combine f = [f1; f2] = g
0 #
For ¢ =(0,1,0,1)
¢’ =(0,0) e’ =(1,1)
f'=Fae! £ = Fye”

-L Sl =h Sl

10) If w = exp (3%1) then w? and \/w are among the 32" and 128" roots of 1, respectively.
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