5.16. Calculus with bounds 181

Now for α, β ∈ R define A ∈ ~Ψ^{−∞,α,β}_{b,∞} (X;^bΩ^{12} ) as consisting of the b-half-densities on X^2_b such that for some ϵ > 0 (depending on A) ρ^{−α−ϵ}_{lb} ρ^{−β−ϵ}_{rb} A is in the space (5.104). The extra subscript ∞ is supposed to indicate that the space is defined by bounds and the inclusion of ϵ > 0 gives a little ‘room’ in the estimates. Notice that

α < inf E_{lb}, β < inf E_{rb} ⇐⇒ ~Ψ^{−∞,E}_b (X;^bΩ^{12} ) ⊂ ~Ψ^{−∞,α,β}_{b,∞} (X;^bΩ^{12} ).

In fact the second part of the proof of Theorem 5.34 applies unchanged to show that

(5.106) A ∈ ~Ψ^{−∞,α,β} b,∞ (X;^bΩ^{12} ) defines a bounded operator A : ρ^{α′} H^M_b −→ ρ^αH^m_b ∀ m, M if α^′ + β ≥ 0 and α ≤ α^′. It suffices to have α^′ + β ≥ 0 because of the inclusion of ϵ > 0 in the definition of the kernels. Now the general calculus with bounds is the sum of three terms:

(5.107) Ψ^{m,α,β} b,os,∞(X; bΩ^{12} ) = Ψ^m_{b,os}(X;^bΩ^{12} ) + ~Ψ^{−∞,α,β}_{b,∞} (X;^bΩ^{12} ) + ρ^α_{lb}ρ^β_{rb}H^∞_b (X^2;^bΩ^{12} ).

The L^2 boundedness in (5.106) leads to the composition properties involving the action of the first two summands on the third:

Proposition 5.37. If α^′ + β ≥ 0 and α ≤ α^′ then composition of operators gives Ψ^{m,α,β} b,os,∞(X; bΩ^{12} ) · ρ^{α′}_{lb} ρ^{β′}_{rb}H^∞_b (X^2;^bΩ^{12} ) ⊂ ρ^α_{lb}ρ^{β′}_{rb}H^∞_b (X^2;^bΩ^{12} ).

Proof: Multiplying on the left by ρ^{−β′} it suffices to consider the case β^′ = 0. Any B ∈ ρ^{α′}_{lb} H^∞_b (X^2;^bΩ^{12} ) can be decomposed into

(5.108) B = B_1 + B_2, B_1 = ϕ(ρ_{rb})B,

where ρ_{rb} is the pull-back of a boundary defining function, ρ ∈ C^∞(X), from the right factor and ϕ(ρ) ∈ C^∞(X) takes the value 1 near the boundary and has support in a collar neighbourhood. The support of B_2 is therefore disjoint from the right boundary of X^2, so it is of the form of a C^∞ function of the right variables with values in the weighted Sobolev space:

B_2 = b_2 ⊗ ν, ν ∈ C^∞(X;^bΩ^{12} ), b_2 ∈ Ċ^∞(X; ρ^{α′} H^∞_b (X;^bΩ^{12} )).

The composition can then be written as the action on the left

A ∘ B_2 = A(b_2) ⊗ ν ∈ Ċ^∞(X; ρ^αH^∞_b (X;^bΩ^{12} )) = ρ^α_{lb} ρ^∞_{rb} H^∞_b (X^2;^bΩ^{12} )

using (5.106). To handle A ∘ B_1, the product decomposition of the right factor of X near the boundary and the Mellin characterization of (5.41) can be used. Taking the Mellin transform in the normal variable of a product decomposition near the boundary of the right factor allows b_1 to be written as the inverse Mellin transform of

(5.109) b_{1,M} ∈ S(R× ∂X; ρ^{α′} H^∞_b (X;^bΩ^{12} )) ⊗ ν,

with ν a b-half-density on the right factor as before. Here the notation S stands for the space with all derivatives continuous into the target and rapidly decreasing as the variable, λ → ∞. Now the same argument as above allows A to be applied on the left, meaning in the image space in (5.109). The result, by (5.106), is in the same space, with α^′ replaced by α. Taking the inverse Mellin transform by (5.41) and noting the bound on the support in the right variables, it follows that

A ∘ B_1 ∈ ρ^α_{lb}H^∞_b (X^2;^bΩ^{12} ).

This completes the proof of the proposition.

There are obvious properties for the composition of the third summand in (5.107) using this argument. In fact it is useful to prove a stronger property. Let R be some ring and suppose I ⊂ R is a subring. Then I will be said to be a semi-ideal (sometimes called a bi-ideal, see [86], [87], and also called a corner in [3] - the latter terminology being particularly unfortunate in the present context) if (5.110) A, B ∈ I, X ∈ R =⇒ AXB ∈ I. On a compact manifold without boundary the smoothing operators form such a semi-ideal in the bounded operators on L^2. An extension of this to the case of manifolds with boundary is:

Proposition 5.38. For any α ∈ R the subspace ρ^α_{lb} ρ^{−α}_{rb} H^∞_b (X^2;^bΩ^{12} ) is a semi-ideal in the space of bounded operators on ρ^αL^2(X;^bΩ^{12} ).

Proof: As usual, by conjugation, it is enough to take α = 0. So consider A, B ∈ H^∞_b (X^2;^bΩ^{12} ) and take a decomposition as in (5.108) for B and a similar decomposition for A but with respect to the left variables (i.e. take

5.17. Fredholm properties 183

such a decomposition of A^∗). Then the composite operator is a sum of four terms, A_j ∘ X ∘ B_k for j, k = 1, 2. Now

A_2 ∘ X ∘ B_2 ∈ Ċ^∞(X^2;^bΩ^{12} )

is very residual. The term A_1 ∘ X ∘ B_2 is the adjoint of a term of the type of A_2 ∘ X ∘ B_1, so it suffices to consider the latter. Using the Mellin transform in the right variables, as in the proof of Proposition 5.37 this is easily seen to be an element of ρ^∞_{lb} H^∞_b (X^2;^bΩ^{12} ). The last term, A_1 ∘ X ∘ B_1 can be handled similarly by taking the Mellin transform, and its inverse, in both sets of variables. To do this, and so complete the proof, a characterization of the Mellin transform as in (5.41) is needed in two sets of variables. This is left as an exercise:

Exercise 5.39. Show that the double Mellin transform

u_{M,ν}(λ, λ^′, y, y^′) = ∞∫ 0 ∞∫ 0 x^{−iλ}(x^′)^{−iλ′} u(x, y, x^′, y^′) dx x dx^′ x^′ defines, for any m ∈ R, an isomorphism

H^m_b ( ~X^2;^bΩ^{12} ) = { u ∈ L^2( ~X^2;^bΩ^{12} ); u_{M,ν} ∈ L^2(R^2; H^m((∂X)^2; Ω^{12} ),

(1 + |λ|^2 + |λ^′|^2)^{m/2}u_{M,ν} ∈ L^2(R^2 × (∂X)^2; |dλ|^{12} |dλ^′|^{12} Ω^{12} ) } .

5.17. Fredholm properties.

The basic Fredholm properties for elliptic operators on weighted Sobolev spaces are now straightforward consequences of the continuity of the parametrix and the compactness of the error:

Theorem 5.40. If P ∈ Diff^k_b (X;^bΩ^{12} ) is elliptic on a compact manifold with boundary X then for each α ∈ R and M ∈ R the null space

(5.111) { u ∈ ρ^αH^M_b (X;^bΩ^{12} ); P u = 0 } ⊂ ρ^αH^∞_b (X;^bΩ^{12} ) is finite dimensional and (5.112)

P : ρ^αH^M_b (X;^bΩ^{12} ) −→ ρ^αH^{M−k}_b (X;^bΩ^{12} ) is Fredholm ⇐⇒ α /∈ − Im spec_b(P ).

A ‘relative index formula’ relating the index of the operator in (5.112) for different values of the weight α is obtained in §6.2.

Proof: The sufficiency of the condition α /∈ − Im spec_b(P ) for P to be Fredholm follows from the existence of right and left parametrices. From Lemma 5.4 it follows that P is bounded as an operator (5.112). Moreover from Proposition 5.28 and the Corollary to Lemma 5.33, applied to P and to its adjoint, there are bounded maps

(5.113)

E_R, E_L : ρ^αH^{M−k}_b (X;^bΩ^{12} ) −→ ρ^αH^M_b (X;^bΩ^{12} ) s.t.

P ∘ E_R = Id −R_R, E_L ∘ P = Id −R_L,

R_R, R_L : ρ^αH^q_b (X;^bΩ^{12} ) −→ ρ^{α+ϵ}H^∞_b (X;^bΩ^{12} ).

It follows that P is Fredholm. First the null space in (5.111) is contained in the null space of Id −R_L and is therefore finite dimensional, since R_L is compact. This proves (5.111) when α /∈ − Im spec_b(P ). However the general case follows since the null space can only increase with decreasing α. Similarly the range of P contains the range of Id −R_R which is closed with finite codimension, because R_R is compact. Thus the range of P is also closed and of finite codimension. It follows that P is Fredholm as stated in (5.112).

So it remains only to prove that the condition on α is also necessary for P to be Fredholm. Since this is a direct consequence of the relative index formula proved in Theorem 6.5 below, the proof is deferred until after this has been established.

Exercise 5.41. Make sure that you understand why Id −R is Fredholm if R is a compact operator on a Hilbert space.

As a Fredholm operator P has a generalized inverse. Thus for each α /∈ − Im spec_b(P ) consider the map E_α which is zero on the orthocomplement of the range of P in (5.112) for M = k and maps each element f in the range of P to the unique solution u of P u = f which is in ρ^αH^k_b (X;^bΩ^{12} ) and is orthogonal to the null space with respect to the inner product on ρ^αH^0_b (X;^bΩ^{12} ). This defines an operator

(5.114) E_α : ρ^αH^0_b (X;^bΩ^{12} ) −→ ρ^αH^k_b (X;^bΩ^{12} )

which is such that

(5.115) P ∘ E_α = Id −Π_1, E_α ∘ P = Id −Π_0,

where Π_0 and Π_1 are the orthogonal projections in ρ^αH^0_b (X;^bΩ^{12} ) onto the null space and orthocomplement to the range of P. The inner product on the space ρ^αH^0_b (X;^bΩ^{12} ) depends on the choice of defining function for the boundary and so this affects the definition of E_α when α ≠ 0 but otherwise E_α is well-defined.

5.18. Extended index sets 185

Proposition 5.42. The generalized inverse E_α in (5.114), (5.115) for an elliptic element P ∈ Diff^k_b (X;^bΩ^{12} ) and α /∈ − Im spec_b(P ) is an element of the space of operators defined in (5.107): (5.116) E_α ∈ Ψ^{−k,α+ϵ,α+ϵ} b,os,∞ (X; bΩ^{12} )

for some ϵ > 0.

Proof: By conjugation it suffices to take α = 0 as usual. Consider the left and right parametrices in (5.113). These satisfy (5.117) E_L − E_R = E_L ∘ (P ∘ E_R + R_R) − (E_L ∘ P + R_L) ∘ E_R = E_L ∘ R_R − R_L ∘ E_R.

This shows that the difference is in the same space, as in (5.99), as the error terms. Thus the left parametrix is also a right parametrix with the same type of error term. Let E = E_L be the two-sided parametrix and R_R and R_L the errors as a right and left parametrix.

Now consider the same computation but involving the generalized inverse, E_α. Notice first that both Π_0 and Π_1 are orthogonal projections onto finite dimensional subspaces of ρ^ϵH^∞_b (X;^bΩ^{12} ) for some ϵ > 0. The kernels of these operators are therefore sums of products of elements of this space, so are in ρ^ϵ_{lb}ρ^ϵ_{rb}H^∞_b (X^2;^bΩ^{12} ). Now using (5.115) and (5.117)

E_α − E = E_α ∘ R_R − Π_0 ∘ E, E − E_α = E ∘ Π_0 − R_L ∘ E_α

from which it follows that

E_α = E + E ∘ R_R − Π_0 ∘ E − E ∘ Π_0 ∘ R_R + R_L ∘ E_α ∘ R_R.

All terms on the right are in the space in (5.116), with the semi-ideal property of Proposition 5.38 used on the last term. This proves the proposition.

5.18. Extended index sets.

Although a parametrix for any elliptic b-differential operator has now been obtained, the construction will be taken somewhat further, resulting in a finer parametrix and thence a more precise description of the generalized inverse. This finer description is used in the next chapter to show the existence of a meromorphic continuation of the resolvent of the Laplacian of an exact b-metric through the continuous spectrum. It is not used in the proof of the APS theorem.

Most of the work has already been done, in analyzing the solvability properties of the indicial operator. It remains to consider the perturbation theory which will allow this to be used to improve the parametrix constructed in Proposition 5.28 by more carefully choosing the extension off the front face of X^2_b . As will be seen below this is really the process of relating a solution of the indicial operator to an approximate solution of the operator itself.

In the construction of a finer parametrix the index sets in (5.86) will have to be replaced by somewhat bigger ones which take into account the horrors of accidental multiplicities, to wit ^E^±(α) = { (z, k) ∈ C × N_0; ∃ r ∈ N_0, Re(z) > ±α + r,

± i(z − r) ∈ spec_b(P ) and k + 1 ≤ r∑ j=0 ord(±i(z − j) } .

(5.118)

To understand where this definition comes from, start with the absolute index sets in (5.85). To get to (5.118) consider the shifts of these sets by integral steps in the imaginary direction: E^±(α) + r = { (z + r, k); (z, k) ∈ E^±(α) } , r ∈ N. Then (5.119) ~E^±(α) = ⋃ r∈N0^{[E±(α) + r]} are the smallest C^∞ index set containing E^±(α). On the other hand to define (5.118) the ‘extended’ union of index sets is used: (5.120) E∪F = E ∪F ∪{(z, k); ∃ (z, l_1) ∈ E, (z, l_2) ∈ F, k = l_1 + l_2 + 1} . Thus E∪F = E ∪ F unless E ∩ F ≠ ∅. The extra term in (5.120) just consists of the points of E ∩ F with multiplicity increased to the sum of the multiplicities, plus one. Since 0 already represents a pole of some Mellin transform (see Proposition 5.27) this just arises from multiplying meromorphic functions. The operation of taking the extended union is commutative and associative. Then (5.118) is just

(5.121) ^E^±(α) = E^±(α)∪[E^±(α) + 1]∪[E^± + 1]∪ . . . .

These are the index sets which appear in the parametrix or the inverse if P is invertible. If P has null space they need to be increased further to (5.122) Ě^±(α) = ^E^±(α)∪ ^E^±(α).

Proposition 5.43. If P ∈ Diff^k_b (X;^bΩ^{12} ) is elliptic and α ∈ R is not an element of − Im spec_b(P ) there exists

(5.123) ^G_α ∈ ~Ψ^{−k,}^^{E(α)} b (X;^bΩ^{12} ) s.t. P ∘ ^G_α = Id − ^R_α, ^R_α ∈ ρ_{bf} ~Ψ^{−∞,(∅,} ^^{E−(α))} b (X;^bΩ^{12} ),

where ^E(α) = ( ^E^+(α), ^E^−(α)), is defined by (5.121) or (5.118).

5.19. Formal solutions 187

Notice what is claimed here for the error term, as compared to R_α in (5.88). There is no improvement at bf(X^2_b ); both R_α and ^R_α just vanish there. The improvement is all at the left boundary, lb(X^2_b ), where ^R_α is to vanish to all orders, i.e. has trivial expansion.

5.19. Formal solutions.

The main ingredient in the proof of Proposition 5.43 is a simple result on the formal inversion of the operator P, i.e. relating to its action on polyhomogeneous conormal distributions.

Lemma 5.44. If P ∈ Diff^k_b (X;^bΩ^{12} ) is elliptic and E is an index set then for each f ∈ A^E_{phg}(X;^bΩ^{12} ), there exists u ∈ A^F_{phg}(X;^bΩ^{12} ) with

(5.124) P u − f ∈ Ċ^∞(X;^bΩ^{12} ), F = E∪ ^E^+(α),

using the notation of (5.97), provided inf E > α.

Proof: By definition f has an expansion (5.67). To solve away each term in the expansion, a formal solution of

(5.125) P u = x^z(log x)^kv, v ∈ C^∞(X;^bΩ^{12} )

is needed for each λ ∈ C and each k ∈ N_0. Suppose for the moment that k = 0. Then it is natural to look for u = x^zw, w ∈ C^∞(X;^bΩ^{12} ), although this will not quite work. From (5.32) it follows that, near ∂X,

(5.126) P (x^zw) = x^zI_ν (P, −iz)w + x^{z+1}g(z),

where g(z) ∈ C^∞(X;^bΩ^{12} ) is analytic in z. Here a product decomposition of X = [0, ϵ)_x × ∂X has been taken to allow I_ν (P, −iz) to act on w = w(x, ·).

So as a first step towards (5.125) take w(0, ·) = [I_ν (P, −iz)]^{−1}v(0, ·). Of course there is a problem with this in that λ = −iz might be a point of spec_b(P ) in which case the inverse does not exist. However, in Proposition 5.3 it has been established that the inverse is meromorphic, so consider instead the contour integral:

(5.127) u^′_0(x, ·) = 1 2π ∮ γ(z) x^{iλ}(λ + iz)^{−1}[I_ν (P, λ)]^{−1}v(0, ·)dλ, where γ(z) is a small circle with centre −iz traversed anticlockwise. Replacing the inverse of the indicial family by its Laurent series gives

u^′_0(x, ·) = ord(−iz) ∑ j=0 x^z(log x)^ju_{0,j}(·), u_{0,j} ∈ C^∞(∂X; Ω^{12} ).

Here, as in §5.2, the order of a regular point is taken to be 0, in which case there are no logarithmic terms. Let u_0 = ϕ(x)u^′_0, where ϕ ∈ C^∞(X) has support in x < ϵ and ϕ(x) = 1 in x <^1_2 ϵ. Applying P to (5.127) and using (5.32) and (5.126) gives

P u_0 = x^zv + ord(−iz) ∑ j=0 x^{z+1}(log x)^jv_{1,j}(x), v_{1,j} ∈ C^∞(X;^bΩ^{12} ).

Thus, in case k = 0, (5.125) has been solved up to an error which is one order lower (has a factor of x) but may have higher logarithmic order. If k > 0 the same result can be obtained by observing that

x^z(log x)^j v = ( ∂ ∂z )^j x^zv, assuming v to be independent of z. The general result then follows by differentiating and proceeding inductively over the power of the logarithm. Thus (5.125) has an approximate solution of the form

u_0 = ord(−iz)+k ∑ j=0 x^z(log x)^ju_{0,j}(·), u_{0,j} ∈ C^∞(X;^bΩ^{12} ),

in the sense that

P u_0 = x^z(log x)^kv + ord(−iz)+k ∑ j=0 x^{z+1}(log x)^jv_{1,j}(·), v_{1,j} ∈ C^∞(X;^bΩ^{12} ).

Of course this is the basis for an inductive solution of (5.125). Applying the construction repeatedly, and in the end taking an asymptotic sum, shows that (5.125) does indeed have a formal solution (5.128)

P u = x^z(log x)^kv + f, u ∈ A^{F (z)}_{phg} (X;^bΩ^{12} ), f ∈ Ċ^∞(X;^bΩ^{12} ),

F (z) =

(z + r, p); r ∈ N_0, p ≤ k + ∑ 0≤j≤r −i(z+j)∈spec_b (P )

ord(−i(z + j)) .

To get the full result it is only necessary to sum asymptotically over the points of E and observe that the resulting index set is given by (5.124).

5.20. Finer parametrix 189

5.20. Finer parametrix.

This formal solution can be used to improve the error term at lb(X^2_b ) from the parametrix.

Proof of Proposition 5.43: To get (5.88) it was only necessary to choose G_α as in (5.87) with indicial operator, i.e. kernel restricted to the front face, being the inverse of the indicial operator of P. To get (5.123) the extension off the front face, near lb(X^2_b ), needs to be chosen a little more carefully. Near lb(X^2_b ) take as a boundary defining function s = x/x^′ and then lb(X^2_b ) = ∂X_y × X,

where the factor of X is just the right factor of X in X^2. Thus the action of P ∈ Diff^k_b (X;^bΩ^{12} ) on a kernel on X^2_b can be written near lb as

(5.129) P κ(s, y, x^′, y^′) = ∑ r+|α|≤k p_{k,α}(x^′s, y)(sD_s )^r D^α_y κ(s, y, x^′, y^′).

In particular, as a b-differential operator in s, y it depends smoothly on x^′ as a parameter, in the strong sense that the indicial family is just I_ν(P, λ), and is independent of x^′. This is important because it means that the proof of Lemma 5.44 applies uniformly, the indicial set and indicial family being independent of the parameter.

Using this observation, Lemma 5.44 shows that (5.88) can be improved with G_α still given by (5.87). Near lb(X^2_b ) one can use x^′ as a defining function for the front face. The normal operator of G_α is, by choice, a solution of the indicial equation on bf(X^2_b ) near lb(X^2_b ), since the kernel of the identity is supported at Δ_b. Thus the extension off bf(X^2_b ) can simply be chosen to be, near lb(X^2_b ), of the form ϕ(x^′)κ_α(s, y, y^′), where ϕ has small support and takes the value 1 near x^′ = 0. Then the the remainder in (5.88) will improve at lb(X^2_b ), i.e. R_α ∈ ρ_{bf} ~Ψ^{−∞,(E′ (α),E−(α))} b (X;^bΩ^{12} ),

where E^′(α) is the smallest C^∞ index set containing E^+(α) ∩ {Re z > inf(E^+(α)}, the leading terms at lb being absent. Also the support of the kernel of R_α meets lb(X^2_b ) only in a small neighbourhood of bf(X^2_b ).

Now apply Lemma 5.44 to (5.129), with x^′ and y^′ as C^∞ parameters. The index set of the result is at worst E^′(α)∪ ^E^+(α) which is contained in ^E^+(α). This gives a correction term κ^′ ∈ ρ_{bf} ~Ψ^{−∞,(} ^^{E+(α),∅)} b (X;^bΩ^{12} ), with the index set as in the statement of the proposition and support near bf(X^2_b ) ∩ lb(X^2_b ), such that if G^′_α is the corresponding operator then

(5.130) P ∘ G^′_α − R_α ∈ ρ_{bf} ~Ψ^{−∞,(∅,} ^^{E− (α))} b (X;^bΩ^{12} )

since all the terms at lb(X^2_b ) have been eliminated. Finally then (5.123) is satisfied by taking ^G_α = G_α − G^′_α. This completes the proof of Proposition 5.43.

Why is this parametrix significantly better than the one in Proposition 5.28? The main reason is that an iterative argument can be used to improve the remainder term even more. Consider the formal Neumann series for the inverse of Id − ^R_α :

(5.131) Id + ∑ j>0 ( ^R_α)^j .

Theorem 5.34 shows that the compositions in the series are all defined. Of course the powers of ^R_α have to be examined to get much out of this. It follows from Proposition 5.38 that the vanishing of the kernel of R_α to all orders at the left boundary makes the powers much better behaved than just for R_α in (5.88). This said, it should still be recognized that the main reason that the series in (5.131) converges asymptotically at bf(X^2_b ), which will now be shown, is that the kernel of ^R_α vanishes at bf(X^2_b ) and this is already true for R_α. The composition results above for the bounded calculus will now be refined to show that the terms ( ^R_α)^j in (5.131) are polyhomogeneous.

5.21. Composition with boundary terms.

The rather inelegant and piecemeal nature of the proofs of the series of results leading up to the general composition formula for the full, polyhomogeneous, calculus is one reason why it is preferable to have more machinery (as in [63]) which allows one to prove these sorts of results with equanimity. Here a more elementary method is used but at the expense of some obfuscation and the general composition result, (5.153) in Theorem 5.53, is proved in stages.

First Proposition 5.25 needs to be extended to include boundary terms:

Proposition 5.45. If A ∈ ~Ψ^{−∞,(∅,E)}_b (X;^bΩ^{12} ) and F is an index set with

(5.132) inf E + inf F > 0

then

(5.133) A : A^F_{phg}(X;^bΩ^{12} ) −→ A^F_{phg}(X;^bΩ^{12} ).

If A ∈ ~Ψ^{−∞,(E,∅)} b (X;^bΩ^{12} ) then for any index set

(5.134) A : A^F_{phg}(X;^bΩ^{12} ) −→ A^{E∪F}_{phg} (X;^bΩ^{12} ).

Proof: Consider A ∈ ~Ψ^{−∞,(∅,E)}_b (X;^bΩ^{12} ). If x^′ is the boundary defining function on the right factor and M > inf E then multiplying the kernel

B = A ∘ (x^′)^M ∈ Ċ^N (X^2; Ω^{12} ), N + 1 < M − inf E.

The operator B therefore maps C^0(X;^bΩ^{12} ) into Ċ^N (X;^bΩ^{12} ). This takes care of the remainder terms if u ∈ A^F_{phg}(X;^bΩ^{12} ) is replaced by its expansion to very high order.

It is therefore enough to check that Au is polyhomogeneous when u is of the form x^zv with v ∈ C^∞(X). By conjugating the operator with the power the problem is reduced to the action of A, with its index set shifted by z, on C^∞(X;^bΩ^{12} ). That is if inf E > 0 it has to be shown that

(5.135) A : C^∞(X;^bΩ^{12} ) −→ C^∞(X;^bΩ^{12} ).

For terms in the small calculus this was shown in Proposition 4.34. Thus it can be assumed that the kernel of A has support near rb(X^2_b ) and, by localizing the support, can be taken to be in a coordinate patch where t = x/x^′, x and y, y^′ are coordinates. Since a C^∞ factor can be absorbed in the kernel, it is enough to consider the action on the coordinate b-density and hence just to consider the integral of the kernel: ∞∫ 0 κ^′(x, x^′ x , y, y^′)dy^′ dx^′ x^′ = ∞∫ 0 κ^′(x, t, y, y^′)dy^′ dt t .

The integral converges because of the assumption that inf E > 0 and the integrand is C^∞ in x and y, so (5.135) follows. This proves (5.133).

The proof of (5.134), when A ∈ ~Ψ^{−∞,(E,∅)}_b (X;^bΩ^{12} ) is similar but a little more involved. Using Proposition 4.34 it can be assumed that the kernel of A is supported near the left boundary, and also that the support is small. Then the coordinates s = x/x^′, x^′ and y, y^′ can be used. The action of the operator becomes: Au(x, y)| dx x dy|^{12} = ∫ κ(x^′, x/x^′, y, y^′)u(x^′, y^′) dx^′ x^′ dy^′| dx x dy|^{12} . The kernel is C^∞ in the first variable, is supported in s < 1, where s is the second variable and has an expansion at s = 0. The integral certainly converges for x > 0. To show that the result is polyhomogeneous, Proposition 5.27 will be used. The Mellin transform of Au is ∞∫ 0 ∞∫ 0 ∫ ∂X x^{−iλ}κ(x^′, x/x^′, y, y^′)u(x^′, y^′) dx^′ x^′ dy^′ dx x .

Changing variable of integration from x to s this becomes

(5.136) ∞∫ 0 ∞∫ 0 ∫ ∂X s^{−iλ}(x^′)^{−iλ}κ(x^′, s, y, y^′)u(x^′, y^′) dx^′ x^′ dy^′ ds s .

Now κ(x^′, s, y, y^′) is polyhomogeneous at s = 0 and C^∞ in x^′, y, y^′. It follows from Proposition 5.27 that the s integral is meromorphic in λ with poles of order k + 1 only at points λ = −iz for (z, k) ∈ E. This meromorphic function takes values in C^∞ functions in x^′, y, y^′. This allows the x^′ integral to be analyzed using Proposition 5.27 too, with the essentially trivial extension that the polyhomogeneous conormal integrand is meromorphic in the parameter λ. The result is that the integral (5.136) is meromorphic with poles only at λ = −iz, where (z, k) ∈ E or (z, l) ∈ F (which has been normalized to 0). If z is a power in both asymptotic expansions then the order of the pole is the sum of the orders. The normalization of the index set, where (z, 0) corresponds to a simple pole of the Mellin transform, means that, now applying Proposition 5.27 in the reverse direction, the index set of Au is at worst E∪F. This proves (5.134) and Proposition 5.45.

The first composition result is for the small calculus and the operators defined in (5.83).

Proposition 5.46. The transpose of operators defines an isomorphism (5.137)

Ψ^{m,E}_{b,os} (X;^bΩ^{12} ) ←→ Ψ^{m,E′}_{b,os} (X;^bΩ^{12} ), E = (E_{lb}, E_{rb}), E^′ = (E_{rb}, E_{lb})

and these spaces are two-sided modules over the small calculus:

(5.138)

~Ψ^{m,E}_{b,os} (X;^bΩ^12 ) ∘ Ψ^{m′}_{b,os}(X;^bΩ^12 ),

Ψ^{m′}_{b,os}(X;^bΩ^{12} ) ∘ ~Ψ^{m,E}_{b,os} (X;^bΩ^{12} ) ⊂ ~Ψ^{m+m′ ,E}_{b,os} (X;^bΩ^{12} ).

Proof: The invariance under transpose, (5.137), just amounts to the observation that under the factor exchanging involution the appropriate polyhomogeneous conormal spaces are mapped into each other. Using this observation, and the corresponding fact for the small calculus (Exercise 4.39), reduces (5.138) to either of the two cases. Since, in Proposition 5.20, the composition properties in the small calculus have already been checked from the definition, (5.83), it suffices to show that the operators of order −∞ form a module:

Ψ^m_{b,os}(X;^bΩ^{12} ) ∘ ~Ψ^{−∞,E}_b (X;^bΩ^{12} ) ⊂ ~Ψ^{−∞,E}_b (X;^bΩ^{12} ).

It is again convenient to split the second factor into pieces so that one of the representations (4.68) or (4.69) applies. Using the composition properties of the small calculus, it suffices to check separately that

Ψ^m_{b,os}(X;^bΩ^{12} ) ∘ ~Ψ^{−∞,(E,∅)} b (X;^bΩ^{12} ) ⊂ ~Ψ^{−∞,(E,∅)}_b (X;^bΩ^{12} )

(5.139)

Ψ^m_{b,os}(X;^bΩ^{12} ) ∘ ~Ψ^{−∞,(∅,E)} b (X;^bΩ^{12} ) ⊂ ~Ψ^{−∞,(∅,E)}_b (X;^bΩ^{12} ).

(5.140)

In either case it can be assumed that inf E > 0 simply by conjugating by a power of a boundary defining function. Thus the representations (4.68) and (4.69) both apply and the kernel of the composite operator is given by (5.66). Consider (5.139) since it is somewhat the easier of the two cases. The kernel of the second factor, B, can be assumed to have support in a coordinate neighbourhood near lb(X^2_b ). Thus in the representations (5.65) the kernel k^′_M (x^′, λ, y, y^′) is C^∞ in x^′, y, y^′ and meromorphic in λ with poles corresponding to the index set E. It follows that in (5.66) the composite kernel k_M of A in the small calculus is composed with a smoothing operator in y. The result, k^{′′}, is therefore the inverse Mellin transform of a smoothing kernel with the poles corresponding to E and rapid decrease in λ. It follows from Proposition 5.27 that k^{′′} is polyhomogeneous at lb with index set E. This is exactly what (5.139) states.

Now consider (5.140). The difficulty is that the support of the second factor can be restricted to a neighbourhood of rb(X^2_b ) at which the coordinates used in (5.64), namely x^′ and s = x/x^′, are not admissible. The problem is x^′, since s can be replaced by t = 1/s. This makes it difficult to analyze the Mellin transform of the kernel. However the kernel can be replaced by its asymptotic expansion with error which is arbitrarily smooth and vanishes to high order at rb(X^2_b ), so Lemma 5.18 can be used to handle it. It is therefore enough to consider B with kernel of the special form t^z(log t)^kϕ(t)ψ(x, y, y^′), where ψ is smooth, and has small support, and ϕ ∈ C^∞_c ([0, ∞)) takes the value 1 near 0. As usual the logarithmic term can be ignored because it can be recovered by differentiating in z. Then the identity

(5.141) t^zϕ(t) = t^z + t^z (ϕ(t) − 1) expresses B = B_1 +B_2 as a sum, the second term of which has already been discussed in (5.139). The first term, B_1, has kernel which is a product of the form (x^′)^z x^{−z}ψ(x, y, y^′). Then Proposition 4.34, applied with parameters, shows that the kernel of the composite operator is A ∘ B_2 = x^{−z}ψ^′(x, x^′, y, y^′)(x^′)^z, with ψ^′ smooth. It follows that the kernel of A ∘ B is polyhomogeneous, with index set E at rb(X^2_b ). From this argument it might seem to have additional singularities at lb(X^2_b ) however it is clear that there are no such terms away from bf(X^2_b ), so they must in fact vanish identically, i.e. there is cancellation between A ∘ B_1 and A ∘ B_2. This completes the proof of (5.140) and hence of Proposition 5.46.

Next consider composition between operators as in (5.83) but where the non-trivial boundary behaviour is only on the ‘inside:’

Proposition 5.47. For index sets E and F satisfying (5.132) with the composite defined through Proposition 5.45

(5.142) Ψ^{−∞,(∅,E)} b,os (X; bΩ^{12} ) ∘ Ψ^{−∞,(F,∅)} b,os (X; bΩ^{12} ) ⊂ Ψ^{−∞,(F,E)} b,os (X; bΩ^{12} ).

Proof: Conjugating all operators by a power it can be assumed that

(5.143) inf E > 0, inf F > 0.

Using Proposition 5.46 to handle terms where one factor is in the small calculus, it is enough to consider A ∘ B where the kernels of A and B are, respectively, supported near rb(X^2_b ) and lb(X^2_b ). Using a partition of unity the supports of the kernels can also be assumed to be small. Then the formulæ (5.62), (5.63), (5.64) and (5.65) can be used. Notice that these representations depend on the fact that x, s = x^′/x, y and y^′ are coordinates near rb(X^2_b ) and x^′, s, y and y^′ are coordinates near lb(X^2_b ). Now in (5.63), using Proposition 5.27, k_M (x, λ, y, y^′) is C^∞ in x, y, y^′ and meromorphic with rapid decay at real infinity in λ and poles only at λ = −iz, of order k + 1 if (z, k) ∈ E. Similarly k^′_M (x^′, λ, y, y^′) in (5.65) has poles only at λ = −iz of order l + 1 if (z, l) ∈ F. This results in (5.66) as the formula for the kernel of the composite, expressed as the inverse Mellin transform of the product of the Mellin transforms. The product k_M k^′_M has poles corresponding to both index sets, with those from E in Im λ > 0 and those from F in Im λ < 0. As in the proof of Lemma 5.44 the contour of integration in the representation (5.66) can be moved off the real axis to find the decay as s → 0 and s → ∞ of k^{′′}. The conclusion is that k^{′′} has an expansion at lb with powers from F and at rb with powers from E. This is just the content of (5.142), so the proposition is proved.

Next suppose the operators both have their non-trivial boundary terms on the same face. Using the invariance under adjoints in (5.137) it is enough to consider singularities on lb(X^2_b ) :

Proposition 5.48. For any index sets E and F (5.144) ~Ψ^{−∞,(E,∅)} b (X;^bΩ^{12} )∘ ~Ψ^{−∞,(F,∅)} b (X;^bΩ^{12} ) ⊂ ~Ψ^{−∞,(E∪F ),∅)} b (X;^bΩ^{12} ).

Proof: Conjugating by a power of a boundary defining function (5.143) can again be assumed. Without loss of generality the two factors, A and B, can be taken to have small supports near lb(X^2_b ). The representation (5.65) is therefore available for the second factor, but (5.63) is not directly useful because the kernel is not supported in the region where x has nonvanishing differential (on X^2_b .) Initially the kernel k of A in (5.62) must be treated as a function of x^′, s = x/x^′, y, y^′ which is C^∞ in s > 0, has support in s < 1, x^′ < ϵ and in a coordinate patch in y, y^′.

As before the dependence on x^′ is the problem. Let ϕ ∈ C^∞_c ([0, ∞)) be such that ϕ(x) and ϕ(s) are both identically equal to 1 on the support of k, so k can be replaced by ϕ(x)ϕ(s)k. Then replace k by its Taylor series at x^′ = 0, which is the front face, bf(X^2_b ). The individual terms are of the form

(5.145) (x^′)^pk_p(0, s, y, y^′)ϕ(x)ϕ(s), k_p = ( ∂ ∂x^′ )_p k. The support may be larger than that of k but the explicit dependence on x^′ has been removed. Let A_p = A^′_p ∘ (x^′)^p be the operator with kernel (5.145). The composite operator A_p ∘ B = A^′_p ∘ B^′_p(x^′)^p, B^′_p = (x)^pϕ(s)B(x^′)^{−p} can now be analyzed using (5.65), with k replaced by k_p(0, s, y, y^′)ϕ(x) and k^′ the kernel of B^′_p. The poles of the Mellin transform, k_M , arise from the powers in E and those of k^′ from the powers in F shifted by k, hence also from F. Thus the product of the Mellin transforms in (5.66) has poles from both E and F. At common poles the order is at most the sum of the orders of the poles. It therefore follows from Proposition 5.45 that A^′_p ∘ B^′_p ∈ ~Ψ^{−∞,(E∪F,∅)} b (X;^bΩ^{12} ).

This is no less true when the extra factor of (x^′)^p is applied to the right.

Thus the contribution to the product from the individual terms, (5.145), in the Taylor series of the kernel of A at bf(X^2_b ) are all of the expected type. So consider the remainder term. Thus it may be assumed that the kernel of

A vanishes to some high order, N, at bf(X^2_b ). Now replace k in (5.62) by its expansion at lb(X^2_b ), up to terms which vanish to order N. The remainder term therefore vanishes at bf and lb to order N. Replacing N by 2N the product from the remainder can be written A^′ ∘ B^′ where, for the kernels, B^′ = x^N B and A^′ vanishes to order N. Thus, remembering (5.143), both factors now have kernels in Ċ^N (X^2_b ;^bΩ^{12} ). Lemma 5.18 therefore applies and shows that the composite is increasingly smooth on X^2_b and vanishes to high order at all boundaries.

Thus it is only necessary to consider the finite terms in the expansion of the kernel of A. These can be taken to be of the form

(5.146) (x^′)^N ϕ(x)ϕ(s)s^z (log s)^kψ(y, y^′), (z, k) ∈ E,

where ψ is C^∞. As usual it suffices to take k = 0 and differentiate with respect to z to recover the general case. The identity (5.141) replaces A, with kernel (5.146), by a sum, A^′ + A^{′′}, where the kernel of A^′ is (x^′)^N (x/x^′)^zϕ(x)ψ(y, y^′) and A^{′′} has support away from lb(X^2_b ). Proposition 5.47 applies to the composition A^{′′} ∘ B. The explicit x^′ dependence of the kernel of A^′ can be removed, by absorbing the factor of (x^′)^N in B, so the composite A^{′′} ∘ B can be analyzed using (5.65). The conclusion then is that all terms are polyhomogeneous on X^2_b and smooth up to bf(X^2_b ). All the terms in the expansion at lb(X^2_b ) arise from E∪F. There are spurious terms at rb(X^2_b ) for the composite kernel, but these are certainly absent since the kernel of the composite clearly has support disjoint from rb(X^2_b ). This completes the proof of Proposition 5.27.

5.22. Residual terms.

These Propositions together handle composition of the operators defined by (5.83) except when the first factor has singularities on lb(X^2_b ) and the second factor on rb(X^2_b ). For this case see (5.154). However Proposition 5.47 does cover the terms in the series (5.131). Applying (5.144) repeatedly shows that ( ^R_α)^j ∈ ρ^j_{bf} ~Ψ^{−∞,(∅,Ej )} b (X;^bΩ^{12} ),

where the index sets E_j are defined inductively,

E_1 = E^−(α), E_{j+1} − 1 = E_j∪(E^−(α) − 1).

Here, if (z, k) ∈ F then (z − 1, k) ∈ F − 1 and conversely. It is important to note that these index sets stabilize as j → ∞, indeed E_j → ^E^−(α) as j → ∞

5.22. Residual terms 197

meaning that eventually E_j ∩ K = ^E^−(α) ∩ K is constant for any compact set K. The series of kernels in (5.131) can therefore be summed as a Taylor series at bf(X^2_b ) giving

(5.147) S_α ∈ ρ_{bf} ~Ψ^{−∞,(∅,} ^^{E− (α))} b (X;^bΩ^{12} ) such that S_α − p∑ j=1 ( ^R_α)^j ∈ ρ^{p+1}_{bf} ~Ψ^{−∞,(∅,} ^^{E− (α))} b (X;^bΩ^{12} ).

This in turn means that

(5.148) (Id − ^R_α)(Id +S_α) − Id ∈ ⋂ j>0 ρ^j_{bf} ~Ψ^{−∞,(∅,} ^^{E− (α))} b (X;^bΩ^{12} ).

Here the error term is getting rather benign, so the composite operator

(5.149) G^{′′}_α = ^G_α ∘ (Id +S_α),

with ^G_α from (5.130), is a rather precise parametrix. Notice that in the composition ^G_α ∘S_α there are non-trivial index sets on the ‘outside,’ meaning on the left for the first factor and the right for the second factor. Such compositions have not yet been considered. To fully understand them requires a little extra work even though the fact that the error term will be as in (5.148) is already established. This leads to the final extension of the polyhomogeneous b-pseudodifferential operator calculus that will be made in the elliptic setting.

To make this final extension, the discussion of polyhomogeneous conormal distribution above needs to be expanded to include a special case where the separation condition, (5.78), fails. Indeed the case is X^2 with its two boundaries, lb(X^2) = ∂X × X and rb(X^2) = X × ∂X. Let E = (E, F ) be an index family for X^2 with E the index set for lb(X^2) and F the index set for rb . The objective is to define A^{(E,F )}_{phg} (X^2). The special case A^{(0,E)}_{phg} (X^2) has already been defined and naturally the existence of an expansion

(5.150) u ∼ ∑ (z,k)∈E ρ^z_{lb}(log ρ_{lb})^ku_{z,k}, u_{z,k} ∈ A^{(0,F )}_{phg} (X^2)

is to be expected. However the meaning of this asymptotic expansion, i.e. the nature of the remainder terms, needs to be specified carefully. The spaces of polyhomogeneous conormal distributions have natural topologies, given by C^∞ norms on the coefficients and C^N -norms on the remainders in the expansions. Thus, using the fact that X^2 is a product, the space ĊN (X; AF_{phg}(X)) of N times differentiable functions on X with values in A^F_{phg}(X) and with all derivatives up to order N vanishing at the boundary can be defined. These are the remainder terms allowed in (5.150):

Definition 5.49. The space A^{(E,F )}_{phg} (X^2) consists of those extendible distributions on X^2 which have an expansion (5.150) with coefficients in A^{(0,F )}_{phg} (X^2) in the sense that u − ∑ (z,k)∈E Re z≤N ρ^z_{lb}(log ρ_{lb})^ku_{z,k} ∈ Ċ^N (X; A^F_{phg} (X)) ∀ N ∈ N.

Certainly these spaces are local C^∞(X^2)-modules, so it makes sense to define the spaces of conormal sections of any vector bundle over X^2 as the finite sums of products: A^{(E,F )} phg (X^2; U ) =A^{(E,F )}_{phg} (X^2) · C^∞(X^2; U )

=A^{(E,F )}_{phg} (X^2) ⊗_C∞_{(X}2_) C^∞(X^2; U ).

Of course it would be reassuring to know that these spaces are invariant under diffeomorphisms and are also independent of the choice of ordering of the two boundaries. For a more detailed discussion of these niceties the interested reader is referred to [63]. It is straightforward, just as in the proof of Lemma 5.22, to show that any series of coefficients u_{z,k} ∈ A^{(0,F )}_{phg} (X^2), (z, k) ∈ E, can appear in the expansion (5.150) of an element u ∈ A^{(E,F )}_{phg} (X^2) and that this expansion determines the sum uniquely up to an element of A^{(∅,F )}_{phg} (X^2) ⊂ A^{(0,F )}_{phg} (X^2),

this being the subspace with all derivatives vanishing on lb(X^2).

Exercise 5.50. Prove this asymptotic completeness result and use it to prove that the space is indeed independent of the ordering of the two hypersurfaces by showing that the elements always have an expansion ‘at the other boundary.’

Now these spaces can be used to define the third part of the polyhomogeneous b-pseudodifferential calculus, although these kernels really have nothing much to do with the ‘b’ nature of the calculus but are rather universal residual terms:

Ψ^{−∞,E} (X;^bΩ^{12} ) = A^E_{phg}(X^2;^bΩ^{12} ), E = (E_{lb}, E_{rb}).

This is consistent with the notation for the maximally residual operators in Definition 4.30, provided the superscript ∅ is taken to mean that both index sets are trivial. The ‘full calculus’ is then the sum of the three terms considered so far.

5.23. Composition in general 199

Definition 5.51. The ‘full calculus’ of (one-step polyhomogeneous) bpseudodifferential operators on a compact manifold with boundary corresponding to an index family E = (E_{lb}, E_{rb}) for X^2 consists of the operators of the form (5.151)

Ψ^{m,E}_{b,os} (X;^bΩ^{12} ) = Ψ^m_{b,os}(X;^bΩ^{12} ) + ~Ψ^{−∞,E}_b (X;^bΩ^{12} ) + Ψ^{−∞,E} (X;^bΩ^{12} ),

with the three terms defined in Definition 4.22, (5.82) and Definition 5.49 respectively.

Notice that in terms of the bounded calculus

Ψ^{m,E}_{b,os} (X;^bΩ^{12} ) ⊂ Ψ^{m,α,β}_{b,os,∞}(α, β) ⇐⇒ α < inf E_{lb}, β < inf E_{rb}.

5.23. Composition in general.

So far various pieces of the composition formula have been checked. Now they can be put together, and extended somewhat, to arrive at the general result. First consider the action of the operators:

Proposition 5.52. If E is an index family for X^2 and F is an index set for X with inf E_{rb} + inf F > 0 then (5.152) A ∈ Ψ^{m,E}_{b,os} (X;^bΩ^{12} ) =⇒ A : A^F_{phg}(X;^bΩ^{12} ) −→ A^G_{phg}(X;^bΩ^{12} ), G = E_{lb}∪F.

Proof: The operator A is a sum of three terms as in (5.151). The second term is a sum of two terms to which (5.133) and (5.134) apply, so this part satisfies (5.152). The first term is in an element of order m in the small calculus to which Lemma 5.24 applies. This reduces consideration to an element of the third, residual, space in (5.151). The expansion of the kernel at the left boundary then gives the expansion, i.e.

A ∈ Ψ^{−∞,E} (X;^bΩ^{12} ) =⇒ A : ρ^αH^m_b (X;^bΩ^{12} ) −→ A^{Elb}_{phg}(X;^bΩ^{12} ), α + inf E_{rb} > 0, ∀ m.

This shows when composition is defined and then Theorem 5.53. If E and F are index families for X^2 with inf E_{rb} + inf F_{lb} > 0 then

(5.153)

Ψ^{m,E}_{b,os} (X;^bΩ^{12} ) ∘ Ψ^{m′ ,F}_{b,os} (X;^bΩ^{12} ) ⊂ Ψ^{m+m′ ,G}_{b,os} (X;^bΩ^{12} ), G_{lb} = E_{lb}∪F_{lb}, G_{rb} = E_{rb}∪F_{rb}.

Proof: When the two operators are decomposed as in (5.151) nine terms result. The number is however easily reduced. First note:

Lemma 5.54. The space Ψ^{m′ ,E}_{b,os} (X;^bΩ^{12} ) is an order-filtered two-sided module over the corresponding small calculus Ψ^{−∞}_b (X;^bΩ^{12} ).

Proof: Proposition 5.46 takes care of the first two terms in the decomposition (5.151), so it suffices to consider composition of the small and residual terms. This follows from Proposition 5.25. In fact if A ∈ Ψ^m_b (X;^bΩ^{12} ) and B ∈ Ψ^{−∞,(E,F )}(X;^bΩ^{12} ) then expanding B at rb(X^2) expresses it as a sum of terms in A^E_{phg}(X;^bΩ^{12} ), with coefficients in A^F_{phg}(X;^bΩ^{12} ) on the right factor of X and a remainder term which is smooth with values in the polyhomogeneous space. Thus Proposition 5.25 shows that A ∘ B has a similar expansion so is also in Ψ^{−∞,(E,F )}(X;^bΩ^{12} ).

Thus all the terms in (5.153) with one factor in the small calculus have been controlled, leaving only four terms. Taking into account the behaviour under adjoints, which allows the order of the factors to be changed, this is reduced to three types of terms. The terms where one factor is residual can be handled as in Lemma 5.44, with Proposition 5.45 replacing Proposition 5.46.

Taking into account Propositions 5.47 and 5.27 it only remains to consider the case where the non-trivial expansions are on the outside and to show that

(5.154) ~Ψ^{−∞,(E,∅)} b (X;^bΩ^{12} ) ∘ ~Ψ^{−∞,(∅,F )} b (X;^bΩ^{12} ) ⊂ ~Ψ^{−∞,(E,F )} b (X;^bΩ^{12} ) + Ψ^{−∞,(E,F )}(X;^bΩ^{12} ).

Note that the second, residual, term must be included here, as opposed to (5.142) and (5.144).

To prove (5.154) it can further be assumed that the two factors have kernels supported near the front face, and even near the appropriate boundary hypersurface of the front face, left for the left factor and right for the right. Proceeding as before the kernel of the right factor will be replaced by its expansion, with remainder, at the right boundary. So choose a boundary defining function and denote its lift from the left factor as x and from the right factor x^′, as usual. Let ϕ ∈ C^∞_c (R) be equal to 1 near 0 so that both kernels are supported in the region where ϕ(x)ϕ(x^′) = 1. Now the expansion gives

(5.155)

B = B^{′′}_N + B_N + B^′_N κ^{′′}(x, 1/s, y, y^′) = κ^{′′}_N (x, 1/s, y, y^′) + ∑ Re z≤N (z,k)∈F_{lb} ( x^′ x )^z(log x^′ x )^ka_{z,k}(x, y, y^′)ϕ(x)ϕ(x^′) + κ^′_N (x^′, s, y, y^′).

Here the first term is supported near rb(X^2_b ), i.e. s = ∞, and is N times differentiable with derivatives to order N vanishing at rb(X^2_b ). The sum forming the second term is the expansion, extended as a power of s all the way to the left boundary. The third term corrects the fact that the sum is extended globally so in fact has support disjoint from rb(X^2_b ); its (finite) index set at lb(X^2_b ) reflects the fact that it has the negatives of the powers from the right boundary in it, κ^′_N ∈ ~Ψ^{−∞,(GN ,∅)} b (X;^bΩ^{12} ), G_N = {(z, k); − Re z ≥ −N, (z, k) ∈ F_{rb}}.

The point of the decomposition (5.155) is that Proposition 5.47 can be applied to the composition with the third term to see that A ∘ B^′_N ∈ ~Ψ^{−∞,(HN ,∅)} b (X;^bΩ^{12} ), H_N = E_{lb}∪G_N .

For the second term the fact that the kernel is essentially a power of x/x^′ can be used. This means that the variables y^′ can be regarded as parameters and the composition treated as simply the action on a polyhomogeneous conormal distribution, x^{−z}, with an appropriate logarithmic factor, using Proposition 5.47, so A ∘ B_N = ∑ Re z≤N (z,k)∈F_{lb} ∑ 0≤l≤k C_{z,l}(x^′)^z (log x^′)^{k−l}ϕ(x^′),

C_{z,l} ∈ A^{(H′N ,0)} phg (X^2,^bΩ^{12} ), H^′_N = E_{lb}∪{(−z, l)}.

In particular this term is residual. Finally the first term in (5.155) contributes a remainder term, in the sense of an N times differentiable function with values in A^E_{phg}(X;^bΩ^{12} ), to the residual kernel. This proves (5.154) and hence completes the proof of Theorem 5.53.

5.24. General bundles and summary.

As for the small calculus, discussed in §4.16, the extension of both the calculus with bounds and the full polyhomogeneous calculus to arbitrary vector bundle coefficients is straightforward, and essentially only a matter of notation. Thus the spaces themselves are defined as in (4.108) for an index family E for X^2 and any two vector bundles E and F over X :

(5.156)

Ψ^{m,E}_{b,os} (X; E, F )^{def}=

Ψ^{m,E}_{b,os} (X;^bΩ^{12} ) ⊗_C∞_{(X}2_{b )} C^∞(X^2_b ; β^∗_b Hom(F ⊗^bΩ^{− 12} , E ⊗^bΩ^{− 12} )).

As before the shortened notation Ψ^{m,E}_{b,os} (X; E) = Ψ^{m,E}_{b,os} (X; E, E) is used when the two vector bundles coincide. The calculus has the obvious transformation property under the passage to adjoints with respect to inner products on the fibres and a b-density on X :

(5.157) Ψ^{m,E}_{b,os} (X; E, F ) ∋ A ←→ A^∗ ∈ Ψ^{m,F}_{b,os} (X; F, E), E = (E_{lb}, E_{rb}), F = (E_{rb}, E_{lb}).

Note that the behaviour of the index sets here depends on the fact that the adjoint is taken with respect to a b-density on X.

Exercise 5.55. Work out the behaviour of the general calculus under conjugation by powers of a defining function and deduce what happens to the index sets if the adjoint in (5.157) is taken with respect to a nonvanishing density in the usual sense.

The definition, (5.144), is the same as requiring that on subdivision by a partition of unity on X^2_b subordinate to a covering on which the bundles are trivial the kernels become matrices with entries in the space in (5.151). This localization can be used to extend all the results above to the general case. Thus Proposition 5.52 gives the action on polyhomogeneous conormal distributions and Theorem 5.34 on weighted Sobolev spaces: (5.158) A ∈ Ψ^{m,E}_{b,os} (X; E, F ) =⇒ A : A^G_{phg}(X; E) −→ A^H_{phg}(X; F ), if inf G + inf E_{rb} > 0, H = G∪E_{lb},

A : ρ^αH^M_b (X; E) −→ ρ^β H^{M−m}_b (X; F ), if α + inf E_{rb} > 0, β < inf E_{lb}.

Notice that the b-Sobolev spaces are based on the L^2 space with respect to a b-density on X.

The composition formula then follows by localizing Theorem 5.53: Ψ^{m,E}_{b,os} (X; G; F ) ∘ Ψ^{m′ ,F}_{b,os} (X; E; G) ⊂ Ψ^{m+m′ ,G}_{b,os} (X; E, F ) provided inf E_{rb} + inf F_{lb} > 0, G = (E_{lb}∪F_{lb}, E_{rb}∪F_{rb}).

Exercise 5.56. Strictly speaking the mapping property on Sobolev spaces has only been proved for integral orders (including that of the operator). This is all that is needed in the discussion of the inverses of differential operators but it is worthwhile to consider the general case, to see how the b- Sobolev spaces fit with the calculus in the same way that ordinary Sobolev spaces mesh with the usual calculus. Using the small calculus (corresponding to the index family E = (∅, ∅)) :

Ψ^m_{b,os}(X; E) = Ψ^{m,(∅,∅)}_{b,os} (X; E) one can set (5.159) ρ^αH^m_b (X; E) = { u ∈ ρ^αH^0_b (X; E); Ψ^m_{b,os}(X; E)u ⊂ ρ^αH^0_b (X; E) } m > 0 ρ^αH^m_b (X; E) = ρ^αH^0_b (X; E) + Ψ^m_{b,os}(X; E)ρ^αH^0_b (X; E) m < 0.

Using the part of (5.158) which has already been shown and the composition formula for the small calculus check that this is consistent with the definition for integral m from (5.42) and (5.43). Deduce (5.158) in general.

The symbol sequence extends from (4.109) to give a short exact sequence 0 −→ Ψ^{m−1,E}_{b,os} (X; E, F ) −→Ψ^{m,E}_{b,os} (X; E, F )^{b σm}−→ S^{[m]} (^bT^∗X; π^∗ hom(E, F )) −→ 0 for any index family, since the additional terms are smooth near the diagonal, at least in the interior. Similarly the indicial homomorphism extends to give a short exact sequence: 0 −→ ρ_{bf} Ψ^{m,E}_{b,os} (X; E, F ) −→ Ψ^{m,E}_{b,os} (X; E, F ) −→ Ψ^{m,E}_{b,I,os}( ~X; E, F ) −→ 0 (5.160)

provided if inf E_{lb} + inf E_{rb} > 0

(5.161) for each m. This is defined simply by restriction of the kernels to the front face, with E interpreted as an index set for ~X^2. The choice of a trivialization of the normal bundle allows the indicial family to be defined by Mellin transform of the restriction of its kernel to the front face. In this case I_ν (P, λ) ∈ Ψ^m(∂X; E, F ) if inf E_{lb} + inf E_{rb} > 0 is meromorphic in λ ∈ C with poles only at the points −iz, with order at most k if (z, k − 1) ∈ E_{lb} or (−z, k − 1) ∈ E_{rb}. The residues are finite rank smoothing operators. Notice that in general the indicial family does not quite determine the indicial operator, since one has to decide which poles correspond to lb and which to rb . As already noted this splitting of the complex plane amounts to a boundary condition. As before, the symbol map and indicial operator both give multiplicative homomorphisms when the composition of operators is defined.

Exercise 5.57. The normal homomorphism (5.162) Ψ^{m,E}_{b,os} (X; E, F ) −→ Ψ^{m,E}_{b,I,os}( ~X; E, F ) can be defined even without assuming (5.161), although at some expense to continuity in the index family. To do this observe that ‘restriction of the kernels to the front face’ can be interpreted as taking the coefficient of ρ^0_{bf} in an asymptotic expansion around bf(X^2_b ). With this more general definition interpret (5.162) and compute the range and null space.

The extension of the calculus with bounds to the case of general bundles is completely parallel to this discussion and is therefore left as an exercise. Since the b-trace is quite important in applications it is worth noting how it extends to the general calculus with bounds. First, for each choice of trivialization of the normal bundle, the b-integral in Lemma 4.59 extends directly to define a linear functional

(5.163) ν∫ : C^∞(X;^bΩ^{12} ) + ρ^αH^∞_b (X;^bΩ^{12} ) −→ C if α > 0

since the additional term is integrable. Moreover (4.139) still holds. Since the restriction to the diagonal of an element of Ψ^{−∞,(α,β)}_{b,os,∞} (X; E) is just an element of C^∞(X; hom(E) ⊗^bΩ) + ρ^{α+β} H^∞_b (X; hom(E ⊗^bΩ)), it follows that the pointwise trace on hom(E) with (5.163) defines the b-trace, just as in (4.141):

b-Tr_ν : Ψ^{−∞,(α,β)} b,os,∞ (X; E) −→ C if α, β > 0. The continuity of this map in terms of the seminorms defining the calculus with bounds is used in the treatment of the limit of the b-trace of the heat semigroup as t → ∞ in §7.7.

Exercise 5.58. Extend Proposition 5.9 to this setting.

5.25. Parametrices and null space.

The constructions above can now be extended to the case of general bundle coefficients. More importantly the composition in (5.149) can be analyzed.

Proposition 5.59. If P ∈ Diff^k_b (X; E, F ) is elliptic there exist parametrices corresponding to any α /∈ − Im spec_b(P ) E_L ∈ Ψ^{−k,(} ^^{E+(α),Ě−(α))} b,os (X; F, E) E_R ∈ Ψ^{−k,(Ě+(α),} ^^{E−(α))} b,os (X; F, E), where ^E^±(α) are the index sets defined by (5.121), Ě^±(α) those defined by (5.122) and the full polyhomogeneous calculus is given by (5.156), such that P ∘ E_R = Id −R_R, R_R ∈ ρ^∞_{bf} Ψ^{−∞,(∅,} ^^{E−(α))} b,os (X; E) E_L ∘ P = Id −R_L, R_L ∈ ρ^∞_{bf} Ψ^{−∞,(} ^^{E+(α),∅)} b,os (X; E)

5.25. Parametrices and null space 205

as operators on ρ^αH^{−∞}_b (X; E). Moreover

(5.164) E_R − E_L ∈ Ψ^{−∞,Ě(α)}_{b,os} (X; F, E).

Proof: The right parametrix is given by (5.149), extended to the case of bundles, and its properties follow directly by applying the composition formula. The left parametrix is just the adjoint of a right parametrix for P^∗ with respect to some inner product. That the difference of the parametrices satisfies (5.117) and (5.164) follows from the composition formula.

In particular the proof of Theorem 5.40 extends immediately to give: Theorem 5.60. If X is a compact manifold with boundary any elliptic P ∈ Diff^k_b (X; E, F ) is Fredholm as an operator P : x^aH^{k+m}_b (X; E) −→ x^aH^m_b (X; F ) if and only if a /∈ − Im spec_b(P ) and the index is independent of m. Observe that if P is an elliptic b-differential operator then the polyhomogeneity of P u implies that of u.

Proposition 5.61. For any elliptic P ∈ Diff^k_b (X; E, F )

u ∈ ρ^αH^m_b (X; E), P u ∈ A^G_{phg}(X; F ) =⇒ u ∈ A^H_{phg}(X; E), H = G∪ ^E^+(α). Proof: If α /∈ − Im spec_b(P ) apply the left parametrix from Proposition 5.59 and use (5.159). If α ∈ − Im spec_b(P ) then apply the parametrix for α − ϵ, ϵ > 0. Since the leading terms in the expansion of u correspond to powers z with Re z = α, they must vanish by the assumption on u, thus u ∈ ρ^β H^m_b (X; E) for some β > α and the result follows in this case too.

As a simple consequence of this regularity result the precise form of elements of the null space of P can be investigated. Namely

(5.165)

P ∈ Diff^m_b (X; E, F ) elliptic , u ∈ ρ^αH^{−∞}_b (X; E) and P u = 0

=⇒ u ∈ A^^{E+ (α)}_{phg} (X; E).

Define null(P, α) = { u ∈ ρ^αH^{−∞}_b (X;^bΩ^{12} ); P u = 0 }

= { u ∈ ρ^αH^∞_b (X;^bΩ^{12} ); P u = 0 } . For an R^+-invariant elliptic operator Q ∈ Diff^k_{b,I} ( ~X; E) the generalized null space associated to z ∈ spec_b(Q) is

(5.166) F (Q, z) = u = ∑ 0≤j≤p x^z(log x)^jϕ_j; Qu = 0 .

This is clearly independent of the choice of projective coordinate x. Moreover Lemma 5.62. For any elliptic Q ∈ Diff^k_{b,I} ( ~X; E)

(5.167) dim F (Q, z) = rank(z), z ∈ spec_b(Q).

Proof: The ‘formal Mellin transform’ u −→ ∑ j≥0 (z − il)^{−1−j} (−1)^j j!ϕ_j

identifies F (Q, z) with the space in (5.9) of which rank(z) is by definition the dimension.

Now, suppose an identification of the compactified normal bundle to the boundary with a collar neighbourhood of the boundary in X is fixed. An element u ∈ F ((I(P ), z) can be naturally identified with an element of ρ^αH^∞_b (X;^bΩ^{12} )/ρ^{a−ϵ}H^∞_b (X;^bΩ^{12} ) provided ϵ ∈ (0, 1] and Im z ∈ (−a, −a+ ϵ). Proposition 5.63. If P ∈ Diff^m_b (X;^bΩ^{12} ) is elliptic and α^′ > α > α^′ − 1, the leading part of the expansion of u ∈ null(P, α) at ∂X defines

(5.168) null(P, α) −→ ∑ −iz∈spec_b(P ) α<Re z≤α^′ F (I(P ), z)

with null space ⋂ β>α^′ null(P, β). This map will be used in the proof of the relative index theorem.

5.26. Generalized inverse.

Finally we can give a detailed description of the generalized inverse of an elliptic b-differential operator.

Proposition 5.64. For any P ∈ Diff^m_b (X; E, F ) elliptic, any weight α /∈ − Im spec_b(P ) and any boundary defining function ρ ∈ C^∞(X) the generalized inverse to P, G_α : ρ^αH^0_b (X; F ) −→ ρ^αH^m_b (X; E) is an element of Ψ^{−m,Ě(α)} b,os (X; F, E) fixed by

P ∘ G_α = Id −Π_1 G_α ∘ P = Id −Π_0,

5.26. Generalized inverse 207 where Π_0 and Π_1 are the orthogonal projections onto the null space and off the range, in ρ^αH^0_b (X; E) and ρ^αH^0_b (X; F ) respectively, and where Ě(α) = (Ě^+(α), Ě^−(α)) is the index family for X^2 defined by (5.122). If P is invertible then (5.169) G_α ∈ Ψ^{−m,}^^{E(α)}_{b,os} (X; F, E), with the index set fixed by (5.121).

Proof: The generalized inverse differs from the parametrices constructed in Proposition 5.59 by finite rank operators. Using Proposition 5.59 and (5.165) to modify the remainders leads to (5.169).

Chapter 6. Relative index, cohomology and resolvent

In this chapter three applications of the construction of parametrices will be made. The first result is the relative index formula, Theorem 6.5, relating the index of an elliptic differential operator for different values of the weighting of the b-Sobolev spaces. This was proved for pseudodifferential operators in [64] and allows the proof of the APS theorem to be reduced to the Fredholm case. To illustrate the relative index theorem, an idea from [8], extended recently by Gromov and Shubin [40], is used to deduce the Riemann-Roch theorem, for Riemann surfaces, from it. Secondly the cohomology of a compact manifold with boundary is represented in terms of harmonic forms. That is, the Hodge theory associated to an exact b-metric is developed. Finally the resolvent of a second-order elliptic and self-adjoint family of b-differential operators is analyzed. In particular the resolvent kernel is shown to have an analytic extension to an infinitely branched covering of the complex plane and this is used to give a detailed description of the spectrum. The relationship between the extended L^2 null space of a Dirac operator and its adjoint is also investigated. This applies in particular to the Dirac Laplacian, g^2_E .

6.1. Boundary pairing.

A common feature of the proofs of the results in this chapter is that they involve the determination of the dimensions of various null spaces or the differences of such dimensions. We therefore start with some results on the pairing of generalized boundary data which are helpful in these computations. By generalized boundary data we mean the spaces, F (P, z), associated to z ∈ spec_b(P ) in (5.166). There is a basic relationship between these spaces for P and its adjoint:

Lemma 6.1. If E and F are vector bundles with Hermitian inner products and ν ∈ C^∞(X;^bΩ) is a non-vanishing positive b-density then the formal adjoint, P^∗, of an elliptic element P ∈ Diff^k_b (X; E, F ), has the property

(6.1) rank(P, ζ) = rank(P^∗, ζ) ∀ ζ ∈ spec_b(P ).

Proof: The definition (5.32) and the identity (4.112) together show that

(6.2) I_ν (P^∗, ζ) = [x^{−iζ}I(P )^∗x^{iζ} ]_∂ = [(x^{−iζ}I(P )x^{iζ} )^∗]_∂ = I_ν(P, ζ)^∗.

From this (6.1) follows.

It is useful to see (6.1) in a rather more constructive way, in terms of boundary pairing. Since the indicial families at each boundary hypersurface are unrelated it suffices to assume, for the moment, that ∂X is connected.

For simplicity of notation we also assume that E = F =^bΩ^{12} ; the section ν is then not needed to define P^∗.

Choose a cut-off function ϕ ∈ C^∞( ~X), with ϕ ≡ 1 near ∂_0X and ϕ ≡ 0 near ∂_1X. Then consider the sesquilinear map

(6.3) F (P, z^′) × F (P^∗, z) ∋ (u, v) −→ B(u, v) = 1 i ∫ ~X ( I(P )(ϕu)ϕv − (ϕu)I(P^∗)(ϕv) ) ,

where F (P, z) = F (I(P ), z) ⊂ C^{−∞}( ~X;^bΩ^{12} ), the formal null space associated to z, is defined in (5.166). The integrand is a density with compact support in the interior of ~X, so the integral converges absolutely. Then (6.1) also follows from:

Proposition 6.2. The sesquilinear form (6.3) is independent of the choice of cut-off function and when z^′ = z gives a non-degenerate pairing for each z ∈ spec_b(P ). Moreover the same integral gives the trivial pairing

(6.4) B(u, v) = 0 ∀ u ∈ F (P, z^′), v ∈ F (P^∗, z), z, z^′ ∈ spec_b(P ), z ≠ z^′. Proof: Suppose that z = z^′ and consider the first term in the integrand in (6.3). Since u is annihilated by I(P ), I(P )(ϕu) is compactly supported in the interior and ϕv has support bounded above with growth determined by x^{iz} as x ↓ 0. Set a = − Im z then x^{−a+ϵ}(ϕv) is square integrable if ϵ > 0. Similarly for the second term, x^{a+ϵ}ϕu is square-integrable and I(P )(ϕv) has compact support in the interior. Plancherel’s formula for the Mellin transform can therefore be applied, and gives B(u, v) = 1 2πi ∫ R ∫ ∂X [ ( x^{−a−ϵ}I(P )(ϕu) ) M (λ)(x^{a+ϵ}ϕv)_M (λ)

− (x^{−a+ϵ}ϕu)_M (λ)(x^{a−ϵ}I(P^∗)(ϕv))_M (λ) ] dλ. Since (x^{a+ϵ}ϕv)_M (λ) = (ϕv)_M (λ + ia + iϵ), and similarly for the other terms, this can be rewritten B(u, v) = 1 2πi ∫ R ∫ ∂X [ (I(P )(ϕu))_M (λ − ia − iϵ)(ϕv)_M (λ + ia + iϵ)

− (ϕu)_M (λ − ia + iϵ)(I(P^∗)(ϕv))_M (λ + ia − iϵ) ] dλ.

By assumption u is the product of x^{iz} and a polynomial in log x. The Mellin transform of ϕu is therefore defined in Im λ > Im z and extends to be meromorphic with a pole only at λ = z such that I(P )(ϕu) has an entire Mellin transform given by I_ν(P, λ)(ϕu)_M (λ). Similar statements hold for v, so the second term can be written as a contour integral in ζ = λ − ia − iϵ over Im ζ = Im z +ϵ. The same reasoning allows the first term to be written as a contour integral over Im ζ = Im z − ϵ :

B(u, v) = 1 2πi ∫ Im ζ=Im z−ϵ ∫ ∂X (I(P )(ϕu))_M (ζ)v_M (ζ)dζ

− 1 2πi ∫ Im ζ=Im z+ϵ ∫ ∂X u_M (ζ)(I(P^∗)(ϕu))_M (ζ)dζ.

(6.5)

Now (I(P )(ϕu))_M (ζ) = I_ν (P, ζ)(ϕu)_M and similarly for the second term.

The rapid vanishing of the Mellin transforms at real infinity permits integration by parts in the integral over ∂X and hence, using (6.2) and reverting to the variable λ, (6.5) becomes

B(u, v) = 1 2πi ∮ Im ζ=Im z−ϵ ∫ ∂X I_ν(P, λ)(ϕu)_M (λ)(ϕv)_M (λ)dλ

− 1 2πi ∮ Im ζ=Im z+ϵ ∫ ∂X I_ν (P, λ)(ϕu)_M (λ)(ϕv)_M (λ)dλ.

(6.6)

Again the rapid vanishing of all the Mellin transforms at real infinity, and the fact that the only poles are at λ = z, means that (6.6) can be rewritten as an integral over a finite contour:

(6.7) B(u, v) = 1 2πi ∮ Γ ∫ ∂X I_ν (P, λ)(ϕu)_M (λ)(ϕv)_M (λ)dλ, where Γ is the simple closed contour on which |λ − z| = ϵ, traversed counterclockwise.

If ϕ is replaced by another cut-off function, ϕ^′, then the difference between the two integrals in (6.7) can be written 1 2πi ∮ Γ ∫ ∂X ((ϕ − ϕ^′)u)_M (λ)I_ν (P^∗, λ)(ϕv)_M (λ)dλ

− 1 2πi ∮ Γ ∫ ∂X I_ν (P, λ)(ϕ^′u)_M (λ)((ϕ − ϕ^′)v)_M (λ)dλ which vanishes identically since the integrands are entire. Thus B is independent of the choice of ϕ and so is a well-defined form. Next we proceed to show that it is non-degenerate in (6.3).

If I_ν (P, λ)(ϕu)_M (λ) is replaced in (6.7) by an arbitrary function f(λ) holomorphic in |λ − z| < 2ϵ, with values in C^∞(∂X; Ω^{12} ) then the resulting pairing certainly has no null space on F (P^∗, z) since the vanishing of the contour integral ∮

Γ ∫ ∂X f(λ)(ϕv)_M (λ)dλ

for all f implies that (ϕv)_M is regular at z and hence that v = 0. On the other hand if U (λ) = (ϕu)_M (λ) is replaced by ~U (λ), just such a holomorphic function, then the integral vanishes identically since it has a holomorphic integrand. For ϵ > 0, small enough, I_ν (P, λ)^{−1} has only a pole at λ = z in this disk, so any holomorphic function is of the form I_ν (P, λ)[U (λ) + ~U (λ)] with ~U holomorphic and U = (ϕu)_M (λ) for some u ∈ F (P, z). It follows that B has no null space on F (P, z). Integration by parts allows (6.7) to be written B(u, v) = 1 2πi ∮ Γ ∫ ∂X (ϕu)_M (λ)I_ν (P^∗, λ)(ϕv)_M (λ)dλ,

so the same argument shows that there is no null space on F (P^∗, z). Thus B is non-degenerate, proving the first part of the proposition.

When z ≠ z^′ the same type of argument leads to (6.4). Now suppose that X is a general compact manifold with boundary, where ∂X may have several components. Then if P ∈ Diff^k_b (X; E, F ) is elliptic, with E and F Hermitian and a positive section ν ∈ C^∞(X;^bΩ) is specified the same argument applies to give a non-degenerate pairing for each boundary hypersurface:

(6.8) F_j(P, z) × F_j(P^∗, z) ∋ (u, v) −→ B_j (u, v) = ∫ ~X_j ( ⟨I_j (P )(ϕu), ϕv⟩ − ⟨ϕu, I_j(P^∗)(ϕv)⟩ ) ν_j.

Here ν_j is the density induced on ∂_j X. The analogue of (6.4) also holds.

Exercise 6.3. Go through the proof of Proposition 6.2 inserting inner products and densities and so check that (6.8) is non-degenerate and independent of the choice of ϕ.

Next observe that, in case ∂X is connected, the bilinear form (6.3) can also be obtained directly from P rather than in terms of I(P ) as an operator on ~X. Choose an identification of ~X with a collar neighbourhood of ∂X and ϕ ∈ C^∞(X) which is identically equal to 1 near ∂X with support in the collar. Using the collar identification, if u ∈ F (P, z) then ϕu can be identified with an element of x^{− Im z−ϵ}H^∞_b (X;^bΩ^{12} ). Then

(6.9) F (P, z) × F (P^∗, z) ∋ (u, v) −→ B(u, v) = 1 i ∫ X ( P (ϕu)ϕv − (ϕu)P^∗(ϕv) ) .

To see this it suffices to note that in the collar P = I(P ) + xP^′, with P^′ ∈ Diff^m_b (X;^bΩ^{12} ). The extra vanishing at x = 0 means that integration by parts is permissible, so replacing P by xP^′ in (6.9) gives zero, proving (6.9). In fact by the same reasoning if u^′ ∈ x^{− Im z+ϵ}H^∞_b (X;^bΩ^{12} ) and v^′ ∈ x^{Im z+ϵ}H^∞_b (X;^bΩ^{12} ) then

(6.10) F (P, z) × F (P^∗, z) ∋ (u, v) −→ B(u, v) = 1 i ∫ X ( P (ϕu + u^′)ϕv − (ϕu)P^∗(ϕv + v^′) ) .

If ∂X has several components then B is the sum of the B_j in (6.8).

For any r ∈ − Im spec_b(P ) set

(6.11) G(P, r) = G(I(P ), r) = ⨁ z∈spec_b(P ) Im z=−r F (P, z).

The bilinear form B is therefore defined, by (6.9), as a sesquilinear map

(6.12) B : G(P, r) × G(P^∗, −r) −→ C ∀ r ∈ − Im spec_b(P ).

For any r we shall use Proposition 5.63 with α = r − ϵ and α^′ = r + ϵ, ϵ > 0 being chosen so small that r is the only point of − Im spec_b(P ) in [α, α^′], to define

(6.13) G^′(P, r) = { u ∈ G(P, r); ∃ u^′ ∈ x^αH^∞_b (X;^bΩ^{12} ) with

P u^′ = 0, u^′ − ϕu ∈ x^{α′} H^∞_b (X;^bΩ^{12} ) } as the image of (5.168). Notice that G^′(P, r) may very well depend on P, not just I(P ).

Lemma 6.4. Under the pairing B in (6.12), G^′(P, r) and G^′(P^∗, −r) are annihilators of each other: (6.14) G^′(P, r) = {u ∈ G(P, r); B(u, v) = 0 ∀ v ∈ G^′(P^∗, −r)} . Proof: Conjugating by x^r we may assume that r = 0. Now suppose u ∈ G^′(P, 0), i.e. u ∈ G(P, 0) and P (ϕu) = P u^′, with u^′ ∈ x^ϵH^0_b (X;^bΩ^{12} ). Then P (ϕu) can be replaced by P u^′ in the first term in (6.9). Integration by part is justified since u^′ ∈ x^ϵH^m_b (X;^bΩ^{12} ), so the integral reduces to ∫ X (u^′ − ϕu)P^∗(ϕv).

Then if v ∈ G^′(P, 0), i.e. P^∗(ϕv) = P^∗(v^′) with v ∈ x^ϵH^m_b (X;^bΩ^{12} ) integration by parts is again possible, so the pairing vanishes. Conversely suppose u ∈ G(P, 0). Then f = P (ϕu) ∈ x^ϵH^∞_b (X;^bΩ^{12} ). The range of P on x^ϵH^m_b (X;^bΩ^{12} ) is the annihilator of null(P^∗, −ϵ), the null space of P^∗ on x^{−ϵ}H^m_b (X;^bΩ^{12} ). Of course if w ∈ null(P^∗, ϵ) then ⟨f, w⟩ = 0, so it suffices to check that ⟨f, v⟩ = 0 for w = ϕv − v^′ ∈ null(P^∗, −ϵ), where v ∈ G^′(P^∗, 0) and v^′ ∈ x^ϵH^m_b (X;^bΩ^{12} ). This is exactly what the vanishing of B(u, v) for v ∈ G^′(P^∗, 0) shows, so (6.14) does indeed hold.

6.2. Relative index formula.

The dependence of the index of an elliptic element P ∈ Diff^m_b (X; E, F ) on the parameters a ∈ R^p, in Theorem 5.60, will be considered next. Here p is the number of boundary components of X. The index of a strongly continuous family of Fredholm operators is constant, so the function

(6.15) ind(P, a) = dim { u ∈ ρ^aH^M_b (X; E); P u = 0 } − codim { v ∈ ρ^aH^{M−m}_b (X; F ); v = P u, u ∈ ρ^αH^m_b (X; E) } will be constant on each of the countably many open sets, all products of open intervals, forming the components of p∏ j=1 (R\ − Im spec_{b,j}(P )^) ⊂ R^p.

Recall that in (5.9) the rank of a zero of the indicial family, rank(z), z ∈ spec_b(P ), was defined. This generalizes to the case where ∂X has several components, to define rank_j(z) when z ∈ spec_{b,j}(P ), as the integer in (5.8) and (5.9), where F (λ) is the inverse of the indicial family of P at the jth boundary hypersurface.

Theorem 6.5. (Relative Index theorem) If P ∈ Diff^m_b (X; E, F ) is elliptic and a_j , a^′_j /∈ − Im spec_{b,j}(P ), j = 1, . . ., p, then the index, as given by (6.15), satisfies

(6.16) ind(P, a) − ind(P, a^′) = p∑ j=1 sgn(a^′_j − a_j ) ∑ z∈spec_{b,j} (P ) − Im z∈[a_j ,a^′_j ]

rank_j(z) .

If ∂X is connected, so a = α, a^′ = α^′ are just real numbers, and α > α^′ then (6.16) shows that ind(P, α) < ind(P, α^′) and the difference is minus the sum of the ranks of the points of spec_b(P ) between the two lines Im z = −α and Im z = −α^′, i.e. with − Im z in the interval [α^′, α] or the open interval (α^′, α), since the end points cannot occur by assumption. Proof of Theorem 6.5: Again it is convenient to prove the result first under the assumption that ∂X is connected and the bundles are both^bΩ^{12} .

Clearly it suffices to prove (6.16) under the assumption that α^′ > α. Furthermore by dividing the interval [α^′, α] into small subintervals, with no endpoints in − Im spec_b(P ), it can be assumed that α^′ − α is small and that in the interval (α^′, α) there is at most one point of − Im spec_b(P ). Now,

(6.17) ind(P, α) = dim null(P, α) − dim null(P^∗, −α),

null(P, α) = null ( P : x^αH^m_b (X;^bΩ^{12} ) −→ x^αH^0_b (X;^bΩ^{12} ) ) . From Proposition 5.61 it follows that if there is no point of − Im spec_b(P ) in (α^′, α) then null(P, α) = null(P, α^′) and similarly for P^∗. Thus ind(P, α) = ind(P, α^′) in this case, as expected. So it may be assumed that α − α^′ is small and positive and that in the interval (α^′, α) there is exactly one point α^{′′} ∈ − Im spec_b(P ). Of course this may arise from several points in spec_b(P ). For notational simplicity the operator will be conjugated by x^{α′′} , so arranging that α^′ = ϵ, α = −ϵ and α^{′′} = 0, for some small ϵ > 0.

From (6.13), G^′(P, 0) ⊂ G(P, 0) is the subspace of those u ∈ G(P, 0) such that P (ϕu) = P u^′ for some u^′ ∈ x^ϵH^m_b (X;^bΩ^{12} ). Thus

(6.18) dim null(P, −ϵ) = dim null(P, ϵ) + dim G^′(P, 0).

Now (6.14) in Lemma 6.4 shows that

(6.19) dim G^′(P, 0) + dim G^′(P^∗, 0) = dim G(P, 0) = dim G(P^∗, 0).

Applying (6.18) to P and P^∗ shows that (6.20)

[dimnull(P, −ϵ) − dim null(P, ϵ)] + [dim null(P^∗, −ϵ) − dim null(P^∗, ϵ)] = dim G^′(P, 0) + dim G^′(P^∗, 0) = dim G(P, 0).

This is just (6.16) in this case, so (6.16) has actually been proved in the case of a single boundary hypersurface and operators on b-half-densities.

The case of general bundles involves only notational changes. The same is true if X has several boundary components, since the generalized null spaces of the indicial operators at different boundary hypersurfaces pair to zero under B in (6.9). Thus the theorem holds in general.

The discussion in §6.1 and this proof are quite robust. Since it is not invoked below, the case of general b-pseudodifferential operators is left as an exercise.

Exercise 6.6. Show that the proof above generalizes directly to give a similar result for the index of any elliptic element A ∈ Ψ^k_b (X; E, F ). [Hint: The main point at which the assumption that P is a differential operator enters into the proof above is the conclusion that I(P )(ϕu) in (6.3) has compact support. This is important since it justifies the use of Plancherel’s formula. Show that if P is pseudodifferential then this can be satisfactorily replaced by the fact that I(P )(ϕu) = O(|x^{− Im z+δ}|) for all 0 < δ < 1, as x ↓ 0.] The extended index function is defined, as in (In.30), by

(6.21) ~ind(P, a) = 1 2 lim_{ϵ↓0} [ind(P, a − ϵ) + ind(P, a + ϵ)] ,

where ϵ is interpreted as a multiweight with the same entry in each component. The relative index formula means that this extended index function is determined by its value for any one multiweight a. To write the difference law that results from Theorem 6.5 in a more compact form, consider the ‘incidence function’ for s, α, and α^′ ∈ R :

(6.22) inc(s; α, α^′) = sgn(α^′ − α) · 0 s /∈ [α, α^′] 1 2 s = α or s = α^′ 1 s ∈ (α, α^′). Here if α = α^′ then by convention sgn(α − α^′) = 0.

Exercise 6.7. Show that if [α, α^′] is considered as an oriented interval (with the opposite of the standard orientation of R if α^′ < α) then inc(s; α, α^′) is the limit as ϵ ↓ 0 of Len ( (s − ϵ, s + ϵ) ∩ [α, α^′] ) /ϵ, where Len is the signed length.

With this additional piece of notation, (6.16) becomes

(6.23) ~ind(P, a) − ~ind(P, a^′) = p∑ j=1 ∑ z∈spec_{b,j} (P ) inc(Im z, a^′_j, a_j) rank_j(z) .

Note that Theorem 5 shows the necessity of (5.112). Indeed P is Fredholm on the weighted spaces in (5.112) if and only if P_α = ρ^{−α}P ρ^α is Fredholm on the unweighted spaces. The P_α vary continuously with α, so if they were Fredholm for α in some open interval containing a point of − Im spec_b(P ) then the index would be constant on that interval. Since (6.16) shows that the index is not constant the family can not be Fredholm if α ∈ − Im spec_b(P ), since it is Fredholm everywhere else.

6.3. Riemann-Roch for surfaces.

One might be inclined to think that the relative index theorem is very soft. To see that this is not so, consider a special case of an idea of Gromov and Shubin (see [40]) which shows that one can get the standard Riemann-Roch theorem for a compact Riemann surface as a corollary of Proposition 5.59. In fact this is included as a remark in [8]. Of course the usual proof of the Riemann-Roch theorem in this generality is not terribly hard . . . .

A compact Riemann surface, M, is just a real two-dimensional compact manifold with a complex structure. The complex structure on M is a covering by coordinate systems with transition maps which are holomorphic. This implies that the complexified tangent bundle has a decomposition into complex line bundles:

(6.24) C T M = T^{1,0}M ⊕ T^{0,1}M, v ∈ T^{1,0}_x M ⇐⇒ v ∈ T^{0,1}_x M.

By duality there is a similar decomposition of the cotangent bundle:

(6.25) C T^∗ M = Λ^{1,0}M ⊕ Λ^{0,1}M,

which in turn gives a decomposition of the exterior derivative on both functions and 1-forms:

d = ∂ + ∂, ∂ : C^∞(M ) −→ C^∞(M ; Λ^{0,1}) ∂ = d on C^∞(M ; Λ^{1,0}), ∂ = d on C^∞(M ; Λ^{0,1}).

The operator ∂ is an elliptic differential operator and the Hodge theorem allows one to compute its index.

Suppose that M is given a conformal metric, i.e. an Hermitian metric on T^{0,1}M. It is therefore locally a smooth positive multiple of dzdz for any holomorphic coordinate z. Consider the adjoints of ∂ and ∂ on 1-forms. These are the middle-dimensional forms on an even-dimensional manifold and it follows from (2.85) that the Hodge star isomorphism, which maps 1-forms to 1-forms, does not depend on the conformal factor in the metric. For the local metric dzdz the adjoint of ∂ on C^∞(M ; Λ^{1,0}) is a multiple of ∂, so from (2.88) this holds in the general case and hence

(6.26) ∂^∗ϕ = 0 ⇐⇒ ∂ϕ = 0, ϕ ∈ C^∞(M ; Λ^{1,0})

and similarly for ∂^∗ on (0, 1)-forms.

The null space of ∂ on functions consists just of the constants. The Laplacian on 1-forms is

Δ = (∂ + ∂)(∂ + ∂)^∗ + (∂ + ∂)^∗(∂ + ∂).

By integration by parts an harmonic 1-form is closed and coclosed, so is of the form u = ϕ + ψ where ϕ ∈ C^∞(M ; Λ^{1,0}) and ψ ∈ C^∞(M ; Λ^{0,1}) are in the null space of ∂ and ∂ respectively. Conversely, from the discussion above, any ϕ ∈ C^∞(M ; Λ^{1,0}) which is holomorphic, i.e. satisfies ∂ϕ = 0, is harmonic. Thus the space of harmonic 1-forms has even dimension, 2p, where p is by definition the genus of M and the spaces of holomorphic (1, 0)-forms and antiholomorphic (0, 1)-forms both have dimension p. The range of ∂ on functions has as complement the null space of ∂^∗, just the space of antiholomorphic (0, 1)-forms. Thus on functions

ind(∂) = 1 − p, 2p = dim H^1_{Ho}(M ).

There is in fact precisely one (oriented) compact Riemann surface, up to diffeomorphism, of a given genus, p ≥ 0.

The Riemann-Roch theorem, in its most elementary form, is concerned with the spaces of meromorphic functions and differentials (1-forms) with given sets of zeros and poles. Let D be a divisor, i.e. a finite subset

D = {(z_1, m_1), . . . , (z_N , m_N )} ⊂ M × Z

with the z_j distinct. Associated to D is a compact manifold with boundary, M^′, obtained by blowing up each of the points in the projection of D onto M. Let H_j be the boundary circle added by blowing up z_j , for j = 1, . . ., N. The complex structure, (6.24), lifts to a complex structure on the b-tangent bundle of M^′ since if z is a holomorphic coordinate near z = z_j then the logarithmic differential d(z −z_j )/(z −z_j ) is a smooth section of^bT^∗M^′ near H_j. Indeed in terms of polar coordinates

(6.27) z − z_j = re^{iθ}, d(z − z_j ) z − z_j = dr r + idθ. This gives a decomposition extending (6.25):

C^b T^∗M^′ =^bΛ^{1,0} ⊕^bΛ^{0,1}

where the second summand is the complex conjugate of the first.

The Cauchy-Riemann operator is an element^b∂ ∈ Diff^1_b (M^′; C ,^bΛ^{0,1}). In this sense it is elliptic with indicial family I_r (^b∂, s)u = −i( 1 2 ∂_θ + i 2 s)u d(z − z_j) z − z_j at H_j, with r in (6.27) used to trivialize the normal bundle. Thus the indicial roots are easily computed. For each j the indicial family has only simple zeros and these are all at imaginary integer points: Spec_b(^b∂) = Z= {(ik, 0); k ∈ Z} at each H_j.

These just arise from the eigenfunctions of ∂_θ on the circle, or equivalently the Laurent series at z_j of meromorphic functions. Thus b∂ : ρ^S H^m_b (M^′) −→ ρ^S H^{m−1}_b (M^′;^bΛ^{0,1}) is Fredholm whenever S = (S_1, . . . , S_N ), S_j /∈ Z ∀ j = 1, . . . , N.

The relative index theorem gives

(6.28) ind(^b∂, S) − ind(^b∂, S^′) = N∑ j=1 ([S_j ] − [S^′_j ]),

[S_j] = inf{p ∈ Z; p > S_j }.

Now (6.28) is just a reformulation of the Riemann-Roch theorem. With the divisor D one associates the weights S_j (D) = m_j − δ for any fixed δ ∈ (0, 1). In particular for the trivial divisor, with all m_j = 0 and the same finite set of points in M, each S_j (0) = −δ. The degree of the divisor is defined to be deg(D) =^N ∑ j=1 m_j and (6.28) becomes

(6.29) ind(^b∂, S(D)) − ind(^b∂, S(0)) = deg(D).

Then it only remains to identify the index of^b∂ on the two weighted spaces, using the elementary properties of analytic functions, to deduce the Riemann-Roch formula.

For any divisor set

(6.30) r_0(D) = dim{meromorphic functions with divisor D}, r_1(D) = dim{meromorphic differentials with divisor D}.

The convention for divisors is slightly different to that for index sets in (5.8). A meromorphic function f has divisor D if (λ − z_j )^{mj} f(λ) is holomorphic near λ = z_j. Thus m_j = 0 corresponds to a regular point, whereas in our convention for index sets a point (z, 0) corresponds to a simple pole at z. For meromorphic (1, 0)-forms, which are just the complex conjugates of antimeromorphic (0, 1)-forms, the m_j correspond to the regularity of the coefficients in terms of a local holomorphic 1-form dz. This means that m_j = −1 corresponds to holomorphy of the coefficients in terms of the b-form d(z − z_j )/(z − z_j ). From the discussion above the trivial divisor corresponds to

(6.31) r_0(0) = 1, r_1(0) = p.

If −D is the conjugate divisor to D, i.e. −D = {(z_j , −m_j)} if D = {(z_j , m_j} then:

Lemma 6.8. (Riemann-Roch) For any divisor on a compact Riemann surface of genus p the dimensions in (6.30) are related by

(6.32) r_0(D) = r_1(−D) + deg(D) + p − 1.

Proof: The Riemann-Roch formula (6.32) follows from (6.29) and (6.31) once it is shown that for any divisor,

(6.33) ind(^b∂, S(D)) = r_0(D) − r_1(−D).

This follows from the removability of singularities. Thus Proposition 5.61 shows that the null space of ∂, { u ∈ ρ^S H^m_b (M^′);^b∂u = 0 } , is just the space of meromorphic functions with divisor D since S_j = m_j − δ. The codimension of the range of^b∂ on functions is equal to the dimension of { u ∈ ρ^{−S} H^m_b (M^′;^bΛ^{1,0});^b∂u = 0 } . Since −S_j = −m_j +δ, and recalling that these are b-forms, this corresponds to the space of meromorphic differentials with divisor −D.

6.4. Hodge theory.

Consider next the Hodge cohomology of a compact manifold with boundary, needless to say equipped with an exact a b-metric. For orientation the case of X compact with ∂X = ∅ will first be briefly recalled.

The first basic result is the de Rham theorem which gives an identification of the de Rham cohomology spaces, the cohomology of the exterior complex (2.17):

(6.34) H^k_{dR}(X) = { u ∈ C^∞(X; Λ^k); du = 0 } /dC^∞(X; Λ^{k−1}), with the singular cohomology spaces (with complex coefficients) of the manifold. If X is given a metric then the associated Laplacian leads to the Hodge decomposition involving the Hodge cohomology, i.e. the space of harmonic forms:

H^k_{Ho}(X) = { u ∈ C^{−∞}(X; Λ^k); Δu = 0 } = { u ∈ C^∞(X; Λ^k); du = δu = 0 } . The second characterization follows by elliptic regularity and integration by parts, for u ∈ C^∞(X; Λ^k), (6.35) Δu = 0 =⇒ 0 = ⟨u, Δu⟩ = ‖du‖^2 + ‖δu‖^2 =⇒ du = δu = 0. Proposition 6.9. On a compact Riemann manifold, X, without bound- ary

(6.36)

C^∞(X; Λ^k) =dC^∞(X; Λ^{k−1}) ⊕ δC^∞(X; Λ^{k−1}) ⊕ H^k_{Ho}(X) L^2(X; Λ^k) =dH^1(X; Λ^{k−1}) ⊕ δH^1(X; Λ^{k−1}) ⊕ H^k_{Ho}(X) C^{−∞}(X; Λ^k) =dC^{−∞}(X; Λ^{k−1}) ⊕ δC^{−∞}(X; Λ^{k−1}) ⊕ H^k_{Ho}(X). Here the direct summation in the first and last cases just means that the factors are closed with trivial intersections in pairs; in the middle case the sum is orthogonal for the natural Hilbert space structure on L^2. Proof: This follows directly from the knowledge that the generalized inverse of the Laplacian

Δ = dδ + δd = (d + δ)^2

is a pseudodifferential operator of order −2. The null space, H^k_{Ho}(X), is closed and of finite dimension, consisting of the harmonic k-forms. The range of Δ on C^∞(X; Λ^k) is closed and from the self-adjointness of Δ has complement H^k_{Ho}(X). Then each of the decompositions in (6.36) arises in the same way. Thus, for instance,

(6.37)

C^∞(X; Λ^k) = ΔC^∞(X; Λ^k) ⊕ H^k_{Ho}(X) = d[δC^∞(X; Λ^k)] ⊕ δ[dC^∞(X; Λ^k)] ⊕ H^k_{Ho}(X).

That dδC^∞(X; Λ^k) = dC^∞(X; Λ^{k−1}) follows from (6.37) for k − 1 since dδC^∞(X; Λ^k) ⊂ dC^∞(X; Λ^{k−1}) ⊂ dδdC^∞(X; Λ^{k−1}) ⊂ dδC^∞(X; Λ^k) and similarly for the second term, so this leads to the first case in (6.36). The other cases are similar.

In fact (6.37) is often more useful than (6.36). Of course the main corollary of this decomposition is the Hodge theorem (proved in this generality by Weyl, [90]):

Corollary. For any compact Riemann manifold without boundary there is a natural (Hodge) isomorphism H^k_{Ho}(X) ←→ H^k_{dR}(X) with inverse given by projection onto the Hodge cohomology in (6.36).

Proof: The map from H^k_{Ho}(X) to H^k_{dR}(X) is well-defined since harmonic forms are closed, by (6.35). From (6.37) the harmonic space is orthogonal to the range of d, so the map is injective. To see that it is surjective, observe from (6.37) that if u ∈ C^∞(X; Λ^k) then du = 0 if and only if the second term, of the form δw, in the decomposition of u is closed. By (6.37) this term is of the form δw with dw = 0, so dδw = 0 implies Δw = 0 and hence implies that δw = 0. Thus a closed form is the sum of its harmonic part and an exact form.

The same argument applies in the other two cases. For instance the third, distributional, decomposition in (6.36) shows that the distributional de Rham cohomology

(6.38) { u ∈ C^{−∞}(X; Λ^k); du = 0 } /dC^{−∞}(X; Λ^{k−1}) is canonically isomorphic to the C^∞ de Rham cohomology and to the Hodge cohomology.

Exercise 6.10. Define the L^2-de Rham cohomology of a compact manifold without boundary as { u ∈ L^2(X; Λ^k); du = 0 } / { u ∈ L^2(X; Λ^k); u = dv, v ∈ L^2(X; Λ^{k−1}) } . Show that this is defined independently of the choice of Riemann metric and is canonically isomorphic to the C^∞ de Rham and to the Hodge cohomology of any Riemann metric.

Now to the case of more immediate interest, a compact manifold with boundary. As already discussed in §2.16 there are two basic smooth de Rham cohomology spaces:

(6.39)

H^k_{dR,abs}(X) = { u ∈ C^∞(X; Λ^k); du = 0 } /dC^∞(X; Λ^{k−1}) H^k_{dR,rel}(X) = { u ∈ Ċ^∞(X; Λ^k); du = 0 } /dĊ^∞(X; Λ^{k−1}), depending on whether smooth forms are required to vanish to infinite order at the boundary or not. The de Rham theorem, Theorem 2.48, then asserts the existence of natural isomorphisms with the absolute singular cohomology and the relative singular cohomology respectively. Alternatively one could take the position that the two spaces in (6.39) are the absolute and relative cohomology spaces of the compact manifold with boundary.

The b-Sobolev spaces have been emphasized already and it is natural to look for analogues of the regularity result showing that the distributional de Rham space, analogous to that in (6.38), is isomorphic to H^k_{dR}(X). Consider the conormal forms:

(6.40) A(X;^bΛ^k) = A(X; Λ^k) = ⋃ s∈R^{xsH∞b (X; bΛk).} Since d ∈ Diff^1_b (X;^bΛ^{k−1},^bΛ^k), it acts on these spaces and there are corresponding de Rham cohomology spaces:

(6.41) { u ∈ A(X;^bΛ^k); du = 0 } /dA(X;^bΛ^{k−1}), where the same space is obtained by replacing^bΛ^∗ by Λ^∗.

Lemma 6.11. The conormal de Rham cohomology space (6.41) is canonically isomorphic to H^k_{dR,abs}(X).

Proof: Choose a real vector field V ∈ V(X) which is transversal to the boundary and inward pointing, i.e. V x > 0 at ∂X if x ∈ C^∞(X) is a defining function. Such a vector field certainly exists, since it can be taken to be ∂/∂x in a collar neighbourhood of the boundary and then cut off inside. Integration of V gives a 1-parameter family of C^∞ maps determined by: F_s : X −→ X for s ∈ [0, s_0], s_0 > 0 small, where d ds (F_s)^∗ϕ = (F_s)^∗V ϕ, ∀ ϕ ∈ C^∞(X) and F_0 = Id .

The pull-back map F^∗_s commutes with d and, always for small s, induces the identity on H^∗_{dR,abs}(X), since for any form u ∈ C^∞(X; Λ^k) Cartan’s identity gives F^∗_s u − u = s∫ 0 d dt (F_t)^∗udt = s∫ 0 (F_t)^∗[di_V u + i_V du]dt, where i_V is contraction with V. Thus if u is closed

(6.42) F^∗_s u − u = dv with v = s∫ 0 (F_t)^∗i_V u.

Now, simply because V is inward pointing and transversal to the boundary, F_s(X) ⊂^∘X for small positive s. Thus if u ∈ A(X;^bΛ^k) then F^∗_s u ∈ C^∞(X; Λ^k) for small s > 0. This shows that pull-back under F_s gives a map from the conormal de Rham cohomology into the absolute de Rham cohomology. On the other hand there is an obvious ‘inclusion’ map from H^k_{dR,abs}(X) into the conormal cohomology. Using (6.42) these maps are easily seen to be inverses of each other.

Exercise 6.12. Use this 1-parameter family of maps to show that the de Rham space of smooth forms with compact support in the interior of X { u ∈ C^∞_c (^∘X; Λ^k); du = 0 } /dC^∞_c (^∘X; Λ^{k−1})

C^∞_c (^∘X; Λ^k) = { u ∈ Ċ^∞(X; Λ^k); supp(u) ⊂^∘X }

is naturally identified with the relative de Rham cohomology.

Lemma 6.11 can be refined considerably. Observe that d acts on the spaces x^sH^∞_b (X;^bΛ^∗) for any fixed s ∈ R.

Proposition 6.13. The (de Rham) cohomology of the complex

(6.43) 0 −→ x^sH^∞_b (X)^d−→ x^sH^∞_b (X;^bΛ^1)^d−→ . . .^d−→ x^sH^∞_b (X;^bΛ^N ) −→ 0

is naturally isomorphic to H^∗_{dR,abs}(X) if s < 0 and to H^∗_{dR,rel}(X) if s > 0. Proof: The proof of Lemma 6.11 applies unchanged in case s < 0. So suppose s > 0. Choose a boundary defining function x and a cut-off function ϕ ∈ C^∞_c (R) which is identically equal to 1 in a neighbourhood of 0. Choose a collar decomposition of X near the boundary so that any u ∈ x^sH^∞_b (X;^bΛ^k) decomposes into tangential and normal parts: (6.44) u = u_τ + dx x ∧ u_ν, u_τ ∈ x^sH^∞_b ([0, ϵ) × ∂X; Λ^k(∂X)), u_ν ∈ x^sH^∞_b ([0, ϵ) × ∂X; Λ^{k−1}(∂X)). The conditions for u to be closed become, in this collar neighbourhood, d_{∂X} u_τ = 0, x ∂ ∂x u_τ = d_{∂X}u_ν .

Now the assumption that s > 0 means that the second of these equations can be integrated from x = 0 to give

u_τ = x∫ 0 d_{∂X} u_ν dx x with the integral converging absolutely. So consider the map (6.45) x^sH^∞_b (X;^bΛ^k) ∋ u −→ ϕ(x)u + ϕ^′(x)dx ∧ x∫ 0 u_ν dx x ∈ Ċ^∞(X; Λ^k). This maps closed forms to closed forms and exact forms to exact forms so projects to a map from the de Rham cohomology of (6.43) to H^k_{dR,rel}(X). There is a natural map, given by inclusion, the other way and it is easy to see that these are inverses of each other, so the Proposition is proved.

Naturally this raises the question of what happens in the 0-weighted case. This is just what is usually called the L^2 cohomology. The answer, justified in Exercise 6.17 below, is that unless dim H^{k−1}_{Ho} (∂X) = dim H^k_{Ho}(∂X) = 0 the L^2 cohomology, i.e. the cohomology of the complex (6.43) in case s = 0, is infinite dimensional (and therefore not so interesting).

There is a natural map from the relative to the absolute cohomology, given at the level of the de Rham spaces in (6.39) by inclusion:

(6.46) e : H^k_{dR,rel}(X) −→ H^k_{dR,abs}(X). The image can therefore be represented, for any s < 0 as

(6.47) e [ H^k_{dR,rel}(X) ] = { u ∈ Ċ^∞(X; Λ^k); du = 0 } { u ∈ Ċ^∞(X; Λ^k); u = dv, v ∈ x^sH^∞_b (X; Λ^{k−1}) }. This is of immediate interest because of the Hodge identification given in [8].

Let the null space of the Laplacian, of an exact b-metric, acting on H^0_b (X;^bΛ^k), the metric L^2 space, be denoted H^k_{b,Ho}(X). From Proposition 5.61 the elements of this space are polyhomogeneous conormal distributions corresponding to index sets in the right half space, since x^z for Re z ≤ 0 is not locally square-integrable with respect to the volume form. Thus (6.48) H^k_{b,Ho}(X) = { u ∈ x^ϵH^0_b (X;^bΛ^k); Δu = 0 } for ϵ > 0 small.

This means that integration by parts is justified so that 0 = ⟨u, Δu⟩ = ‖du‖^2 + ‖δu‖^2, u ∈ H^k_{b,Ho}(X). In particular the elements of H^k_{b,Ho}(X) are square-integrable d- and δ-closed forms.

Proposition 6.14. The null space, H^k_{b,Ho}(X), of the Laplacian of an exact b-metric on any compact manifold with boundary, acting on H^2_b (X;^bΛ^k) is naturally identified with the de Rham space e [ H^k_{dR,rel}(X) ] in (6.47).

One would expect to proceed as with the proof of the Corollary to Proposition 6.9, using a decomposition analogous to (6.36), by looking at the action of the Laplacian on H^m_b (X;^bΛ^k) for m = ∞, m = 2 or m = −∞ corresponding to the three cases in (6.36). However there is a problem, since the fundamental point in the boundaryless case is that the range in the appropriate space is closed. From the discussion of Fredholm properties above this is the case for the Laplacian acting on H^2_b (X;^bΛ^k) if and only of there are no real indicial roots.

So consider the indicial family of the Laplacian. The space of b-forms splits at the boundary as in (6.44): bΛ^k_{¯∂X} ∼= Λ^k(∂X) ⊕ Λ^{k−1}(∂X) C^∞(∂X;^bΛ^k) ∋ u = u_τ + dx x ∧ u_ν, u_τ ∈ C^∞(∂X; Λ^k), u_ν ∈ C^∞(∂X; Λ^{k−1}). Here dx/x is the singular 1-form given by the exact b-metric. With respect to this splitting the indicial operators of d and δ, for the given metric, were computed in §4.17:

(6.49) I(d) = ( d 0 x^∂_{∂x} −d ) , I(δ) = ( δ −x^∂_{∂x} 0 −δ )

acting from Λ^k ⊕Λ^{k−1} to Λ^{k+1} ⊕Λ^k and to Λ^{k−1} ⊕Λ^{k−2} over the boundary, respectively. Here d and δ also stand, somewhat ambiguously, for the exterior differential and its adjoint with respect to the metric on the boundary. The corresponding indicial families are obtained by replacing x∂/∂x by iλ. Since the indicial homomorphism is just that, a homomorphism, this gives

(6.50) I_ν (Δ, λ) = ( Δ_∂ + λ^2 0 0 Δ_∂ + λ^2 ) . Thus the indicial roots of the Laplacian are exactly

spec_b(Δ) = { ±iσ; σ^2 is an eigenvalue of Δ_∂ } . Furthermore the order and rank of these points is easily established. If σ ≠ 0 then the order is necessarily 1 and the rank is just the dimension of the corresponding eigenspace of Δ_∂ acting on k − 1 and k forms. However the zero eigenvalue is special since, if Δ_∂ is not invertible on either k − 1 or k forms on ∂X, 0 ∈ spec_b(Δ) represents a pole of order 2 with rank twice the sum of the Betti numbers (the dimensions of the cohomology) in these dimensions. This has a strong bearing on the behaviour of the Hodge cohomology of the b-metric.

Notice that the only real indicial root that the Laplacian can have is 0. So the Laplacian is Fredholm from H^2_b (X;^bΛ^k) to H^0_b (X;^bΛ^k), the L^2 space for the metric, if and only of there is no cohomology for the boundary in dimension k − 1 or k. Thus there are two obvious options, since (6.51)

Δ : x^{±ϵ}H^m_b (X;^bΛ^k) −→ x^{±ϵ}H^{m−2}_b (X;^bΛ^k) is Fredholm for ϵ > 0 small.

Proof Proposition 6.14 (beginning): Consider the case of the ‘large’ spaces in (6.51), x^{−ϵ}H^2_b (X;^bΛ^k). The range is closed and has annihilator, with respect to the continuous pairing between x^{−ϵ}H^0_b (X;^bΛ^k) and x^ϵH^0_b (X;^bΛ^k) for small ϵ > 0, precisely the null space H^k_{b,Ho}(X). Thus

(6.52) x^{−ϵ}H^0_b (X;^bΛ^k) = Δ [ Gx^{−ϵ}H^0_b (X;^bΛ^k) ] ⊕ H^k_{b,Ho}(X). Here G ∈ Ψ^{−2,E(−ϵ)} b (X;^bΛ^k) is the generalized inverse discussed in Chapter 5, where E(−ϵ) is the index set corresponding to the point −ϵ /∈ − Im spec_b(Δ).

Applying (6.52) to Ċ^∞(X;^bΛ^k) gives

(6.53)

Ċ^∞(X;^bΛ^k) = Δ [ GĊ^∞(X;^bΛ^k) ] ⊕ H^k_{b,Ho}(X) i.e. u = Δv + u^′,

where u^′ is just the L^2-projection of u onto H^k_{b,Ho}(X). If u = dw, with w ∈ x^{−ϵ}H^∞_b (X;^bΛ^{k−1}) then the decomposition of u is just u = dw. So u^′ = 0 and by (6.47) this gives a map as desired:

(6.54) e [ H^k_{dR,rel}(X) ] −→ H^k_{b,Ho}(X). The deformation (6.45) shows that any element of H^k_{b,Ho}(X) can be approximated in L^2 by closed elements of Ċ^∞(X;^bΛ^k) so (6.54) is surjective. To prove the injectivity we need to examine the decomposition (6.53), and in particular the structure of the null space of the Laplacian, more closely.

In completing the proof of Proposition 6.14 and so giving an harmonic representation for the image of the relative cohomology in the absolute cohomology, it is natural to search for harmonic representatives for the absolute and relative cohomologies themselves. This leads inexorably to the long exact sequence relating them: (6.55) · · · −→ H^{k−1}_{dR} (∂X) −→ H^k_{dR,rel}(X)^e−→ H^k_{dR,abs}(X) −→ H^k_{dR}(∂X) −→ . . . . The place to look for ‘more’ harmonic forms is in the null space

null^k_−(Δ) = ⋂ ϵ>0 { u ∈ x^{−ϵ}H^∞_b (X;^bΛ^k); Δu = 0 } . By Proposition 5.61 this is just the null space of Δ on x^{−ϵ}H^∞_b (X;^bΛ^k), for ϵ > 0 sufficiently small. The discussion above of the structure of the 0 indicial root shows that there is a boundary data map: (6.56) null^k_−(X;^bΛ^k)^{BDk}−→ ( H^{k−1}_{Ho} (∂X)

)_2 ⊕ ( H^k_{Ho}(∂X)

)_2

null^k_−(Δ) ∋ u = U_{11} log x + U_{21}+ dx x ∧ [U_{12} log x + U_{22}] + u^′ −→ ( U_{11} U_{12} U_{21} U_{22} ) , u^′ ∈ x^ϵH^∞_b (X; Λ^k). Thus the top row represents the coefficients of log x and the second row the ‘smooth’ boundary values. Let L^k = BD_k(null^k_−(Δ)) denote the image of (6.56). By definition, in (6.48) H^k_{b,Ho}(X) is the subspace of null^k_−(Δ) for which this boundary data vanishes so there is a short exact sequence:

(6.57) 0 −→ H^k_{b,Ho}(X) −→ null^k_−(Δ) −→ L^k −→ 0

for each k. Clearly it is important to understand L^k.

The metric on ∂X induces inner products, denoted ⟨, ⟩, on the Hodge cohomology on the boundary, so H^k_{Ho}(∂X) is a Euclidean vector space. This means that on the direct sum of two copies of this space there is a natural symplectic form:

(6.58) [ H^k_{Ho}(∂X)

]_2 ⊕ [ H^k_{Ho}(∂X)

]_2 ∋ ((U_1, U_2), (U^′_1, U^′_2)) −→ ω ((U_1, U_2), (U^′_1, U^′_2)) = ⟨U_1, U^′_2⟩ − ⟨U_2, U^′_1⟩ ∈ R.

That is, this bilinear form is antisymmetric and non-degenerate. Of course it extends in the obvious way to the direct sum of the Hodge cohomologies in dimensions k − 1 and k.

Lemma 6.15. The space L^k ⊂ ( H^{k−1}_{Ho} (∂X)

)_2 ⊕ ( H^k_{Ho}(∂X)

)_2 is a Lagrangian subspace with respect to the symplectic form (6.58), i.e. has dimension equal to that of H^{k−1}_{Ho} (∂X) ⊕ H^k_{Ho}(∂X) and the symplectic form vanishes identically on it.

Proof: Consider the bilinear form B in Proposition 6.2. Since P = Δ is (formally) self-adjoint in this case, F (I(P ), 0) = F (I(P^∗), 0) is just the sum of the boundary cohomology spaces in (6.58). Carrying out the contour integral in (6.7) shows that B is −i times the symplectic pairing in (6.58). From (6.14) this bilinear form vanishes identically on L^k. The relative index theorem itself, Theorem 6.5, shows that

ind(Δ, −ϵ) − ind(Δ, ϵ) = 2 [ dim H^{k−1}_{Ho} (∂X) + dim H^k_{Ho}(∂X) ] . Since Δ is formally self-adjoint

ind(Δ, −ϵ) = dim null^k_−(Δ) − dim H^k_{b,Ho}(X), ind(Δ, ϵ) = dim H^k_{b,Ho}(X) − dim null^k_−(Δ),

so Theorem 6.5 becomes

dim null^k_−(Δ) − dim H^k_{b,Ho}(X) = dim H^{k−1}_{Ho} (∂X) + dim H^k_{Ho}(∂X).

From the exactness in (6.57) this is just the statement that

dim L^k = dim H^{k−1}_{Ho} (∂X) + dim H^k_{Ho}(∂X).

Thus L^k is Lagrangian, as claimed.

Consider the subspace ~L^k = { (u_1, u_2) ∈ H^{k−1}_{Ho} (∂X) ⊕ H^{k−1}_{Ho} (∂X); u = ( 0 0 u_1 u_2 ) ∈ L^k }

and the projection π_{log} from L^k onto the top (logarithmic) row in (6.56)

π_{log} : L^k −→ H^{k−1}_{Ho} (∂X) ⊕ H^k_{Ho}(∂X).

Lemma 6.15 shows that the range of π_{log} is exactly the orthocomplement of ~L^k. Using the fact that Δ = (d + δ)^2 there is a finer form of this result: Proposition 6.16. The subspace

(6.59) H^k_{eb,Ho}(X) = { u ∈ null^k_−(Δ); π_{log}u = 0 }

is precisely the subspace of null^k_−(Δ) which d + δ annihilates; it consists exactly of the d- and δ-closed elements of null^k_−(Δ). Furthermore the subspace of boundary data corresponding to H^k_{eb,Ho}(X) splits: (6.60) ~L^k = ~L^k_{−1} ⊕ ~L^k, ~L^k_{−1} ⊂ H^{k−1}_{Ho} (∂X), ~L^k ⊂ H^k_{Ho}(∂X), so the ‘relative and absolute’ b-Hodge spaces, defined by

H^k_{b-rel,Ho}(X) = { u ∈ H^k_{eb,Ho}(X); BD_k u ∈ ~L^k_{−1} ⊕ {0} } (6.61)

H^k_{b-abs,Ho}(X) = { u ∈ H^k_{eb,Ho}(X); BD_k u ∈ {0} ⊕ ~L^k } (6.62)

satisfy

(6.63)

H^k_{b-rel,Ho}(X) = H^k_{b,Ho}(X) ⊕ d [ null^{k−1}_− (Δ) ]

H^k_{b-abs,Ho}(X) = H^k_{b,Ho}(X) ⊕ δ [ null^{k+1}_− (X) ]

and are such that

(6.64)

H^k_{eb,Ho}(X) = H^k_{b-rel,Ho}(X) + H^k_{b-abs,Ho}(X),

H^k_{b,Ho}(X) = H^k_{b-rel,Ho}(X) ∩ H^k_{b-abs,Ho}(X).

Proof: If u ∈ H^k_{eb,Ho}(X), defined in (6.59), then du, δu ∈ x^ϵH^∞_b (X;^bΛ^k) as follows from (6.49). Thus the integration by parts in ⟨Δu, u⟩ = ⟨d(δu), u⟩ + ⟨δ(du), u⟩ = ‖δu‖^2 + ‖du‖^2 = 0 is permissible and it follows that du = δu = 0. Conversely, again from (6.49), for a general element of the formal null space of Δ on x^{−ϵ}H^∞_b (X;^bΛ^k) and for ϵ > 0 small

(6.65)

BD_k u = ( U_{11} U_{12} U_{21} U_{22} ) =⇒ BD_{k+1}(du) = ( 0 0 U_{12} 0 ) , BD_{k−1}(δu) = ( 0 0 0 −U_{11} ) . In particular if u ∈ null^k_−(Δ), du = δu = 0 implies π_{log}u = (U_{11}, U_{12}) = 0 which shows that u ∈ H^k_{eb,Ho}(X) and hence that H^k_{eb,Ho}(X) is exactly the subspace of the d- and δ-closed elements in null^k_−(X).

With only slight abuse of notation, ~L^k can be construed as the image of H^k_{eb,Ho}(X) under BD_k . The pairing between H^k_{eb,Ho}(X) and H^k_{b,Ho}(X), given by continuous extension of the L^2 form, is non-degenerate when restricted to H^k_{b,Ho}(X), so the subspace [ H^k_{b,Ho}(X) ]_⊥ = { u ∈ H^k_{eb,Ho}(X); ⟨u, H^k_{b,Ho}(X)⟩ = 0 } is mapped isomorphically onto L^k by BD_k . To see that the latter space splits consider the Hodge decomposition, (6.52), applied to [ H^k_{eb,Ho}(X) ]_⊥ . Since these forms pair to zero with H^k_{b,Ho}(X), they are in the range of Δ :

(6.66) [ H^k_{b,Ho}(X) ]_⊥ ∋ u = Δv, v = Gu ∈ x^{−ϵ}H^∞_b (X;^bΛ^k). From Proposition 5.61, v is polyhomogeneous with only non-negative powers in its expansion and the order of 0 as a point in its index set is at most 3 (since u has 0 as a point in its index set with multiplicity at most 1.) Applying d and δ to (6.66) shows that dv ∈ null^{k+1}_− (X) and δv ∈ null^{k−1}_− (X). Furthermore, from (6.49), d(δv), δ(dv) ∈ H^k_{eb,Ho}(X) have boundary data in H^{k−1}_{Ho} (∂X) ⊕ {0} and {0} ⊕ H^k_{Ho}(∂X) respectively. Thus u = d(δv) + δ(dv). Since d : null^{k−1}_− (X) → H^k_{b-rel,Ho}(X) and δ : null^{k+1}_− (X) → H^k_{b-abs,Ho}(X), this gives the first part of (6.64), the second part being immediate.

In fact applying (6.52) to v ∈ null^k_−(X) gives v = dδw + δdw + u^′ with u^′ ∈ H^k_{b,Ho}(X) and w polyhomogeneous with 0 of order at most 4 as a point in the index set. Since (d + δ)v ∈ H^∗_{eb,Ho}(X) is closed and coclosed it follows that dδw, δdw ∈ null^k_−(X). Thus

null^k_−(X) = { v ∈ null^k_−(X); dv = 0 } + { v ∈ null^k_−(X); δv = 0 } . This gives (6.63).

Proof or Proposition 6.14 (completion): It remains only to show that the map (6.54) is injective. If u ∈ Ċ^∞(X;^bΛ^k) is closed and maps to 0 in H^k_{b,Ho}(X) then (6.67) u = Δv, Δ(dv) = 0, v ∈ x^{−ϵ}H^∞_b (X;^bΛ^k) ∀ ϵ > 0. Thus dv ∈ null^{k+1}_− (Δ) and from (6.65) π_{log}(dv) = 0 so in fact dv ∈ H^{k+1}_{eb,Ho}(X) and therefore, by Proposition 6.16, δdv = 0. This means that (6.67) can be written u = d(δv) which shows, from (6.47), that the class of u in e [ H^k_{dR,rel}(X) ] is 0. Thus (6.54) is an isomorphism.

Exercise 6.17. Show that if there is cohomology on the boundary in dimensions k or k − 1 then the range of d on H^1_b (X;^bΛ^{k−1}) is not closed in L^2, i.e. H^0_b (X;^bΛ^k). Hence deduce that the L^2 cohomology is infinite dimensional. In cases like this the L^2 cohomology is often replaced by the refined L^2 cohomology defined to be

H^k_{rL}2 (X) = { u ∈ H^0_b (X;^bΛ^k); du = 0 } /{dv ∈ H^0_b (X;^bΛ^k); v ∈ H^0_b (X;^bΛ^{k−1})}.

Show that with this definition H^k_{rL}2 (X) ∼= H^k_{b,Ho}(X). Of course the notation in (6.61) and (6.62) is supposed to suggest that these spaces are related to the relative and absolute de Rham spaces respectively. This is true, in an appropriate sense. The maps to boundary data from these spaces can be interpreted as taking values in H^{k−1}_{Ho} (∂X) and H^k_{Ho}(∂X) respectively. Using (6.63), there is also a map

H^k_{b-rel,Ho}(X) = H^k_{b,Ho}(X) ⊕ d [ null^{k−1}_− (Δ) ] ∋ u = u_1 + u_2 −→ u_1 ∈ H^k_{b,Ho}(X) ⊂ H^k_{b-abs,Ho}(X). Notice that in (6.63) d gives an isomorphism of ~L^k_{−1} and d [ null^k_−(X) ] ⊂ H^k_{b-rel,Ho}(X). This allows the space H^k_{b-rel,Ho}(X) to be given a natural metric inner product, with the L^2 metric on H^k_{b,Ho}(X), making the decomposition in (6.63) orthogonal. Using this inner product to define the adjoint, these maps can be organized into the diagramme:

. . .^{BDk−1}−→ H^{k−1}_{Ho} (∂X)^{BD∗k}−→ H^k_{b-rel,Ho}(X)

−→ H^k_{b-abs,Ho}(X)^{BDk}−→ H^k_{Ho}(∂X)^{BD} ∗ k+1 −→ . . . . This is the Hodge theoretic version of the long exact sequence (6.55): Proposition 6.18. For any exact b-metric on a compact manifold with boundary there are natural (metrically determined) isomorphisms

(6.68) H^k_{b-abs,Ho}(X) ←→ H^k_{dR,abs}(X), H^k_{b-rel,Ho}(X) ←→ H^k_{dR,rel}(X)

such that the diagramme (6.69)

w H^{k−1}_{Ho} (∂X) w

BD^∗_k

u

H^k_{b-rel,Ho}(X) w

u

H^k_{b-abs,Ho}(X) w

BD_{k+1}

u w H^{k−1}_{dR} (∂X) w H^k_{dR,rel}(X) we H^k_{dR,abs}(X) w

commutes.

Proof: From Proposition 6.13 there is a natural map

(6.70) H^k_{b-abs,Ho}(X) −→ H^k_{dR,abs}(X)

given by interpreting u ∈ H^k_{b-abs,Ho}(X) as a closed conormal form. Conversely if u ∈ C^∞(X; Λ^k) then (6.52) gives u = dδv + δdv + u^′, u^′ ∈ H^k_{b,Ho}(X), v ∈ x^{−ϵ}H^∞_b (X; Λ^k). Set w = dv. Then du = 0 implies dδw = 0 and, since dw = 0, necessarily w ∈ null^{k+1}_− (Δ). Thus u − dδv = u^′ + δw ∈ H^k_{b-abs,Ho}(X) by (6.63). This provides a two-sided inverse to (6.70) and proves the first part of (6.68). Moreover the boundary map from H^k_{b-abs,Ho}(X) into H^k_{Ho}(∂X) is the same as that for the de Rham cohomology, so the (implied) square, with H^k_{b-abs,Ho}(X) at the top left, in (6.69) commutes.

To define the map from H^k_{b-rel,Ho}(X) to H^k_{dR,rel}(X) take a collar decomposition near the boundary, with x the defining function, and choose some ϕ ∈ C^∞_c (R) which is 1 near 0. Any u ∈ H^k_{b-rel,Ho}(X) is of the form

u = u^′ + dx x ∧ u_ν in the collar, with u^′ ∈ x^ϵH^∞_b (X; Λ^k) for some ϵ > 0 and u_ν independent of x and closed. Then consider the map

(6.71) H^k_{b-rel,Ho}(X) ∋ u −→ u − d(ϕ(x) log x ∧ u_ν).

Certainly the image form is in x^ϵH^∞_b (X;^bΛ^k) and is closed. It is well defined apart from the choice of ϕ and a change in ϕ merely changes it by the differential of a C^∞ form with compact support in the interior. Thus (6.71) gives a map into the relative de Rham cohomology. By construction this map makes the square with H^k_{b-rel,Ho}(X) in the upper right commute since the boundary map in de Rham cohomology is just H^{k−1}_{Ho} (∂X) ∋ v −→ ϕ^′(x)dx ∧ v ∈ H^k_{dR,rel}(X) and this map has null space ~L^{k−1}_{k−1} = (~L^k_{−1})^⊥. From (6.63) and Proposition 6.13 it follows that (6.71) projects to an isomorphism onto H^k_{dR,rel}(X). This completes the proof of the theorem.

6.5. Extended L^2 null space of Dirac operators 233

6.5. Extended L^2 null space of Dirac operators.

The relationship between the null space, on weighted spaces, of the Dirac operator, its adjoint and the Dirac Laplacians can be investigated using the same basic approach as in the previous section.

Let X be a compact even-dimensional manifold with boundary equipped with an Hermitian Clifford module, with unitary Clifford connection, associated to an exact b-metric. Then consider the null spaces of the ‘Laplacian’ and the positive Dirac operator:

(6.72) null_−(g^−_E g^+_E ) = ⋂ s<0 { u ∈ x^sH^∞_b (X; E^+); g^−_E g^+_E u = 0 }

null_−(g^+_E ) = ⋂ s<0 { u ∈ x^sH^∞_b (X; E^+); g^+_Eu = 0 } .

Certainly null_−(g^−_E g^+_E ) ⊂ null_−(g^+_E ) and the difference between then is determined by their boundary values. Using M_+ to identify (or define) the induced Clifford module on the boundary, E_0, with (as) the restriction of E^+, (4.115) shows that the indicial family of g^−_E g^+_E is just g^2_{0,E} + λ^2. Thus, just as for the Laplace-Beltrami operator, the corollary to Proposition 5.61 gives a map to boundary data

(6.73)

BD^+ : null_−(g^−_E g^+_E ) −→ null(g_{0,E})^2 u = u_1 log x + u_0 + O(x^ϵ) −→ (u_0, u_1).

Let π_{log}(u) = u_1 be the evaluation of the coefficient of the logarithm. Let L^+ ⊂ null(g_{0,E} ) be the subspace defined by

u_0 ∈ L^+ ⇐⇒ ∃ u ∈ null_−(g^+_E ) with BD^+(u) = (u_0, 0).

For the adjoint g^−_E , and related Laplacian g^+_E g^−_E , use of M_− to identify E_0 with E^− gives a similar map to boundary data, BD^−, and subspace L^− ⊂ null(g_{0,E}) which arises as the boundary data of elements of null_−(g^−_E ).

Proposition 6.19. For the Dirac operators on an even-dimensional compact manifold with boundary, as described above

(6.74) null(g_{0,E} ) = L^+ ⊕ L^−

and g^−_E : null−(g^+_E g^−_E ) −→ null−(g^+_E ) has range the annihilator (with re-

spect to the L^2 pairing) of the L^2 null space of g^+_E and null space mapped isomorphically by π_{log} onto L^−.

Proof: From Lemma 4.51 it follows that 0 is the only possible point in the boundary spectrum of g^+_E . The boundary pairing between the formal null space of g^+_E and that of g^−_E , associated to 0, is given by (6.3) and, as follows from (6.7), is just a multiple of the L^2 inner product on the boundary. Thus it follows from Lemma 6.4 that L^+ and L^− are orthocomplements in null(g_{0,E}), as stated in (6.74). By definition null_−(g^+_E g^−_E ) consists precisely of those u ∈ x^{−ϵ}H^∞_b (X; E^−) such that g^+_E (g^−_E u) = 0 so certainly g^−_E maps null_−(g^+_E g^−_E ) into null_−(g^+_E ). If u ∈ null_−(g^+_E g^−_E ) then g^−_E u is L^2-orthogonal to the L^2 null space of g^+_E , which is contained in x^ϵH^∞_b (X; E^+) for some ϵ > 0. The Fredholm properties of g^−_E allow g^−_E u = f to be solved if f ∈ x^{−ϵ}H^∞_b (X; E^+), for ϵ > 0 sufficiently small, is orthogonal to the L^2 null space of g^+_E so the map is surjective as stated. The last statement follows by applying Lemma 6.4 to g^+_E g^−_E .

The spaces null_−(g^±_E ) are called the ‘extended L^2 null spaces’ of the respective operators in [8]. Proposition 6.19 answers a question posed there, in showing that every element of the null space of the boundary Dirac operator g_{0,E} is the sum of the boundary value of an element of null_−(g^+_E ) and that of an element of null_−(g^−_E ); this is just (6.74). In [8] the weaker result, that dim L^+ + dim L^− = dim null(g_{0,E} ), is shown; this reduces to the relative index theorem, across weight 0, for g^+_E .

6.6. Resolvent family.

Next the description of the generalized inverse obtained in Chapter 5 will be applied to the resolvent family of the Laplacian of an exact b-metric on a compact manifold with boundary. In fact the discussion will be carried out so that it applies to any second-order self-adjoint elliptic b-differential operator acting on some vector bundle but with diagonal principal symbol, given by an exact b-metric and with indicial family of the form (6.88). This is the ‘geometric case’. For simplicity of notation at first only the action of the Laplacian on functions will be considered:

bΔ =^bd^∗ ·^bd ∈ Diff^2_b(X),

where^bd is the b-differential in (2.21) and^bd^∗ is its adjoint with respect to an exact b-metric. The discussion of the indicial operators in §4.17 shows, as in (6.50), that the indicial roots of^bΔ, the points in spec_b(^bΔ), are just the values of λ for which

(Δ_∂ + λ^2)v = 0, v ∈ C^∞(∂X)

has a non-trivial solution. That is,

Lemma 6.20. For the Laplacian of an exact b-metric

(6.75) λ ∈ spec_b(^bΔ) ⇐⇒ −λ^2 ∈ spec(Δ_∂).

Since Δ_∂ is just the Laplacian on a compact Riemann manifold without boundary, spec(Δ_∂) = { 0 = σ^2_1 < σ^2 < . . . } can be written as an increasing sequence, where σ^2_k corresponds to an eigenspace of dimension m(k) ≥ 1. As a self-adjoint operator, Δ_∂ has resolvent family (Δ_∂ −τ )^{−1} with simple poles (i.e. of order one) at the points τ = σ^2_k, where the residue is the orthogonal projection, of rank m(k), onto the corresponding eigenspace.

Exercise 6.21. Check that if E is an Hermitian vector bundle over X, 0 < ν ∈ C^∞(X;^bΩ) and P ∈ Diff^2_b(X; E) is formally self-adjoint

(6.76) ∫ X ⟨P ϕ, ψ⟩ν = ∫ X ⟨ϕ, P ψ⟩ν ∀ ϕ, ψ ∈ Ċ^∞(X; E),

then if P is elliptic it is selfadjoint with domain H^2_b (X; E). [Hint: It is enough to use a parametrix in the small calculus, as in Proposition 4.38.]

This allows (6.75) to be made more precise as in (5.10):

Spec_b(^bΔ) = { (0, 1), (±iσ_j, 0), 0 ≠ σ^2_j ∈ spec(Δ_∂) } and 0 is seen to be a special point, being the only indicial root of non-trivial order.

More generally consider the resolvent family of^bΔ, i.e. the inverse of bΔ − τ. The indicial roots of^bΔ − τ are the solutions of

(6.77) τ = λ^2 + σ^2_j i.e. λ = ±λ_j (τ ), λ_j (τ )^{def}= (τ − σ^2_j )^{12} .

Notice that

(6.78) λ_j(τ ) ∈ R ⇐⇒ τ ∈ [σ^2_j , ∞).

This is important since real indicial roots are obstructions to the the operator^bΔ − τ being Fredholm on the metric, i.e. unweighted, Sobolev spaces.

From Theorem 5.40 it can be deduced that (^bΔ − τ ) : H^2_b (X) −→ H^0_b (X) is Fredholm exactly when τ ∈ C \ [0, ∞). In fact^bΔ − τ is actually invertible for all τ /∈ [0, ∞) since, by (5.165), the null space would have to consist of classical conormal functions for which the integration by parts formula

(6.79) 0 = ⟨(^bΔ − τ )u, u⟩ = −τ ‖u‖^2 + ‖^bdu‖^2

is justified.

236 6. Relative index, cohomology and resolvent

................................................................................................................................................................................................................................................................................................................................................. .......

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ......

Im λ

Re λ × × ×

×

×

×

×

Figure 11. spec_b(^bΔ).

Exercise 6.22. Use an approximation argument to show that (6.79) holds if u ∈ L^2_b (X) and^bΔu = τ u.

If the square root in (6.77), λ_j(τ ), is taken to have positive imaginary part, with cut along the positive real axis, then Spec_b(^bΔ − τ ) = {(±λ_j (τ ), 0)} , τ ∈ C \ [0, ∞) has no points of positive order. The two absolute index sets obtained as in (5.85), by splitting Spec_b(^bΔ − τ ) into parts with negative and positive imaginary parts and changing the sign of the latter points, are the same: E(τ ) = E^±(τ ) = {(−λ_j (τ ), 0)} , τ ∈ C \ [0, ∞).

Moreover there can be no accidental multiplicities except when τ is real, since the different roots have different real parts. Let ^E(τ ) = ( ^E(τ ), ^E(τ )) be the corresponding C^∞ index sets defined by (5.118), which reduces to (5.119) when τ /∈ R. Applying Proposition 5.61 the resolvent is therefore of the form

(6.80) (^bΔ − τ )^{−1} ∈ Ψ^{−2,}^^{E(τ)}_{b,os} (X), τ ∈ C \ R.

Going over the construction of the parametrix it is straightforward to check that it can be carried out holomorphically, at least locally in a set where there is no accidental multiplicity. This means that the indicial roots are holomorphic, all the terms in the expansions are holomorphic and the remainder estimates are uniform, locally, in λ. Thus near any point τ_0 /∈ R the inverse in (6.80) can be decomposed into the three terms of the calculus in (5.156):

(^bΔ − τ )^{−1} = A(τ ) + B(τ ) + R(τ ), |τ − τ_0| < ϵ

with each term holomorphic. For example the asymptotic expansion of B(τ ) near lb and rb is therefore locally uniform in τ with holomorphic coefficients:

(6.81) B(τ ) ∼ ∑ j ρ^{−iλj (τ)} lb u_j (τ ) near lb,

where u_j(τ ) is C^∞ on X^2_b near lb and holomorphic in τ. Similarly A(τ ) is holomorphic as an element of the small calculus.

This dicussion is under the assumption of the absence of accidental multiplicity. There is nothing to stop such accidents for τ ∈ (−∞, 0). The resolvent certainly stays holomorphic as a bounded operator, but it cannot in general have a holomorphic expansion in the sense of (6.81). However it is important to note that the indicial roots ±λ_j (τ ) stay holomorphic. In fact all that happens is that in an expansion such as (6.81) the individual terms may be only meromorphic, while the whole operator remains holomorphic. To see how this can happen consider the simple model of accidental multiplicity given by the two roots iλ, −iλ near λ = 0. The conormal distribution on [0, ∞) u(x; λ) = x^{iλ} − x^{−iλ} 2iλ = sin(xλ) λ is holomorphic as a distribution (i.e. weakly, when paired with a test function ϕ ∈ Ċ^∞([0, ∞))) but the coefficients in its expansion are meromorphic.

This is precisely what tends to happen at points of accidental multiplicity as can be seen from say (5.127) when the exponent λ(τ ) + k crosses a pole of I_ν (P, z). Even though the expansions are then only meromorphic, not holomorphic, there is a stronger form of the holomorphy of the operator than just as a bounded operator on L^2. Namely it is holomorphic when considered as an element of the calculus with bounds in §5.16 and defined in general by (5.107). To say that a map into this space is holomorphic means that it has a decomposition

A(τ ) = A_1(τ ) + A_2(τ ) + A_3(τ ), where A_1(τ ) is holomorphic as a map into the small calculus (of fixed order), for some δ > 0, ρ^{−a−δ}_{lb} ρ^{−b−δ}_{rb} A_2(τ ) is holomorphic as a map into the space in (5.104) and A_3(τ ) is holomorphic into the weighted Sobolev space in (5.107). Each of these spaces is fixed, independent of τ (unlike the polyhomogeneous space which depends on the variable of holomorphy) with Frechét topology. Thus each is a countable intersection of Hilbert spaces, and holomorphy just means holomorphy into each of these spaces. The construction above therefore gives:

Lemma 6.23. For any open set G ⊂ C with closure compact and contained in C \[0, ∞) there exists ϵ > 0 such that the resolvent of the Laplacian is holomorphic as a map G ∋ τ −→ (^bΔ − τ )^{−1} ∈ Ψ^{−2,(ϵ,ϵ)}_{b,os,∞} (X). 6.7. Analytic continuation of the resolvent.

This construction can be extended outside the resolvent set, or physical space, C \ [0, ∞), in a manner typical of scattering theory. To do so first consider the roots in (6.77). Each of these corresponds to a natural Riemann surface, Z_j . Thus χ : Z_j −→ C is a double cover of C ramified at the singular point, τ = σ^2_j , of the function. As a topological space, Z_j is obtained from two copies of C cut along [σ^2_j , ∞), with the sides identified to their opposite in the other copy. The complex structure on Z_j is that of C except near the point of ramification, where it is uniformized by ±(τ − σ^2_j )^{12} , i.e. the two holomorphic functions outside the cuts combine to give a single holomorphic function:

R_j : Z_j −→ C

which restricts to λ_j (τ ) in the physical space. Although this standard construction gives a surface on which one of the indicial roots is holomorphic what is required is a surface on which all of them are simultaneously holomorphic. Starting with Z_0, notice that ±(τ − σ^2_1)^{12} lift from C , cut along [σ^2_1, ∞), to Z_0 cut along the two half-lines which are the preimages of [σ^2_1, ∞) under R_0 in Z_0. Taking two copies of Z_0, each cut in this way, and identifying the two pairs of cuts appropriately gives a four fold cover, ^Z_1 of C to which both ±τ^1_2 and ±(τ − σ^2_1)^1_2 extend holomorphically. Continuing indefinitely in this way successive Riemann surfaces, ^Z_j, are constructed with covering maps ^Z_j −→ C . Successive constructions leave an increasingly large compact set unchanged so the Riemann surface, ^Z, can be defined to which all of the indicial roots extend to be holomorphic.

Theorem 6.24. The resolvent of the Laplacian of an exact b-metric extends to a meromorphic function (6.82) ^Z ∋ z −→ Q(z) ∈ Ψ^{−2,}^^{E(z)}_{b,os} (X), where ^E(z) = (E_{lb}(z), E_{rb}(z)) is the smallest C^∞ index family containing the values of the holomorphic functions for all j :

E_{lb}(z) = E_{rb}(z) ⊃ {(−R_j(z), 0); j = 0, . . . } .

The notion of meromorphy for a polyhomogeneous b-pseudodifferential operator is discussed above, i.e. all expansions are meromorphic with remainder terms meromorphic in the calculus with bounds. As before there may be more poles in the representation of the expansions than in the operators themselves.

Proof: The idea is simply to construct the parametrix for (Δ − z)^{−1} to be holomorphic in an arbitrarily large compact region of ^Z and then to use analytic Fredholm theory to show that Q(z), extending the resolvent, is meromorphic. From the uniqueness of analytic continuation it then follows that Q(z) extends meromorphically to all of ^Z. It is important to note that the index sets ^E(z) allow, as z moves outside the physical region, increasingly large negative powers in the expansions of the kernels. In particular the extension of the resolvent will not be bounded on L^2. In order to prove the existence of this analytic extension it is therefore essential that the error term be made to vanish to high order at lb(X^2_b ) so that the Neumann series in (5.147) makes sense.

So consider again the various steps in the construction. The first step was to construct an inverse modulo Ψ^{−∞}_b (X). This involves successive division by the principal symbol, which is independent of τ. Thus the symbols are always polynomials (of increasing order) in τ. The quantization map gives operators depending holomorphically on τ and these can be summed uniformly asymptotically, giving a parametrix in the small calculus depending holomorphically on τ in any preassigned compact domain in C . Indeed with a little more effort it can be made entire, but this is of no particular significance here. This ‘small’ parametrix, G_s(τ ), can then be lifted to a correspondingly large subset of ^Z.

The next step is to correct the indicial operator of the parametrix so that it inverts the indicial operator. This is done by using the inverse of the indicial family, see (5.84). Thus the correction term to the indicial operator of G_s is

G_B(τ ) = 1 2π ∞∫ −∞ s^{iλ}(Δ_∂ + λ^2 − τ )^{−1}R_{s,M}(λ, τ )dλ.

The integral is over the real axis when τ ∈ C \ [0, ∞), the physical space for the resolvent parameter. The difficulty is that as τ approaches the positive real axis some indicial roots may approach the real axis. However, to get holomorphy in a given compact subset of ^Z only a finite number of the eigenvalues of Δ_∂ need to be considered. Thus G_B can be decomposed as a sum:

(6.83) G_B = G^{(j)}_B + j∑ p=0 1 2π ∑ e ϕ^{(p)}_e ∞∫ −∞ s^{iλ}dλ

× (σ^2_p + λ^2 − τ )^{−1} ∫ R_{s,M} (λ, y^{′′}, ·)ϕ^{(p)}_e (y^{′′})dy^{′′}. Here G^{(j)}_B is holomorphic in |τ | < σ^2_j and the ϕ^{(p)}e are, for e = 1, . . ., m(p), an orthonormal basis of the eigenfunctions of Δ_∂ with eigenvalue σ^2_p.

To find the analytic continuation of G_B it therefore suffices to consider the finitely many terms corresponding to the ‘small’ eigenvalues of Δ_∂, i.e. each integral

(6.84) 1 2π ∞∫ −∞ s^{iλ}(σ^2_j + λ^2 − τ )^{−1}R_{s,M} (λ, ·)dλ.

Lemma 6.25. The function in (6.84) extends meromorphically to Z_j , with a pole only at the point of ramification over C .

Proof: The representation (6.84) is valid for τ ∈ C \ [0, ∞). Analytic continuation across the cut is given by shifting the contour of integration to Im λ = −N, for N large. This crosses the pole of the integrand at λ = λ_j (τ ) so, using Cauchy’s formula, (6.84) decomposes into

−i s^{−iRj (τ)} 2R_j(τ ) R_{s,M} (−R_j(τ ), ·) + 1 2π ∫ Im λ=−N s^{iλ}(σ^2_j + λ^2 − τ )^{−1}R_{s,M} (λ, ·)dλ, N >> |τ |.

(6.85)

Here we have written R_j(τ ) in place of λ_j (τ ) to emphasize the analytic continuation to Z_j. Since R_{s,M} , coming as it does from the small calculus, is entire and rapidly decreasing as | Re λ| → ∞ when | Im λ| is bounded, the second term is holomorphic in τ. Clearly the first term is meromorphic on Z_j , with only a possible pole at R_j(τ ) = 0 which is the point of ramification.

In fact the decomposition (6.85) gives more since it shows that in s < C the second term is not only holomorphic on Z_j but is rapidly vanishing as s ↓ 0. Of course the first term corresponds to a fixed singular point, −iR_j(τ ), for each value of τ. The same conclusion, as to meromorphy, can be arrived at by shifting the contour to Im λ = N, for N >> |τ |. Then in place of (6.85) (6.86) −i s^{iRj (τ)} 2R_j(τ ) R_{s,M}(R_j (τ ), ·) + 1 2π ∫ Im λ=N s^{iλ}(σ^2_j + λ^2 − τ )^{−1}R_{s,M} (λ, ·)dλ.

The residues in (6.85) and (6.86) are necessarily the same at the point of ramification. However in (6.86) the second term is entire on Z_j , for s > C, and rapidly vanishing as s → ∞.

Applying Lemma 6.25 to the decomposition of the correction term in (6.83), it follows that G_B is meromorphic on ^Z (or in as large a region as R_{s,M} was made holomorphic as a function of τ ) with poles only at the points of ramification and complete asymptotic expansion as s → 0, ∞ with powers exactly the values of R_j(τ ).

This is the meromorphic version of the first part of the construction of the correction term to the resolvent. Following the discussion in §5.20, G_B should next be extended off bf(X^2_b ). That is an operator, G^′_B , is to be

chosen in ~Ψ^{−∞,}^^{E(z)} b (X) with G_B as its normal operator in such a way that the error term in

(6.87) (Δ − τ )(G_s + G^′_B) = Id −R_1 − R_2, I_ν (R_1) ≡ 0

is to vanish to infinite order at lb(X^2_b ). This proceeds exactly as before, with the resulting Taylor series being meromorphic in the same sense as for G_B. The only subtlety worth noting is that the simple poles at the points of ramification can be chosen to have residues in the residual calculus, so R_1 is holomorphic and R_2 ∈ Ψ^{−∞,(∅,} ^^{E−(z))}(X).

This argument can be iterated, as in §5.22, to remove the Taylor series of the error term at bf(X^2_b ). Summing again gives an improved parametrix as in (6.87), with no term R_1, in the sense that the error term is now meromorphic with values in the residual calculus and only simple poles at points of ramification. This gives a meromorphic right parametrix in the appropriate space with

(^bΔ − τ (z))G_R(z) = Id −R_R(z), R_R(z) ∈ Ψ^{−∞,(∞,−A)} b,∞ (X), z ∈ K ⊂⊂ ^Z, where the constant A depends on the compact set K. In fact of course R_R(z) is also meromorphic as a polyhomogeneous b-pseudodifferential operator. By analytic Fredholm theory, as discussed in §5.3, it is only necessary to construct such a parametrix with Id −R_R(z) invertible for one value of z to deduce that the inverse extends to be meromorphic. The space on which these operators act can be taken to be ρ^AH^0_b (X), where again the constant A will have to be taken increasingly large and positive to get meromorphy on a correspondingly large compact subset of ^Z. It follows that the inverse

G_R(z) (Id −R_R(z))^{−1}

is itself meromorphic as an operator from ρ^AH^0_b (X) to ρ^{−A}H^2_b (X). The invertibility for one value of z can be accomplished by the addition of G(z^′) − G_R(z^′), where G(z^′) = (^bΔ − τ (z^′))^{−1} for some z^′ in the physical space. This completes the proof of Theorem 6.24.

Anticipating a little, the argument from §7.7 can be used to simplify the construction of the parametrix slightly in that a ‘small’ parametrix G_s(τ ) can be found which is entire in τ ∈ C and with the property that the error is small at infinity in the physical space. This approach is discussed in §7.7.

6.8. Poles of the resolvent.

Although Theorem 6.24 is stated for the Laplacian on functions, only the behaviour of the indicial roots is really crucial to the argument. In particular it extends to any operator P ∈ Diff^2_b (X; E) which is self-adjoint with respect to an Hermitian inner product on E and the metric density of an exact b-metric, has diagonal principal given by that b-metric and has indicial family with respect to the metric trivialization of the normal bundle of the form

(6.88) I_ν (P, λ) = P_∂ + λ^2.

Here P_∂ is necessarily a self-adjoint operator on sections of E over the boundary. Examples of such operators include the Laplacian on b-forms and the square of the Dirac operator. Let Eig(j) be the eigenspace for P_∂ and the eigenvalue σ_j.

Lemma 6.26. For a self-adjoint elliptic operator satisfying (6.88) the generalized boundary data of P − σ_j, where σ_j ∈ spec(P_∂ ) is

(6.89) G(P − σ_j, 0) = {u_0 + u_1 log x; u_0, u_1 ∈ Eig(j)}

and with this identification the boundary pairing (6.12) becomes

(6.90) B(u_0 + u_1 log x, v_0 + v_1 log x) = i ∫ ∂X (⟨u_0, v_1⟩ − ⟨u_1, v_0⟩) ν_0.

Proof: Certainly (6.89) follows directly from (6.88). If ϕ ∈ C^∞( ~X) is 1 near ∂_0 ~X and 0 near ∂_1 ~X then the Mellin transform

(ϕ(u_0 + log xu_1))_M = − i λ u_0 − 1 λ^2 u_1 + h(λ)

with h entire. Then the extension of (6.7) to sections of bundles gives

B(u_0 + log xu_1, v_0 + log xv_1) = 1 2πi ∮ Γ ∫ ∂X ⟨λ^2(− i λ u_0 − 1 λ^2 u_1), − i λ v_0 − 1 λ^2 v_1⟩ν_0 · dλ

which gives (6.90).

For applications it is useful to have more information about the poles of the analytic continuation. The poles of immediate interest are those on the boundary of the physical region, the physical poles; those outside the closure of the physical region are poles of the scattering matrix as briefly explained in §6.10. The physical poles fall into two classes, we discuss the simpler of these first.

Proposition 6.27. For a self-adjoint element of Diff^2_b (X; E) with diagonal principal symbol given by an exact b-metric and indicial operator of the form (6.88), the poles of the analytic extension (6.82) on the boundary of the physical region C \ [σ_0, ∞) and away from the points of ramification of ^Z are all simple, project precisely to the points τ ∈ R\ spec(P_∂) at which P has L^2 eigenfunctions, and have as residues the orthogonal projectors onto the L^2 eigenspaces.

Thus these poles behave very much as the eigenvalues in the case of a compact manifold without boundary.

Proof: Suppose τ ∈ ^Z is a pole of this type, i.e. it is in the boundary of the physical region and projects to R\ spec(P_∂). Thus for r > 0, both τ + ir and τ − ir can be interpreted as points in the resolvent set. The self-adjointness of P means that Im ∫ X ⟨(P − τ ± ir)ϕ, ϕ⟩ν = r‖ϕ‖^2

for all ϕ ∈ H^2_b (X; E) so (6.91) ‖(P − τ ± ir)^{−1}‖ ≤ 1/r as an operator on L^2. This and the meromorphy established above show that, for any ϕ ∈ Ċ^∞(X; E), r(P − τ ± ir)^{−1}ϕ is smooth with values in x^{−ϵ}H^2_b (X; E), down to r = 0 with possibly different limits depending on the sign. Then (6.91) shows that the limits must exist in H^0_b (X; E). The residue

(6.92) Res(τ ) = lim_{±r↓0} ir(P − (τ + ir))^{−1}

therefore takes values in L^2 on Ċ^∞(X; E). However its range certainly consists of elements of the null space null(P, ϵ) on x^ϵH^∞_b (X; E) for some ϵ > 0 and the residue therefore has finite rank. The same argument applies to the adjoint, so the residue is a finite rank self-adjoint operator on L^2, in fact mapping x^{−ϵ}H^0_b (X; E) into x^ϵH^∞_b (X; E) for some ϵ > 0. Differentiation of the resolvent identity gives

(6.93) lim_{±r↓0} d dr ( (P − (τ + ir))r(P − (τ + ir))^{−1} ) ϕ = (P − τ )(Aϕ) − Res(τ )ϕ = ϕ ∀ ϕ ∈ Ċ^∞(X; E), with A taking values in x^{−ϵ}H^2_b (X; E). Thus A is a generalized inverse of P − τ, so Res(τ ) is necessarily a projection onto the L^2 null space.

Conversely if there is a point τ ∈ R\ spec(P_∂) for which P − τ has nontrivial L^2 null space then there must be a pole of the resolvent at any point on the boundary of the physical space which projects onto τ since otherwise (6.93) would hold with Res(τ ) zero and hence the equation P u = ϕ would have a solution for every ϕ ∈ Ċ^∞(X; E). This completes the proof of the proposition.

So it remains to consider the poles at the points of ramification of ^Z.

Proposition 6.28. Under the same conditions as Proposition 6.27 the analytic continuation of the resolvent to ^Z has a at most a double pole at the ramification point, over σ_j , on the boundary of the physical region with coefficient the orthogonal projection onto the L^2 eigenspace for σ_j ∈ spec(P_∂ ) as an eigenvalue for P (if it is) and the residue at the pole is the operator from x^ϵH^0_b (X; E) to x^{−ϵ}H^∞_b (X; E) for any ϵ > 0 with kernel

(6.94) ∑ l U_lU_l ν,

where the U_l ∈ C^∞(X; E) + x^ϵH^∞_b (X; E) for some ϵ > 0 are a basis of those solutions of (P − σ_j )U = 0 in this space which are orthogonal to all L^2 solutions and have boundary values orthonormal in L^2(∂X; E).

Proof: Let us consider only the case σ_0 = 0. This simplifies the form of the indicial roots, but a general point of ramification is not essentially more complicated. Consider the resolvent evaluated on the negative real axis, in fact consider G(r) = (P + r^2)^{−1} for r ∈ (0, δ). The meromorphic extension of the resolvent shows that r^kG(r)ϕ has a smooth limit as r ↓ 0 for any ϕ ∈ Ċ^∞(X; E) and some k. As in the proof of Proposition 6.27 (6.95) ‖G(r)‖ ≤ |r|^{−2} so k ≤ 2. For ϕ ∈ Ċ^∞(X; E) set

Qϕ = lim_{r↓0} r^2G(r)ϕ

(6.96)

Res(0)ϕ = i lim_{r↓0} d dr r^2G(r)ϕ (6.97) Aϕ = 1 2 lim_{r↓0} d^2 dr^2 r^2G(r)ϕ. (6.98)

The first three terms in the Taylor series, at r = 0, of the identity

(P + r^2) ∘ r^2G(r) = r^2 Id,

in which all terms are smooth give: P ∘ Q = 0 (6.99) P ∘ Res(0) = 0

(6.100) P ∘ A = Id −Q (6.101)

with all three operators formally self-adjoint on Ċ^∞(X; E).

From (6.95) Q takes values in L^2. Certainly A takes values in the space x^{−ϵ}H^∞_b (X; E) for any ϵ > 0 so from (6.101) Q is necessarily the projection onto the L^2 null space. From the holomorphy of the resolvent and the fact that ir is the only indicial root of P + r^2 approaching 0 from Im λ > 0

(6.102) ir ( G(r) − r^{−2}Q ) ϕ = x^{−r}E(r)ϕ + B(r)ϕ, where E(r)ϕ ∈ C^∞([0, δ)_r × X; E) and B(r)ϕ is C^∞ in r down to r = 0 with values in x^ϵH^∞_b (X; E) for some ϵ > 0. Thus

(6.103) Res(0)ϕ = E(0)ϕ + B(0)ϕ

takes values in C^∞(X; E) + x^ϵH^∞_b (X; E). Differentiating (6.102) we conclude that the generalized inverse in (6.101) is of the form

(6.104) Aϕ = − log x Res(0)ϕ + A_0ϕ + A^′ϕ, where A_0 takes values in C^∞(X; E) and A^′ takes values in x^ϵH^∞_b (X; E) for some ϵ > 0.

Suppose ϕ ∈ Ċ^∞(X; E) and Qϕ = 0. Let u ∈ G(P, 0) be the generalized boundary data of Aϕ associated to the indicial root 0. Let U_l be a basis of the solutions of P U = 0 which are in C^∞(X; E) + x^ϵH^∞_b (X; E) for some ϵ > 0 and orthogonal to the L^2 null space. Then U_l can be identified with its generalized boundary data U_l ∈ G^′(P, 0) as in (6.13). Moreover

(6.105) B(u, U_l) = 1 i ∫ X ⟨P u, U_l⟩ν = 1 i ⟨ϕ, U_l⟩_∂

as follows from (6.10). From (6.101) and its formal self-adjointness, Res(0) can be written in terms of the basis as

Res(0)ϕ = ∑ k,l A_{kl}U_k⟨ϕ, U_l⟩.

Now B is given in (6.90) so applying (6.104) to (6.105), with u = Aϕ, shows that A_{kl} is the identity matrix. This completes the proof of the proposition.

6.9. Spectral theory.

The existence of an analytic continuation of the resolvent can be used to give a rather precise description of the spectrum of the Laplacian. First recall the definition of the spectral measure:

Proposition 6.29. If P is an unbounded selfadjoint operator on a Hilbert space H then the resolvent (P − τ )^{−1} ∈ L(H) is analytic in τ ∈ C \ R and the limit

(6.106) lim_{ϵ↓0} 1 2πi ∫ R ( (P − r − iϵ)^{−1} − (P − r + iϵ)^{−1} ) f(r)dr

= ∫ R^{f(r)dEP ∈ L(H)} exists for all continuous f of compact support and so defines a measure, dE_P (r), on R with values in L(H), the spectral measure of P.

The spectral measure can be used to give integral representations of functions of P. In particular the support of dE_P is the spectrum of P and it is the complement in C of the maximal open set to which (P − τ )^{−1} extends as a bounded operator holomorphic in τ. The spectrum is divided into various pieces according to the behaviour of dE_P .

6.9. Spectral theory 247

The discrete spectrum consists of the points at which (P −τ )^{−1} has a pole of finite order (necessarily simple). This can either be of finite or infinite multiplicity, just the rank of the residue which is necessarily a projection in L(H). Thus dE_P is equal to a Dirac measure near a point of the discrete spectrum.

The continuous spectrum consists of the points at which dE_P is the differential of a continuous function with values in the bounded operators. The rank of a point in the continuous spectrum is k if there is such a representation of dE_P locally with the continuous function having values in the operators of rank at most k. Thus k can be infinite. The spectrum is said to be continuous with embedded eigenvalues, if dE_P is the sum of Dirac masses and the differential of a continuous function.

Theorem 6.30. If P ∈ Diff^2_b(X; E) is self-adjoint with symbol given by an exact b-metric and indicial family of the form (6.88) then the spectral measure of P is of the form

(6.107) dE_P = ∑ k δ(τ − τ^′_k)P_k + ∑ σ_j ∈spec(P_∂ )

[τ − σ_j]^{− 12}_+ F_j,

where the τ^′_k are the L^2 eigenspaces, all finite dimensional with orthogonal projections P_k and the F_j are smooth functions of (τ − σ_j )^{12} with values in the null space of (P − τ ) on x^{−ϵ}H^2_b (X; E), for small ϵ > 0, orthogonal to the null space on L^2 and such that F_j(σ_j) is given by (6.94).

Corollary. Under the conditions of Theorem 6.30 the spectrum of P is discrete of finite multiplicity outside [σ_0, ∞) and on [σ_j, σ_{j+1}), where σ_j j = 0, 1, . . . are the eigenvalues of P_∂ in increasing order, P has continuous spectrum of multiplicity equal to the sum of the multiplicities of the eigenvalues {σ_0, . . . , σ_j} of P_∂, with possibly embedded discrete spectrum of finite multiplicity.

Proof: Naturally we make heavy use of the analytic extension of the resolvent and the discussion in §6.8. Certainly outside [σ_0, ∞) the resolvent family is meromorphic as a family of bounded operators on L^2, with at most poles of finite rank. The self adjointness of P forces these poles to be simple (i.e. of order 1) and to occur at real points.

Now consider a point in τ ∈ (σ_0, ∞) which is not equal to one of the σ_j. For the moment suppose as well that the analytic extension of the resolvent does not have a pole at this point, meaning as it is approached from above or below from the physical space. Then the limit in (6.106) certainly exists since the individual kernels converge. Set

(6.108) F (r) = lim_{ϵ↓0} 1 2πi ( (P − r + iϵ)^{−1} − (P − r − iϵ)^{−1} ) , r ∈ R.

Thus F (r) maps x^δH^0_b (X; E) into x^{−δ}H^2_b (X; E) for any δ > 0. Since it is given as the limit of the resolvent its range is in the null space of P − r on x^{−δ}H^2_b (X; E). It therefore has finite rank, by Proposition 5.61. In fact we know that the space G(P − r, 0) defined in (6.11) has rank exactly twice the collective multiplicity of the eigenvalues of P_∂ less than r. From (6.19) applied to P − r = (P − r)^∗ we conclude that G^′(P − r, 0) has dimension exactly half of that of G(P − r, 0). Now G^′(P, 0) is precisely the range of the map in Proposition 5.63 for α = −ϵ and α^′ = ϵ sufficiently small. Thus we conclude that

(6.109) dim null(P − r, −ϵ) = 1 2 dim G(P − r, 0) + dim null(P − r, ϵ).

In fact dim null(P − r, ϵ) = 0 since a non-trivial L^2 solution would entail a pole in (P − τ )^{−1} at τ = r (from either above or below) since it cannot be in the range of (P − r) on x^{−δ}H^2_b (X; E) for small δ > 0. This shows that the limiting operator (6.108) has rank exactly as stated, at regular points.

The discussion at singular points is essentially the same, with Propositions 6.27 and 6.28 taken into account.

6.10. Scattering matrices.

A little of the scattering theory for an exact b-metric will now be discussed and used to refine the statements concerning F_0 in (6.107). For simplicity, at first, only the case of the Laplacian on functions for a compact manifold with ∂X having just one component will be treated, although as usual the general case presents no essential difficulties.

The scattering matrices are operators on each eigenspace of the boundary Laplacian (and between them) depending on the resolvent parameter. They capture the leading global behaviour at the boundary. These matrices can be viewed as relating the resolvent of the actual Laplacian to the resolvent of its indicial operator and it is in this sense that they are scattering matrices. The analogy is strongest with one-dimensional scattering theory on the line, but this is not examined. Rather the position taken here is that these scattering matrices are really the analogue of the Calderón projector ([25], [81]) in standard elliptic boundary problems.

If σ^2_j is an eigenvalue of Δ_∂ and ϕ ∈ Eig(j) is an associated eigenfunction consider u(τ ) = x^{iRj (τ)}ϕ, where R_j(τ ) = (τ − σ^2_j )^{12} is the square root with positive imaginary part for τ ∈ C \ [0, ∞), continued to ^Z, and x is an admissible boundary defining function. Then u(τ ) is not square-integrable, for τ in the resolvent set, but v(τ ) = (Δ − τ )u(τ ) = O(|x^{1+iRj (τ)}|).

In particular if | Im R_j(τ )| < 1, which is certainly true when τ is close to [σ^2_j , ∞) and in the physical region, then v(τ ) is square-integrable. Thus there is a unique L^2 solution of

(6.110) (Δ − τ )u^′(τ ) = v(τ ), so (6.111) U (τ ) = 1 2 [u(τ ) − u^′(τ )] ≠ 0 satisfies (Δ − τ )U (τ ) = 0.

This shows the first part of:

Lemma 6.31. For each eigenfunction ϕ of Δ_∂ with eigenvalue σ^2_j there is an open neighbourhood O_j ⊂ C of [σ^2_j , ∞) such that to each τ ∈ O_j \[0, ∞) there corresponds a unique element U (τ ) ∈ x^{−1}H^∞_b (X;^bΩ^{12} ) satisfying

(6.112) (Δ − τ )U (τ ) = 0, U (τ ) ≡ 1 2 x^{iRj (τ)}ϕ mod L^2.

Moreover, for τ sufficiently close to σ^2_j in C \ [0, ∞)

(6.113) U (τ ) − 1 2 x^{iRj (τ)}ϕ = 1 2 ∑ σ^2_k ≤σ^2_j x^{−iRk(τ)}ψ_{jk}(τ )ϕ + O(x^ϵ), ψ_{jk}(τ )ϕ ∈ Eig(k), where ϵ > 0 is independent of τ. The coefficients in this expansion extend to meromorphic matrices:

ψ_{jk} : ^Z \ D_{jk} −→ Hom(Eig(j), Eig(k))

with D_{jk} ⊂ ^Z the discrete set of poles.

After an appropriate normalization (to give unitarity) these ψ_{jk} become the scattering matrices for the Laplacian, or for the metric. Proof: The existence and uniqueness of the solution to (6.112) has already been noted. For τ ∈ C \ [0, ∞) in a small enough neighbourhood of σ^2_j the only indicial roots of Δ − τ corresponding to L^2 are the −iR_k(τ ) for σ^2_k ≤ σ^2_j . Thus the expansion (6.113) follows from Proposition 5.59. Since the resolvent is holomorphic in this region it follows the the ψ_{jk} are also holomorphic in C \[0, ∞) near σ^2_j . It remains then to show that they extend to be meromorphic functions on ^Z.

This is a consequence of the meromorphy of the resolvent on ^Z. The first step is to proceed formally. Namely, for any preassigned N there is a meromorphic solution of the formal version of (6.112):

(Δ − τ )U_N (τ ) = v_N (τ ) = O(x^N ), U_N (τ ) ∈ x^{−N} H^∞_b (X;^bΩ^{12} ) in |τ | < N

U_N (τ ) − U (τ ) ∈ H^0_b (X;^bΩ^{12} ) for |τ − σ^2_j | < ϵ, τ ∈ C \ [0, ∞).

This can be constructed as in Lemma 5.44. Since the remainder term v_N is uniformly small at the boundary, the resolvent can be applied to it, using Theorem 6.24 and Theorem 5.34, for τ in a subset of ^Z which becomes arbitrarily large with N. It follows that

U (τ ) = U_N (τ ) − (Δ − τ )^{−1}v_N (τ )

is meromorphic in ^Z. Moreover the coefficients of the x^{−iRk(τ)} can always be identified in its expansion, except for points of accidental multiplicity. Hence the ψ_{jk} are also meromorphic, as stated.

Once again essentially identical results hold for the Laplacian acting on forms and the Dirac Laplacian on the spinor bundle.

Let us consider further the behaviour near τ = 0 of the U (τ ) corresponding to the zero eigenspace of Δ_∂. Set τ = z^2 with z the local parameter on ^Z (really just ^Z_0 locally) with Im z > 0 being the physical region. Then for an orthonormal basis ϕ_j ∈ null(Δ_∂)

(6.114) U_j(z) = 1 2 x^{iz}ϕ_j + 1 2 ∑ k x^{−iz}ψ_{jk}(z)ϕ_k + U^′_j (z), |U^′_j (z)| = O(x^ϵ) near z = 0 with ϵ > 0. For small real z ≠ 0 the dimension of the space of these solution is exactly dim null(Δ_∂ ), i.e. they span F^′(P − z^2, 0). It follows from the vanishing of the boundary pairing on F^′(P − z^2, 0) that ψ(z) is unitary for small real z. The uniqueness shows that

(6.115) ψ(−z) = ψ(z)^{−1} = ψ(z)^∗.

Thus ψ(z) is regular at z = 0 and ψ(0)^2 = Id . The +1 eigenspace is therefore the boundary data of the solutions in C^∞(X; E) + x^ϵH^∞_b (X; E), just those appearing in (6.94). Thus we conclude:

Proposition 6.32. Under the assumptions Proposition 6.27 on P, the leading part, F_0, of the spectral measure can be written in terms of the solutions in (6.114) as

(6.116) F_0v = ∑ jk r^{− 12} a_{jk}(r^{12} )U_j (r)⟨v, U_k(r)⟩ near r = 0, where a_{jk}(s) ∈ C^∞([0, ϵ) is a self-adjoint matrix and u −→ ∑ jk a_{jk}(0)ϕ_j⟨u, ϕ_k⟩

is the projection onto the subspace of the null space of P_∂ spanned by the boundary values of the null space of P on C^∞(X; E) + L^2(X; E).

This representation of the leading part of the continuous spectrum will be used in §7.8 to analyze the long-time behaviour of the trace of the heat kernel when Δ_∂ is not invertible.

Chapter 7. Heat calculus

To carry through the proof of the APS index theorem as outlined in the introduction a reasonably good understanding of the heat kernel,

exp(−tP ) for P ∈ Diff^2_b (X; E), P ≥ 0,

is needed. In particular the cases P = g^−g^+, P = g^+g^− are important. The analysis of these kernels will start with the case ∂X = ∅, which is very standard. However the use of blow-up techniques to define a space (the heat space) on which the heat kernel is quite simple is not so usual, although philosophically it is just a slight extension of Hadamard’s method. This blow-up approach is very much in the same style as the treatment of the b-calculus and therefore has the advantage that it generalizes very readily to the case of the heat kernel for a b-metric, which is the important case for the APS theorem. For other generalizations of this approach to the heat kernel see [57] and [30]. 7.1. Heat space.

Let P ∈ Diff^2(X; Ω^{12} ) be elliptic with positive principal symbol on a compact manifold without boundary. The heat kernel for P can be viewed as an operator

H_P : C^∞(X; Ω^{12} ) −→ C^∞([0, ∞) × X; Ω^{12} ),

which gives the unique solution to

(7.1) ( ∂ ∂t + P )u(t, ·) = 0 in [0, ∞) × X

u(0, ·) = v in X ⇐⇒ u = H_P v.

Here the natural half-density on the line, |dt|^{12} has been used to identify the pull-back of Ω^{12} (X) to [0, ∞) × X with Ω^{12} ([0, ∞) × X). The kernel, h, of H_P can therefore be identified as a distribution

h ∈ C^{−∞}([0, ∞) × X × X; Ω^{12} ).

At least formally the conditions (7.1) can be transcribed to

(7.2)

(∂_t + P (x, D_x))h(t, x, x^′) = 0 h(0, x, x^′) = δ(x − x^′). To show the existence, and properties, of the heat kernel an approximate solution to (7.2), i.e. a forward parametrix for ∂/∂t+P, will be constructed and then used in an iterative procedure. The model case is simply the Laplacian on R^n, for which the heat kernel, with density factor removed, is well known:

(7.3) h_0(t, x, x^′) = 1 (2πt)^n2 exp ( − |x − x^′|^2 4t ) . Exercise 7.1. Derive (7.3) using the Fourier transform.

As part of the usual quest to understand Schwartz kernels consider the sense in which (7.3) is a C^∞ function, i.e. its natural homogeneity. It is, of course, only a function of x − x^′ and t, but more importantly it is a simple function of t^{12} and (x − x^′)/t^{12} . As will be seen below it is also useful to think of it as a power of t^{12} times a smooth function of |x − x^′|^2/t. In the space [0, ∞)_t × R^n_{x−x}′ a parabolic blow-up of the origin will be performed, by introducing as polar coordinates

(7.4) x − x^′ = rω^′, t = r^2ω_0

ω = (ω_0, ω^′) ∈ S^n_H^{def}= { ω ∈ R^{n+1}; ω0 ≥ 0, ω^2_0 + |ω^′|^4 = 1^} .

Thus if X = R^n,

(7.5) X^2_H = [0, ∞) × S^n_H × R^n

and the parabolic blow-down map is

(7.6) β_H : X^2_H ∋ (r, ω, y) −→ (r^2ω_0, rω^′ + y, y) ∈ [0, ∞) × R^n × R^n.

It is quite straightforward to give a general description of this process of the parabolic blow-up of a submanifold, in this case

B_H = {(0, x, x) ∈ [0, ∞) × R^n × R^n} = {0} × Δ, Δ = { (x, x) ∈ R^{2n}; x ∈ R^n } , where the parabolic directions (in this case the span of dt) form a subbundle of the conormal bundle to the submanifold. The interested reader may consult [32] and [31]. Here only the very special cases needed will be introduced. The new manifold, X^2_H , in (7.5) is a manifold with corners which has two boundary hypersurfaces, since it is the product of two manifolds with boundary. The boundary hypersurfaces will be denoted tb(X^2_H ) and tf(X^2_H ). The first of these is just the lift of the old boundary {t = 0} of [0, ∞) × X : tb = cl_X2_H β^{−1}_H [{t = 0}\B_H ] .

This is the temporal boundary. The other boundary hypersurface is the front face for the blow-up, i.e. the submanifold on which the blow-down map does not have invertible differential. In this case

tf(X^2_H ) = {r = 0} = β^{−1}_H (B_H )

will be called the temporal front face, if absolutely necessary. Defining functions for these two boundary hypersurfaces will be denoted ρ_{tb} (for example ω_0) and ρ_{tf} (for instance r). Notice that the lift of t is not a defining function for either, rather it is of the form

β^∗_H t = ω_0r^2 = ρ_{tb}ρ^2_{tf} .

This quickly leads to:

Lemma 7.2. Lifted to the manifold with corners X^2_H , for X = R^n, the heat kernel (7.3) is of the form

(7.7) h_0 ∈ ρ^{−n}_{tf} C^∞(X^2_H ), h_0 ≡ 0 at tb .

Proof: Lifting (7.3) gives, explicitly,

(7.8) β^∗_H h_0 = r^{−n} × 1 (2πω_0)^{n2} exp ( − |ω^′|^2 4ω_0 ) . This reduces to (7.7) if it is shown that the coefficient of r^{−n} is C^∞ on S^n_H. However this is immediate where ω_0 ≠ 0 and as ω_0 ↓ 0 the exponential vanishes rapidly (since |ω^′| −→ 1).

It is useful to consider the lifts to X^2_H in (7.5) of vector fields tangent to the manifold, B_H , blown up to construct it.

Lemma 7.3. Under the blow-down map (7.6) the vector fields on R^{2n} tangent to the diagonal, t∂/∂t and the vector fields of the form f∂/∂t, where f ∈ C^∞(R^{2n}) vanishes to second order at Δ ⊂ R^{2n}, lift to be smooth on X^2_H and, over C^∞(X^2_H ), span the space of smooth vector fields tangent to the boundary.

Proof: The vector fields in question are spanned by

(7.9) (x_j − x^′_j) ∂ ∂x_k , ∂ ∂x_k + ∂ ∂x^′_k , t ∂ ∂t , and (x_j − x^′_j)(x_k − x^′_k) ∂ ∂t over C^∞([0, ∞) × R^{2n}. Consider the lifts of these generating vector fields to X^2_H , initially away from tf(X^2_H ). All of them are homogeneous of degree 0 under the transformation t −→ r^2t, x −→ x + r(x − x^′) with x^′ unchanged. Thus, in terms of the parabolic polar coordinates (7.4), they must all lift to be of the form

(7.10) ar ∂ ∂r + v, where a ∈ C^∞(S^n_H × R^n) and v is a C^∞ vector field on S^n_H × R^n. Thus all the lifts are smooth up to r = 0, i.e. on X^2_H . The vector field r∂/∂r is the lift of 2t∂/∂t + (x − x^′) · ∂/∂x, so it is in the span of the lifts of the vector fields in (7.9). Moreover the v’s in (7.10) must span all the smooth vector fields on S^n_H × R^n, and tangent to the boundary, since they do so in r > 0. This proves the lemma.

The brave idea, due to Hadamard in this sort of generality, is to do the same thing in the variable coefficient case. The heat kernel is the inverse of an operator of order 2, and so should be thought of as having order −2. Thus (7.8) is the model for an element of the heat calculus of order −2. Proceeding in a deliberate fashion, the objective is to define the space of heat pseudodifferential operators of order k, by (7.11)

Ψ^k_H (X; Ω^{12} ) = { K ∈ ρ^{− 12 (n+3)−k} tf C^∞(X^2_H ; Ω^{12} ); K ≡ 0 at tb } , k < 0. Here X^2_H needs to be defined first, of course. The apparent change in power of r between (7.8) and (7.11) arises from the density factor which has been suppressed. Lifting to X^2_H : (7.12) |dtdxdx^′| = (β_H )_∗ [ r^{(n+1)}|drdωdx^′| ] . This means that (7.8) should really be written:

β^∗_H (h_0|dtdxdx^′|^{12} ) = r^{− 12 (n+3)+2} × 1 (2πω_0)^n2 exp ( − |ω^′|^2 4ω_0 ) |drdωdx^′|^{12} and it is then consistent with (7.11).

To define X^2_H as a set it is only necessary to proceed in the obvious way from the point of view of blowing up:

(7.13)

X^2_H = [ ([0, ∞) × X^2)\B_H ] ⊔ [ tf(X^2_H ) ] B_H = {0} × Δ, Δ = {(x, x) ∈ X^2; X ∈ X) ∼= X. What should the temporal front face, tf, be in general? From the experience gathered during the construction of X^2_b , it should be some sort of spherical normal bundle to B_H but in this case should have parabolic homogeneity in t. Consider the curves

(7.14) χ : [0, ϵ] −→ [0, ∞) × X^2, ϵ > 0

such that

(7.15) χ(s) ∈ B_H ⇐⇒ s = 0 and χ^∗(t) = O(s^2).

Then impose the equivalence relation

(7.16) χ ∼ ~χ ⇐⇒ χ(0) = ~χ(0), (χ^∗ − (~χ)^∗)f = O(s^2) ∀ f ∈ C^∞(X^2) s.t. f_{¯Δ} = 0, (χ^∗ − (~χ)^∗)t = O(s^3).

Lemma 7.4. The equivalence classes [χ] of curves (7.14), satisfying (7.15), under (7.16), form a space with a natural additive structure and R^+-action (but not a vector space structure) on the sets where χ(0) takes a fixed value.

Proof: The sum of two curves χ_1, χ_2 satisfying (7.15) with χ_1(0) = χ_2(0) is a curve χ also satisfying (7.15), such that χ(0) = χ_1(0) and

(7.17)

(χ^∗ − χ^∗_1 − χ^∗_2)f = O(s^2) ∀ f ∈ C^∞([0, ∞) × X^2), f = 0 on B_H (χ^∗ − χ^∗_1 − χ^∗_2)t = O(s^3).

Clearly the equivalence class of χ is determined by (7.17). To see that such a curve exists consider local coordinates x near p ∈ X where χ_1(0) = (0, p, p) ∈ B. Then a curve satisfying (7.15), with χ(0) = (0, p, p), p being the origin of the coordinates, is of the form χ_i(s) = (s^2α_i(s), sγ_i(s), s~γ_i(s)), i = 1, 2. Thus a curve χ with [χ] = [χ_1] + [χ_2] in the sense of (7.17) only needs to satisfy (7.18) χ(s) = (s^2α(s), sγ(s), s~γ (s)), with α(0) = α_1(0) + α_2(0), γ(0) = γ_1(0) + γ_2(0) and ~γ(0) = ~γ_1(0) + ~γ_2(0).

Notice, from (7.16), that the equivalence class of the curve χ in (7.18), amongst curves with the same end point determines, and is determined by

(7.19) [χ] ←→ (α(0), γ(0) − ~γ(0)) ∈ [0, ∞) × R^n, χ(0) ∈ B_H fixed.

7.1. Heat space 257

. .. .. ... ....

.....

......

.........

...........

.......................................

........

.......

.....

.... ... .. .. . . .................................................................................................... ....................................................................................................

. . . . . . . . . . . . .

tf tb

~Δ_H

Figure 12. The heat space, X^2_H .

The R^+-action is the obvious one:

a[χ] = [~χ], ~χ(s) = χ(as) near s = 0, a ∈ R^+.

Under the local isomorphism (7.19) the R^+-action becomes a[χ] ←→ (a^2α(0), a(γ(0) − ~γ(0))), [χ] ←→ (α(0), γ(0) − ~γ(0)). This makes it clear why the fibre over q ∈ B_H , consisting of the equivalence classes of curves with χ(0) = q, is not a vector space. Namely the R^+ action does not distribute over addition.

So now define the front face of X^2_H (the inward-pointing t-parabolic spherical normal bundle of B_H in [0, ∞) × X^2) as the quotient by the

R^+-action:_{tf(X2H ) def= {[χ] ≠ 0}/} R^+.

Thus tf(X^2_H ) is a bundle over B tf(X^2_H ) −→ B_H , [χ] −→ χ(0), with fibre isomorphic to S^n_H, given in (7.4). This is diffeomorphically a half-sphere, i.e. a closed n-ball. The additive structure and R^+-action of Lemma 7.2 give a linear structure to the interiors of these balls, since (7.20)

q ∈ int(tf_p(X^2_H )) ⇐⇒ q ∼ [χ], χ in (7.15), χ(0) = p, χ^∗t = s^2 + O(s^3).

Then the linear structure arises from that in (7.19) on the γ(0) − ~γ(0), where α(0) = 1.

Exercise 7.5. Show that the C^∞ structure on tf(X^2_H ) arises from the compactification of the vector bundle, being the interior of the fibres with the linear structure just described, with a linear space compactified in linear coordinates by {x ∈ R^n; |x| ≥ 1} ∋ x −→ (|x|^{−2}, x |x| ) ⊂ [0, 1) × S^{n−1}.

Exercise 7.6. Show that, as a vector bundle, the interior of tf(X^2_H ) is canonically isomorphic to the normal bundle to the diagonal in X^2, hence is canonically isomorphic to the tangent bundle to X. [Hint: The isomorphism is given by (7.20).]

Now that tf(X^2_H ) has been defined, the heat space of X, X^2_H , is defined by (7.13). It still needs to be shown that it has a natural C^∞ structure as a manifold with corners such that tf(X^2_H ) is a boundary hypersurface. Proposition 7.7. There is a unique C^∞ structure on X^2_H in which tf(X^2_H ) is a boundary hypersurface, the C^∞ structure induced on ([0, ∞)×X^2)\B_H by (7.13) is the same as that induced from [0, ∞) × X^2 and for any coordinate patch, in X, β^{−1}_H ([0, ∞) × O^2) is diffeomorphic to the preimage of [0, ∞) × O^2 in (7.5) under (7.6).

Proof: The C^∞ structure is certainly fixed away from tf(X^2_H ) as that inherited from [0, ∞) × X^2. Moreover the sets β^{−1}_H ([0, ∞) × O^2) clearly cover a neighbourhood of tf(X^2_H ), so it suffices to show that the transition functions on [0, ∞) × S^n_H × R^n are C^∞, i.e. the transformation induced on (7.5) by a change of coordinates on R^n is C^∞. Let y = f(x) be a local diffeomorphism on R^n, so (y, y^′) = (f(x), f(x^′)) is the transformation on

R^n × R^n. The transformation induced on [0, ∞) × S^n_H × R^n is, by (7.6),

(7.21) (r, ω, x) −→ (ρ, w, y) y = f(x), ρ = (t^2 + |y − y^′|^4)^{14} , w = ( t ρ^2 , y − y^′ ρ ) r = (t^2 + |x − x^′|^4)^{14} , ω = ( t r^2 , x − x^′ r ). Now, y − y^′ = (x − x^′) · G(x, x^′) with G a C^∞matrix and det G ≠ 0, for x near x^′ which may be assumed. Thus

(7.22) ρ = r ( t^2 + |y − y^′|^4 t^2 + |x − x^′|^4

) 1_4 = r ( ω^2_0 + |ω^′ · G|^4

) 1_4

since ω^2_0 + |ω^′|^4 = 1 this is C^∞. Similarly w = ( ω_0( r ρ )^2, ω^′ · G(x, x^′)( r ρ ) ) is C^∞.

Thus the transition functions are smooth and the proposition is proved.

In brief the C^∞ structure near tf is generated by the functions which are homogeneous of non-negative integral order under (t, x, x^′) −→ (a^2t, x, x + a(x^′ − x)), a > 0. It turns out that there is an important subspace in the space C^∞(X^2_H ) of all C^∞ functions on X^2_H , just defined. Consider the lift under (7.6) of a C^∞ function on [0, ∞) × X^2, X = R^n, (7.23) g = β^∗_H f = f(r^2ω_0, rω^′ + x^′, x^′). The Taylor series expansion of g at tf(X^2_H ) is of the form (7.24) g(r, ω, x^′) ∼ ∞∑ j=0 r^{2j}g^′_j(ω_0, ω^′, x^′) + ∞∑ j=0 r^{1+2j}g^{′′}_j (ω_0, ω^′, x^′)

and from (7.23) it can be seen that the coefficients satisfy

(7.25) g^′_j(ω_0, −ω^′, x^′) = g^′_j(ω_0, ω^′, x^′) g^{′′}_j (ω_0, −ω^′, x^′) = −g^{′′}_j (ω_0, ω^′, x^′), i.e. are respectively even and odd under the involution ω^′ −→ −ω^′. For

X = R^n, let C^∞_{evn}(X^2_H ) denote the subspace of C^∞(X^2_H ) the elements of

which have Taylor series at tf(X^2_H ) as in (7.24) and (7.25). Similarly let C^∞_{odd}(X^2_H ) ⊂ C^∞(X^2_H ) denote the subspace which has Taylor series (7.24) with coefficients satisfying the opposite condition: (7.26) g^′_j (ω_0, −ω^′, x^′) = −g^′_j (ω_0, ω^′, x^′) g^{′′}_j (ω_0, −ω^′, x^′) = g^{′′}_j (ω_0, ω^′, x^′).

Thus (7.23) shows that (7.27) β^∗_H C^∞([0, ∞) × R^n × R^n) ⊂ C^∞_{evn}(X^2_H ). Moreover observe from (7.21) and (7.22) that the new coordinates on X^2_H induced by a change of coordinates on R^n satisfy

ρ ∈ C^∞_{odd}(X^2_H ), w_0 ∈ C^∞_{evn}(X^2_H ), w^′ ∈ C^∞_{odd}(X^2_H ), y ∈ C^∞_{evn}(X^2_H ) as do the old coordinates. Thus the spaces are actually defined independently of coordinates, and hence on X^2_H for a general manifold X.

Lemma 7.8. For any compact manifold without boundary, X, the subspaces of C^∞_{evn}(X^2_H ), C^∞_{odd}(X^2_H ) ⊂ C^∞(X^2_H ) with Taylor series at tf(X^2_H ), as in (7.23), satisfying (7.25) and (7.26) respectively, are well defined independent of coordinates and

(7.28)

C^∞_{evn}(X^2_H ) + C^∞_{odd}(X^2_H ) =C^∞(X^2_H ) C^∞_{evn}(X^2_H ) ∩ C^∞_{odd}(X^2_H ) =ρ^∞_{tf} C^∞(X^2_H ).

Proof: The first part has already been proved and (7.28) arises by splitting the terms in the Taylor series into ω^′-odd and even parts.

In view of (7.27), which of course extends to the general case, the spaces of odd and even sections of the lift to X^2_H of any vector bundle over X^2 are also defined by using the lift from X^2 of a smooth basis of the bundle. More formally if E is a C^∞ vector bundle over [0, ∞) × X^2 then the space of even sections can be written (7.29)

C^∞_{evn}(X^2_H ; β^∗_H E) = C^∞_{evn}(X^2_H ) ⊗_β∗_{H C}∞_{([0,∞)×X}2_) β^∗_H C^∞([0, ∞) × X^2; E). Exercise 7.9. Make sure you understand exactly what (7.29) means.

Consider the half-density bundle on X^2_H . This is not the lift of a bundle on [0, ∞) × X^2 (because of the extra factors of ρ_{tf} .) However choosing ρ_{tf} ∈ C^∞_{evn}(X^2_H ) the spaces of even and odd sections are defined to be

C^∞_{evn}(X^2_H ; Ω^{12} ) = { u ∈ C^∞(X^2_H ; Ω^{12} ); u = ρ^{− 12 (n+1)}_{tf} u^′ν,

u^′ ∈ C^∞_{evn}(X^2_H ), 0 ≠ (β_H )_∗ν ∈ C^∞([0, ∞) × X^2; Ω^{12} ) }

C^∞_{odd}(X^2_H ; Ω^{12} ) = { u ∈ C^∞(X^2_H ; Ω^{12} ); u = ρ^{− 12 (n+1)}_{tf} u^′ν,

u^′ ∈ C^∞_{odd}(X^2_H ), 0 ≠ (β_H )_∗ν ∈ C^∞([0, ∞) × X^2; Ω^{12} ) } . Then C^∞_{evn}(X^2_H ) · C^∞_{evn}(X^2_H ; Ω^{12} ) ⊂ C^∞_{evn}(X^2_H ; Ω^{12} ), C^∞_{evn}(X^2_H ) · C^∞_{odd}(X^2_H ; Ω^{12} ) ⊂ C^∞_{odd}(X^2_H ; Ω^{12} ), C^∞_{odd}(X^2_H ) · C^∞_{evn}(X^2_H ; Ω^{12} ) ⊂ C^∞_{odd}(X^2_H ; Ω^{12} ), C^∞_{odd}(X^2_H ) · C^∞_{odd}(X^2_H ; Ω^{12} ) ⊂ C^∞_{evn}(X^2_H ; Ω^{12} ) and the analogues of (7.28) hold:

C^∞_{evn}(X^2_H ; Ω^{12} ) + C^∞_{odd}(X^2_H ; Ω^{12} ) = C^∞(X^2_H ; Ω^{12} ) C^∞_{evn}(X^2_H ; Ω^{12} ) ∩ C^∞_{odd}(X^2_H ; Ω^{12} ) = ρ^∞_{tf} C^∞(X^2_H ; Ω^{12} ).

7.2. Standard heat calculus 261

In particular this leads to the spaces of even and odd heat pseudodifferential operators defined by (7.30)

Ψ^k_{H,evn}(X; Ω^{12} ) = { K ∈ ρ^{− 12 (n+3)−k} tf C^∞_{evn}(X^2_H ; Ω^{12} ); K ≡ 0 at tb }

Ψ^k_{H,odd}(X; Ω^{12} ) = { K ∈ ρ^{− 12 (n+3)−k} tf C^∞_{odd}(X^2_H ; Ω^{12} ); K ≡ 0 at tb } , for k < 0 even and (7.31)

Ψ^k_{H,evn} (X; Ω^{12} ) = { K ∈ ρ^{− 12 (n+3)−k} tf C^∞_{odd}(X^2_H ; Ω^{12} ); K ≡ 0 at tb }

Ψ^k_{H,odd}(X; Ω^{12} ) = { K ∈ ρ^{− 12 (n+3)−k} tf C^∞_{evn}(X^2_H ; Ω^{12} ); K ≡ 0 at tb } , for k < 0 odd

in place of (7.11). In practice the even operators are the interesting ones.

7.2. Standard heat calculus.

Now the definition of (7.11) is complete, i.e. the elements of the heat calculus of negative integral order have been fixed. Naturally they are intended to be operators. Their action is simple enough since as distributions they are locally integrable.

Lemma 7.10. If k ∈ −N, each A ∈ Ψ^k_H (X; Ω^{12} ) pushes forward under β_H to a locally integrable half-density on [0, ∞) × X^2.

Proof: It suffices to assume that A has support in the preimage of a coordinate patch and then sum using a partition of unity. Of course there is nothing to be proved away from B_H since the kernels are smooth there. Taking account of the factors of r in (7.12) the push-forward of A to [0, ∞)× X^2 is locally of the form

(7.32) t^{− 12 n−1− 12 k}A^′|dtdxdx^′|^{12} with A^′ bounded.

Since A^′ vanishes to infinite order at tb the local integrability of the coefficient in (7.32) reduces to the local integrability, on [0, ∞) × X^2, of the function which lifts to ρ^{−n−2−k}_{tf} . Clearly this is locally integrable provided k < 0. A locally integrable function, or half-density, has a unique extension from [0, ∞) × X^2 to R × X^2 which is locally integrable and vanishes in t < 0. With this extension Lemma 7.10 shows that the elements A ∈ Ψ^k_H (X; Ω^{12} ), k ∈ −N, define operators from C^∞(X; Ω^{12} ) to C^{−∞}(R× X; Ω^{12} ); clearly Au always vanishes in t < 0. It is generally preferable to think of these heat pseudodifferential operators as acting through

(7.33) A ∈ Ψ^k_H (X; Ω^{12} ) =⇒ A : C^∞(X; Ω^{12} ) −→ C^{−∞}([0, ∞) × X; Ω^{12} ),

by restriction. This does not result in any loss of information, since the kernel is locally integrable. In fact there is much more regularity than (7.33).

Lemma 7.11. Each element A ∈ Ψ^k_H (X; Ω^{12} ), k ∈ −N, defines a continuous operator

(7.34) A : C^∞(X; Ω^{12} ) −→ t^{− k2 −1}C^∞([0, ∞) 1_2 × X; Ω^{12} ),

where [0, ∞) 1_2 is the half-line with t^{12} as coordinate. An element A ∈ Ψ^k_H (X; Ω^{12} ) is in the even part of the calculus, A ∈ Ψ^k_{H,evn}(X; Ω^{12} ), if and only if (7.34) actually gives a map

(7.35) A : C^∞(X; Ω^{12} ) −→ t^{[− k2 ]−1}C^∞([0, ∞) × X; Ω^{12} ),

where [r] is the integer part of r, the largest integer no larger than r. Proof: Using a C^∞ partition of unity on [0, ∞) × X^2 it may be assumed that the kernel of A has small support on [0, ∞) × X^2. Certainly, since the kernel is C^∞ and vanishes to all orders at t = 0, any term away from tf(X^2_H ) satisfies (7.34), for any k. Thus it can even be assumed that A has support in the preimage of a coordinate patch. Then A = r^{−(n+2)−k}A^′(r, ω, x)|dtdx^′dx|^{12} where, by assumption, A^′ vanishes to infinite order at ω_0 = 0 and is C^∞. So if the projective coordinates

(7.36) t^{12} , X = x − x^′ t^{12} , x^′, which are valid everywhere except ω_0 = 0 (corresponding to X = ∞), are introduced it follows that (7.37)

r^{−(n+2)−k}A^′(r, ω, x) = t^{− 12 (n+2)− 12 k}α(t^{12} , X, x), with α a C^∞ function rapidly decreasing with all derivatives as |X| −→ ∞.

The push-forward of the kernel to R× X^2 is given by

K_A(ϕ) = ∞∫ 0 ∫ Rn ∫ Rn^{α(t} 1 2 , x − x^′ t^12 , x)ϕ(t, x, x^′)t^{− 12 (n+2)− 12 k}dtdxdx^′

= ∞∫ 0 ∫ Rn ∫ Rn^{α(t} 1 2 , X, x)ϕ(t, x, x − t^{12} X)t^{− k2 −1}dtdXdx,

where ϕ(t, x, x^′)|dtdxdx^′|^{12} is a C^∞ half-density of compact support. Thus the action of A as an operator is just

(7.38) A(ψ) = t^{− k2 −1} ∫ Rn^{α(t} 1 2 , X, x)ψ(x − t^{12} X)dX. The rapid decrease of α as |X| −→ ∞ shows that this integral converges uniformly to t^{− k2 −1}× a C^∞ function of t^{12} and x. This gives (7.34).

The decomposition of the Taylor series of the kernel at tf(X^2_H ) corresponds to writing α as

α(t^{12} , X, x) = α_e(t^{12} , X, x) + α_o(t^{12} , X, x) + α^′(t^{12} , X, x) α_e(t^{12} , X, x) = α_{ee}(t, X, x) + t^{12} α_{oe}(t, X, x) α_o(t^{12} , X, x) = α_{oo}(t, X, x) + t^{12} α_{eo}(t, X, x), where α_{ee}(t, X, x) and α_{oe}(t, X, x) are even and α_{eo}(t, X, x) and α_{oo}(t, X, x) are odd under X −→ −X. All are C^∞ and vanish rapidly as |X| −→ ∞ with all derivatives. The extra term α^′ vanishes to infinite order at t = 0. Inserting these into (7.38) one easily sees that an element of the even part of the calculus satisfies (7.35). An element of the odd part of the calculus similarly satisfies

A : C^∞(X; Ω^{12} ) −→ t^{[− k2 ]− 12} C^∞([0, ∞) × X; Ω^{12} ), A ∈ Ψ^k_{H,odd}(X; Ω^{12} ).

Moreover the range can only be in t^{[− k2 ]−1}C^∞([0, ∞) × X; Ω^{12} ) if all the coefficients in the Taylor series at tf vanish. This proves the remainder of the lemma.

7.3. Heat kernel.

Notice in particular that if k = −2 then the multiplicative factor in (7.34) disappears and the restriction to t = 0 is well defined:

(7.39)

A ∈ Ψ^{−2}_H (X; Ω^{12} ) =⇒ A_0 : C^∞(X; Ω^{12} ) −→ C^∞(X; Ω^{12} ), A_0ψ = (Aψ)_{¯t=0}.

This allows the main result for the heat kernel to be stated:

Theorem 7.12. If P ∈ Diff^2(X; Ω^{12} ) has non-negative principal symbol and is elliptic on a compact manifold, X, without boundary then there is a unique element H_P ∈ Ψ^{−2}_{H,evn}(X; Ω^{12} ) satisfying

(7.40) (∂_t + P ) · H_P = 0 in t > 0, (H_P )_{¯t=0} = Id .

The proof still requires some work. First consider the initial condition, which can be examined using (7.37) and (7.38). Thus if A ∈ Ψ^{−2}_H (X; Ω^{12} ) then (7.38) shows that, at least locally,

(7.41) (Aψ)_{¯t=0} = ∫ X α(0, X, x)ψ(x)dX = Φ(x)|dt|^{12} · ψ(x)

is actually a multiplication operator. The function Φ is just the integral, over the fibres, of the restriction of the kernel of A, on X^2_H , to the front face. To make sense of this globally requires a little thought about densities.

In fact the restriction to the temporal front face can be written

A_{¯tf(X}2_{H )} = A^′ · β^∗_H ν, A^′ ∈ Ċ^∞(tf(X^2_H ), 0 ≠ ν ∈ C^∞(B_H ; Ω^{12} ([0, ∞) × X^2)).

Here B_H is given by (7.13) and lies above the diagonal. So as in the ordinary pseudodifferential calculus, there is an identification: ν = |dt|^{12} ⊗ ν^′, ν^′ ∈ C^∞(X; Ω). Furthermore a density on X can also be considered as a (fibre-translation invariant) fibre-density on T X ≡ N Δ. Since tf(X^2_H ) is just a compactification of the tangent bundle to X (see Exercise 7.6) this means that restriction to the temporal front face gives a map

Ψ^{−2}_H (X; Ω^{12} ) ∋ A −→ A_{¯tf(X}2_{H )} ∈ Ċ^∞(tf(X^2_H ); Ω_{fibre}).

Thus integration over the fibres is invariantly defined:

Lemma 7.13. If A ∈ Ψ^{−2}_H (X; Ω^{12} ) then A_0, defined by (7.39), is multiplication by

(7.42) Φ(x)|dt|^{12} = ∫ fibre

A_{¯tf(X}2_{H )}.

The initial condition in (7.40) is therefore seen to be the requirement that on each leaf of tf(X^2_H ) the kernel should have mean value 1. It is also necessary to arrange that H_P v be a solution of the heat equation. As usual this cannot be done directly, rather a parametrix is first constructed and then iteration is used to get the precise solution. Now, G ∈ Ψ^{−2}_H (X; Ω^{12} ) will be a parametrix if (7.43) t(∂_t + P ) · G = R ∈ Ψ^{−∞}_H (X; Ω^{12} ) and G_0 = Id .

Notice that an element of the residual space for the heat calculus here is given by a C^∞ kernel on X^2_H which vanishes to infinite order at both boundaries, tf and tb . This is just the same as a C^∞ function on [0, ∞)×X^2 vanishing to all orders at t = 0. Thus (7.44) A ∈ Ψ^{−∞}_H (X; Ω^{12} ) ⇐⇒ A ∈ Ċ^∞([0, ∞) × X^2; Ω^{12} ). To arrange (7.43) the form of the operator on the left needs to be computed. Lemma 7.14. If A ∈ Ψ^k_H (X; Ω^{12} ), for k ∈ −N, then

(7.45) t(∂_t + P ) · A ∈ Ψ^k_H (X; Ω^{12} ) for any P ∈ Diff^2(X; Ω^{12} ) and furthermore

A ∈ Ψ^k_{H,evn}(X; Ω^{12} ) =⇒ t(∂_t + P ) · A ∈ Ψ^k_{H,evn}(X; Ω^{12} ). Proof: Recall Lemma 7.10, which defines A as an operator. Certainly tP : t^{− 12 k−1}C^∞([0, ∞) 1_2 × X; Ω^{12} ) −→ t^{− 12 k−1}C^∞([0, ∞) 1_2 × X; Ω^{12} ) t∂_t : t^{− 12 k−1}C^∞([0, ∞) 1_2 × X; Ω^{12} ) −→ t^{− 12 k−1}C^∞([0, ∞) 1_2 × X; Ω^{12} ).

So the composite operator in (7.45) is well defined and the statement that it is an element of Ψ^k_H (X; Ω^{12} ) is meaningful. To check its veracity it is enough to work with the local form (7.38). The local form of P, P = ∑ |α|≤2 p_α(x)D^α_x ,

gives tP · Aψ = t^{− k2} ∫ P [ α(t^{12} , X, x)ψ(x − t^{12} X) ] dX = t^{− k2 −1} ∫ β(t^{12} , X, x)ψ(x − t^{12} X)dX, where integration by parts in X has been used to find

(7.46) β(t^{12} , X, x) = ∑ |α|=2 p_α(x)D^α_X α(t^{12} , X, x) + t^{12} · β^′,

with β^′ a C^∞ function. Similarly, applying t∂_t gives:

(7.47) t∂_tAψ = t^{− k2 −1} ∫ γ(t^{12} , X, x)ψ(x − t^{12} X)dX, γ = 1 2 {−∂_X (Xα) − (k + 2)α} + t^{12} γ^′ with γ^′ C^∞.

All terms are rapidly decreasing as |X| −→ ∞, so (7.45) follows. The conservation of parity follows from the last part of Lemma 7.11 and the fact that tP and t∂/∂t preserve the spaces on the right in (7.35).

In fact not only does this computation give (7.45) but it also results in an explicit formula for the restriction of the kernel to the front fact. Consider the restriction map (the normal operator in this context)

N_{H,k} : Ψ^k_H (X; Ω^{12} ) ∋ A −→

t^{(k+n+2)/2}A_{¯tf} ∈ Ċ^∞(tf(X^2_H ); Ω_{fibre}), k ∈ −N,

(7.48)

where the normalization comes from (7.12). Certainly this map is surjective, by definition in (7.11), and its null space is clearly the space of operators of order k − 1, i.e. there is an exact sequence (7.49)

0 −→ Ψ^{k−1}_H (X; Ω^{12} ) −→ Ψ^k_H (X; Ω^{12} )^{NH,k}−ı Ċ^∞(tf(X^2_H ); Ω_{fibre}) −→ 0. The parities in (7.30) and (7.31) are set up so that the same is true of the even part of the calculus: (7.50)

0 −→ Ψ^{k−1}_{H,evn}(X; Ω^{12} ) −→ Ψ^k_{H,evn} (X; Ω^{12} )^{NH,k}−ı Ċ^∞_{evn}(tf(X^2_H ); Ω_{fibre}) −→ 0

where Ċ^∞_{evn}(tf(X^2_H ); Ω_{fibre}) ⊂ Ċ^∞(tf(X^2_H ); Ω_{fibre}) is the subspace consisting of the elements which are invariant under the natural reflection around the origin of the fibres.

The image space in (7.49) can also be thought of as the space of C^∞ sections, over T X, which are rapidly vanishing at infinity. Here the identification established in Exercise 7.6 is used again. These are ‘Schwartz functions,’ so

(7.51) Ċ^∞(tf(X^2_H ); Ω^{12} (X^2_H )) ∼= S(T X; Ω_{fibre}) is just the space of those sections over T X, of the lift of the density bundle, which vanish rapidly at infinity with all derivatives. Now from (7.46) and (7.47) the fundamental formula results.

Proposition 7.15. If P ∈ Diff^2(X; Ω^{12} ) has symbol σ(P ), thought of as a translation-invariant differential operator on the fibres of T X, then under (7.51)

(7.52) N_{H,k}(t(∂_t + P )A) = [σ(P ) − 1 2 (R + n + k + 2)]N_{H,k}(A),

where R is the radial vector field on the fibres of T X.

Proof: It is usual to think of the symbol of a differential operator as a polynomial on T^∗X, but that is completely equivalent to a constant coefficient differential operator on each fibre of T X, varying smoothly with the fibre. Then (7.46) shows that N_{H,k} (tP · A) = σ(P ) · N_{H,k}(A). Similarly (7.47) gives the action of t∂_t as −^1_2 [∂_X (X) + k + 2], i.e. −^1_2 (R + n + k + 2) as stated in (7.52).

Now we can construct a parametrix for the heat operator. Lemma 7.16. Under the assumptions of Theorem 7.12 the heat operator has a forward parametrix, G ∈ Ψ^{−2}_{H,evn} (X; Ω^{12} ), satisfying (7.43). Proof: The terms in the Taylor series of G at tf will be constructed successively. The first step is to find

(7.53) G^{(0)} ∈ Ψ^{−2}_H (X; Ω^{12} ) with G^{(0)}_0 = Id, t(∂_t + P )G^{(0)} ∈ Ψ^{−3}_H (X; Ω^{12} ). By (7.42), (7.49) and (7.52) these are conditions only on the normal operator, viz

(7.54) [σ(P ) − 1 2 (R + n)]N_{H,−2}(G^{(0)}) = 0 ∫ fibre

N_{H,−2}(G^{(0)}) = 1.

These are fibre-by-fibre conditions. In fact each fibre is just R^n, so the solution to (7.54) must be implicit in (7.3). More precisely local coordinates can always be introduced such that (7.55) σ(P ) = D^2_1 + · · · + D^2_n on T_xX since P is assumed to have a real elliptic principal symbol. Then (7.54) becomes

(7.56) [ D^2_1 + · · · + D^2_n − 1 2 (R + n) ] N_{H,−2}(G^{(0)}) = 0 ∫ fibre

N_{H,−2}(G^{(0)}) = 1.

From (7.3) it follows that

(7.57) N_{H,−2}(G^{(0)}) = 1 (2π)^n2 exp ( − |X|^2 4 )

must be a solution. Indeed it is the only solution in S(R^n). To see this simply take the Fourier transform of (7.56), with u = N_{H,−2}(G^0)_{¯Tx X} . It becomes ( ξ · ∂_ξ + 2|ξ|^2 ) û = 0, û(0) = 1.

This is an ordinary differential equation, with initial condition, along each radial line and the Fourier transform of (7.57) is the only solution. Clearly then the choice (7.57), with |X| now the Riemannian norm on T X induced by P, gives a solution to (7.53).

Now the order of the error term can be reduced inductively. Suppose

j ∈ N0 = {0, 1, 2, . . .} and G^{(j)} ∈ Ψ^{−2}_H (X; Ω^12 ) has been found such that

(7.58) t(∂_t + P )G^{(j)} = R_j ∈ Ψ^{−3−j}_H (X; Ω^{12} ), G^{(j)}_0 = Id .

Then look for G^{(j+1)} = G^{(j)} − T_j , T_j ∈ Ψ^{−3−j}_H (X; Ω^{12} ), such that (7.58) holds for j + 1. Of course this just means solving

(7.59) t(∂_t + P )T_j = R_j + R_{j+1} ∈ Ψ^{−3−j}_H (X; Ω^{12} ), R_{j+2} ∈ Ψ^{−4−j}_H (X; Ω^{12} ),

where R_j is given as the error term in (7.58). The initial condition continues to hold since (T_j )_0 = 0 as its order is at most −3. By (7.52) the equation (7.59) can be transformed into a condition on the normal operator, namely

(7.60) [ σ(P ) − 1 2 (R + n − j − 1) ] N_{H,−3−j} (T_j ) = N_{H,−3−j} (R_j). Again this has a unique solution, this time without any integral condition. In appropriate coordinates (7.55) holds. Taking Fourier transforms on a given fibre, with u = N_{H,−3−j}(T_{j+1}), f = N_{H,−3−j} (R_{j+1}), equation (7.60) becomes

(7.61) (ξ∂_ξ + 2|ξ|^2 + j + 1)û = f̂ ∈ S(R^n).

The solution to this is:

(7.62) û(ξ) = 1∫ 0 exp((r − 1)|ξ|^2)f̂ (rξ)r^{j+1}dr.

This is clearly an element of S(R^n), and easily seen to be the only solution to (7.61). This completes the inductive proof of (7.58), for all j.

Now the successive T_j = G^{(j+1)} − G^{(j)} give a formal power series at tf(X^2_H ). By Borel’s lemma this can be summed, so G ∈ Ψ^{−2}_H (X; Ω^{12} ) satisfying (7.43) can indeed be found. Since the normal problems (7.56) and (7.60) are clearly invariant under the reflection in the fibres, using (7.50) instead of (7.49), it follows that G ∈ Ψ^{−2}_{H,evn}(X; Ω^{12} ).

It still remains to complete the proof of Theorem 7.12. So far we have considered the elements of the heat calculus as operators from X to R× X, as in (7.34), but in order to remove the error term in (7.43) it is more convenient to consider them as t-convolution operators. If A ∈ Ψ^k_H (X; Ω^{12} ), its action as a t-convolution operator will be denoted

(7.63) A∗ : Ċ^∞([0, ∞) × X; Ω^{12} ) −→ Ċ^∞([0, ∞) × X; Ω^{12} ).

This can be expressed in terms of (7.34) by

(7.64) A ∗ u(t) = t∫ 0 [Au(t − s)](s)ds,

where the dependence on the spatial variables is suppressed. Notice that as a function of r ≥ 0 and s ≥ 0

[Au(r)](s) ∈ s^{− 12 k−1}C^∞([0, ∞) × [0, ∞) 1_2 × X; Ω^{12} )

vanishes to infinite order at r = 0. Restricting to r = t − s gives

[Au(t − s)](s) = s^{− 12 k−1}(t − s)^j u_j(t − s, s^{12} , x)

for any j, with u_j a C^∞ half-density. Since k < 0 this is integrable in s and C^∞ in t. Thus A ∗ u, defined by (7.64), is C^∞ in t and vanishes rapidly as t ↓ 0. This gives the mapping property (7.63).

The elements of Ψ^{−∞}_H (X; Ω^{12} ) give rise to Volterra operators in (7.63) and the removal of the error term in (7.43) reduces to standard invertibility results for such operators.

Proposition 7.17. If A ∈ Ψ^{−∞}_H (X; Ω^{12} ) then Id −A∗ is invertible as an operator on Ċ^∞([0, ∞) × X; Ω^{12} ), with inverse Id −S∗ for some S ∈ Ψ^{−∞}_H (X; Ω^{12} ).

Proof: If A, B ∈ Ψ^{−∞}_H (X; Ω^{12} ) the composite operator A ∗ B∗ = C∗, where C ∈ Ψ^{−∞}_H (X; Ω^{12} ) has kernel (7.65) γ(t, x, x^′)|dt|^{12} ν(x)ν(x^′) = t∫ 0 ∫ X α(t − s, x, x^{′′})β(s, x^{′′}, x^′)ν^2(x^{′′})dsν(x)ν(x^′)

in terms of the kernels α(t, x, x^′)|dt|^{12} ν(x)ν(x^′) and β(t, x, x^′)|dt|^{12} ν(x)ν(x^′) of A and B, with ν a fixed non-vanishing smooth half-density on X. Direct estimation shows that there is a constant K, depending only on ν and X such that (7.66) |α(t, x, x^′)| ≤ C t^k k! , |β(t, x, x^′)| ≤ C^′ in t < T =⇒ |γ(t, x, x^′)| ∈ CC^′K t^{k+1} (k + 1)! in t < T.

This estimate can be applied iteratively to A ∈ Ψ^{−∞}_H (X; Ω^{12} ). For fixed T > 0 let C = C_k be such that the estimate on α in (7.66) holds and let C^′ = C_0. Let the kernel of A_j ∈ Ψ^{−∞}_H (X; Ω^{12} ), fixed by A∗_j = (A∗)^j, be α_j. Then for any k and j

|α_j(t, x, x^′)| ≤ (KC_0)^{j−1}C_k t^{k+j−1} (k + j − 1)! in t < T. It follows that the Neumann series for the inverse of Id −A∗,

(Id −A∗)^{−1} = Id + ∞∑ j=1 (A∗)^j = Id + ∞∑ j=1 (A_j )∗ = Id −S∗,

converges. The same estimates hold on the derivatives, which shows that S ∈ Ψ^{−∞}_H (X; Ω^{12} ) and so proves the lemma.

Proof of Theorem 7.12: If the parametrix of Lemma 7.16 is considered as a convolution operator and R is given by (7.43) then (7.67) (∂_t + P ) · G∗ = Id −A∗, A = −R/t ∈ Ψ^{−∞}_H (X). To see this note first that for any u ∈ C^∞(X; Ω^{12} ) we know from (7.35) that v(t) = Gu(t) ∈ C^∞([0, ∞) × X; Ω^{12} ) and from (7.43) that if f(t) = (∂v/∂t +

P v)(t) then f ∈ Ċ^∞([0, ∞) × X; Ω^{12} ). Thus if g ∈ Ċ^∞([0, ∞) × X; Ω^{12} ) then in t > 0 ( ∂ ∂t + P )G ∗ g(t) = ( ∂ ∂t + P )^t∫ 0 [Gg(s)](t − s)ds

= [Gg(t)](0) + t∫ 0 [ 1 s ( ∂ ∂s + P )g(s)](t − s)ds

giving (7.67). Since R ∈ Ψ^{−∞}_H (X; Ω^{12} ) its kernel vanishes to all orders at t = 0, so dividing by t gives another kernel of the same type.

Thus Proposition 7.17 can be applied to (7.67). It follows that if Id −S∗ is the inverse of Id −A∗ then the composite operator H∗ = G ∗ −G ∗ S∗ is a right inverse of the heat operator:

(7.68) v = H ∗ g, g ∈ Ċ^∞([0, ∞) × X; Ω^{12} ) =⇒ ( ∂ ∂t + P )v = g in R× X.

From the regularity, (7.35), for the action of G it follows that G ∗ S∗ = B∗, with B ∈ Ψ^{−∞}_H (X; Ω^{12} ). Thus H ∈ Ψ^{−2}_{H,evn}(X; Ω^{12} ) differs from G by an element of Ψ^{−∞}_H (X; Ω^{12} ). In fact H must satisfy

(7.69) t(∂_t + P )H = 0 and H_0 = Id

since H satisfies (7.43) in place of G and hence (7.67), but the error term is necessarily zero.

It remains only to show the uniqueness of H. To see this it suffices to show that there are no solutions to ( ∂ ∂t + P )u = 0, u_{¯t=0} = 0, u ∈ C^∞([0, ∞) × X; Ω^{12} ).

Formal differentiation of the equation shows that all the t-derivatives of u must vanish at t = 0, so u ∈ Ċ^∞([0, ∞) × X; Ω^{12} ). Thus u can be extended as 0 to t < 0 and then it satisfies (∂/∂t + P )u = 0 on the whole of R× X. Now notice that the formal adjoint of ∂/∂t + P is just −∂/∂t + P^∗. This is the heat operator, with time reversed, for P^∗. Since P^∗ satisfies the hypotheses of the theorem if P does, the construction of H above means that for any ϕ ∈ C^∞_c (R × X), vanishing in t > T, we can find a solution of (−∂/∂t + P^∗)v = ϕ, where v ∈ C^∞(R× X; Ω^{12} ) vanishes in t > T. This means that ∫ R×X^{uϕ =} ∫ R×X^{u(−} ∂ ∂t + P^∗)v = ∫ R×X^( ∂ ∂t + P )uv = 0.

Here the integration by parts is justified by the fact that u vanishes in t < 0 and v and ϕ vanish in t > T. This shows that u = 0 and hence completes the proof of Theorem 7.12.

The uniqueness of the solution to the heat equation shown in the course of the proof of Theorem 7.12 implies that the one-parameter family of operators defined by the forward fundamental solution H forms a semigroup. This is the justification for the standard exponential notation

(7.70) exp(−tP )u = (Hu)(t) ∀ u ∈ C^∞(X; Ω^{12} ), t > 0 =⇒ exp(−tP ) exp(−sP ) = exp(−(s + t)P ) ∀ s, t > 0.

Since the kernel of H ∈ Ψ^{−2}_H (X; Ω^{12} ) is a C^∞ half-density in t > 0, it follows that this is a semigroup of smoothing operators; such smoothing operators are trace class.

The local index theorem involves computing the limit, as t ↓ 0, of the difference of the traces of heat kernels, see (In.27). This computation is carried out in the next chapter since it involves cancellation in the shorttime asymptotics. Except for such cancellation the short-time behaviour of the heat kernel can be read off directly from the definition of the heat space. Thus let ~Δ = {(t, x, x) ∈ [0, ∞) × X^2} = {x = x^′} = [0, ∞) × Δ be the diagonal with time parameter. In the local variables from (7.4) in X^2_H this is given by ω^′ = 0. It is therefore an embedded submanifold. Denote its lift under β_H as ~Δ_H ⊂ X^2_H . In fact the restriction β_H : ~Δ_H ←→ ~Δ ∼= [0, ∞) × X is a diffeomorphism. Lidskii’s theorem, Proposition 4.55, then takes the form

tr(A(t)) = ∫ X A_¯~_{ΔH} , t > 0,

where A(t) is the map (7.34) at fixed t. From (7.11), (7.30) and (7.31) it follows that

Lemma 7.18. For any A ∈ Ψ^k_H (X; Ω^{12} ) the restriction of the kernel to the diagonal is a polyhomogeneous conormal distribution at t = 0 on [0, ∞)×X with an expansion

A_¯~_{ΔH} ∼ ∞∑ j=0 A_j t^{− 12 (n+k+2)+ 12 j}, A_j ∈ C^∞(X; Ω).

If A ∈ Ψ^k_{H,evn}(X; Ω^{12} ) the terms with j odd vanish identically.

As a direct corollary the trace itself has a complete asymptotic expansion at t = 0. The case of most interest is:

(7.71) A ∈ Ψ^{−2}_{H,evn} (X; Ω^{12} ) =⇒ tr(A(t)) ∼ ∞∑ j=0 t^{− 12 n+j} a_j as t ↓ 0.

The cancellation for the supertrace is discussed in Chapter 8.

The long-time behaviour of the heat kernel is discussed below after the finite time analysis is extended to cover b-differential operators.

7.4. b-heat space.

The description of the heat calculus above is in a form which is quite straightforward to generalize to the b-category. Indeed the b-heat calculus which will be considered next is little more than a direct combination of the constructions above and those from Chapter 4. None of the complications having to do with the boundary terms of the type constructed in Chapter 5 arise for finite times, only in the long-time asymptotics. Thus, most of this section amounts to putting together the various pieces already examined. The discussion proceeds in the usual way, first defining the space on which it is reasonable to expect the heat kernel to be simplest and then showing that it is indeed an element of the calculus so defined. No composition formula is proved for this calculus, although it is easy enough to do so (see for example [30]). The parametrix is constructed by symbolic means rather than iteration.

Given P ∈ Diff^2_b (X;^bΩ^{12} ), an elliptic b-differential operator with nonnegative principal symbol corresponding to an exact b-metric, the objective is to construct the heat semigroup of P, exp(−tP ), with kernel H_P ∈ C^{−∞}([0, ∞) × X^2,^bΩ^{12} ). Again the densities can be freely played with on the factor [0, ∞), using |dt| or |dt/t| and their powers. Thus H_P should define an operator

H_P : Ċ^∞(X;^bΩ^{12} ) −→ C^{−∞}([0, ∞) × X;^bΩ^{12} )

which is intended to have the properties

u = H_P v satisfies { (∂_t + P )u = 0 in t > 0 u | |_{t=0} = v.

Of course the initial condition does not make sense a priori; some regularity is needed to define u | |_{t=0} as before. Since P is a b-differential operator it is natural to expect the b-stretched product, X^2_b , defined in Chapter 5 to play a rôle. Similarly away from the boundary, it is the just the ordinary heat kernel being considered, so the heat space, X^2_H , of (7.13) should be involved.

The question then is how to combine these spaces when X is a compact manifold with boundary. Certainly there are two obvious submanifolds on which something subtle will happen:

(7.72) B_b = {(t, z, z^′) ∈ [0, ∞) × X^2; z, z^′ ∈ ∂X} ∼= [0, ∞) × (∂X)^2, B_H = {(0, z, z) ∈ [0, ∞) × X^2} ∼= X. Both these submanifolds will be blown up. The question then arises as to the order in which to proceed. The obvious way (for some) to approach such a problem is to guess, and analyze the options geometrically. It is easily seen that blowing up B_H first is not a good option. In any case it is probably more convincing to look at a simple example and see how the kernel actually behaves.

Exercise 7.19. Check that the order of blow-up does make a difference.

So consider an R^+-invariant operator, P = (xD_x)^2, on [0, ∞) (so really X = [−1, 1] with variable (1 − x)/(1 + x) etc. as in Chapter 1). Then P is self-adjoint with respect to |dx/x| and in terms of the variable

r = log x, P = D^2_r .

The heat kernel is therefore 1 (2πt)^12 exp ( − |r − r^′|^2 4t ) = 1 (2πt)^12 exp ( − | log^x_{x′} |^2 4t ) . Notice how this can be made into a smooth function for finite times. First introduce s = x/x^′ as a C^∞ variable. This is the b-stretching construction. Then make the t-parabolic blow-up of the submanifold s = 1, t = 0; finally remove the simple singular factor at t = 0. The conclusion is that the ‘b-’ blow-up should be done first and then the ‘H-’ blow-up.

Definition 7.20. The b-heat space, X^2_η , of a compact manifold with boundary, X, is defined from [0, ∞) × X^2 by first blowing up B_b, defined in (7.72), giving [0, ∞) × X^2_b and then making the t-parabolic blow-up of {0} × Δ_b ⊂ [0, ∞) × X^2_b , which is the lift of B_H in (7.72). The overall blow-down map will be written

β_η : X^2_η −→ [0, ∞) × X^2.

It is worthwhile making the last step more explicit. The b-heat space can be written as a union

(7.73) X^2_η = [ ([0, ∞) × X^2_b )\({0} × Δ_b) ] ⊔ tf(X^2_η ),

where tf(X^2_η ) is the ‘temporal front face’ which replaces the lift of B_H under the b-blow-down map, β^∗_b (B_H ) = {0} × Δ_b. Geometrically tf(X^2_η ) is the ‘t-parabolic, inward-pointing spherical normal bundle’ to {0} × Δ_b in [0, ∞) × X^2_b . Following the discussion above this is a bundle, over Δ_b ∼= X, with points given by equivalence classes of curves.

Thus, consider curves (C^∞ of course)

(7.74) χ : [0, ϵ) −→ [0, ∞) × X^2_b , χ(s) ∈ {0} × Δ_b iff s = 0.

The t-parabolic curves are those satisfying in addition

(7.75) χ^∗(t) = O(s^2) as s ↓ 0.

The equivalence relation defining the inward pointing t-parabolic normal bundle to {0} × Δ_b is

(7.76) χ_1 ∼ χ_2 ⇐⇒ χ^∗_1f − χ^∗_2f = O(s) ∀ f ∈ C^∞(X^2_b ) χ^∗_1g − χ^∗_2g = O(s^2) ∀ g ∈ C^∞(X^2_b ) with g | |_{Δb} = 0

χ^∗_1t − χ^∗_2t = O(s^3).

Set χ_i = (T_i, C_i), T_i ∈ C^∞([0, 1]), C_i : [0, 1] −→ X^2_b . Then the first condition in (7.76) demands C_1(0) = C_2(0) ∈ Δ_b by (7.74). The second two conditions require, respectively

(7.77)

C^′_1(0) = C^′_2(0) in N_{C1(0)}Δ_b = T_{C1(0)}X^2_b / T_{C1(0)}Δ_b T^{′′}_1 (0) = T^{′′}_2 (0),

where T^′_1(0) = T^′_2(0) = 0 by (7.75). If the equivalence classes under (7.76) are written [χ], and [χ] = 0 means the vanishing of C^′_1(0), T^{′′}_1 (0) in (7.77), then tf(X^2_η ) = { [χ] /R^{+}} , a[χ] = [χ(a·)], a > 0. In this R^+-action the fact that χ only needs to be defined on [0, ϵ) for some ϵ > 0 is used. To show that X^2_η , given by (7.73), has a natural C^∞ structure and to consider the nature of its boundary hypersurfaces, particularly the two ‘front faces,’ the discussion in §7.1 above can be followed essentially verbatim. In particular the fact that X^2_η is a C^∞ manifold with corners follows directly from the proof of Proposition 7.7.

276 7. Heat calculus

.. .. .......

.............. .

. . . ......

..........

..........

..........

........

.........

..........

..........

.........

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . .

......

......

......

......

......

......

.......

.......

......

......

......

......

...... ...

..........................

..........................

..........................

..........................

.........................

.........................

..........................

.........................

................

........................

........................

........................

.........................

.........................

........................

........................

.........................

................

...........................................................................................

.........................................................................................

tb tf

bf lb rb

t Figure 13. The b-heat space X^2_η .

Exercise 7.21. Extend Exercise 7.6 to show that the interior of tf(X^2_η )

has a vector bundle structure, over Δ_b, and that as a vector bundle it is

canonically isomorphic to^bT X.

Exercise 7.22. Give an abstract definition of a compactification of a

vector bundle, V, over a compact manifold with boundary, X, which applied

to^bT X gives tf(X^2_η ).

The boundary hypersurfaces will be named as indicated in Figure 13.

The left, right and temporal boundaries, lb, rb and tb are respectively the

lifts of [0, ∞)×∂X ×X, [0, ∞)×X ×∂X and {0}×X^2 to X^2_η . The two front

faces introduced by the blow-up are the b-front face, bf, and the temporal

front face, tf . As usual a defining function for the face F will be written ρ_F . As in Lemma 7.8 there are well-defined even and odd subspaces C^∞_{evn}(X^2_η ),

C^∞_{odd}(X^2_η ) ⊂ C^∞(X^2_η ) and these extend to define the spaces of even and odd

sections of any vector bundle on X^2_η which is the lift of a C^∞ vector bundle

on [0, ∞) × X^2_b .

7.5. b-heat calculus.

It should be more or less clear by now how the b-heat calculus will be

defined.

Definition 7.23. For any compact manifold with boundary, X, and

k ∈ −N the space of b-heat pseudodifferential operators acting on b-half-

densitites is

(7.78)

Ψ^k_η(X;^bΩ^{12} ) = { K ∈ ρ^{−( 12 (n+3)−k} tf C^∞(X^2_η ;^bΩ^{12} ); K ≡ 0 at tb ∪ lb ∪ rb } .

The discussion of the density bundle following Exercise 7.9 also extends to b-metrics with only notational changes. Thus the even and odd parts of the b-heat calculus can be defined as in (7.31).

Theorem 7.24. Suppose P ∈ Diff^2_b (X;^bΩ^{12} ) is elliptic with positive principal symbol, then there exists a unique operator H_P ∈ Ψ^{−2}_{η,evn}(X;^bΩ^{12} ) such that

(7.79) (∂_t + P )H_P = 0 in t > 0, H_{P ¯t=0} = Id .

Of course as before it is necessary to make sense of the initial condition in (7.79). To do so, direct extensions of Lemma 7.11 and Lemma 7.13 will be used.

Lemma 7.25. Each A ∈ Ψ^k_η (X;^bΩ^{12} ), k ∈ −N, defines a continuous linear operator (7.80)

A : Ċ^∞(X;^bΩ^{12} ) −→ t^{−1− k2} { u ∈ C^∞([0, ∞) 1_2 × X;^bΩ^{12} ), u ≡ 0 at ∂X }

and if A ∈ Ψ^k_{η,evn}(X;^bΩ^{12} ) then

A : Ċ^∞(X;^bΩ^{12} ) −→ t^{−1− k2} { u ∈ C^∞([0, ∞) × X;^bΩ^{12} ), u ≡ 0 at ∂X } . If k = −2 restriction to t = 0 is given by a multiplication operator (7.81) v −→ Av | |_{t=0} = Φ_A · v, Φ_A = ∫ fibre

A_{¯tf(X}2_{η )}, ∀ v ∈ Ċ^∞(X;^bΩ^{12} ).

Proof: One can follow the proofs of Lemma 7.11 and Lemma 7.13 closely. The operator A in (7.80) acts on v ∈ Ċ^∞(X;^bΩ^{12} ) by lifting v from X to X^2_η , from the right factor, multiplying by the kernel and then pushing forward to [0, ∞) × X. Since v vanishes to all orders at ∂X, when lifted to X^2_η it vanishes to all orders at bf(X^2_η ). Thus the product with the kernel vanishes to all orders at all boundary faces of X^2_η except tf(X^2_η ). The argument of Lemma 7.11 now applies directly. Similarly (7.81) follows from the proof of Lemma 7.13.

This makes sense of the initial condition in (7.79). The construction of H_P proceeds in the expected three main steps. First the Taylor series of the kernel at tf(X^2_η ) is constructed. Then the Taylor series at bf(X^2_η ) is found and finally a convergence argument is used to remove the error term. The first step is just a direct extension of Lemma 7.13. To state it succinctly consider the normal operators by extension from (7.48). Thus

(7.82)

N_{k,η} : Ψ^k_η (X;^bΩ^{12} ) −ı Ċ^∞(tf(X^2_η );^bΩ^{12} ) ∼= S(^bT X;^bΩ^{12} ),

N_{k,η}(A) = t^{12 (n+2+k)}A_{¯tf} .

The surjectivity here follows directly from the definition, (7.78), and in Exercise 7.21 the interior of tf(X^2_η ) is identified with^bT X in such a way that the spaces on the right in (7.82) are identified. In fact, as in (7.49) there is a short exact sequence for each k ∈ −N :

(7.83) 0 −→ Ψ^{k−1}_η (X;^bΩ^{12} ) −→ Ψ^k_η(X;^bΩ^{12} )^{Nk,η}−→ S(^bT X;^bΩ^{12} ) −→ 0.

Exercise 7.26. Write down the sequence analogous to (7.83) for the even part of the calculus and check its exactness.

As in Proposition 7.15 this leads to:

Proposition 7.27. If P ∈ Diff^2_b (X;^bΩ^{12} ) has symbol^bσ(P ), as a translation-invariant operator on the fibres of^bT X, then for each k ∈ −N

(7.84) t(∂_t + P ) · A ∈ Ψ^k_η (X;^bΩ^{12} ) ∀ A ∈ Ψ^k_η(X;^bΩ^{12} )

N_{k,η}(t(∂_t + P )A) = [^bσ(P ) − 1 2 (R + n + 2 + k)]N_{k,η}(A),

where R is the radial vector field on the fibres of^bT X.

Proof: From Proposition 4.4 it follows that P ∈ Diff^2_b(X;^bΩ^{12} ), acting on the left factor of X^2, lifts to P̃ ∈ Diff^2_b (X^2_b ;^bΩ^{12} ). Then the further lift of t(∂_t + P̃ ) from [0, ∞) × X^2_b to X^2_η exactly parallels the proof of Proposition 7.15. It is even possible to think of the formula for the normal operator in (7.84) as following by continuity.

Now notice that the first step in the construction of H_P , as desired in Theorem 7.24, follows exactly the construction starting with (7.53) and finishing with (7.62) in the boundaryless case; where^bσ(P ) is elliptic on the fibres of^bT X. This gives the analogue of (7.43). Since it is only the first step in the construction of a parametrix, in this case we denote this partial parametrix G^{(1)}. Thus (7.85)

G^{(1)} ∈ Ψ^{−2}_η (X;^bΩ^{12} ) satifies { (∂_t + P )G^{(1)} = R^{(1)} ∈ Ψ^{−∞}_η (X;^bΩ^{12} )

G^{(1)} | |_{t=0} = Id .

The serious difference is that the remainder term here, in Ψ^{−∞}_η (X;^bΩ^{12} ), is not a smoothing operator. Rather directly from (7.78) it is clear that

(7.86) Ψ^{−∞}_η (X;^bΩ^{12} ) = Ċ^∞([0, ∞); Ψ^{−∞}_b (X;^bΩ^{12} ))

is (using the freedom to cancel off |dt/t|^{12} ) just a b-pseudodifferential operator, in the small calculus of order −∞, depending smoothly on t and vanishing to infinite order at t = 0.

The next, new, step is to remove the Taylor series at bf(X^2_η ). As is implicit in (7.86) it is natural to think of these kernels as defined on [0, ∞) × X^2_b . Thus the problem is to find

(7.87)

G^{(2)} ∈ Ψ^{−∞}_η (X;^bΩ^{12} ) s.t. (∂_t + P )G^{(2)} = R^{(1)} + R^{(2)},

R^{(2)} ∈ Ċ^∞([0, ∞) × X^2;^bΩ^{12} ).

Here R^{(1)} is the remainder term in (7.85) and the remainder R^{(2)} is just an element of Ψ^{−∞}_η (X;^bΩ^{12} ) with kernel vanishing to infinite order at bf(X^2_η ), as well as tf(X^2_η ), and therefore C^∞ on [0, ∞)×X^2 and vanishing to infinite order at all (finite) boundaries.

The first stage in (7.87) is clear enough. Namely the indicial equation on [0, ∞) × bf(X^2_b ),

(7.88) (∂_t + I(P ))I(G^{(2)}) = I(R^{(1)}),

should be solved. Here a boundary defining function can be chosen giving a decomposition bf(X^2_b ) ≃ ~X × ∂X so that (7.88) is just the heat equation for the indicial operator of P.

Proposition 7.28. If Q ∈ Diff^2_{b,I}( ~X;^bΩ^{12} ) is elliptic with positive principal symbol then the equation

(7.89) ( ∂ ∂t + Q)u = f t > 0 has, for each forcing function f ∈ t^∞C^∞([0, ∞)× ~X;^bΩ^{12} ), a unique solution u ∈ t^∞C^∞([0, ∞) × ~X;^bΩ^{12} ).

Proof: As in the elliptic case, examined in Chapter 5, it is natural to take the Mellin transform. Then (7.89) becomes

(7.90) (∂_t + Q(λ))u_M (λ) = f_M (λ) ∈ Ċ^∞([0, ∞) × ∂X), where f_M (λ) is entire in λ, and vanishes rapidly with all derivatives as | Re λ| −→ ∞ with | Im λ| bounded. A solution of the same type is needed. Certainly the solution exists because Q(λ) is an elliptic operator on ∂X with principal symbol^bσ(Q)_{¯λ=0} independent of λ. Thus the existence of a unique solution to (7.90), for each λ, follows from the construction of the heat kernel above, i.e. Theorem 7.12. The construction of the heat kernel exp(−tQ(λ)) is clearly locally uniform in λ, so the solution is holomorphic in λ. It remains to show that u_M (λ) is rapidly decreasing at real infinity in λ. However to see this it suffices to apply the discussion above to a parametrix for exp(−tQ(λ)) which has an error term which vanishes rapidly at real infinity. This is exactly what I(G^{(1)}) gives. The proof of Proposition 7.28 is therefore complete.

Proof of Theorem 7.24: Thus, by taking the Mellin transform, (7.88) can be solved with solution the indicial operator of G^{(2)}_1 ∈ Ψ^{−∞}_η (X;^bΩ^{12} ). This first step towards the construction of G^{(2)} can be iterated. Thus G^{(2)}_1 should satisfy

(∂_t + P )G^{(2)}_1 = R^{(1)} + R^{(2)}_1 with

R^{(2)}_1 ∈ Ċ^∞([0, ∞); ρ_{bf} Ψ^{−∞}_b (X;^bΩ^{12} )), G^{(2)}_1 ∈ Ċ^∞([0, ∞); Ψ^{−∞}_b (X;^bΩ^{12} )).

Since R^{(2)}_1 is an element of the small calculus its kernel vanishes to infinite order at the left and right boundaries of X^2_b . Thus ρ_{bf} can be replaced just as well by x^′ and, this being a parameter in the equation, division by x^′ is permissbile the equation for G^{(2)}_2 takes the form

(∂_t + I(P ))I(G^{(2)}_2 ) = I(R^{(2)}_1 /x^′),

which is just (7.88) again. Proceeding iteratively this constructs the Taylor series of G^{(2)} at bf(X^2_b ) exactly as required to give (7.87). This completes the Taylor series part of the construction of H_P and G = G^{(1)} − G^{(2)} ∈ Ψ^{−2}_η (X;^bΩ^{12} ) has been found such that

(∂_t + P )G = R ∈ Ċ^∞([0, ∞) × X^2;^bΩ^{12} ), G | t=0 = Id .

The remainder term here is a Volterra operator in a very strong sense, since its kernel vanishes to infinite order not only at t = 0 but at both boundaries of X^2. The usual iteration procedure, as discussed above, therefore gives a convolution inverse to Id +R, of the form Id +S with S ∈ Ċ^∞([0, ∞) × X^2;^bΩ^1_2 ) as well. Then the operator, the existence of which is claimed in Theorem 7.24, is

H_P = G^{(1)} − G^{(2)} + (G^{(1)} − G^{(2)}) ∗ S.

7.6. Bundle coefficients 281

The first two terms are, by construction, in the b-heat calculus. The final term is easily seen, from Lemma 7.18 and the properties of S, to have kernel in Ċ^∞([0, ∞) × X^2;^bΩ^{12} ), so it is in the b-heat calculus as well.

This proves the existence part of Theorem 7.24. The uniqueness follows as before, so is left as an exercise. It is most important to note, for use in the proof of the APS theorem, that the third equation in (In.23) has now been proved. Namely

(7.91) I(exp(−tP ))(λ) = exp(−tI(P )(λ)).

The relative simplicity of the construction of the heat kernel for P a b-differential operator should not be lost in the detail here. It amounts to essentially no more than the constructions in the b-calculus plus the construction in the heat calculus. This is the main point of presenting them in a reasonably unified form.

7.6. Bundle coefficients.

As usual the discussion above has been limited to operators on halfdensities for simplicity. There are two extensions that will now be made. The first is the addition of bundle coefficients. As with the other calculi this is mainly a matter of notation, since by construction the calculus is coordinate-invariant so can be localized easily. Thus the main space of heat pseudodifferential operators is, for a bundle E, obtained as in (5.156):

(7.92)

Ψ^{−k}_H (X; E)^{def}=

Ψ^{−k}_H (X;^bΩ^{12} ) ⊗_C∞_{(X}2_{H )} C^∞(X^2_H ; π^∗_{H,X} Hom(E ⊗ Ω^{− 12} ).

Notice that Hom(E ⊗ B) is naturally isomorphic to [E ⊗ B] � [E^′ ⊗ B^′], for any line bundle B. For B = Ω^{− 12} the extra factor of E^′ ⊗ Ω^{12} on the right in (7.92) has the effect of turning a section of E into a section of Ω^{12} . The factor of E ⊗ Ω^{− 12} on the left turns a section of Ω^{12} back into a section of E. Thus (7.34) is replaced by

(7.93) Ψ^{−k}_H (X; E) ∋ A : C^∞(X; E) −→ t^{− k2 −1}C^∞([0, ∞) 1_2 × X; E).

The spaces of even and odd operators have similar definitions.

All the results above extend to the case of bundle coefficients. The main result, Theorem 7.12, extends immediately under the assumption that the principal symbol is diagonal since then the inversion of the normal operator proceeds exactly as in the scalar case. Similar remarks apply to b-metrics with the general space being

Ψ^{−k}_η (X; E)^{def}=

Ψ^{−k}_η (X;^bΩ^{12} ) ⊗_C∞_{(X}2_{η )} C^∞(X^2_η ; β^∗_η Hom(E ⊗^bΩ^{− 12} ; E ⊗^bΩ^{− 12} ).

For purposes of the next section it is convenient to extend the main result a little further by the introduction of some complex scaling.

Theorem 7.29. If P ∈ Diff^2_b(X; E) has diagonal principal symbol given by an exact b-metric on X then for any a ∈ C with Re a > 0 the heat equation (∂_t + aP )u = 0 in (0, ∞) × X u_{¯t=0} = u_0 ∈ Ċ^∞(X; E)

has a unique solution u ∈ C^∞([0, ∞) × X; E) and the operator so defined, C^∞(X; E) ∋ u_0 −→ u = exp(−taP ), is an element of Ψ^{−2}_{η,evn}(X; E).

Proof: If a = 1 this is a straightforward extension of Theorem 7.24 as in the boundaryless case just discussed. So consider the more general case of a ∈ C with positive real part but with ∂X = ∅. Again reviewing the proof above, the only point at which the constant a appears significantly is in the inversion of the normal operator. Since the symbol is diagonal this reduces the question to the scalar case with P the standard Laplacian on

R^n. The constant can be viewed as complexification of the time variable,

i.e. t is replaced by at by continuity from the case a = 1 through Re a > 0. Thus (7.57) should be replaced by

N_{H,−2}(G^{(0)}) = 1 (2πa)^{n2} exp ( − |X|^2 4a )

which is the unique tempered solution of [ a(D^2_1 + · · · + D^2_n) − 1 2 (R + n) ] N_{H,−2}(G^{(0)}) = 0 ∫ fibre

N_{H,−2}(G^{(0)}) = 1,

the replacement for (7.56). The iterative equation replacing (7.60) again has a unique solution in the Schwartz space. Thus the construction proceeds essentially as before.

The extension of this to b-metrics reduces to the same normal problem, together with the solvability of the indicial family, but this is of the same type for the boundaryless case, just discussed. Thus the theorem follows from a review of the proof of Theorem 7.12.

Proposition 7.30. If A ∈ Diff^1_b(X; E, F ) is elliptic and its adjoint, A^∗, with respect to Hermitian structures on the bundles E, F and a nonvanishing b-density on X, is such that A^∗A and AA^∗ have diagonal principal symbols then the heat kernels of A^∗A and AA^∗ are related by

(7.94) A exp(−tA^∗A) = exp(−tAA^∗)A in t > 0.

Proof: If u ∈ Ċ^∞(X; E) then u(t) = exp(−tA^∗A)u is the unique C^∞ solution to ∂_tu(t) + A^∗Au(t) = 0 in t > 0, u(0) = u.

Applying A to this equation shows that Au(t) satisfies ∂ ∂t Au(t) + AA^∗(Au(t)) = 0, Au(0) = Au. From the uniqueness of the solution to the initial value problem for this heat equation (7.94) follows.

The identity (In.15) is an immediate consequence of this result.

Exercise 7.31. Show that even the assumption that the principal symbol is diagonal is by no means necessary for the construction, i.e. any P ∈ Diff^2_b (X; E) with the property that P^∗ + P is elliptic of order 2 has a well-defined heat kernel exp(−tP ) ∈ Ψ^{−2}_b (X; E). How would you go about extending this to operators of even order greater than 2?

7.7. Long-time behaviour, Fredholm case.

It remains to analyze the behaviour of the heat kernel as t → ∞. In the boundaryless case this is quite straightforward, but in the case of bmetrics a little more effort is needed to get a reasonably precise description of the kernel. As usual we prove much more than is strictly necessary for a minimal proof of the APS theorem. For the boundaryless case the heat kernel has a complete asymptotic expansion in exponentials as t → ∞ arising from the discrete spectrum. Following Seeley [80] this can be deduced from appropriate asymptotic information about the resolvent. The same approach will be used in the case of a b-differential operator.

Since the heat kernel has already been constructed for short times it is convenient to use it to find a uniform parametrix for the resolvent for large values of the parameter. In the first instance for the boundaryless case, taking P ∈ Diff^2(X; E), consider the Laplace transform of the heat kernel, cut off at a finite time to ensure convergence:

(7.95) G(λ) = ∞∫ 0 e^{tλ} exp(−tP )ϕ(t)dt, where ϕ ∈ C^∞_c ([0, ∞)) has ϕ(t) = 1 in t < 1. Certainly G(λ)ψ is well-defined by (7.95), for each ψ ∈ C^∞(X; E), with the integral absolutely convergent. Thus G(λ) is weakly entire in λ as an operator on C^∞(X; E). Applying P and using (7.40) gives

(7.96) (P − λ)G(λ)ψ = ψ − R(λ)ψ with R(λ) = ∞∫ 0 e^{tλ} exp(−tP )ϕ^′(t)dt.

Since ϕ^′ ∈ C^∞_c (R^+) the remainder here is an entire function of λ with values in the smoothing operators. Moreover in the conic region (7.97) Re λ < −ϵ|λ|, ϵ > 0 it is rapidly decreasing as a function of λ, in the uniform sense that all the C^N norms on the kernel decay rapidly as |λ| → ∞. This implies in particular that the norm as an operator on L^2 is small for |λ| large, so the Neumann series converges and gives

(7.98)

(Id −R(λ))^{−1} = Id −S(λ) with S(λ) = ∞∑ 1 R^j(λ) = R(λ) + R^2(λ) + R(λ)S(λ)R(λ).

The second identity here, together with the fact that the smoothing operators are a semi-ideal in the bounded operators on L^2 (see (5.110)), shows that S(λ) is also a smoothing operator which is rapidly decreasing as |λ| → ∞ in the region (7.97). Then

(7.99) (P − λ)^{−1} = G(λ) − G(λ) · S(λ)

gives a useful representation of the resolvent.

Although the representation (7.99) is restricted to the region (7.97), Theorem 7.29, in the boundaryless case, gives a similar representation, in the complement of some disc in C intersected with any closed sector of angle strictly less than π which does not contain [0, ∞). The composite operator G(λ) · S(λ) in (7.99) is again a smoothing operator.

To bound the last term in (7.99) some bound on G(λ) is needed. The uniqueness of the resolvent means that G(λ) is a pseudodifferential operator. It is useful to see this directly, in particular to get a uniform statement near infinity. So consider the definition (7.95) as a formula for the Schwartz kernel of G(λ) :

(7.100) G(y, y^′, λ) = ∞∫ 0 e^{tλ}H_P (t, y, y^′)ϕ(t)dt.

Given the structure of H_P as an element of the heat calculus it is natural to consider the lift of the right side of (7.100) to X^2_H , the heat space. Away from the diagonal, (7.100) shows that G(y, y^′, λ) is uniformly rapidly decreasing as a smoothing operator as |λ| → ∞. Near the diagonal the projective, parabolic, coordinates (7.36) can be used. Suppressing both the bundle coefficients and the density factors this means that

(7.101) G(y, y^′, λ) = ∞∫ 0 e^{tλ}t^{− n2} h(t^{12} , y − y^′ t^{12} , y^′)ϕ(t)dt,

where h is C^∞ in all arguments and rapidly decreasing with all derivatives in the second argument. Localizing in y − y^′, by multiplying by a compactlysupported cut-off factor χ(y − y^′) does not change the structure of (7.101), so the Fourier transform can be written: a(η, λ, y^′) = ∫ e^{i(y−y′)·η}G(y, y^′, λ)χ(y − y^′)dy = ∫ e^{tλ+i(y−y′)·η}t^{− n2} h(t^{12} , y − y^′ t^12 , y^′)ϕ(t)dtdy. Changing the variable of integration from y to (y − y^′)/t^{12} this becomes a(η, λ, y^′) = ∫ e^{tλ}^h(t^{12} , t^{12} η, y^′)ϕ(t)dt, where the Fourier transform of h is taken in the second set of variables. Now set λ = r^2α with |α| = 1 and change variable of integration to s = rt^{12} giving

(7.102) a(η, λ, y^′) = r^{−2} ∫ e^{αs2} ^h(s/r, sη/r, y^′)ϕ( s^2 r^2 )2sds. In this form it is easy to see that the full symbol of G satisfies symbol estimates in η uniformly as r = |λ|^{12} → ∞. Indeed from (7.102), |λ|a(η, λ, y^′) is uniformly bounded in a region where Re α < 0. Applying any one of the vector fields η_j ∂ ∂η_k , ∂ ∂y^′_k , r ∂ ∂r to (7.102) gives an integral of the same type. This means that a satisfies the uniform symbol estimates |D^β_η D^p_r D^γ_y′ a(η, r^2α, y^′)| ≤ C_{β,p,γ,δ}r^{−2}(1 + |η|)^{−|β|} in r > 1, Re α < −δ for any δ > 0.

Thus G(λ) is uniformly O(|λ|^{−1}) as |λ| → ∞ as a pseudodifferential operator of order 0. In particular the second term in (7.99) is rapidly decreasing as a smoothly operator as |λ| → ∞. In consequence, (P − λ)^{−1} satisfies the same estimates as G(λ), in any subset of C which does not meet the spectrum of P and in which | arg λ| ≥ ϵ > 0 for |λ| large.

Exercise 7.32. Using this argument show that the resolvent is, in the same sets, uniformly a pseudodifferential operator of order −2 (without any vanishing in the estimates as |λ| → ∞.)

Having obtained uniform estimates, as a pseudodifferential operator, on the resolvent of P the argument above can be reversed to study the longtime behaviour of the heat kernel. From the fact that exp(−tP ) is a semigroup and that it is bounded for some positive t = T as an operator on L^2, the L^2 operator norm is at most exponential: ‖ exp(−tP )‖ ≤ C exp(At). Thus if λ in (7.95) is taken to have real part strictly less than −A the integral converges, without the cut-off function, to the resolvent:

(7.103) (P − λ)^{−1} = ∞∫ 0 e^{tλ} exp(−tP )dt, Re λ = −A − 1.

Now as a function of Im λ this is just the Fourier transform of a function (even if operator valued) which is tempered, even square integrable. Thus this Fourier-Laplace transform can be inverted to give:

exp(−tP ) = 1 2πi ∫ Re λ=−A−1 e^{−tλ}(P − λ)^{−1}dλ.

Alternatively one can justify this representation directly.

7.7. Long-time behaviour, Fredholm case 287

................................................................................................................................................................................................................................................................................................................................................. .......

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ......

× × Re λ

Im λ

−A − 1 B ...... . ...... .. ....... . ...... . ...... . ...... . ...... .. ....... . ...... . ...... . ....... . ...... . ...... . ...... .

. ...... .. ....... . ...... . ...... . ...... . ...... .. ....... . ...... . ...... . ....... . ...... . ...... . ...... .

..... .. ..... .. ..... .. ..... .. ..... . ..... .. ..... .. ..... .. ..... .. ..... . ..... .. ..... .. ...

.. ..... .. ..... .. ..... .. ..... . ..... .. ..... .. ..... .. ..... .. ..... . ..... .. ..... .. ...

Figure 14. The contours in (7.104) and (7.106).

Using the estimates on the resolvent the integral in (7.103) can be moved,

for t > 0, to a contour, γ_A, on which the exponential is decreasing at infinity,

so giving absolute convergence:

(7.104) exp(−tP ) = 1 2πi ∫ γ_A e^{−tλ}(P − λ)^{−1}dλ.

For example γ_A can be taken as in Figure 14, inward along a line segment

of argument −δ,^1_2 > δ > 0 with end point at (−A − 1, 0) and outward

along a segment of argument δ from this point. Now the contour can be

moved to a similar one, γ_B , where the end point is at (B, 0) for some B > 0

except for the finite number of poles of the resolvent, i.e. eigenvalues, of

P crossed in between (choosing (B, 0) so that γ_B does not itself hit any

poles). Thus, noting that the poles have order 1, if P is self-adjoint

(7.105) exp(−tP ) = ∑ finite e^{−tλj} P_j + R_B(t), where the P_j are the finite rank self-adjoint projectors onto the eigenspaces for eigenvalues less than B and

(7.106) R_B(t) = 1 2πi ∫ γ_B e^{−tλ}(P − λ)^{−1}dλ.

The estimates on the resolvent show that R_B(t) is exponentially decreasing as a smoothing operator, i.e. its kernel satisfies |∂^k_t QR_B(t, y, y^′)| ≤ C_{k,Q}e^{−tB′} , B^′ < B ∀ k ∈ N, Q ∈ Diff^∗(X; E). This proves a result which is more than strong enough to handle the behaviour of the trace of the heat semi-group as t → ∞ :

Proposition 7.33. If ∂X = ∅ and P ∈ Diff^2(X; E) has diagonal principal symbol given by a metric and is self-adjoint then the heat kernel has a complete expansion (7.105), as t → ∞, with remainders exponentially decreasing smoothing operators.

Exercise 7.34. State and prove an extension of Proposition 7.33 when the assumption of self-adjointness is dropped.

In fact this argument is a rather cumbersome way to prove the existence of the expansion. However it has the advantage of extending relatively easily to b-metrics, for an operator P as in Theorem 7.29. Indeed the argument leading to the representation (7.96) is valid without essential change.

Following the notation of §6.7, write the formula (7.95), in the case of a b-metric, as

(7.107) G_s(λ) = ∞∫ 0 e^{tλ} exp(−tP )ϕ(t)dt.

In any finite interval [T, T^′], with 0 < T < T^′, the heat kernel is a smooth function with values in the small-residual space Ψ^{−∞}_b (X; E). Thus it follows as before that the remainder term, now denoted R_s(λ), in (7.96), is entire in λ and rapidly decreasing at infinity in the set (7.97), with values in Ψ^{−∞}_b (X; E). The estimates on G_s(λ) are also very similar. The heat kernel near t = 0 needs to be lifted to X^2_η in (7.100) but the remainder of the analysis proceeds unaltered to show that λG_s(λ) is uniformly an element of Ψ^0_b (X; E) in the set (7.97). The complex scaling argument also allows this sector to be rotated, provided it does not meet the positive real axis.

The crucial difference in the case of a b-metric is, as always, that the remainder is not compact. To make it so the indicial equation needs to be solved uniformly.

Lemma 7.35. Let Y be compact without boundary and suppose Q ∈ Diff^2(Y ; E) is self-adjoint with diagonal principal symbol given by a metric then for any ϵ, r > 0 there exists R such that if (7.108) Z_{r,ϵ} = {λ ∈ C ; |λ| > R, arg z /∈ [−ϵ, ϵ]} then (Q − λ + z^2)^{−1} is holomorphic for (7.109) | Im z| < r, λ ∈ Z_{r,ϵ} and uniformly bounded in Ψ^0(Y ; E).

Proof: If | Im z| < r then for a given δ > 0 there exists R > 0 such that z^2 + R lies in the sector | arg(z^2 + R)| ≤ δ. Thus for R in (7.108) large enough (7.109) implies that λ − z^2 does not have argument in [−δ, δ] so the uniformity of the resolvent in (7.109) follows from the discussion above.

Now, choosing a boundary defining function, consider a correction term, G_B(λ), chosen to remove the indicial family of the remainder in (7.96):

(7.110) I_ν (G_B(λ), z) = (Q − λ + z^2)^{−1}I_ν (R_s(λ), z),

where z is the Mellin variable and λ the spectral variable. The estimates on R_s(λ) imply that the right side of (7.110) is holomorphic in the intersection of the set (7.109) with the sector in which R_s(λ) is rapidly decreasing, takes values in the smoothing operators and is rapidly decreasing as |λ|+|z| → ∞ in this set. Taking the inverse Mellin transform in z it follows that there exists a b-pseudodifferential operator in the class (5.104), i.e. (7.111) G_B(λ) ∈ ~Ψ^{−∞,(r,r)}_{b,∞} (X; E), |λ| > R, arg λ ∈ [α, β] satisfying (7.110). Here the weight, r, in the calculus with bounds, arises from the width in (7.109) of the domain of holomorphy. The sector in (7.111) has angle less than π and does not meet the positive real axis; R depends on r and the family is uniformly rapidly decreasing as |λ| → ∞ in the sector, as an element of the calculus with bounds.

Now (7.96) is replaced by

(7.112) (P − λ)[G_s(λ) + G_B(λ)] = Id −R_r (λ),

where for |λ| > R in the appropriate sector the remainder term is rapidly decreasing as |λ| → ∞ as an element of the finitely residual calculus:

(7.113) R_r(λ) ∈ ρ^ϵ_{lb} ρ^ϵ_{rb}H^∞_b (X^2;^bΩ^{12} )

in case E =^bΩ^{12} and similarly in general, see §5.24. It is now straightforward to prove an analogue of Proposition 7.33:

Proposition 7.36. If P ∈ Diff^2_b(X; E) is self-adjoint with diagonal principal symbol given by an exact b-metric and has indicial family with respect to the metric trivialization of the form Q+z^2 with Q having least eigenvalue σ_0 > 0, then the heat kernel of P has a decomposition for large t :

(7.114) exp(−tP ) = ∑ finite e^{−tλj} P_j + R_∞(t), where the P_j are the finite rank projections onto the eigenspaces of P with λ_j < σ_0 and there exist ϵ, δ > 0 such that exp(δt)R_∞(t) is uniformly bounded, with all its t-derivatives, with values in

(7.115) ρ^ϵ_{lb}ρ^ϵ_{rb}H^∞_b (X^2; Hom(E ⊗^bΩ^{− 12} ) ⊗^bΩ^{− 12} ).

Proof: The proof of Proposition 7.33 can be followed quite closely. First the identity (7.112) gives a uniform bound on the resolvent for λ large, in any sector away from the positive real axis, using (7.98) to estimate the correction term and noting Proposition 5.38 which shows that the (finitely) residual space of the calculus with bounds does form a semi-ideal in the bounded operators. Thus we conclude that in any closed sector not meeting the positive real axis and of angle less than π the resolvent has a decomposition

(7.116) (P − λ)^{−1} = G_s(λ) + G_B(λ) + G_r(λ)

where G_s(λ) is defined by (7.107), G_B(λ) is chosen to satisfy (7.110) and (7.111) and the third term is

(7.117)

G_r(λ) = (P − λ)^{−1}S(λ) where (Id −R_r (λ))^{−1} = Id +S(λ).

Thus G_r(λ) takes values in the space (7.115) and is rapidly decreasing, in this space, as |λ| → ∞ in the sector.

The behaviour of the resolvent in any finite part of the complex plane is discussed in §6.7. In particular the representation (7.104) can be recovered. The contour cannot be moved across the bottom of the continuous spectrum [σ_0, ∞) of P, so one should take B < σ_0 in (7.106). Cauchy’s formula gives the finite rank part of (7.114) and the estimates on the remainder follow as before.

Notice that the heat kernel itself is in the small-residual calculus, uniformly as a function of t in any finite closed subinterval of (0, ∞). In particular it is uniformly rapidly decreasing at the left and right boundaries of X^2_b . However as t → ∞ the ‘heat’ eventually starts to arrive at these boundaries and the exponential expansion at infinity in terms of the eigenvalues below the continuous spectrum gives only finite order decay at these boundaries.

7.8. Long-time behaviour, non-Fredholm case.

The results of this section are not needed in the proof of the APS theorem but they are used, in Chapter 9, in the extension of the definition of global invariants, such as the analytic torsion and the eta invariant, from the boundaryless case to the case of manifolds with exact b-metrics.

In case the hypotheses of Proposition 7.36 are fulfilled, except that P_∂ has least eigenvalue 0, the behaviour of the heat kernel as t → ∞ is not as simple as (7.114). In particular there is considerable non-uniformity near the boundary. The main result needed below concerns the b-trace of the heat kernel.

Proposition 7.37. Under the hypotheses of Proposition 7.36, except that P_∂ has smallest eigenvalue 0, [0, 1) ∋ s −→ b-Tr_ν(exp(−s^{−2}P )) is C^∞ down to s = 0 with

(7.118) lim_{t→∞} b-Tr_ν (exp(−tP )) = 1 2 (N_1 + N_2),

where N_1 = dim null(P, 0) is the dimension of the null space of P acting on H^∞_b (X; E) and N_2 is the dimension of the null space of P acting on C^∞(X; E) + H^∞_b (X; E).

Note that if P = A^∗A with A ∈ Diff^1_b(X; E, F ) then the integers in (7.118) are, respectively, the dimensions of the null space of A acting on H^∞_b (X; E) and x^{−ϵ}H^∞_b (X; E) for ϵ > 0 sufficiently small.

Proof: The representation (7.104) remains valid, as does the discussion of the asymptotic behaviour of the resolvent. In particular the decomposition (7.116) will be used. Let ~G(λ) = (P_λ)^{−1} − G_s(λ) be sum of the second two terms in (7.116). Since G_s(λ) was obtained, in (7.107), by Laplace transformation of the cut-off heat kernel it case it makes no contribution to the kernel for large t. Thus we only need to consider

(7.119) H^′_P (t) = 1 2πi ∫ γ_A e^{−tτ} ~G(τ )dτ. Choose χ ∈ C^∞(R) with χ(r) = 1 in r <^1_2 B and χ(r) = 0 in r >^3_4 B.

Inserting this into (7.119) gives

(7.120)

H^′_P (t) = H_1(t) + H_2(t) where

H_1(t) = 1 2πi ∫ γ_A χ(Re τ )e^{−tτ} ~G(τ )dτ and

H_2(t) = 1 2πi ∫ γ_A (1 − χ(Re τ )) e^{−tτ} ~G(τ )dτ.

In the second term the integrand is uniformly in the calculus with bounds, with a uniformly positive exponent and the real part of τ is strictly positive so, just as in the proof of Proposition 36, its b-trace is exponentially decreasing in t with all derivatives; in particular

b-Tr_ν ( H_2(s^{−2}) ) ∈ C^∞([0, 1))

vanishes with all its derivatives at s = 0. Thus it is only necessary to examine H_1(t), involving the part of the integral near τ = 0.

We proceed as before, to move the contour. Of course the integrand is no longer holomorphic and convergence near the spectrum needs to be considered, so we replace γ_B by the simpler contour Im z = δ > 0, where τ = z^2 and Im z > 0 is the physical region. The non-holomorphic form of Cauchy’s formula gives:

(7.121)

H_1(t) = H^′_1(t) + H^{′′}_1 (t)

H^′_1(t) = 1 2πi ∫ Im z=δ χ(Re τ )e^{−tτ} ~G(τ )dτ

H^{′′}_1 (t) = 1 2πi ∫ ∫ S(A,δ) ∂χ(Re τ )e^{−tτ} ~G(τ )dτ ∧ dτ.

Here S(A, δ) is the region between γ_A and Im z = δ, where δ is taken small.

First consider the limit as δ ↓ 0 of the b-trace of H^′_1(t). To do so recall the structure of the kernel of ~G(z^2) from the construction in §6.7 and its revision in §7.7, see in particular (7.110) and (7.111). For the moment we shall suppose that P has no null space on L^2, so the resolvent has only a single pole at z = 0. We only need to consider ~G near the diagonal. There it decomposes into two terms:

(7.122) ~G = G_B + G_r =⇒ H^′_1(t) = H^′_B(t) + H^′_r(t).

First consider G_B which arises from the inversion of the indicial operator. It is C^∞ near the lifted diagonal in X^2_b and meromorphic near z = 0 with just a simple pole at z = 0. Introducing z as variable of integration, the first term in the corresponding decomposition of the b-trace is

(7.123) b-Tr_ν (H^′_B(t)) = 1 πi ∫ Im z=δ e^{−tz2} f_1(z)dz.

Here f_1(z) = zχ(z) b-Tr_ν (G^′_1) is C^∞ in Re z uniformly as δ ↓ 0 and has uniformly compact support. Thus the integral converges as δ ↓ 0 and changing variable to z = sZ, t = 1/s^2, gives

(7.124) lim_{δ↓0} b-Tr_ν ( H^′_B(s^{−2}) ) = s 1 πi ∞∫ −∞ e^{−Z2} f_1(sZ)dZ.

Clearly this is s times a C^∞ function of s^2.

Next consider the term in the b-trace which arises from G_r. This is the leading part of the term in the residual calculus and is of the form Φ^′_2(z)(xx^′)^{−iz}χ^′(x)/z, with Φ^′_2 taking values in the smoothing operators on the boundary and having a simple pole at z = 0 and where χ^′(x) localizes near the boundary. This term is trace class for Im z = δ > 0 but not uniformly down to δ = 0. As in (7.123)

(7.125) b-Tr_ν (H^′_r(t)) = 1 πi ∫ Im z=δ e^{−tz2} χ(Re z)f^′_2(z) ∫ χ^′(x)x^{−2iz} dx x dz.

For δ > 0 the integrals converge absolutely, so the order can be freely changed. Introducing z = sZ as before and Ξ = 2s log x

b-Tr_ν ( H^′_r(s^{−2}) ) = 1 2πi ∫ χ^′(exp( Ξ 2s )B_2(s, Ξ)dΞ

(7.126)

B_2(s, Ξ) = ∫ Im Z=δ/s e^{−Z2} f_2(sZ)e^{−iZΞ}dZ. (7.127)

Here again f_2 is uniformly C^∞ and of compact support as δ ↓ 0. Taking the limit δ → 0 (7.127) can be regarded as the Fourier transform of exp(−Z^2)f_2(sZ) which is uniformly in Schwartz’ space S(R) and depends smoothly on s. Thus B_2(s, Ξ) is uniformly rapidly decreasing in the second variable, with all derivatives. Inserting this into (7.126) shows that b-Tr_ν ( H^′_r(s^{−2} ) is a C^∞ function of s down to s = 0. Note that the extra factor of s has been absorbed in the change of variable from log x to Ξ.

Consider next the part H^{′′}_1 (t) of the heat kernel near t = ∞ in (7.121). This can be treated in exactly the same way, by dividing considering the two terms. The important difference is that the complex derivative of χ(Re τ ) has support in a region | Re z| ≥ B/4 > 0. It follows that both three terms are smooth in s = t^{− 12} but rapidly decreasing (in fact exponentially decreasing) as t → ∞, so in particular they vanish to infinite order at s = 0.

This completes the proof of the regularity statement on the b-trace of the heat kernel under the assumption that there is no L^2 null space. If there is such a term then, by Proposition 6.28, it contributes a simple pole in τ at τ = 0 with residue the projector onto the eigenspace. This just adds a constant term, equal to the dimension of the L^2 null space, to the b-trace. The only other source of a constant term as t → ∞ is H^′_r(t) in the decomposition (7.122). From (7.126) and (7.127)

(7.128) lim_{t→∞} b-Tr_ν (H^′_r(t)) = 1 2πi ∫ B^′(0, Ξ)dΞ = 1 2 f_2(0).

From Proposition 6.32 if follows that f_2(0) = N_2 − N_1 is the dimension of the boundary data of the null space of P on C^∞(X; E) + H^∞_b (X; E).

Chapter 8. Local index theorem

The cancellation between the expansions at t = 0 of the traces of the two heat kernels in (In.18) will be discussed using a rescaling argument due to Getzler. Although, as in [34], this can be carried out in local coordinates it is interpreted globally here. To do so the process of scaling, or rescaling, a vector bundle at a boundary hypersurface of a compact manifold with corners is examined. Such rescaling takes into account some jet information at the hypersurface. Getzler’s rescaling of the homomorphism bundle of the spinor bundle, lifted to the heat space, is of this type and will be used to prove the local index theorem. As usual the point of giving a general treatment (rather than just a computation in local coordinates) is that it can be carried over to other settings. In particular the extension to the bsetting is immediate. The integral defining the eta invariant is interpreted as a b-integral in this way (in fact it converges absolutely). These rescaling arguments are used in the next chapter to discuss the convergence of the integral for the eta invariant on an odd dimensional exact b-spin manifold and also to extend the analytic torsion of Ray and Singer (see [30]) to this class of complete Riemann manifolds.

8.1. Simple rescaling.

Suppose first that X is a manifold with boundary and E is a vector bundle over X. One can easily recover the fibres of the vector bundle from the space of all C^∞ sections. Indeed if p ∈ X consider I_p · C^∞(X; E) = {u ∈ C^∞(X; E); u(p) = 0}. The notation here suggests that if I_p = {f ∈ C^∞(X); f(p) = 0} then u ∈ C^∞(X; E), u(p) = 0 ⇐⇒ u = ∑ finite f_j u_j, f_j ∈ I_p, u_j ∈ C^∞(X; E)

and this is easily seen to be the case. Clearly then

(8.1) E_p = C^∞(X; E) / I_p · C^∞(X; E). It turns out that this is rather a useful way to construct vector bundles, starting from the putative space of all sections. The following construction is a special (and frequently encountered) case of the general rescaling process described below. Let E be a vector bundle over X and suppose that at the boundary E has a subbundle:

(8.2) F ⊂ E_{¯∂X} is a subbundle.

Then consider the space (8.3) D = {u ∈ C^∞(X; E); u_{¯∂X} ∈ C^∞(∂X; F )} , just consisting of the sections of E which take values in F at the boundary. Observe that D has many of the properties of C^∞(X; E). For instance it is a C^∞(X)-module, C^∞(X) · D = D. In fact it is the space of all sections of a vector bundle:

Proposition 8.1. If (8.2) holds then D, given by (8.3), defines a vector bundle through

(8.4)^FE_p = D / I_p · D ∀ p ∈ X,^FE = ⨆ p∈X FE_p with a natural C^∞ structure and bundle map ι_F :^FE −→ E which is an isomorphism over the interior and such that

(8.5) ι^∗_F D = C^∞(X;^FE).

Proof: The vector bundle,^FE, with its C^∞ structure is defined by analogy with (8.1). With the fibres defined by (8.4) there is an obvious map

(8.6) ι_F : D / I_p · D =^FE_p −→ E_p = C^∞(X; E) / I_p · C^∞(X; E) which is just evaluation of u ∈ D at p. Over the interior of X, (8.6) is an isomorphism. Suppose p ∈ ∂X and let u_1, . . . , u_N be a local, C^∞, basis of E such that u_1, . . . , u_k is a basis of F near p in ∂X. Such a basis can be obtained simply by taking u_1, . . ., u_k as a basis of F near p, extending these sections smoothly off ∂X and then completing them to a basis of E.

Any element of D is locally of the form

(8.7) u = k∑ j=1 f_ju_j + ∑ j>k f_j (xu_j), where x is a defining function for ∂X since, by definition, it must be a section of F over ∂X. The coefficients f_1, . . . , f_N in (8.7) give a local trivialization of^FE, which is to say that u_1, . . . , u_k, xu_{k+1}, . . ., xu_N is a local basis. A change of admissible basis of E from u_1, . . ., u_N to u^′_1, . . . , u^′_N must be such that

u^′_j = k∑ l=1 a_{jl}u_l + x N∑ l=k+1 a_{jl}u_l, j ≤ k since the (u^′_j )_{¯∂X} , for j ≤ k, span F. Thus the basis elements u^′_r, for 1 ≤ r ≤ k, and xu_r for k < r ≤ N are smooth linear combinations of the u_1, . . . , u_k, xu_{k+1}, . . . , xu_N , so this induces a C^∞ transformation amongst the f_i. The C^∞ bundle structure is therefore natural. Clearly the bundle map ι_F is C^∞ and (8.5) follows directly from (8.7).

Exercise 8.2. This construction of the bundle^FE should be at least vaguely familiar, since it occurred in the definition of the b-tangent bundle. Take E = T X, F = T ∂X ⊂ T_{∂X} X and show that resulting bundle^FE is canonically isomorphic to^bT X.

Exercise 8.3. Show that the bundle^FE constructed above is always bundle-isomorphic to E. (There is generally no natural isomorphism.)

8.2. Rescaling bundles.

A considerable generalization of this construction will now be made where, rather than just one subbundle, there is a sequence of subbundles, i.e. a filtration

(8.8) F^k ⊂ F^{k−1} ⊂ · · · ⊂ F^0 ⊂ E_{¯∂X} .

It turns out that this bundle filtration is not in itself enough information to give an unambiguous rescaling. It will be required that

(8.9)

F^j is a j-jet of subbundle of E at ∂X, consistent with F^{j−1} as a (j − 1)-jet.

Of course this needs to be explained. In practice in the cases which arise below, (8.9) follows from the more obvious condition that

(8.10) the filtration (8.8) has an extension to a neighbourhood of ∂X.

The jet conditions are just the weakened version of (8.10) which suffices for the construction. Suppose that F̃ and G̃ are subbundles of E near ∂X. They will be said to be equal, as p-jets at ∂X, if (8.11) {u ∈ C^∞(X; E); u = u^′ + x^{p+1}u^{′′}, u^′ ∈ C^∞(X; F̃ ), u^{′′} ∈ C^∞(X; E)} = {v ∈ C^∞(X; E); v = v^′ + x^{p+1}v^{′′}, v^′ ∈ C^∞(X; G̃), v^{′′} ∈ C^∞(X; E)}. That is, each section of F̃ is, near ∂X, the sum of a section of G̃ and x^{p+1} times a section of E, and conversely with ~F and ~G interchanged.

By a p-jet of subbundle of E at ∂X is meant an equivalence class of subbundles near ∂X, up to equality as p-jets. Clearly a 0-jet is just a subbundle of E_{¯∂X} . If F and G are p-jets of subbundles of E then the condition C^∞(X; ~F ) ⊂ { u ∈ C^∞(X; E); u = u^′ + x^{p+1}u^{′′}, u^′ ∈ C^∞(X; ~G), u^{′′} ∈ C^∞(X; E) } (8.12) is easily seen to be independent of the choice of representative subbundles, ~F and ~G. It is equivalent to the existence of representatives ~F and ~G with ~F ⊂ ~G. The condition (8.12) on F and G will be indicated by writing F ⊂ G as p-jets of subbundles. Certainly any p-jet of subbundle, F, defines (if p > 0) a (p − 1)-jet of subbundle. Then a p-jet F and a (p − 1)-jet G are said to be consistent if F ⊂ G as (p − 1)-jets of subbundles. This explains the meaning of the assumption in (8.9). Such a consistent system of jets will be called a jet filtration. The integer k + 1 is the length of the jet filtration. Thus the simple rescaling of §8.1 corresponds to a jet filtration of length 1.

Proposition 8.4. Let E be a C^∞ vector bundle over a manifold with boundary, X, and let F be a jet filtration in the sense that the F^j are, for j = 0, . . . , k, j-jets of subbundle of E at ∂X satisfying (8.9), in the sense of (8.12), then there is a C^∞ vector bundle^FE over X and a bundle map ι_F :^FE −→ E which is an isomorphism over the interior and is such that

(8.13)

C^∞(X;^FE) = ι^∗_F D, D = { u ∈ C^∞(X; E); u ∈ k∑ j=0 x^{k−j}C^∞(X; ~F^j) +x^{k+1}C^∞(X; E) near ∂X } , the ~F^j being representatives of the F^j.

Proof: This is just the same as the proof of Proposition 8.1, once the existence of a reasonable basis for E is shown. First note that the space D in (8.13) is independent of the choice of representatives ~F^j. Indeed, from the definition of equality of p-jets in (8.11), if F is a p-jet of subbundle of ∂X then

(8.14) { u ∈ C^∞(X; E); u = u^′ + x^{p+1}u^{′′}, u^′ ∈ C^∞(X; ~F ), u^{′′} ∈ C^∞(X; E) near ∂X }

is independent of the choice of representative subbundle. Thus for any l the space obtained from (8.14) by multiplying by x^l is also independent of choices. Summing over l = k − j with p = j shows that D in (8.13) is independent of the choice of representatives of the F^j.

Now observe that if F ⊂ G are a j-jet and a (j−1)-jet which are consistent in the sense of (8.12) then near a point p ∈ ∂X any basis u_1, . . . , u_f of a representative of F can be extended to a basis u_1, . . ., u_f , u_{f+1}, . . . , u_g of a representative of G. Applying this construction repeatedly gives, near p, a basis of E of the form u_1, . . . , u_{fk} , u_{fk+1}, . . . , u_{fk−1} , . . . , u_N , where f_j = ran(F^j) and u_1, . . . u_{fj} is a basis of some representative of F^j. Thus u ∈ D ⇐⇒ u = N∑ l=1 g_lx^{o(l)}u_l, where o(l) = k − j if f_{j+1} < l ≤ f_j , (f_{k+1} = 0). This gives the desired C^∞ basis, x^{o(l)}u_l, for^FE. Clearly the bundle structure is independent of the basis chosen so the proposition is proved.

Notice that associated to the filtration of E_{¯∂X} induced by the jet filtration there is a natural graded vector bundle, namely

(8.15) k⨁ j=−1 (N^∗∂X)^{k−j} ⊗ ( F^j_{¯∂X} /F^{j+1}_{¯∂X} ) , F^{k+1} = {0} , F^{−1} = E_{¯∂X} .

The powers of the conormal bundle here just arise from the factors of x in the definition of D. This bundle has the same rank as E and in fact:

Lemma 8.5. If^FE is the bundle obtained by rescaling E with respect to a jet filtration at ∂X then^FE_{¯∂X} is canonically isomorphic to the graded bundle, (8.15), associated to the filtration induced on E_{¯∂X} by the jet filtration.

Proof: The natural isomorphism can be defined directly at the level of sections. Thus the space of all C^∞ sections of^FE_{¯∂X} is naturally identified with the sections of^FE modulo those which vanish at the boundary, i.e. C^∞(∂X;^FE) ≡ D/xD. From (8.13) the map

D ∋ u = k∑ j=0 x^{k−j}u_j + x^{k+1}u^′ −→ ([u_k], (dx) ⊗ [u_{k−1}], . . . , (dx)^k ⊗ [u_0], (dx)^{k+1} ⊗ [u^′]) ∈ C^∞ ∂X; k⨁ j=−1 (N^∗∂X)^{k−j} ⊗ ( F^j_{¯∂X} /F^{j+1}_{¯∂X} )

(8.16) is well defined, where [u_j] denotes the section of F^j_{¯∂X} /F^{j+1}_{¯∂X} defined by u_j restricted to ∂X. In fact the map (8.16) is clearly surjective, because of the compatibility condition between the jets, and has null space exactly xD.

There is also the possibility of making an overall conformal rescaling of a bundle, by multiplying by any complex power of a boundary defining function.

Lemma 8.6. If E is a vector bundle over a compact manifold with boundary then for any z ∈ C the space x^zC^∞(X; E) = {u ∈ C^{−∞}(X; E); u = x^zv, v ∈ C^∞(X; E)} is the space of all sections of a vector bundle, denoted x^zE, i.e. there is a C^∞ bundle map over the interior of X, ι : x^zE −→ E such that C^∞(X; x^zE) = ι^∗ (x^zC^∞(X; E)) .

Of course these two types of scaling are very closely related and can be combined.

Proof: Clearly if u_1, . . . , u_k is any local basis for E then x^zu_1, . . . , x^zu_k is a local basis for x^zE and the transition matrices are the same for E and x^zE. If X is a compact manifold with corners and H is a fixed boundary hypersurface then the notions of a j-jet of a subbundle, F^j, at H of a fixed bundle is an immediate generalization of (8.11), where x is interpreted as a defining function for H and the notion of a jet filtration is defined in the natural way. Then Proposition 8.4 extends immediately too. Thus one can associate in a completely natural way a rescaled bundle^FE with a jet filtration, F, of E at H :

For j = 0, . . . , k, F^j is a j-jet of subbundle of E at H, with F^j consistent with F^{j−1} as a (j − 1)-jet.

For this rescaled bundle (8.5) holds so certainly

(8.17) x^{k+1}C^∞(X; E) ⊂ C^∞(X;^FE) ⊂ C^∞(X; E).

One consequence of (8.17) is that the space of sections which vanish to infinite order at the boundary is the same for the bundle E and the rescaled bundle^FE :

Ċ^∞(X; E) ∼= Ċ^∞(X;^FE)

whatever the jet filtration. The rescaling procedure also has a simple stability property under tensor products. If E is a bundle with jet filtration F^j at the boundary and G is another bundle then

(8.18)^L(E ⊗ G) ≡^FE ⊗ G if L is the jet filtration L^j = F^j ⊗ G.

Similarly if E has jet filtration F then there is a natural jet filtration of the dual bundle E^′ given by taking the annihilators of representatives

(8.19)

~L^j = ( ~F^{k−j})^∘, i.e.

C^∞(U ; ~L^j) = { u ∈ C^∞(U ; E^′); u(v) = 0 ∀ v ∈ C^∞(U ; ~F^{k−j}) } , in a neighbourhood U ⊃ ∂X of the boundary. This dual filtration gives rise to a rescaling,^L(E^′), of the dual bundle.

Exercise 8.7. Check that (8.19) does indeed define a jet filtration of the dual bundle and in particular that it is independent of the choice of representative filtration.

Lemma 8.8. If^FE is the bundle defined by rescaling E with respect to a jet filtration of length k + 1 at the boundary and^L(E^′) is obtained by rescaling the dual bundle with respect to the dual jet filtration given in (8.19) then there is a natural identification of (^FE)^′ and the bundle x^{−k−1L}(E^′). Exercise 8.9. Write down a local basis of E, adapted to the jet filtration F, and show that the dual basis of E^′ is adapted to the dual filtration L; deduce that there is an overall factor of x^{k+1} in the pairing and so prove the lemma.

As a corollary of this lemma and the stability under tensor products the space of extendible distributional sections of^FE is canonically the same as that of E : (8.20)

C^{−∞}(X; E) ∼= C^{−∞}(X;^FE) for any rescaling by a jet filtration at ∂X.

Indeed the first space is the dual of Ċ^∞(X; E^′ ⊗ Ω) and the second is the dual of

Ċ^∞(X; (^FE)^′ ⊗ Ω) ∼= Ċ^∞(X;^L(E^′) ⊗ Ω) ∼= Ċ^∞(X; E^′ ⊗ Ω)

with the topologies also the same.

8.3. Rescaling and connections.

If E is a C^∞ vector bundle over a manifold with boundary and E_{¯∂X} has a filtration, as in (8.8), a (true) connection on E can be used to extend the filtration off the boundary and hence to give a jet filtration. For simplicity let us suppose initially that ∂X has only one component.

Let N be an inward-pointing vector field, i.e. N ∈ V(X) is such that N x_{¯∂X} > 0 for any boundary defining function x. Simply define the space D by (8.21) if u ∈ C^∞(X; E) then u ∈ D ⇐⇒ ∇^p_N u_{¯∂X} ∈ C^∞(∂X; F^{k−p}), 0 ≤ p ≤ k. To see that this space does actually arise from an extension of the filtration off the boundary consider a defining function x ∈ C^∞(X) such that N x = 1 near ∂X. If ϵ > 0 then U = {x < ϵ} is a neighbourhood of the boundary. If ϵ is small enough any section u of E over ∂X can be extended to a unique section ~u ∈ C^∞(U ; E) which is covariant constant along N :

(8.22) ∇_N ~u = 0, ~u_{¯∂X} = u.

Indeed, (8.22) is a system of ordinary differential equation along the integral curves of N. If x is used as a normal coordinate, so U = [0, ϵ)_x × ∂X then N = ∂/∂x and (8.22) becomes ∂ ∂x ~u_i + N∑ j=1 γ_{i,j} ~u_j = 0, (~u_j)_{¯x=0} = u_j,

where ~u_j are the coefficients of ~u with respect to some basis e_j of E, the γ_{i,j} arise from covariant differentiation of the basis, ∇_N e_j = ∑ l γ_{l,j} e_l and the u_i are coefficients of u with respect to this basis.

Thus the choice of N extends the filtration (8.8) to a filtration over U by taking C^∞(U ; ~F^j) to be the span, over C^∞(U ), of the solutions to (8.22) with initial data in F^j. One can think of the filtration (8.8) as being extended by parallel transport along N. The Taylor series of any u ∈ C^∞(U ; E) at ∂X can be written to any order, r, as

(8.23) u = u_0 + xu_1 + · · · + x^ru_r + x^{r+1}u_{(r+1)}, u_{(r+1)} ∈ C^∞(U ; E)

where the u_j ∈ C^∞(U ; E) satisfy ∇_N u_j = 0, j!(u_j )_{¯∂X} = (∇^j_N u)_{¯∂X} . The definition of D in (8.21) therefore reduces to (8.13) for the extension of the filtration.

In general this filtration and the induced jet filtration depend on the choice of N although replacing N by ϕN, where ϕ ∈ C^∞(X) is positive, leaves (8.22), and hence the filtration, unchanged. Next we consider a sufficient condition for vector fields to act on the rescaled bundle through covariant differentiation.

Lemma 8.10. Let E be a vector bundle with connection on a manifold with boundary, X, and let D be defined, by (8.21), from some filtration, (8.8), over the boundary and some inward-pointing vector field N. Then, for a given V ∈ V_b(X), ∇_V acts on D provided the induced connection on ∂X preserves the filtration and the curvature operator satisfies

(8.24) K_E (N, V )_{¯∂X} : F^l −→ F^{l−1} ∀ 0 ≤ l ≤ k

and for every W ∈ V_b(X), 1 ≤ l ≤ k and 1 ≤ p ≤ l

(8.25) ∇^p_N (K_E (N, W ))_{¯∂X} : F^l −→ F^{l−2}.

Proof: If u ∈ D consider the Taylor series of ∇_V u at ∂X. Since V ∈ V_b(X) and the induced connection on the boundary is assumed to preserve the filtration it follows that (∇_V u)_{¯∂X} ∈ C^∞(∂X; F^k).

For the first normal derivative

(8.26) ∇_N ∇_V u = K_E (N, V )u + ∇_{[N,V ]}u + ∇_V ∇_N u.

At ∂X the first term is a section of F^{k−1} since u_{¯∂X} is a section of F^k and by (8.24) the curvature operator maps this into F^{k−1}. In the second term in (8.26) the commutator can be decomposed into the sum of a multiple of N and a term in V_b(X) giving, over the boundary, sections of F^{k−1} and F^k respectively. The last term is also in F^{k−1} over the boundary, hence so is ∇_N ∇_V u.

Next consider the action of the covariant derivative of a general element W ∈ V_b(X). It is convenient to use an inductive argument on the length of the filtration. Generalize (8.21) by defining (8.27) u ∈ D_r ⇐⇒ ∇^p_N u_{¯∂X} ∈ C^∞(∂X; F^{r−p}), 0 ≤ p ≤ r. Thus D_r just corresponds to shortening the filtration to length r+1. Clearly D_0 = C^∞(X;^{F 0}E) corresponds to the simple rescaling of E with respect to F^0, D_k = D and for r < k

(8.28) u ∈ D_{r+1} ⇐⇒ u, ∇_N u ∈ D_r , u_{¯∂X} ∈ C^∞(∂X; F^{r+1}).

From (8.25) we shall deduce that for any C^∞ vector field W on X

(8.29) ∇_W : D_{r+1} −→ D_r.

Since this follows for N from the definition we can assume that W ∈ V_b(X). Then (8.29) certainly holds for r = 0, so we proceed inductively over r. Replacing V by W in (8.26) gives

(8.30) u ∈ D_{r+1} =⇒ ∇_N ∇_W u = K_E (N, W )u + ∇_{[N,W ]}u + ∇_W ∇_N u.

The first term on the right is in D_{r−1} because of (8.25), the second is in D_r and the third in D_{r−1} by the inductive hypothesis. Since (∇_W u)_{¯∂X} is a section of F^{r+1} ⊂ F^r we conclude that ∇_W u ∈ D_r, by (8.28). This proves (8.29) in general.

So consider the higher normal derivatives of ∇_V u where now V ∈ V_b(X) is the vector field satisfying (8.24). Again induction can be used to show that

(8.31) ∇_V : D_r −→ D_r ∀ r.

Assuming u ∈ D_r it follows that ∇_V u ∈ D_{r−1} from (8.29) and in (8.26) the second term is in D_{r−1}, again by (8.29), and the first is in D_{r−1} by (8.24). Since (∇_V u)_{¯∂X} is a section of F^r this proves (8.31). The statement of the lemma is the special case r = k.

Exercise 8.11. Show that if V ∈ V_b(X) acts on D, defined by parallel transport of the filtration along N, then the same jet filtration arises by parallel transport along N + V.

Lemma 8.10 shows that, assuming that the connection preserves the filtration over the boundary and (8.25), for any vector field V ∈ V_b(X) satisfying (8.24) ∇_V acts on the rescaled bundle. The identity (2.58) holds by continuity, so (∇_V u)_{¯∂X} can be determined from u_{¯∂X} , i.e. ∇_V induces an operator on the rescaled bundle over the boundary, (8.15). To obtain a formula for this operator consider, as in the proof above, the normal covariant derivatives. Thus, for u ∈ D,

(8.32) ∇^p_N ∇_V u = ∇_V ∇^p_N u + p∑ j=1 ∇^{j−1}_N ( (K_E (N, V ) + ∇_{[N,V ]})∇^{p−j}_N u ) . Decomposing [N, V ] = aN + W, with W ∈ V_b(X), it follows by further commutation that (8.33)

∇^{j−1}_N ∇_{[N,V ]}∇^{p−j}_N u_{¯∂X} ≡ a_{¯∂X} (∇^p_N u)_{¯∂X} (mod C^∞(∂X; F^{k−p+1})).

Similarly further commutation on the part of (8.32) involving the curvature operator gives (8.34) ( ∇^{j−1}_N (K_E (N, V )∇^{p−j}_N u ) ¯∂X ≡ ( K_E (N, V )∇^{p−1}_N u ) ¯∂X +(j − 1) (∇_N K_E (N, V ))_{¯∂X} ( ∇^{p−1}_N u ) ¯∂X (mod C^∞(∂X; F^{k−p+1}))

since, in view of (8.25), it is readily seen that terms involving covariant derivatives of the curvature operator of order higher that one cannot contribute to the leading part. From these formulæ and a slight generalization we easily deduce:

Proposition 8.12. If X is a compact manifold with corners and a C^∞ vector bundle, E, with connection over X has a filtration, F, over a boundary hypersurface, H,

(8.35) F^k ⊂ F^{k−1} ⊂ · · · ⊂ F^0 ⊂ E_H ,

which is preserved by the induced connection and is such that the curvature operator satisfies (8.25) at H for some inward-pointing vector field, N, then covariant differentiation by any V ∈ V_b(X) satisfying (8.24) at H acts on the rescaled bundle,^FE, obtained by parallel transport along N from H

∇_V v_j = [∇_{V ¯H} v_j + (k − j)n_V v_j]_j + [K_E (N, V )_{¯H} v_j ]_{j−1} + 1 2 [(∇_N K_E (N, V ))_{¯H} v_j ]_{j−2}, ∀ v_j ∈ C^∞(H; F^j/F^{j+1}),

(8.36)

where n_V is the normal component of [N, V ].

Proof: First suppose that X is a manifold with connected boundary, H. Then (8.36) follows from (8.32), (8.33) and (8.34) since if N is used to trivialize the normal, and hence conormal bundle of H, the pieces of the map (8.16) are given by (8.37) D ∋ u −→ 1 p! (∇^p_N u)_{¯H} ∈ C^∞(H; F^{k−p}).

The extension to a manifold with corners requires only modest reinterpretation of the discussion, provided the vector field N is chosen to be tangent to the boundary hypersurfaces other than H.

8.4. Getzler’s rescaling.

The example to which these constructions are directed comes from [34]. Recall, from Chapter 3, the basic properties of the Clifford bundle of a Riemann manifold. This bundle is naturally filtered by the degree, as in (3.13):

(8.38) C = C l^{(0)} ⊂ C l^{(1)} ⊂ · · · ⊂ C l^{(N)} = C l N = dim X.

These are real filtrations, over the whole manifold. If X is an evendimensional spin manifold then (3.65) shows that there is a natural identification

(8.39) C l_x ←→ hom(S_x) ∀ x ∈ X.

That is, the Clifford bundle is naturally identified with the homomorphism (or endomorphism) bundle of the spinor bundle. Here the little homomorphism bundle, hom(S), is being considered.

As a first, very simple, example of rescaling consider the lift of hom(S) from X to [0, ∞) 1_2 × X. Let π : [0, ∞) 1_2 × X −→ X be the projection. The filtration (8.38) gives a filtration of π^∗ hom(S), and so in particular a jet filtration at {0} × X. This allows a rescaled bundle, denoted^Ghom(S), to be defined by application of Proposition 8.4. It will reappear below when the trace of the heat operator is considered.

Operators from sections of S to sections of S (which are typically what is being studied here) have as kernels distributional sections of the big homomorphism bundle over X^2 :

Hom_{x,x}′ (S) = hom(S_x′ , S_x) = {h : S_x −→ S_x′ , linear} , (x, x^′) ∈ X^2.

Clearly then Hom(S)_{¯Δ} ∼= hom(S) as bundles over Δ ∼= X. Thus Hom(S) has, initially, a natural filtration, (8.38), only over the diagonal.

For the heat kernels of operators one needs to consider the pull-back of Hom(S) under blow-down and projection: π_{H,X} : X^2_H^{βH}−→ [0, ∞) × X^2 −→ X^2. Directly from the definition of the pull-back of a vector bundle, see §2.11, π^∗_{H,X} Hom(S) has a natural filtration over tf(X^2_H ) ∪ ~Δ_H where ~Δ_H is the closure of the lift of R^+ × Δ. We shall apply (8.21) to get a jet filtration at tf(X^2_H ) and hence define a rescaled version of π^∗_{H,X} Hom(S). To do so we need to consider the connection on π^∗_{H,X} Hom(S).

The connection on Hom(S) is discussed in §2.11 as is the pull-back operation of connections. Thus π^∗_{H,X} Hom(S) has a natural (Levi-Civita) connection. Lemma 2.32 allows the curvature operator on the lifted bundle to be computed in terms of the curvature operator on Hom(S).

Lemma 8.13. On an even-dimensional spin manifold, X, the pull-back to π^∗_{H,X} Hom(S) of the Levi-Civita connection preserves the filtration (8.38) over tf(X^2_H ), (8.25) holds for any inward-pointing vector field N for tf(X^2_H ) and (8.24) holds for all V ∈ V_b(X^2_H ) which are tangent to the fibres of tf(X^2_H ) over Δ.

Proof: The restriction of the connection on Hom(S) to Δ reduces to the connection on hom(S) and hence coincides with that on the Clifford bundle under (8.39). Since tf(X^2_H ) projects to Δ under π_{H,X} it follows that the connection over tf(X^2_H ) preserves the filtration (8.38).

Now from Lemma 2.32 it follows that the curvature operator on the bundle π^∗_{H,X} Hom(S) is given directly in terms of the curvature operator on Hom(S) and hence ultimately, through (2.84), in terms of the curvature operator on S; this in turn is given by (3.68). Thus K_S (V, W ) is Clifford multiplication by a 2-form. The curvature operator on Hom(S) is therefore of the form

(8.40) K_{Hom(S)}(V, W )A = cl(ω) ∘ A − A ∘ cl(ω^′)

for some C^∞ 2-forms ω and ω^′ on X (but depending parametrically on all variables of X^2.) The covariant derivative induced on Hom(S) satisfies, (2.77) so ∇^p_N (K_{Hom(S)}(V, W )) is also given in terms of Clifford multiplication by 2-forms on the left and right. This moves the filtration (8.38) at most two steps, so (8.25) follows for every p.

The vector fields V ∈ V_b(X) which are tangent to the fibres of tf(X^2_H ) have the property that (π_{H,X} )_∗(V ) = 0 at each point of Δ. Thus, from (2.84), the curvature operator on E = π^∗_{H,X} Hom(S) in (8.24) vanishes over tf(X^2_H ) so this condition holds trivially.

So to define the rescaling of the homomorphism bundle of the spinor bundle over X^2_H it is only necessary to make a choice of normal vector field to tf(X^2_H ). One condition that it is convenient to demand is:

(8.41) N is tangent to ~Δ_H ⊂ X^2_H .

In fact there is rather a natural choice for N. At each point q ∈ tf(X^2_H ), push-forward under the blow-down map sends N_q to a normal vector at β_H (q) to Δ. From the definition of the blow-up in, see in particular (7.19), the image must project to a multiple of the tangent vector to the curve defining q, plus a term tangent to Δ. There is a natural choice for the normal space to Δ, at β_H (q) = (p, p) as the span of (v, −v) for v ∈ T_pX. Thus in addition to (and consistent with) (8.41) we demand (8.42)

(β_H )_∗(N_q ) = (v_q , −v_q), v ∈ T_pX ∀ q ∈ tf(X^2_H ), β_H (q) = (p, p) ∈ Δ.

This will be called a radial choice of N.

Exercise 8.14. Show that (8.42) can be arranged by taking N to be the lift of the radial vector field in local coordinates:

(8.43) 2t ∂ ∂t + 1 2 N∑ j=1 (x_j − x^′_j) ( ∂ ∂x_j + ∂ ∂x^′_j )

divided by ρ_{tf} .

Definition 8.15. If X is an even-dimensional spin manifold without boundary the bundle^GHom(S) over X^2_H is defined by applying the rescaling procedure of Proposition 8.4 to the jet filtration of π^∗_{H,X} Hom(S) at tf(X^2_H ) fixed by parallel transport of (8.38) along an inward-pointing vector field satisfying (8.41) and (8.42).

This is Getzler’s rescaling ([35]).

Exercise 8.16. Show that the imposition of (8.42) fixes N up to a positive multiple and an additive element V ∈ V_b(X^2_H ) which is tangent to the fibres of β_H on tf(X^2_H ) and hence conclude, using Exercise 8.11 and Lemma 8.13, that this rescaling is independent of the choice of N satisfying (8.42).

The lifted diagonal ~Δ_H is naturally identified with [0, ∞) 1_2 × X by β_H . The simple case of rescaling considered above therefore reappears through a natural bundle isomorphism:

(8.44)^GHom(S)_¯~_{ΔH} ≡^Ghom(S).

Notice that as a corollary of Lemma 8.5 the rescaled bundle restricts to tf(X^2_H ) to

(8.45)^GHom(S)_{¯tf} ≡ π^∗_{H,X} Λ^∗(X),

provided N is used to trivialize the conormal factors in (8.15). Indeed the maps from the filtration of the Clifford algebra, (8.38), induce an isomorphism from the graded bundle associated to the filtration to the exterior form bundle, i.e. give (8.45).

This needs to be done in the b-category as well. As usual this is a straightforward generalization. Certainly^bS, Hom(^bS) and the filtration of Hom(^bS)_{¯Δ} = hom(^bS), all make sense, just assuming that X is an evendimensional b-spin manifold. If X is an exact b-spin manifold the Levi- Civita connection is actually a true connection on^bT^∗X and hence on the spin bundle^bS. Let

π_{H,X} : X^2_η −→ X^2_b , π_{η,X} : X^2_η −→ X^2

be, respectively the composites of the heat blow down and projection to X^2_b and the combined blow down and projection to X^2. Thus π_{η,X} = β_b ∘π_{H,X} . The proof of Lemma 8.13 applies essentially unchanged to give:

Lemma 8.17. If X is an even-dimensional exact b-spin manifold with boundary the pull-back of the Levi-Civita connection to π^∗_{η,X} Hom(^bS) preserves the filtration by Clifford order over tf(X^2_H ), (8.25) holds for any inward-pointing vector field N for tf(X^2_η ) and (8.24) holds for all V ∈ V_b(X^2_η ) which are tangent to the fibres of tf(X^2_η ) over Δ.

Thus the rescaled bundle^GHom(^bS) on X^2_η can be defined, just as in Definition 8.15, by choosing an inward-pointing vector field for tf(X^2_η ). It will always be assumed that the analogue of (8.41) holds, i.e. N is tangent to ~Δ_η = cl β^{−1}_H (R^+ × Δ_b). Then, as in (8.44)

(8.46)^GHom(^bS)_¯~_{Δη} ≡^Ghom(^bS),

the latter bundle being the rescaling of hom(^bS) over [0, ∞) 1_2 × X ≡ ~Δ_η with respect to the Clifford filtration. As in (8.43) we shall take N to be the lift of 2t∂/∂t plus a radial vector field for Δ_b. Using this to trivialize the conormal bundles as before give the obvious extension of (8.45), namely the natural identification

(8.47)^GHom(^bS)_{¯tf} ≡ β^∗_η (^bΛ^∗(X)).

8.5. Rescaled trace.

The main reason for introducing this rescaling is its relationship to the supertrace functional on the homomorphism bundle of the spinor bundle, which we proceed to consider. Recall that the ‘little trace’ is always a linear functional on the homomorphism space of any finite dimensional vector space and hence defines a map from C^∞ sections of the homomorphism bundle of any vector bundle to C^∞ functions on the base. In particular consider this for the spinor bundle:

(8.48) tr : C^∞(X; hom(S)) −→ C^∞(X).

Here X is assumed to be a spin manifold and S is the spinor bundle. If X is even-dimensional (for the moment without boundary) then the spinor bundle decomposes into a direct sum, as in (3.64):

(8.49) S =^+S ⊕^−S, dim X = 2k.

This means that hom(S) decomposes into four pieces, corresponding to linear maps from^±S to^±S for all signs. Thus

hom(S) ∋ A = ( A_{++} A_{+−} A_{−+} A_{−−} ) . Then the trace of A ∈ hom(S) is just

tr(A) = tr_+(A_{++}) + tr_−(A_{−−}), where tr_± denote the traces on hom(^±S). The supertrace is defined as the difference instead:

str(A) = tr_+(A_{++}) − tr_−(A_{−−}).

The reason for considering the supertrace is immediately apparent from (In.16), which is really the ‘big supertrace’ of the heat kernel of g^2, since the Dirac operator satisfies (3.69). Consider the parity involution R ∈ hom(S), R = ( 1 0 0 −1 ) , R^2 = Id,

then the supertrace can be written in terms of the trace: (8.50) str(A) = tr(RA).

Using this the fundamental observation of Berezin [15] and Patodi [73] can be deduced:

Lemma 8.18. (Berezin-Patodi) Using the natural identification of hom(S) and the complexified Clifford bundle C l for a 2k-dimensional spin manifold

(8.51) str = 0 on C l^{(2k−1)}, str(ϕ^1 · ϕ^2 · · · ϕ^{2k}) = 2^k(−i)^k for any oriented orthonormal basis ϕ^1, . . . , ϕ^{2k} of T^∗X or^bT^∗X. Proof: Recall that the decomposition of S arises from the grading of

C l as in (3.29). Namely^±S are maximal proper subspaces of S which are

invariant under C l^+ and then C l^− maps^±S to^∓S. Under the decomposition (8.49), odd elements are of the form

C l^− ∋ A =^{( 0 A+−}

A_{−+} 0 ) =⇒ str(A) = 0.

Thus only elements of C l^+, i.e. elements of even order, need to be considered. Choosing an oriented basis it suffices to consider the basis of C l^+ ϕ^{i1} · ϕ^{i2} · · · ϕ^{i2p} , i_1 < i_2 < · · · < i_{2p}. For a fixed string i_1, . . ., i_{2p}, with p < k, choose l ≠ i_j for all j = 1, . . ., 2p.

Clifford multiplication by ϕ^l is an isomorphism and involution:

E^±_l :^±S^{ϕl·}←→^∓S, E^−_l = (E^+_l )^{−1}.

Moreover, from the basic anticommutation property, (3.12), of the Clifford algebra u = ϕ^{i1} · · · ϕ^{i2p} =⇒ u = ϕ^l · u · ϕ^l. Thus the Clifford action of u under (8.49) can be written as u = ( A_{++} 0 0 E_lA_{++}E^{−1}_l ) =⇒ str(u) = 0

using the invariance of the trace under conjugation.

To complete the proof of the lemma it only remains to compute the supertrace of the action of the ‘volume element’ ϕ^1 · · · ϕ^{2k} on S. Here induction can be used with the isomorphism (3.24) providing the inductive step. In terms of (3.24) and (3.25) the sign-reversing involution R_{2k} in dimension 2k is represented by

R_{2k} = ( R_{2k−2} 0 0 −R_{2k−2} ) . Thus, from (3.26),

str(ϕ^1 · · · ϕ^{2k}) = tr ( ϕ^1 · · · ϕ^{2k−2} ( −i 0 0 i ) R_{2k} ) = −2i str(ϕ^1 · · · ϕ^{2k−2}).

This gives the normalization condition in (8.51).

The effect of rescaling hom(S), lifted to [0, ∞) 1_2 × X, as discussed following (8.39) can now be seen easily:

Lemma 8.19. For a 2l-dimensional spin manifold the linear functional defined through (8.50) and (8.48), restricts from C^∞([0, ∞) 1_2 × X; hom(S)) to (8.52) str : C^∞([0, ∞) 1_2 × X;^Ghom(S)) −→ t^lC^∞([0, ∞) 1_2 × X).

Proof: By definition C^∞([0, ∞) 1_2 × X;^Ghom(S)) = D is given by (8.13). Thus

u ∈ D =⇒ u = 2l∑ j=0 t^{j/2}u_j , u_j ∈ C^∞([0, ∞) 1_2 × X; C l^{(j)}).

Then (8.52) is an immediate consequence of (8.51).

This applies equally well in the case of a b-spin structure, since the argument is algebraic. Using (8.46) we find for a 2l-dimensional exact b-spin manifold

(8.53) str : C^∞( ~Δ_η;^GHom(^bS)) −→ t^lC^∞([0, ∞) 1_2 × X).

8.6. Rescaled heat calculus.

Consider the definition of the heat calculus for sections of a general bundle E, first for a manifold without boundary, in (7.92). If π^∗_{H,X} Hom(E) has a rescaling at tf(X^2_H ), as is the case for the spinor bundle on an evendimensional spin manifold, then π^∗_{H,X} Hom(E ⊗Ω^{− 12} ) has the tensor rescaling (8.18). For the spin manifold the rescaled bundle will be denoted GHom(S ⊗ Ω^{− 12} ). We can therefore consider the rescaled heat calculus, as usual for simplicity limiting the order to be negative:

(8.54)

Ψ^j_G(X; S) = Ψ^j_H (X; Ω^{12} ) ⊗_C∞_{(X}2_{H )} C^∞(X^2_H ;^GHom(S ⊗ Ω^{− 12} )

= ρ^{− 12 (n+3)−j} tf { K ∈ C^∞(X^2_H ;^GHom(S ⊗ Ω^{− 12} ) ⊗ Ω^{12} );

K ≡ 0 at tb(X^2_H ) } . The second formulation follows from (7.11) and the first.

Since rescaling decreases the space of smooth sections this is a refinement of the heat calculus as defined earlier:

(8.55) Ψ^j_G(X; S) ⊂ Ψ^j_H (X; S).

We will show below that the heat kernel of the Dirac operator, in the evendimensional case, is in the rescaled calculus. To see why this is important consider the supertrace analogue of Lemma 7.18.

Lemma 8.20. If S is the spinor bundle on an even-dimensional spin manifold and A ∈ Ψ^j_G(X; S) is an element of the rescaled calculus of order j < 0 then the supertrace functional applied to the restriction of the kernel to the diagonal in t > 0 gives

(8.56) str(A_¯~_{ΔH} ) ∈ t^{− 12 j−1}C^∞([0, ∞) 1_2 × X; Ω).

If A ∈ Ψ^j_{H,evn}(X; S) ∩ Ψ^j_G(X; S) then

(8.57) str(A_¯~_{ΔH} ) ∈ t^{− 12 j−1}C^∞([0, ∞) × X; Ω).

Proof: This is just Lemma 8.19 applied to (8.54).

In the exact b-spin case we proceed in the same way, defining the rescaled b-heat calculus by (8.58)

Ψ^j_{b,G}(X;^bS) = Ψ^j_η (X;^bΩ^{12} ) ⊗_C∞_{(X}2_{η )} C^∞(X^2_η ;^GHom(^bS ⊗^bΩ^{− 12} )

= ρ^{− 12 (n+3)−j} tf { K ∈ C^∞(X^2_η ;^GHom(^bS ⊗^bΩ^{− 12} ) ⊗^bΩ^{12} );

K ≡ 0 at tb(X^2_η ) ∪ lb(X^2_η ) ∪ rb(X^2_η ) } . This is again a refinement of the b-heat calculus and both (8.56) and (8.57) extend trivially. In fact (8.58) depends only on the existence of the rescaling, so can be generalized further as in §8.12 below.

8.7. Rescaled normal operator.

It remains to show that exp(−tg^2) is, in the even-dimensional case, an element of the rescaled heat calculus; this will be done by re-constructing it. The main tool in the construction of the heat kernel in Chapter 7 is the normal operator, so we proceed to show that there is a rescaled normal homomorphism.

As in (7.53) powers of t^{12} can be used to remove factors of ρ_{tf} as needed to define the restriction of a kernel to tf(X^2_H ). From (7.48) we see that

Ψ^j_G(X; S) ∋ A −→ t^{12 (n+j+2)}A_{¯tf} ∈ Ċ^∞(tf(X^2_H );^GHom(S ⊗ Ω^{− 1}2 ) ⊗ π^∗_{H,X} (Ω^12 (X^2)))

and as before π^∗_{H,X} (Ω^{12} (X^2)) ∼= Ω(X) ∼= Ω_{fibre}(T X). Since the kernels all vanish to infinite order at the boundary of tf(X^2_H ) we can also use t^{12} , in place of ρ_{tf} , to trivialize the normal bundle to tf(X^2_H ) in (8.15); the singular factors of ρ_{tf} /t^{12} can be absorbed into the kernels. This gives, with the identification of tf(X^2_H ) as a compactification of T X,

(8.59) N_{G,j} : Ψ^j_G(X; S) −→ S(T X; (π^∗_{H,X} Λ^∗X) ⊗ Ω_{fibre}).

Clearly this is surjective and has null space exactly the operators of order j − 1. The inclusion (8.55) means that the normal operator on Ψ^j_H (X; S) acts on the rescaled calculus. It is important to understand the relationship between the two normal operators. Corresponding to the fact that the elements of D in (8.13) restrict to the boundary to sections of F^k,

N_{H,j} : Ψ^j_G(X; S) −→ S(T X; (π^∗_{H,X} C l^{(0)}) ⊗ Ω_{fibre}) ∼= S(T X; Ω_{fibre}) since C l^{(0)} ∼= C Id . In the rescaling this just corresponds to the 0-form part, i.e.

(8.60) N_{H,j} (A) = Ev_0(N_{G,j} (A)) ∈ S(T X; Ω_{fibre}).

For operators of order −2 it therefore follows, as in Lemma 7.13, that

(8.61) Au_{¯t=0}(x) = A_0(x)u, A_0 = ∫ fibre

Ev_0 (N_{G,−2}(A)) .

This allows the initial condition for the heat kernel to be expressed in terms of the rescaled normal operator.

To proceed with the construction of exp(−tg^2) in the rescaled calculus it is clearly necessary to show that g^2 itself preserves the rescaling in an appropriate sense. Except for the small point that elements of positive order in the heat calculus have not been, and will not be, defined this amounts to showing that the heat operator ∂/∂t + g^2 is an element of order 2 in the rescaled heat calculus. More prosaically this is the first part of:

Proposition 8.21. The Dirac Laplacian on an even-dimensional spin manifold satisfies

(8.62) tg^2 : Ψ^k_G(X; S) −→ Ψ^k_G(X; S), N_{G,−2}(tg^2A) = N_G(tg^2)·N_{G,−2}(A),

N_G(tg^2) being the operator on the lift to T X of the form bundle

(8.63) N_G(tg^2)(Y ) = − 2k∑ j=1 ( ∂_j + 1 4 R^∧(p; ∂_j, Y ) )_2 , Y ∈ T_pX

with respect to any orthonormal basis of T_pX where

(8.64) R^∧(p; ∂_j, Y ) = ∑ kpq R_{jkpq}Y^kdx^pdx^q

is the curvature operator acting on Λ^∗_p(X) by exterior multiplication.

The proof consists in examining the square of the Dirac operator, in terms of Lichnerowicz’ formula, and the action of its lift to X^2_H on the rescaled homomorphism bundle. Since the Dirac operator is a sum of products of Clifford multiplication and covariant differentiation these operators will be examined first.

Lemma 8.22. For any smooth 1-form on an even-dimensional spin manifold Clifford multiplication gives an operator

(8.65) cl(t^{12} ω) : Ψ^p_G(X; S) −→ Ψ^p_G(X; S), ω ∈ C^∞(X; Λ^1) N_{G,p}(cl(t^{12} ω)A) = π^∗_{H,X} (ω) ∧ N_{G,p}(A). Proof: Consider the lift of Λ^1X from X to X^2, under projection onto the left factor, and thence to X^2_H . Since t^{12} ω, for ω ∈ C^∞(X; Λ^1X), is not a smooth section of (π_{H,L})^∗Λ^1 consider instead ρ_{tf} (π_{H,L})^∗ω. The lifted bundle acts by Clifford multiplication (on the left) on (π_{H,X} )^∗ Hom(S) and hence on the space of heat kernels. Clearly

cl(ρ_{tf} ω) : Ψ^j_H (X; S) −→ Ψ^{j−1}_H (X; S).

To see that it acts on the rescaled calculus consider the Taylor series of ρ_{tf} ω, with respect to the Levi-Civita connection and an inward-pointing vector field, N, to tf(X^2_H ). With the corresponding defining function, ρ_{tf} , chosen to satisfy N ρ_{tf} = 1 near tf(X^2_H ) :

(8.66) ρ_{tf} ω = 2k−1∑

p=1 ρ^p_{tf} ω_p + ρ^{2k}_{tf} ω_{(2k)} with

ω_{(2k)} ∈ C^∞(X^2_H ; (π_{H,L})^∗Λ^1X) and ∇_N ω_p = 0 near tf(X^2_H ).

Since

(8.67) ρ^{2k}_{tf} Ψ^j_H (X; S) ⊂ Ψ^j_G(X; S),

it suffices to consider the finite sum in (8.66). Now cl(ω_1) shifts the filtration, extended by parallel transport, by one step and multiplication by ρ_{tf} shifts it back. Thus cl(ρ_{tf} ω) maps Ψ^j_G(X; S) into itself. Moreover

(8.68) ρ_{tf} : Ψ^j_G(X; S) −→ Ψ^{j−1}_G (X; S),

so only the first term in (8.66) affects the normal operator. Multiplication by t^{12} /ρ_{tf} preserves the heat calculus so (8.65) follows, when it is recalled that t^{12} is used to trivialize N^∗ tf(X^2_H ).

For covariant differentiation there is a similar formula. Recall that the interior of tf(X^2_H ) is naturally identified with T X. The symbol, σ(V ) (really just iV ), of V ∈ V(X) can be considered as a vector field on the fibres of T X and as such it acts on sections of any bundle pulled back from X to T X, since such a bundle is canonically trivial along the fibres.

Lemma 8.23. For an even-dimensional spin manifold, X, if a radial choice of inward-pointing vector field to tf(X^2_H ) is used to extend the filtration then V ∈ V(X) defines an operator

(8.69) t^{12} ∇_V : Ψ^j_G(X; S) −→ Ψ^j_G(X; S)

and at Y ∈ T X, the interior of tf(X^2_H ),

(8.70) N_{G,j}(t^{12} ∇_V A) = ( −iσ(V ) − 1 8 R^∧(Y, V ) ) N_{G,j} (A),

for all A ∈ Ψ^j_G(X; S), with the curvature term given by (8.64).

Proof: Since t^{12} V is not smooth when lifted to X^2_H consider instead V^′ which is ρ_{tf} times the lift of V. Thus V^′ ∈ V_b(X^2_H ) satisfies the hypothesis of Lemma 8.13, so the covariant derivative ∇_V ′ acts on^GHom(S) and (8.36) gives a formula for the restriction to tf(X^2_H ). The curvature operator on Hom(S) is given by (2.84), so the second term on the right in (8.36) vanishes, as V^′ pushes forward to zero from tf(X^2_H ). For the same reason the third term can be written^1_2 K_E (N, ∇_N V^′) with E = Hom(S). By assumption N ρ_{tf} = 1, so ∇_N V^′ pushes forward to V as a vector field on the left factor of X in X^2. Thus with V^{′′} being the restriction of V^′ to a vector field on the fibres of tf(X^2_H ),

(8.71) ∇_V ′ v_j = V^{′′}v_j + (k − j)n_V ′ v_j + [ 1 2 K_S ((π_{H,L})_∗N, V )v_{j−2}]_j. Here ρ_{tf} has been used to trivialize the conormal factors in (8.15).

Our convention for the rescaled (as for the original) heat calculus is to use the singular defining function t^{12} instead of the ρ_{tf} associated to the choice of N. This means multiplying v_j by (ρ_{tf} /t^{12} )^{k−j}. This effectively multiplies the curvature operator in (8.71) by t/ρ^2_{tf} . Observe that

n_V ′ = [N, V^′]ρ_{tf} = N V^′ρ_{tf} on tf(X^2_H )

since N ρ_{tf} = 1, so commutation of this multiplicative factor through V^{′′} cancels the second term in (8.71). Thus, multiplying by one factor of t^{12} /ρ_{tf} to change V^′ to the lift of t^{12} V gives

(8.72) N_{G,j} (∇_t 1_{2 V} A) = ( −iσ(V ) + 1 2 t^{12} ρ_{tf} K_S ((π_{H,L})_∗N, V ) ) N_{G,j}(A).

Finally this proves (8.70) since, in view of (8.42), at a point Y in the interior of tf(X^2_H ) t^{12} ρ_{tf} (π_{H,L})_∗N = 1 2 Y. The action of t∂/∂t can be deduced in the same way, namely

(8.73) t ∂ ∂t : Ψ^j_G(X; S) −→ Ψ^j_G(X; S).

Indeed there are no curvature terms, so the rescaled normal operator can be deduced from the normal operator on the heat calculus in (7.52). It preserves the degree of a form and the extra factors of t^{12} introduced in the rescaling give

(8.74) Ev_p ( N_{G,j} (t ∂ ∂t ∘ A) ) = − 1 2 (R + n + j + p + 2) Ev_p(N_{G,j} A).

A formula for the leading term in (8.57) in terms of the rescaled normal operator is easily deduced from Lemma 8.18 and Lemma 8.20. Namely (8.75)

A ∈ Ψ^j_G(X; S) =⇒ ( t^{1+ 12 j} str(A~_{ΔH} ) ) ¯t=0

= (−2i)^k Ev_{2k}(N_{G,j} A)_{¯X} ,

where restriction to X on the right is restriction to the zero section of T X, i.e. to ~Δ_H ∩ tf(X^2_H ).

8.8. Lichnerowicz’ formula.

Lichnerowicz’ formula expresses the square of the Dirac operator as the sum of the connection Laplacian and a scalar term. If E has an Hermitian inner product and X is Riemannian then T^∗X ⊗ E has a natural inner product and the adjoint of a connection, ∇, is a first order differential operator ∇^∗ : C^∞(T^∗X ⊗ E) −→ C^∞(X; E). The connection Laplacian is just

Δ^∇ = ∇^∗∇ ∈ Diff^2(X; E).

If υ is a non-vanishing volume form the divergence of a vector field with respect to υ is defined by the identity:

d(int(w)υ) = (div w)υ.

Since it is invariant under change of sign of υ, the divergence is actually defined with respect to a non-vanishing smooth density even if the manifold is not oriented (or orientable). In particular the divergence of a vector field is defined on any Riemann manifold.

Exercise 8.24. Show that the divergence div_ν v of a vector field with respect to a non-vanishing density ν ∈ C^∞(X; Ω) is fixed by the integration by parts formula ∫ X vfν = ∫ X f(div_ν v)ν ∀ f ∈ C^∞(X).

Lemma 8.25. If v_i, i = 1, . . . , N is a local orthonormal frame for T X then for any Hermitian connection on a vector bundle E

(8.76) Δ^∇u = N∑ i=1 ∇^∗_{vi} ∇_{vi}

= − N∑ i=1 ( ∇^2_{vi} − div v_i∇_{vi} ) u ∀ u ∈ C^∞(X; E).

Notice that at any point where the frame is covariant constant the first order terms on the right vanish.

Proof: Let ϕ^i be the dual coframe to the v_i. The connection is

∇u = N∑ i=1 ϕ^i ⊗ ∇_{vi} .

The adjoint, acting on a section ϕ^i ⊗ v must therefore satisfy ⟨∇^∗(ϕ^i ⊗ v), v^′⟩ = ⟨ϕ^i ⊗ v, ∇v^′⟩ = ⟨v, ∇_{vi} v^′⟩. Thus ∇^∗(ϕ^i ⊗ v) = ∇^∗_{vi} v, where the adjoint is with respect to the inner product on E. This gives the first formula. Since the connection is Hermitian, ∇^∗_{vi} = −∇_{vi} + div v_i. This gives (8.76).

The square of the Dirac operator has principal symbol given by the metric tensor and the same is true of the connection Laplacian. The difference between them is therefore a differential operator of first order. In fact the difference is of order zero and was computed by Lichnerowicz:

Proposition 8.26. The Dirac operator on the spinor bundle satisfies

(8.77) g^2 = Δ^∇ + 1 4 S, where S is the scalar curvature of the metric.

Proof: Let v_i be a local orthonormal frame for the metric, with ϕ^i the dual coframe. Then the Dirac operator is given by (3.41), so

g^2 = −^{N∑}_{i=1} cl(ϕ^i)∇v_i ∘^{N∑}_{j=1} cl(ϕ^j)∇v_j .

Dividing by 2 and exchanging the dummy variables on one sum gives

g^2 = −^1_2^{N∑}_{i=1}^{N∑}_{j=1}^[cl(ϕ^i)∇v_i ∘ cl(ϕ^j)∇v_j + cl(ϕ^j)∇v_j ∘ cl(ϕ^i)∇v_i^] = − 1 2 N∑ i=1 N∑ j=1 [ cl(ϕ^i) cl(ϕ^j)∇_{vi} ∇_{vj} + cl(ϕ^j ) cl(ϕ^i)∇_{vj} ∇_{vi} ]

− 1 2 N∑ i=1 N∑ j=1 [ cl(ϕ^i) cl(∇_{vi} ϕ^j)∇_{vj} + cl(ϕ^j) cl(∇_{vj} ϕ^i)∇_{vi} ] , where the fact that the connection is Clifford has been used. Commuting differentiation gives

g^2 = −^{N∑}_{i=1} ∇^2_{vi} +^1_2^{N∑}_{i=1}^{N∑}_{j=1} cl(ϕ^j) cl(ϕ^i)[∇v_i , ∇v_j ] − 1 2 N∑ i=1 N∑ j=1 [ cl(ϕ^i) cl(∇_{vi} ϕ^j )∇_{vj} + cl(ϕ^j ) cl(∇_{vj} ϕ^i)∇_{vi} ]

by the anticommutation property of Clifford multiplication. Further expressing the commutator of the covariant derivatives in terms of the curvature operator of the connection gives (8.78)

g^2 = −^{N∑}_{i=1} ∇^2_{vi} + 1 2 N∑ i=1 N∑ j=1 cl(ϕ^j) cl(ϕ^i)∇_{[vi,vj ]} + 1 2 N∑ i=1 N∑ j=1 cl(ϕ^j) cl(ϕ^i)Q(v_i, v_j)

− 1 2 N∑ i=1 N∑ j=1 [ cl(ϕ^i) cl(∇_{vi} ϕ^j)∇_{vj} + cl(ϕ^j ) cl(∇_{vj} ϕ^i)∇_{vi} ] .

Using (8.76) this shows the difference g^2 −Δ^∇ to be a first order differential operator. Consider the coefficients of the first order terms. Choose a point p ∈ X and then choose the orthonormal basis to be covariant constant at p and equal to a coordinate basis to second order. Then the commutators [v_i, v_j], the covariant derivatives of the coframe and the divergence terms in (8.76) all vanish at p. Since the remaining term in (8.78) is of order zero, and independent of the basis, the first order terms must in fact vanish identically and

(8.79) g^2 = Δ^∇ + 1 2 N∑ i=1 N∑ j=1 cl(ϕ^j) cl(ϕ^i)Q(v_i, v_j).

The action of the curvature operator on the spinor bundle is discussed in Chapter 3. In particular for an orthonormal basis

Q(v_i, v_j) = 1 4 N∑ pq=1 R_{pqij} cl(ϕ^p) cl(ϕ^q).

Inserting this into (8.79) gives the somewhat forbidding expression for the tensorial term:

(8.80) − 1 8 ∑ ijpq R_{pqij} cl(ϕ^i) cl(ϕ^j) cl(ϕ^p) cl(ϕ^q),

where the sign change comes from anticommutation of cl(ϕ^i) and cl(ϕ^j). This expression considerably simplifies because of the symmetry properties of the Riemann curvature tensor discussed in Lemma 2.29. In particular total antisymmetrization in any three indices gives zero. Subtracting the total antisymmetrization of the product of the last three Clifford factors and then using the anticommutation property of Clifford multiplication gives

cl(ϕ^j) cl(ϕ^p) cl(ϕ^q) − 1 6 [ cl(ϕ^j) cl(ϕ^p) cl(ϕ^q) + cl(ϕ^p) cl(ϕ^q) cl(ϕ^j) + cl(ϕ^q) cl(ϕ^j ) cl(ϕ^p)

− cl(ϕ^j) cl(ϕ^q ) cl(ϕ^p) − cl(ϕ^q) cl(ϕ^p) cl(ϕ^j) − cl(ϕ^p) cl(ϕ^j ) cl(ϕ^q) ] = 1 6 [ 2δ_{jp} cl(ϕ^q) − 2δ_{jq} cl(ϕ^p) + 2δ_{pq} cl(ϕ^j) − 2δ_{jq} cl(ϕ^p) + 2δ_{pq} cl(ϕ^j )

+ 2δ_{pq} cl(ϕ^j) − 2δ_{jq} cl(ϕ^p) + 2δ_{jp} cl(ϕ^q ) + 2δ_{jp} cl(ϕ^q) ] = δ_{jp} cl(ϕ^q) − δ_{jq} cl(ϕ^p) + δ_{pq} cl(ϕ^j).

Inserting this into (8.80) therefore reduces it to

(8.81) − 1 8 ∑ ijp R_{jpij} cl(ϕ^i) cl(ϕ^p) + 1 8 ∑ ijp R_{pjij} cl(ϕ^i) cl(ϕ^p) − 1 8 ∑ ijp R_{ppij} cl(ϕ^i) cl(ϕ^j ).

The last sum is zero and the first two are equal, because the Riemann curvature tensor is antisymmetric in the first and last pair of indices. Moreover the curvature tensor is unchanged under exchange of the two pairs of indices, so (8.81) can be rewritten 1 8 ∑ ijp R_{pjij} [ cl(ϕ^i) cl(ϕ^p) + cl(ϕ^p) cl(ϕ^i) ] = 1 4 ∑ ij R_{ijij}.

Thus the term of order zero is simply multiplication by a scalar as (8.77) claims, with S = ∑ ij R_{ijij} by definition the scalar curvature of the Riemann manifold.

Lichnerowicz’ formula extends easily to the case of a twisted Dirac operator.

Proposition 8.27. The twisted Dirac operator on S ⊗ E, where E has an Hermitian connection, satisfies

(8.82) g^2 = Δ^∇ + 1 4 S − 1 2 cl(K_E ),

where S is the scalar curvature of the metric and

K_E ∈ C^∞(X; T^∗X ⊗ T^∗X ⊗ hom(E))

is the curvature of the coefficient bundle acting through Clifford multiplication in the sense that for any orthonormal frame v_i and dual coframe ϕ^i (8.83) cl(K_E ) = ∑ ij K_E (v_i, v_j) cl(ϕ^i) cl(ϕ^j ).

Proof: The formula (8.83) follows exactly as in the proof of Proposition 8.26, except that now Q is the total curvature operator acting on the tensor product bundle S ⊗ E. As shown in (2.76) the curvature splits into a sum Q = Q_S + K_E ,

where K_E is the curvature operator for the connection on E and Q_S is the curvature on the spinor bundle. This gives an extra term in (8.79) and leads directly to (8.83).

Proof of Proposition 8.21: Applying (8.77) to tg^2 and writing it locally as

tg^2 = −^∑_i (t^12 ∇v_i )^2 +^∑_i (t^12 div vit^12 ∇v_i ) + t^1_4 S

in terms of an orthonormal basis of vector fields allows Lemmas 8.22 and 8.23 to be used to show that tg^2 preserves the space defining the rescaled heat calculus, i.e. proves (8.62). The formulæ (8.65) and (8.70) then give (8.63).

8.9. Mehler’s formula.

Consider the representation (8.63) for the rescaled normal operator. This can be used to obtain an explicit formula for the normal operator of the (putative) rescaled heat kernel, using (8.62), and then to show that the Dirac operator on an even-dimensional manifold does indeed satisfy

(8.84) exp ( −tg^{2)} ∈ Ψ^{−2}_G (X; S),

as has been anticipated.

Consider the normal operator in (8.63), acting on functions on T_y X with values in Λ^∗_yX. Thus

(8.85) P = − n∑ i=1 (∂_{xi} + 1 4 ∑ k Q_{ik}x^k)^2.

Here the Q_{ik} are 2-forms acting by exterior product. This means that as operators on Λ^∗_yX they are nilpotent:

(Q_{ik})^j = 0, j > k, dim X = 2k.

This makes it plausible that the heat kernel for P should have an explicit representation, since it could be obtained from the heat kernel for the flat case (Q_{ik} ≡ 0) by a finite number of iterative steps. By exploiting the analogy between (8.85) and the harmonic oscillator and by generalizing Mehler’s formula ([52]) for the latter, Getzler observed that there is in fact a closed form solution.

Thus consider the harmonic oscillator on the line:

P_1 = − d^2 dx^2 + x^2.

One variant of Mehler’s formula gives the fundamental solution to the heat equation for P_1 as (8.86)

E_1 = 1 (2π sinh 2t)^{12} exp { − 1 2 sinh 2t

(x^2 cosh 2t − 2xy + y^2 cosh 2t) } . Uniqueness follows rather easily from the existence, which can be checked by differentiation. Direct derivations of (8.86) can be found in [20] and [48].

By scaling the variables t −→ at, x, y −→ a^{12} x, a^{12} y for a > 0, (8.86) can be generalized to obtain the heat kernel for P_a = −^{d2}_{dx2} + a^2x^2; namely

(8.87)

E_a = 1 (4πt)^12 ( 2at sinh 2at

) 1_2

× exp { − a 2 sinh 2at

(x^2 cosh 2at − 2xy + y^2 cosh 2at) } . The fundamental solutions for the harmonic oscillators in higher dimensions can be obtained by taking products of the one-dimensional fundamental solution.

Lemma 8.28. If B is a non-negative symmetric matrix then

(8.88) H = Δ + ⟨Bx, x⟩ =⇒ e^{−tH} (x, y) = 1 (4πt)^{n2} ( det^{12} α(t) )_{−1}

× exp ( − 1 4πt [ ⟨β(t)x, x⟩ − 2⟨α(t)x, y⟩ + ⟨β(t)y, y⟩ ] ),

where the symmetric matrices α(t) and β(t) are defined by (8.89)

α(t) = F (2tB^{12} ), β(t) = G(2tB^{12} ), F (r) = r sinh(r) , G(r) = r cosh r sinh r . Proof: If b_{ij} = δ_{ij}a^2_i is diagonal and positive semidefinite then just taking products of (8.87) gives

(8.90) E = 1 (4πt)^n2 n∏ i=1 ( 2a_it sinh 2a_it

) 1_2

× exp { − n∑ i=1 a_i 2 sinh 2a_it

(x^2_i cosh 2a_it − 2x_iy_i + y^2 cosh 2a_it) } .

If the diagonal matrices

(8.91) α_{ij}(t) = δ_{ij} sinh(2a_it) 2a_it , β_{ij} (t) = δ_{ij} 2a_it cosh 2a_it sinh 2a_it

are considered then (8.90) can be written in the form

(8.92) E = 1 (4πt)^{n2} × ( det^{12} α(t) ) exp ( − 1 4t [ ⟨β(t)x, x⟩ − 2⟨α(t)x, y⟩ + ⟨β(t)y, y⟩ ] ) . Of course (8.91) and (8.92) just reduce to (8.88) and (8.89) when B is diagonal. Moreover the general case follows by making an orthogonal transformation in the independent variables. Thus if O ∈ SO(N ) is such that OBO^t is diagonal, changing variables from x and y to Ox and Oy reduces H in (8.88) to the form (8.91). Changing variable back from (8.92) gives the general case.

Still for operators acting on functions, suppose that A_{ij} = −A_{ji} is an antisymmetric matrix. Then, thinking of it as a ‘vector potential,’ consider the operator

H_A = − n∑ i=1 ∂ ∂x_i − n∑ j=1 A_{ij}x^j 2 =

Δ + ∑ ij A_{ij} ( x^j ∂ ∂x_i − x^i ∂ ∂x_j ) + ⟨Ax, Ax⟩.

The linear vector field V = ∑ ij A_{ij} ( x^j ∂ ∂x_i − x^i ∂ ∂x_j )

is a sum of infinitesimal rotations, so commutes with the Laplacian, and V ⟨Ax, Ax⟩ = 0. Thus if H = −Δ + ⟨Ax, Ax⟩ then H_A = H + V, [H, V ] = 0. The heat kernel can therefore be written

exp(−tH_A) = exp(− 1 2 tV ) exp(−tH) exp(− 1 2 tV ).

The middle term here is given by Lemma 8.28 and the exponential of the vector field is an orthogonal transformation, namely the exponential of −^1_2 tA as a matrix. Thus the kernel of exp(−tH_A) can be obtained from the kernel of exp(−tH) by replacing x and y by exp(−t^1_2 A)x and exp(t^1_2 A)y respectively in (8.88).

Notice first that the functions F and G in (8.89) are actually even functions of the argument r, i.e. are actually analytic functions of r^2. Thus they can be expressed in terms of −t^2A^2 and hence, with conjugation by exp(^1_2 tA), the fundamental solution can be expressed as a matrix function of tA : (8.93) e^{−tHA} = 1 (4t)^{n2} ( det^{12} α(t) )

× exp ( − 1 4πt [ ⟨β(t)x, x⟩ − 2⟨α(t)x, y⟩ + ⟨β(t)y, y⟩ ] )

α(t) = F (2itA), β(t) = G(2itA), F (r) = r sinh(r) , G(r) = r cosh r sinh r . To apply this discussion to the operator (8.85) a further generalization to the case of a system is needed. This would be rather daunting, except that it is a very special system. The A_{ij} in (8.85) are antisymmetric real matrices with values in the 2-forms, acting by exterior multiplication on Λ^∗_yX, which is commutative. It is also nilpotent, i.e. any (k + 1)-fold product (where the dimension of X is 2k) vanishes. From an algebraic point of view it is therefore obvious that (8.93) continues to give the fundamental solution in this case.

Those who are not algebraists may need to check the claim. To do so consider (8.93) as a function of the matrix A. It is certainly real-analytic, hence it is complex analytic as a function of complex (still antisymmetric) matrices near the real subspace. This allows polynomial variables z_{pq} to be introduced into the formula for all pairs p, q where p, q = 1, . . ., k, q > p, by replacing A by A(z) = ∑ q>p z_{qp}A^{p,q}, where A^{p,q} is the matrix with all entries zero, except for a 1 at (p, q) and −1 at (q, p). The formula (8.93) still gives

(8.94) (∂_t + H_A) exp(−tH_A) = δ(t)δ(x − y)

provided the z_{pq} are small. Let E_{pq} be the action of dx_p∧dx_q on the exterior algebra. Using the nilpotence, which means that 0 is the only eigenvalue, it follows that for any function g analytic in z near 0 1 2πi ∮ g(z)(z − E_{pq})^{−1}dz = g(E_{pq} ). Applying this to (8.94) in each of the variables z_{pq} and using the commutativity gives:

Lemma 8.29. The heat kernel for the operator (8.85), acting on functions with values in T^∗_y X, is given by (8.93) with A = −^1_4 R^∧.

8.10. Local index formula.

Now the proof of the local index theorem for Dirac operators can be completed since (8.75) leads directly to the local index theorem, proved originally by Patodi [72] and Gilkey [37]:

Theorem 8.30. If P = g^2 is the Dirac Laplacian on a compact 2kdimensional spin manifold X then (8.84) holds and

(8.95) str[exp(−tP )]_{¯t=0} = Ev_{2k} ( det^{12} ( R/4πi sinh(R4πi) ) ) , where R is the antisymmetric matrix of 2-forms defined by the curvature on the orthonormal frame bundle and Ev_{2k} evaluates a form to its component of maximal degree.

Proof: Proceed, as previously announced, to reconstruct the heat kernel for the Dirac Laplacian. From (8.63) the first step is to take for a parametrix, E_1 ∈ Ψ^{−2}_G (X; S), an operator which has rescaled normal operator satisfying

(8.96) N_G(t ∂ ∂t + tg^∗g)NG(E1) = 0

and the appropriate initial condition which follows directly from (8.60), namely

(8.97) ∫ fibre

Ev_0 (N_{G,−2}(E_1)) = Id .

In fact the solution to (8.96) with initial condition (8.97) follows directly from Lemma 8.29 and in particular (8.93). First take y = 0 in (8.93), since that is where the diagonal is. Now rescale the form bundle and the linear

8.10. Local index formula 327

coordinates on T_pX for a given fibre, setting Z = x/t^{12} and dx^j = t^{12} dZ^j. Multiplying by an overall factor of t^{n2} , this gives

(8.98) N_G(E_1) = 1 (4π)^{n2} ( det^{12} α ) exp ( − 1 4 ⟨βZ, Z⟩ ) , where α and β are the matrices in (8.93) evaluated at t = 1. Certainly (8.96) holds, just by rescaling the equation expressing the fact that (8.93) gives the fundamental solution of (8.85). Then (8.97) follows from (8.61).

The leading part of the rescaled heat kernel has therefore been obtained. As in the scalar case discussed in Chapter 7 successive correction terms can be found, which are now lower order in the rescaled heat calculus, by using the fundamental solution (8.93). Summing the Taylor series at tf(X^2_H ) gives an error term vanishing rapidly at t = 0 which is therefore a Volterra operator, the terms of order −∞ in the rescaled calculus being the same as in the unscaled case. Thus E_1 can be extended to an element

(8.99) E ∈ Ψ^{−2}_G (X; S) s.t. t(∂_t + g^2)E = 0.

Furthermore from (8.55) it follows that in this way the heat kernel has simply been reconstructed. Thus (8.84) has been proved for the Dirac Laplacian.

The local index formula (8.95) is just (8.75) applied to (8.98), since the lifted diagonal meets the temporal front face at Z = 0 in the fibre.

The formula for the integrand is in terms of a characteristic class, namely

(8.100) Ev_{2k} ( 2^k(−i)^k 1 (4π)^k [ det^{12} ( R^∧/2 sinh(R^∧/2) )]) . It is given by an invariant polynomial in the curvature as discussed in §2.14. Since only the volume part, i.e. the component of form degree 2k, is involved the function in (8.100) is necessarily homogeneous of degree k in R. Thus the constant can be absorbed to give precisely the volume part of the ^A-genus as defined in (2.106) and written again in (8.95).

Now it is easy to go back and add in the effect of twisting by the Hermitian bundle E, with Hermitian connection:

Theorem 8.31. If P = g^2_E is the twisted Dirac Laplacian for a bundle with Hermitian connection on a compact 2k-dimensional spin manifold X then the conclusions of Theorem 8.30 hold with (8.95) replaced by

(8.101) str[exp(−tP )]_{¯t=0} = Ev_{2k} ( det^{12} ( R/4πi sinh(R/4πi) ) tr exp( iK_E 2π ) ) , where now K_E is the curvature of E.

Proof: The formula (8.82) should be used in place of (8.77), to compute the normal operator on the rescaled bundle. Thus (8.85) is replaced by

(8.102) P = − n∑ i=1 (∂_{xi} + 1 4 ∑ k Q_{ik}x^k)^2 − 1 2 K_E .

Since this just involves the addition of a constant, nilpotent, matrix of 2- forms acting on Λ^∗_yX ⊗ E_y at each point (and therefore commuting with the action of the Riemann curvature) the fundamental solution can be constructed precisely as before, with an additional exponential factor of exp(K_E /2) in (8.93). On rescaling to give the analogue of the normal operator in (8.98) this gives an extra factor of exp(−iK_E ). Then (8.101) follows after taking the supertrace, which acts simply as the trace on the operators on E, and using the homogeneity to absorb factors of 2 and π as before.

This extra factor Ch(E) = tr exp( iK_E 2π ) is the Chern character of the bundle E discussed briefly in §2.14. Again it is a differential form on X but is independent of the choice of trivialization used to compute it. Finally then the derivation of (In.2) is complete, since (8.101) is just the definition of the Atiyah-Singer integrand for the twisted Dirac operator: AS = Ev_{dim X} ( ^A(X) · Ch(E) ) . This is very close to the completion of the proof of the Atiyah-Singer theorem for twisted Dirac operators as outlined in the Introduction; it only remains to put the pieces together. This is done in the next chapter.

8.11. The b case.

The case of a b-metric still needs to be examined; fortunately not much has to be done apart from a review of the discussion above.

The rescaling of^GHom(^bS) is fixed by Proposition 7.36 and satisfies (8.47). The rescaled heat calculus is defined by (8.58). Moreover the rescaling of the trace functional, the rescaling of the connection and Lichnerowicz’ formula all follow by continuity since they are true away from the boundary. The construction of the rescaled normal operator proceeds exactly as in the boundaryless case and then the remainder of the construction proceeds without difficulty.

This leads directly to the local index theorem for the twisted Dirac operator:

Theorem 8.32. If P =^bg^2_E is the twisted Dirac Laplacian for a bundle with Hermitian connection on a compact 2k-dimensional exact b-spin manifold X then the heat kernel is an element of the rescaled b-heat calculus, exp(−tP ) ∈ Ψ^{−2}_{b,G}(X; S ⊗ E) and (8.101) continues to hold for the fibre trace:

(8.103) str[exp(−tP )]_{¯t=0} = Ev_{2k} [ det^{12} ( R/4πi sinh(R/4πi) ) ] tr exp( iK_E 2π ), where K_E is the curvature of E.

8.12. Graded Hermitian Clifford modules.

Although the results above have been discussed in the context of twisted Dirac operators they all generalize directly to the case of a generalized Dirac operator associated to a graded Hermitian Clifford module, with graded unitary Clifford connection, over an even-dimensional compact manifold with boundary with an exact b-metric. It is for this general case that the APS theorem is proved in the next Chapter.

Let E be the bundle which is a Clifford module over X, dim X = 2k. The homomorphism bundle decomposes, as discussed in Lemma 3.6, giving the filtration

(8.104) hom^{(k)}(E) = C l^{(k)}(X) ⊗ hom^′C_l(E).

This filtration can be used to define the rescaled bundle,^GHom(E), as before. That is, the subbundles hom^{(k)}(E) lift to a filtration of π^∗_{H,X} Hom(E) over tf(X^2_η ) and this can be extended by parallel transport along some chosen radial normal vector field. Now the rescaled heat calculus for the bundle E, is defined by (8.58). Notice that (8.45) is replaced by

GHom(E)_{¯tf} ≡ β^∗_η (Λ^∗X ⊗ hom^′C_l(E)).

Then Lemma 8.22 can be extended to give

cl(t^{12} γ) : Ψ^k_{b,G}(X; S) −→ Ψ^k_{b,G}(X; S), γ ∈^bΛ^1(X) N_{b,G}(cl(t^{12} γ)A) = β^∗_η γ ∧ N_G(A).

To get the analogue of Lemma 8.23, and hence Proposition 8.21, a formula for the curvature operator on E, and hence on Hom(E), is needed. Lemma 8.33. If E is a Clifford module, with Clifford b-connection, over an even-dimensional compact manifold with boundary equipped with an exact b-metric then under (3.37) the curvature operator decomposes

(8.105) K_E (V, W ) = 1 4 cl(R(V, W )) + K^′_E (V, W ), ∀ V, W ∈ V_b(X), where K_E′ (V, W ) commutes with the Clifford action and for any orthonormal coframe cl(R(V, W )) = ∑ pq R_{pq}(V, W ) cl(ϕ^p) cl(ϕ^q).

Proof: By definition the curvature operator is K_E (V, W )s = ( [∇_V , ∇_W ] − ∇_{[V,W ]} ) s ∀ s ∈ C^∞(X; E). Now suppose that α ∈ C^∞(X; T^∗X) is a smooth 1-form. Then the commutator of the curvature operator and Clifford multiplication by α can be evaluated using (3.36):

(8.106) K_E (V, W ) cl(α)s = cl(α)K_E (V, W )s + cl(R(V, W )α)s, where R(V, W ) is the curvature operator on 1-forms: R(V, W )ϕ^p = ∑ q R_{qp}(V, W )ϕ^q .

This in turn can be written as a commutator (8.107) cl(R(V, W )α)s = 1 4 cl(R(V, W )) · cl(α)s − 1 4 cl(α) · cl(R(V, W )s. Indeed, for any orthonormal coframe

cl(R(V, W )) cl(ϕ^p) − cl(ϕ^p) cl(R(V, W )) = ∑ ij R_{ij}(V, W ) cl(ϕ^i) cl(ϕ^j ) cl(ϕ^p) − ∑ ij R_{ij}(V, W ) cl(ϕ^p) cl(ϕ^i) cl(ϕ^j ) = 2 ∑ i R_{ip}(V, W ) cl(ϕ^i) − ∑ j R_{pj} (V, W ) cl(ϕ^j) = 4 ∑ i R_{ip}(V, W ) cl(ϕ^i). Combining (8.106) and (8.107) shows that (8.108) K_E (V, W ) − 1 4 cl(R(V, W )) commutes with Clifford multiplication by 1-forms. It therefore commutes with all Clifford multiplication, on E. With K_E′ (V, W ) defined to be the difference, (8.108), this proves the lemma.

The extensions of Lemmas 8.22 and 8.23 to this wider setting are the same, since the rescaling takes place only in the Clifford part. This then allows the heat kernel for g^2_E to be constructed in the rescaled heat calculus, the formula replacing (8.63) for the action in (8.62) being as in (8.102) except that K_E should now be replaced by K_E′ from (8.105). It remains to analyze the supertrace of the restriction to the diagonal of the resulting kernel.

Let R_E be the involution defining the Z_2-grading of E. By assumption this is consistent with the grading of the Clifford action, i.e. commutes with Clifford multiplication by any element of C l^+ . Since the involution on the Clifford algebra itself, R, is given by multiplication by the volume form, it follows that R_E and R commute. Moreover R_E must anticommute with

C l^−, as does R. The product therefore commutes with the Clifford action,

so in the decomposition (3.37)

R_E = R · R^′_E, (R^′_E )^2 = Id .

This allows a supertrace functional to be defined on hom^′C_l(E) by

(8.109) str^′(A) = tr(R^′_EA), A ∈ hom^′C_l(E).

Then

str(A) = tr(R_E A) = str(α) str^′(A^′), A = α ⊗ A^′, α ∈ C l, A^′ ∈ hom^′C_l .

In particular Lemma 8.18 applies to the supertrace on the Clifford factor, as before.

With these minor modifications the local index theorem extends to the case of a graded Hermitian Clifford module for an exact b-metric:

Theorem 8.34. If P =^bg^2_E is the twisted Dirac Laplacian for an Hermitian Clifford module with Hermitian Clifford connection on a compact 2k-dimensional manifold, with an exact b-metric, then the heat kernel is an element of the rescaled b-heat calculus, exp(−tP ) ∈ Ψ^{−2}_{b,G}(X; S ⊗ E) and the fibre supertrace satisfies

(8.110) str[exp(−tP )]_{¯t=0} = Ev_{2k} [ det^{12} ( R/4πi sinh(R/4πi) ) ] str^′ exp( iK^′_E 2π ) where K_E′ is the difference in (8.108), the part of the curvature of E commuting with the Clifford action and the modified supertrace is given by (8.109).

8.13. The eta integrand.

Consider the formula (In.28) for the eta invariant. It follows from (In.27) and the local index formula just discussed that the integral converges absolutely. In fact

(8.111) Tr

(g0,E exp(−tg^2_{0,E} )^) ∈ t^12 C^∞([0, ∞)).

This is for the Dirac operator on a compact spin manifold of odd dimension, assuming of course that it bounds a compact exact b-spin manifold. In fact (8.111) always holds for the Dirac operator in odd dimensions. Even more is true and there is an analogue of the local index theorem, due to Patodi and Gilkey. We shall prove this using a scaling argument given by Bismut and Freed [19].

Theorem 8.35. If g is the Dirac on an odd-dimensional compact spin manifold without boundary, Y, then application of the fibre trace to the restriction to the diagonal gives

(8.112) tr ( g exp(−tg^2)^) ∈ t^12 C^∞([0, ∞) × Y ; Ω).

Proof: We shall extend the spinor bundle to a product, so denote the Dirac operator on Y as g_0. As in §2.10 and §3.14 consider X = S^1 × Y, at first with product metric g = dθ^2 + h,

where h is the metric on Y. The spin structure on X is discussed in §3.14 and in particular the Dirac operator takes the form (3.75).

The short-time asymptotics of the integrand for the eta invariant of g_0 can be recovered from the heat kernel for g through

(8.113) tr (g0 exp(−tg^2_0)^) ∼ √ 2πt 2i tr ( R ( 0 i −i 0 ) ( 0 1 1 0 ) g0 exp(−t^bg^2_E )^)_{θ=θ′,Δ(Y )} .

Here the kernel on the right acts on S_0 ⊕S_0 and is restricted to the diagonal in Y^2 and to any one point θ = θ^′ in the diagonal of (S^1)^2. From (3.75) the square of the Dirac operator on the product is just

(8.114) g^2 = ( D^2_θ + g^2_0 ) Id, D_θ = 1 i ∂ ∂θ . The heat kernel is therefore just the product of the heat kernels on S^1 and on Y. Since S^1 is locally diffeomorphic to R the heat kernel on the circle has

8.13. The eta integrand 333

the same short time asymptotics as on the line, so on the diagonal reduces to 1/ √ 2πt up to all orders as t ↓ 0. The matrices in (8.113) multiply to iR since R is just Id on the first factor of S_0 and − Id on the second. Thus (8.113) does indeed hold.

Consider the square of the Dirac operator for the warped product in (3.78)

~g^2 =^{((}Dθ + F (θ)^{)2} + e^{−2ϕ}g^2_0^) Id +iϕ^′e^{−ϕ ( 0 i}_{−i 0}^{) ( 0 1}_{1 0}^) g0.

Suppose that ϕ(θ) depends smoothly on a parameter s then d ds ~g^2 =^˙F (θ)(Dθ + F (θ)) + (Dθ + F (θ))^˙F (θ)

+ i[ϕ̇^′ − ϕ^′ϕ̇]e^{−ϕ}Rg_0 − 2ϕ̇e^{−2ϕ}g^2_0,

(8.115)

where Ḟ and ϕ̇ denote the derivatives with respect to the parameter s. We can choose ϕ ≡ 0 at s = 0 and then (8.115) reduces to

(8.116) d ds ~g^2(0) =^{2k − 1}_{4i}^(Φ(θ)Dθ + DθΦ(θ)^) Id +iΦ(θ)Rg0 − 2ϕ^′g^2_0,

where Φ(θ) = ϕ̇^′(θ) at s = 0 and (3.79) has also been used.

By Duhamel’s principle the derivative of the heat kernel with respect to the parameter can be written:

(8.117) d ds exp(−t~g^2) = −t ∫_t 0 exp(−(t − r)~g^2) d~g^2_{ds exp(−r~}g_{2)dr.} Notice that the parity involution R is the volume element, i.e. the product of Clifford multiplication by an oriented orthonormal basis. By (3.76) this is independent of ϕ, and hence the parameter, in the identification of spinor bundles. Thus the supertrace can be taken in (8.117) at any point on the diagonal. Setting s = 0 and using (8.116) (8.118) d ds str ( exp(−t~g^2) ) ¯θ=θ^′,Δ(Y ),s=0 = ct str (∫_t 0 exp(−(t − r)g^2)

d~g^2_{ds (0) exp(−r}g_{2)dr}^) ¯θ=θ^′,Δ(Y ),s=0 .

Here c ≠ 0 is constant and g^2 is the square of the product Dirac operator given in (8.114). In (8.116) only the middle term is not a multiple of the identity 2 × 2 matrix on S_0 ⊕ S_0, so it gives the only contribution to the supertrace in (8.118). Thus (8.119) d ds str ( exp(−t~g^2) ) ¯θ=θ^′,Δ(Y ),s=0 = ct str (∫_t 0 exp(−(t − r)g^2)Φ(θ)Rg_0 exp(−rg^2)dr ) ¯θ=θ^′ ,Δ(Y ),s=0 . Now we are free to choose Φ as a real-valued function on the circle.

Choosing it to be 1 near some value of θ and again recalling the locality of the short-time asymptotics of the heat kernels, it follows from (8.119) and (8.113) that the short-time asymptotics of the eta integrand are a constant multiple of those of

(8.120) t^{− 12} d ds str ( exp(−t~g^2) ) ¯θ=θ^′,Δ(Y ),s=0 near a point where Φ is constant. The local index theorem applies to the heat kernel here, so (8.112) holds with t^{12} replaced by t^{− 12} . The leading term can be computed using the local index formula, (8.101). In this case only the ^A-genus appears. Consider the formula (2.74) for the curvature of the warped product. Differentiating with respect to s and evaluating at s = 0 and at a point θ = θ^′ near which ϕ = 1 + s(θ − θ^′), all terms vanish.

It follows that the leading term in (8.120) vanishes. The trace can only have odd powers of t^{12} in its expansion, so (8.112) follows and the theorem is proved.

Notice that this proof extends to show that (8.112) holds for the Dirac operator on any Hermitian Clifford bundle with unitary Clifford connection. In fact:

Theorem 8.36. If g_E is the Dirac operator for an Hermitian Clifford bundle with unitary Clifford connection on an odd-dimensional exact bmanifold with boundary, Y, then application of the fibre trace to the restriction to the diagonal gives

(8.121) tr ( gE exp(−tg^2_E )^) ∈ t^12 C^∞([0, ∞) × Y ; Ω).

Exercise 8.37. Go through the details of the proof. [Hint. The warped product is only used to twist the Clifford action on the bundle.]

8.14. The modified eta invariant.

Next consider the dependence of the modified η-invariant, in (In.32), on the parameter s.

8.14. The modified eta invariant 335

Proposition 8.38. For a generalized Dirac operator, g_{0,E} , associated to an Hermitian Clifford module on an odd-dimensional compact manifold without boundary the modified η-invariant (In.32) is C^∞ near any s /∈ − spec(g_{0,E} ) with derivative

(8.122) d ds η_s(g_{0,E} ) = − 2 √ π coeff of t^{− 12} in Tr exp(−t(g_{0,E} + s)^2) as t ↓ 0

and satisfies, for s ∈ − spec(g_{0,E} ),

(8.123) η_s(g_{0,E} ) = 1 2 [ lim_{ϵ↓0} η_{s+ϵ}(g_{0,E} ) + lim_{ϵ↑0} η_{s−ϵ}(g_{0,E}) ]

dim null(g_{0,E} + s) = 1 2 lim_{ϵ↓0} [η_{s+ϵ}(g_{0,E} ) − η_{s−ϵ}(g_{0,E} )] .

Proof: From the construction in Chapter 7 the heat kernel

exp(−t(g_{0,E} + s)^2)

depends smoothly on s as an element of the heat calculus, for all finite times. In particular for any T > 0 Tr ( (g0,E + s) exp(−t(g0,E + s)^2)^) ∈ t^{− 1}2^nC^∞([0, T ] 1_2 × Rs).

The derivative of the finite integral can be computed by differentiation under the integral and by integration by parts in t : d ds T∫ ϵ t^{− 12} Tr [ (g0,E + s) exp(−t(g0,E + s)^2)^] dt = ∞∫ 0 t^{− 12} Tr [( 1 − 2t(g_{0,E} + s)^2 ) exp(−t(g_{0,E} + s)^2) ] dt

= 2 [ t^{12} Tr(exp(−t(g_{0,E} + s)^2) ]_T ϵ . If s /∈ − spec(g_{0,E} ) the trace of this heat kernel converges exponentially to zero as T → ∞. This proves (8.122). Since the right side of (8.122) is smooth for all s it follows that η_s(g_{0,E} ) is smooth up to any point s ∈ − spec(g_{0,E} ) from above and below.

If s ∈ − spec(g_{0,E} ) then the smoothness of the integrand remains, but not the uniform decay at ∞. The finite integral is therefore smooth, and the same integration by parts gives

(8.124) lim_{ϵ↓0} [η_{s+ϵ}(g_{0,E} ) − η_{s−ϵ}(g_{0,E})] =

lim_{ϵ↓0} lim_{T →∞} ∞∫ T t^{− 12} [ Tr ( (g0,E + s) exp(−t(g0,E + r)^{2)]r=s+ϵ}_{r=s−ϵ} dt = lim_{ϵ↓0} lim_{T →∞} s+ϵ∫ s−ϵ 2T^{12} Tr exp(−T (g_{0,E} + r)^2)dr.

The expansion of the heat kernel at infinity in (7.105) shows that only the eigenvalue −s of g_{0,E} contributes to this limit. If m is the dimension of −s as an eigenvalue then changing the variable of integration to (r + s)T^{12} shows lim_{ϵ↓0} [η_{s+ϵ}(g_{0,E}) − η_{s−ϵ}(g_{0,E} )] =

= 2m lim_{ϵ↓0} lim_{T →∞}

T^12 ϵ∫

−T^12 ϵ exp(−R^2)dR.

This gives the second part of (8.123).

Essentially the same argument shows that if s ∈ − spec(g_{0,E} ) then η_s(g_{0,E}) − lim_{ϵ↓0} η_{s+ϵ}(g_{0,E} ) = dim null(g_{0,E} + s).

From this the remainder of (8.123) follows, completing the proof of the Proposition.

8.15. Variation of eta.

Although the eta invariant is not a local invariant of the geometry its variation is local, as long as the dimension of the null space of g does not vary.

Proposition 8.39. Let Y be an odd-dimensional compact spin manifold and let g_s be a 1-parameter family of Riemann metrics on Y then, provided the null space of the Dirac operator g_s, defined by g_s, has constant dimension η(g_s) is a smooth function of s and

(8.125) d ds η(gs) = − 2 √ π coeff of t^{− 12} in Tr ( ġs exp(−tg^2_s)^) as t ↓ 0,

with ġ_s the derivative of g_s with respect to s.

8.15. Variation of eta 337

Proof: The spinor bundle over Y can be considered to be independent of the parameter and this allows the heat kernel for g^2_s to be constructed uniformly. It is therefore smooth in s as an element of the heat calculus for all finite times. Thus

(8.126) γ(s, ϵ, T ) = T∫ ϵ t^{− 12} Tr

(gs exp(−tg^2_s)^) dt

depends smoothly on s, for any finite ϵ > 0 and T.

Differentiation of (8.126) gives

(8.127) d ds γ(s, ϵ, T ) = T∫ ϵ t^{− 12} Tr { ġs exp(−tg^2_s) + gs^d_{ds} exp(−tg^2_s)^} dt,

where ġ_s is the derivative of g_s with respect to the parameter. The derivative of the heat kernel with respect to the parameter can be evaluated from the identity

(8.128) ( ∂ ∂t + g^2_s)^d_{ds} exp(−tg^2_s) + (^˙gsgs + gs^˙gs) exp(−tg^2_s) = 0.

The initial condition is independent of s so, using the heat kernel to solve (8.128) (i.e. Duhamel’s principle),

(8.129) d ds exp(−tg^2_s) = − t∫ 0 exp(−(t−r)g^2_s ) ( ġsgs + gs^˙gs^) exp(−rg^2_s)dr.

Inserting this into the second term in (8.127) and using the trace identity, the commutativity of functions of g_s and integration by parts − T∫ ϵ t^{− 12} Tr

gs^{t∫}_0 exp(−(t − r)g^2_s)^{(˙}gsgs + gs^˙gs^) exp(−rg^2_s) dr

= −2 T∫ ϵ t^{12} Tr ( ġsg^2_s exp(−tg^2_s^) dt = 2 T∫ ϵ t^{12} Tr ( ġs^d_{dt} exp(−tg^2_s^) dt = [ 2t^{12} Tr ( ġs exp(−tg^2_s)^{)]T}_ϵ −^{T∫}_ϵ t^{− 1}2 Tr^{(˙}gs exp(−tg^2_s)^) .

The second term here cancels the first term on the right in (8.127) so

(8.130) d ds γ(s, ϵ, T ) = [ t^{12} Tr ( ġs exp(−tg^2_s)^{)]T}_ϵ .

Let Π_s be the orthogonal projection onto the null space of g_s. The assumption that the dimension is constant as s varies means that Π_s depends smoothly on s. Thus, by the self-adjointness of g_s, g_sΠ_s = Π_sg_s = 0 so

gs = (Id −Πs)gs(Id −Πs) =⇒ ġs = −^˙Πsgs(Id −Πs) + (Id −Πs)gs(Id −Πs) − (Id −Πs)gs^˙Πs.

Since (Id −π_s) exp(−tg^2_s) is uniformly exponentially decreasing this shows that the contribution from the upper limit in (8.130) vanishes rapidly as T → ∞. Thus (8.125) holds.

8.16. Spectral flow.

To extend Proposition 8.39 to the general case where the dimension of the null space may change we consider the notion of the spectral flow of a family of first order elliptic differential operators, including therefore Dirac operators. The definition of spectral flow applies to general families of selfadjoint operators and was introduced in this context by Atiyah and Lusztig see [10;§7].

If A_s ∈ Diff^m(X; E) is a smooth family of self-adjoint elliptic operators of fixed order, m, on a compact manifold without boundary then the eigenvalues vary continuously in the sense that the sum of the dimensions of the eigenspaces corresponding to the eigenvalues in any closed interval [a, b] is constant as long as a and b are not eigenvalues of any element of the family.

Exercise 8.40. Prove this constancy using the resolvent family, the fact that the residues are the self-adjoint projectors on the eigenspaces and Cauchy’s formula.

So suppose for the sake of definiteness that [0, 1] −→ A_s ∈ Diff^1(X; E) is such a smooth family of first-order elliptic self-adjoint elliptic operators. The spectral flow across a real number t is intended to measure the net number of eigenvalues which cross t upwards. Thus we certainly want

(8.131) A_s − t is invertible ∀ s ∈ [0, 1] =⇒ SF(A_s, t) = 0.

More generally let us assume that

(8.132) t /∈ spec(A_0) and t /∈ spec(A_1).

8.16. Spectral flow 339

Since the dependence of the eigenvalues on s may be rather complicated, a slightly indirect definition is needed, based on the expectation of homotopy invariance. By the discreteness and continuity of the spectrum we can choose a partition of [0, 1], fixed by endpoints 0 = s_0 < s_1 < · · · < s_q = 1 and associated real numbers t_i with t_0 = t_{q+1} = t and such that

(8.133) t_i /∈ spec(A_s) ∀ s ∈ [s_{i−1}, s_i], i = 1, . . ., q.

Then set

(8.134) SF(A_s, t) = q∑ i=0 ∑ σ∈spec(A_{si} )∩[t_i ,t_{i+1}]

sgn(t_{i+1} − t_i)m(σ, s_i).

Here the convention for sgn r for r ∈ R is that it is −1, 0 or 1 as r is negative, 0 or positive.

Naturally it needs to be shown that this definition is independent of the partition used to define it, provided (8.133) holds. Clearly subdividing the intervals but keeping the values of the t_i the same does not change (8.134). Thus in comparing (8.134) for any two partitions it can be assumed that the intervals are the same. It therefore suffices to consider the case where just one of the t_i is changed, but then the independence of choice follows from the continuity of the eigenvalues as described above.

Next consider the dependence of SF(A_s, t) on t. Clearly if (8.132) holds then SF(A_s, t) is locally constant in the open intervals of R\ (spec(A_0) ∪ spec(A_1)) on which it is defined. On the other hand it follows directly from the definition that if t and t^′ both satisfy (8.132) then (8.135)

SF(P_s, t^′) − SF(P_s, t) = sgn(t^′ − t) ∑ σ∈spec(A_1)∩[t,t^′] − ∑ σ∈spec(A_0)∩[t,t^′] .

That is, on crossing an eigenvalue of either A_0 or A_1 the spectral flow changes by the difference of the dimensions of the eigenspaces. In general, when (8.132) is not assumed we set

SF(A_s, t) = 1 2 (dim null(A_1 − t) − dim null(A_0 − t)) + q∑ i=0 ∑ σ∈spec(A_{si} )∩(t_i,t_{i+1})

sgn(t_{i+1} − t_i)m(σ, s_i).

(8.136)

Exercise 8.41. Interpret this formula in terms of the incidence function introduced in (6.22) and generalize (8.135) to cover general values of t and t^′.

Exercise 8.42. Show that if A_s is a closed curve of operators, i.e. A_0 = A_1, then SF(A_s) = SF(A_s, t) is independent of t and a homotopy invariant of the curve.

Proposition 8.43. If g_s is, for s ∈ [0, 1], a smooth family of metrics on a compact odd-dimensional spin manifold without boundary then for the corresponding family of Dirac operators

(8.137)

η(g1) − η(g0) =

dim null(g_1) − dim null(g_0) + 1∫ 0 F (s)ds + 2 SF(g_s, 0),

where F (s) is the coefficient of t^{− 12} in Tr ( ġs exp(−tg^2_s)^) as t ↓ 0.

To prove this result we need to examine the local term a little:

Lemma 8.44. Suppose [0, 1] −→ D_r ∈ Diff^1(X; E) is a family of selfadjoint elliptic operators on a compact odd-dimensional manifold without boundary, then α = F ds + Gdr, is a smooth closed 1-form on R× [0, 1] if

(8.138) F (s, r) is the coeff of t^{− 12} in Tr ( ġs exp(−t(gs + r)^2)^) as t ↓ 0 and (8.139) G(s, r) is the coeff of t^{− 12} in Tr ( exp(−t(g_s + r)^2) ) as t ↓ 0. Proof: Consider the derivative of F with respect to r. The smoothness of the heat kernel in parameters means that ∂F/∂r is the coefficient of t^{12} at t = 0 in the expansion of

(8.140) −2 Tr ( ġs(gs + r) exp(−t(gs + r)^2)^) .

Similarly the derivative of G with respect to s can be computed using Duhamel’s principle, as in (8.129), and it also reduces to (8.140). Proof of Proposition 8.43: Consider the somewhat more general formula for an elliptic family depending on s ∈ [a, b] and the modified eta invariants: (8.141) η_r(g_b) − η_r(g_a) =

dim null(g_b + r) − dim null(g_a + r) + b∫ a F (s, r)ds + 2 SF(g_s + r, 0),

8.17. The circle 341

where now F is given by (8.138). This reduces to (8.137) when r = 0. In fact if (8.141) is proved for a particular family for any one value of r it holds for all other values of r for that family. This follows from Proposition 8.38, Lemma 8.44 and the properties already established of the spectral flow. Moreover (8.141) also follows if it holds for each interval of a partition of [a, b]. Since there is always such a partition in which g_s + r is invertible on each subinterval, for a fixed r depending on the subinterval, it suffices to prove it under this assumption. In this case the two null spaces on the right are trivial, as is the spectral flow, and the formula then follows from the proof of Proposition 8.39.

Exercise 8.45. Using Exercise 8.42 and the fact that the space of metrics on any compact manifold without boundary is simply connected (it is affine) show that the total spectral flow of the family of Dirac operators corresponding to a closed curve of metrics, on a compact odd-dimensional spin manifold without boundary, is trivial. See how this arises from the formula (8.137) by using Proposition 8.38 and a generalization of Lemma 8.44 to a general family depending on two parameters.

8.17. The circle.

Using the properties of the modified eta invariant we will evaluate it for D_θ on the circle.

Proposition 8.46. For D_θ = −id/dθ on the circle the modified eta invariant is (8.142) η_s(D_θ ) = 2 (√ 2s − j(s) ) , j(−s) = −j(s), j(s) = { s s ∈ Z 1 2 + max{j ∈ Z; j < s} s ∈ (0, ∞) \ N. Proof: From Proposition 8.38, η_s(D_θ) is smooth except for integral jumps at the points s ∈ Z. The short-time asymptotics of the heat kernel on S^1 are the same as those of the heat kernel on R, since they are locally determined. Thus the derivative of η_s(D_θ ) can be evaluated, using (8.122), from the heat kernel of D_x + s on R. Since D_xe^{ixs}u(x) = e^{ixs}(D_x + s)u this kernel is

exp(−t(D_x + s)^2) = 1 √ 2πt exp(

(x − x^′)^2 4t + i(x − x^′)s). Thus away from the integers

(8.143) d ds η_s(D_θ) = 2 √ π 2π∫ 0 1 √ 2π dθ = 2 √ 2.

This leads to (8.142) once it is shown for one value of s.

The Fourier series representation of the heat kernel of D_θ

exp(−tD^2_θ ) = 1 2π ∑ k∈Z^{e−tk2 exp(ik(θ − θ′),} shows that in t > 0

tr D_θ exp(−tD^2_θ ) = 1 2π ∑ k≠0 ke^{−tk2} = 0.

Thus η(D_θ) = η_0(D_θ) = 0. This completes the proof of Proposition 8.46. Exercise 8.47. Evaluate the modified eta invariant of D_θ directly using Fourier series to construct the heat kernel of D_θ + s on the circle.

Chapter 9. Proof revisited and applications

In this final chapter the various threads examined in the preceding chapters are pulled together to fully justify the proof outlined in the Introduction. Then the original application of the APS to the signature of a compact manifold with boundary is described. Some other applications of the description of b-geometry and analysis are made; in particular it is shown how the eta invariant and the analytic torsion can be defined on manifolds with exact b-metrics, under appropriate conditions.

9.1. The APS theorem.

The discussion of the APS theorem in the Introduction is limited to the twisted Dirac operators on exact b-spin manifolds. In fact the theorem extends readily to the generalized Dirac operators defined in §3.11. In the boundaryless case, for the Atiyah-Singer theorem, this extension is emphasized in [20]. It is in this more general context that the proof in the Introduction will be reviewed.

Let X be a compact even-dimensional manifold with boundary, equipped with an exact b-metric as defined in §2.3. Let E = E^+ ⊕ E^− be a graded Hermitian Clifford module on X with a graded unitary Clifford b-connection; these notions are defined in Chapter 3. Thus E is an Hermitian vector bundle over X with a (non-trivial) fibrewise action of the Clifford algebra of the b-metric such that Cl^+_x (X) preserves the spaces E^±_x while Cl^−_x (X) interchanges them. That the connection is Clifford is the condition (3.36). Definition 3.7 fixes the generalized Dirac operator

gE ∈ Diff^1_b (X; E)

associated to this geometric data.

The symbol of such a b-differential operator is defined in (2.22) and in this case

bσ_1(g_E )(ξ) = cl(ξ) ∈ hom(E_x) ∀ ξ ∈^bT^∗_x X, x ∈ X.

For ξ ≠ 0 this is an isomorphism (since cl(ξ)^2 = |ξ|^2 Id) so g_E is elliptic. It is formally self-adjoint and graded

gE =^{( 0} g^{−E}g_{+E 0}^) , E = E^+ ⊕ E^−,

see Lemma 3.32.

The b-metric fixes the choice of a trivialization of the normal bundle to each component of the boundary of X, up to a global R^+-action (for each component the same constant on each fibre), as discussed in §2.3. Thus the indicial operator of g_E , given by (4.102) in local coordinates, which is in general an operator on the compactified normal bundle to ∂X, becomes a well-defined operator on [0, ∞) × ∂X on sections of E_{¯∂X} . As in §3.13 set

E_0 = E^+_{¯∂X}

with the identification denoted M_+ : E^+_{¯∂X} −→ E_0.

Since T^∗∂X ⊂^bT^∗_{∂X} X, Clifford multiplication by elements of T^∗∂X is defined on E_{¯∂X} . Clifford multiplication by the metrically defined section, dx/x, of^bT^∗_{∂X} X is a self-adjoint involution on E_{¯∂X} so

cl_∂(η) = i cl( dx x ) cl(η) : E_0 −→ E_0.

This defines a Clifford module structure on E_0 for the induced metric on ∂X since dx/x is orthogonal to T^∗∂X, so for η, η^′ ∈ T^∗_p ∂X

cl_∂ (η) cl_∂(η^′) + cl_∂ (η^′) cl_∂(η) = − cl( dx x ) cl(η) cl( dx x ) cl(η^′)

− cl( dx x ) cl(η^′) cl( dx x ) cl(η) = 2⟨η, η^′⟩. The induced connection on E_0 is a Clifford connection for this action (since dx/x is covariant constant); let g_{0,E} be the induced generalized Dirac operator on the boundary, acting on E_0. Let M_− : E^−_{¯∂X} −→ E_0 be defined by M_− = M_+ · cl(i^{dx}_x ) and consider the unitary isomorphism

(9.1) M^{−1} : E_0 ⊕ E_0 ∋ (u, v) −→ M^{−1}_+ u + M^{−1}_− v = u − i cl( dx x )v ∈ E_{¯∂X} . Then M i cl( dx x )I(gE )M^{−1} =^{( 1 0}_{0 −1}^) x^∂_{∂x} + g0,E Id .

Correspondingly the indicial family of the Dirac operator satisfies

M i cl( dx x )I_ν (g_E , λ)M^{−1} = ( g0,E + iλ 0 0 g0,E − iλ )

which is just (In.23).

Since g_{0,E} is self-adjoint the only singular points for the inverse of the indicial family are pure imaginary:

spec_b(g_E ) = {(±is, 0); s ∈ spec(g_{0,E} )} .

9.1. The APS theorem 345

In particular Theorem 5.40, or rather its extension to operators on bundles, shows that

(9.2) g_E : x^sH^m_b (X; E) −→ x^sH^{m−1}_b (X; E)

is Fredholm if and only if s /∈ ± spec(g_{0,E}). For the partial Dirac operators it follows similarly that

(9.3) g ± E : x^sH^m_b (X; E^±) −→ x^sH^{m−1}_b (X; E^∓) is Fredholm iff s /∈ ∓ spec(g_{0,E})

for the respective signs. When it is Fredholm the index of the operator

g^+_E in (9.3) is denoted inds(g^+_E ). The index function^~inds(g^+_E ), defined by

(In.30), extends this to all s ∈ R.

Consider next the curvature of E. It is shown in (8.105) that the curvature operator decomposes: K_E = 1 4 cl(R) ⊗ K^′_E ,

where K^′_E is a 2-form on X with values in the homomorphisms of E commuting with the Clifford action. Correspondingly the Atiyah-Singer integrand becomes:

(9.4) AS = 1 (2πi)^k Ev_{dim X} ( det^{12} ( R/2 sinh(R/2)

) · str^′ exp(K^′_E ) ) . Thus AS is a smooth b-form of maximal degree on X. The eta invariant of

g0,E is discussed in §8.13.

With these preliminaries the Atiyah-Patodi-Singer index theorem can now be stated in this more general context:

Theorem 9.1. (APS) If g^+_E is the Dirac operator on a compact manifold with boundary with exact b-metric fixed by a graded unitary Clifford module, E, with graded Hermitian Clifford b-connection then

(9.5) ~ind(g^+_E ) = ν∫ X AS − 1 2 η(g0,E), where AS is given by (9.4), the regularized integral (with respect to the metric trivialization of the normal bundle) of a b-form is defined in (4.138) and η(g_{0,E} ) is defined in §8.13.

Proof: We shall give two slightly different forms of the proof. In the first we extend (9.5) to

(9.6) ~ind_s(g^+_E ) = ν∫ X AS(s) − 1 2 η_s(g_{0,E} ) ∀ s ∈ R,

where ~ind_s(g^+_E ) is defined above, η_s(g_{0,E} ) is defined in §8.13 (as a regularized integral) and the generalized Atiyah-Singer integrand is fixed by (In.31). For the proof that (In.31) is meaningful see Chapter 7.

The dependence of ~ind_s(g^+_E ) on the parameter is discussed §6.2, see Theorem 6.5. Similarly the dependence of η_s(g_{0,E} ) on the parameter is considered in §8.13, see in particular Proposition 8.38. These two results show that the sum ~ind_s(g^+_E ) +^1_2 η_s(g_{0,E}), is independent of s. Thus it suffices to prove (9.5) for the dense set of values of s for which g^+_E is Fredholm in (9.2).

Now we proceed to follow the proof outlined in the Introduction, starting with §4. The properties of the heat kernels for g^−_E g^+_E and g^+_E g^−_E are discussed in Chapter 7. In particular Theorem 7.29 applies to both operators, so (In.18) and (In.23) follow. The identity (In.15) is discussed in Proposition 7.30. The b-trace is defined and analyzed in §4.20, with (In.22) shown in Proposition 5.9. This justifies the identity (In.24) and hence also (In.25) and (In.26). Note that the limit as t ↓ 0 in (In.27) is regularized. This completes the proof of the formula (9.6) for these generalized Dirac operators.

In the particular case s = 0 the Atiyah-Singer integrand reduces to (9.4) and the integral in t defining the eta invariant converges absolutely. This completes the first proof of (9.5), and hence of the theorem. In particular (In.6) holds for twisted Dirac operators.

Alternatively (9.5) can be proved directly by the same formalism. Of course if s = 0 happens to be a Fredholm value then the discussion above leads directly to (9.5). If it is not Fredholm then the proof in the Introduction can still be used, except that (In.10) is not valid, since the spectrum

of g^2_E is not discrete near 0. However this limit is examined in §7.8, see

(7.118). This shows that (In.10) is replaced by

(9.7) lim_{t→∞} b-Tr_ν exp(−tg^−_E g^+_E ) = 1 2 lim_{ϵ↓0} [ null(g^+_E , −ϵ) + null(g^+_E , ϵ) ]

lim_{t→∞} b-Tr_ν exp(−tg^+_E g^−_E ) = 1 2 lim_{ϵ↓0} [ null(g^−_E , −ϵ) + null(g^−_E , ϵ) ] , where the null(g^±_E , r) are the null spaces on the weighted Sobolev spaces x^rH^∞_b (X; E^±). The definition of ~ind_0 then means that (In.11) is replaced by (9.8) lim_{t→∞} Tr[exp(−tg^−_E g^+_E ) − exp(−tg^+_E g^−_E )] = ~ind_0(g^+_E ).

With this modification the proof proceeds as in the Fredholm case.

The advantage of this second, direct, proof in the non-Fredholm case is that it extends more readily; the disadvantage is that a more detailed study of the resolvent and spectral measure is required.

Notice that if the original connection on the Clifford bundle is a true connection, rather than just a b-connection, then the form AS is a C^∞ form in the usual sense and (9.5) becomes a true, unregularized integral. The ^A part comes from the curvature of the exact b-metric, so it is always a smooth form by Proposition 2.39.

Using the variation formula for the eta invariant proved in §8.15 the general APS formula (9.6) can be cast in the more explicit form:

(9.9) ~ind_s(g^+_E ) = ν∫ X AS − 1 2 η(g0,E ) −^~N (g0,E, s) ∀ s ∈ R, where the counting function, ~N (g_{0,E}, s), is defined in (In.35).

9.2. Euler characteristic.

One of the main direct achievements, and indeed motivations, of the papers [8] - [10] was the application of the index theorem to give an analytic formula for the signature (and twisted generalizations of it) of a compact Riemann manifold with boundary. This is discussed in the next section. The signature formula is closely related to the Gauss-Bonnet formula for the Euler characteristic of the manifold. As noted in [8] the Gauss-Bonnet formula can, and indeed will, be proved in this way, even though it is in reality much more elementary (see for example [27]) since the global ‘eta’ term vanishes.

For any finite dimensional complex

0^d−→ V^{0 d}−→ V^{1 d}−→ · · ·^d−→ V^{p d}−→ 0, d^2 = 0

the Euler characteristic is χ(V, d) = p∑ j=0 (−1)^j dim V^j .

The cohomology spaces of the complex are H^k = {u ∈ V^k; du = 0}/{dv; v ∈ V^{k−1}} and χ(V, d) = p∑ j=0 (−1)^j dim H^j.

This applies in particular to the cohomology arising from a simplicial decomposition of the manifold. Thus, by the de Rham theorem, for a compact manifold without boundary the Euler characteristic is

χ(X) = p∑ j=0 (−1)^j dim H^j (X).

The operator d + δ, of which the Laplacian is the square, changes the parity of differential forms so defines

(9.10) D : C^∞(X; Λ^{evn}) −→ C^∞(X; Λ^{odd}), Du = (d + δ)u.

This differential operator is elliptic, has null space H^{evn}_{Ho} (X) and its adjoint,

D^∗ : C^∞(X; Λ^{odd}) −→ C^∞(X; Λ^{evn}), D^∗ϕ = (d + δ)ϕ

has null space H^{odd}_{Ho} (X), so

ind(D) = dim H^{evn}_{Ho} (X) − dim H^{odd}_{Ho} (X) = χ(X).

The Atiyah-Singer index theorem asserts that this index is given by integration of a local differential expression over the manifold, and the resulting formula is the (generalized) Gauss-Bonnet formula of Chern. Namely

(9.11) ind(D) = χ(X) = ∫ X e,

where e is the Euler density of the Riemann manifold:

(9.12) e(x) = Pf(R_x).

To prove (9.11) and (9.12) observe that Λ^∗(X) = Λ^{evn}(X)⊕Λ^{odd}(X) is a graded Hermitian Clifford module where the involution is given by (2.90). The bundle is Hermitian and the Levi-Civita connection is certainly graded, unitary and Clifford for the Clifford action given by (3.18). The associated Dirac operator is defined by (3.39):

gGB = d + δ.

Indeed this follows from the formula (2.63) for d and the corresponding formula for δ. Thus Theorem 9.1 applies, with ∂X = ∅.

The Gauss-Bonnet formula, (9.11) and (9.12), on a compact manifold without boundary will be deduced from the corresponding result for a manifold with boundary. For the moment note that

χ(M ) = 0 if M is odd-dimensional.

This is a direct consequence of Poincaré duality which shows that

dim H^k(M ) = dim H^{n−k}(M ), n = dim M.

Passing to the case where M has boundary there are two ‘obvious’ cohomology theories for which the Euler characteristic can be computed, namely the absolute and relative cohomologies of the manifold. These lead to the same Euler characteristic in even dimensions, although not for odd dimensions. In fact the index function for the operator D in (9.10) has the expected behaviour of the Euler characteristic.

Lemma 9.2. If X is a compact manifold with an exact b-metric then

gGB ∈ Diff^2_b (X;^bΛ^{evn},^bΛ^{odd}) is elliptic with^~ind0(gGB) = 0 if dim X is odd

and if dim X is even

(9.13)

~ind_0(g_{GB}) = ∫ X Pf(R)

= dim X∑

j=0 (−1)^j dim H^j_{abs}(X) = dim X∑

j=0 (−1)^j dim H^j_{rel}(X).

Proof: The discussion above of the formal properties of g_{GB} on a compact manifold without boundary carries over to the case of an exact b-metric on a compact manifold with boundary. Thus the b-form bundle is a graded Hermitian Clifford module and has a true connection which is unitary and Clifford. Thus Theorem 9.1 does indeed apply.

Consider the decomposition of^bΛ^{evn} over the boundary of X. Using the metric b-conormal dx/x, it splits as an orthogonal direct sum:

bΛ^{evn}_{∂X} (X) = Λ^{evn}(∂X) ⊕ Λ^{odd}(∂X) ∧ dx x . The map (9.1) becomes:

(9.14) M : ( Λ^{evn}∂X ⊕ Λ^{odd}∂X

)_2 ∋ ((α, β), (α^′, β^′)) −→ α + β ∧ dx x + iα^′ ∧ dx x − iβ^′.

This gives

(9.15) cl_∂(η)M ((α, β), (α^′, β^′))

= −i cl(η)β^′ + i cl(η)α^′ ∧ dx x + cl(η)α + cl(η)β ∧ dx x , where on the right cl(η) is the standard Clifford action on the boundary. Applying the inverse of (9.14) to (9.15) and inserting the result in (9.1) shows that the Clifford module on the boundary is just Λ^∗(∂X) and the induced Clifford multiplication of T^∗∂X on it is just the standard one (meaning (3.18)) for a manifold without boundary.

In particular the boundary operator of g_{GB} is just d + δ for the induced metric on the boundary, but acting on all forms. On the boundary d + δ interchanges even and odd forms and hence is off-diagonal with respect to the decomposition

Λ^∗(∂X) = Λ^{evn}(∂X) ⊕ Λ^{odd}(∂X).

Since (d + δ)^2 = Δ is diagonal for this decomposition it follows that the integrand, even at the level of the pointwise trace, of the eta invariant with parameter s = 0 vanishes identically. Thus η(d + δ) = 0.

To prove (9.13) it only remains to evaluate the Atiyah-Singer integrand in this case. This follows directly from Theorem 8.34 once the induced supertrace and curvature are examined. Clifford multiplication, (3.18), on Λ^∗(X) can be modified into a right Clifford action. Thus consider

(9.16) clr(ξ) = [ext(ξ) − int(ξ)]R_Λ : Λ^∗V −→ Λ^∗V

with the involution given by (2.90). This is easily seen to extend to an action of the Clifford algebra since

clr(ξ) clr(η) + clr(η) clr(ξ) = 0 if η ⊥ ξ clr(ξ)^2 = 2|ξ|^2.

Moreover the action (9.16) commutes with the action (3.18).

Thus for the exterior algebra the decomposition (3.35) becomes

(9.17) hom(Λ^∗) = C l(X) ⊗ C l(X), dim X even

with the right factor acting through (9.16). The decomposition for the curvature of a tensor product therefore applies and the curvature of hom(Λ^∗) decomposes according to (8.105) as K_Λ∗ (V, W ) = 1 4 cl(R(V, W )) + 1 4 clr(R(V, W )).

Consider the product of left and right Clifford multiplication by the volume form. A simple computation shows that

cl(ϕ^1) · · · cl(ϕ^N ) · clr(ϕ^1) · · · clr(ϕ^N ) = R_Λ.

That is, the involution induced on the Clifford bundle is just the usual one. Thus in (8.103) the induced supertrace is just the supertrace on the Clifford bundle to which Lemma 8.18 applies, so

str^′ ( exp( 1 2 clr(R)) ) = Pf(R/4),

where by definition the Pfaffian is just the term homogeneous of degree 1 2 dim X in the exponential. Finally then (9.12) follows from (9.4) since the second factor is already of maximal form degree, so the constant term is the only contribution of the ^A-genus in this case.

9.3. Signature formula.

Now the signature formula of [8] can be discussed. This generalizes Hirzebruch’s formula in the case of a compact manifold without boundary, which is described briefly first.

Let X be a compact Riemann manifold (for the moment without boundary) which is oriented and of even dimension, 2k. The Hodge cohomology in the middle dimension has on it a bilinear form: (9.18) H^k_{Ho}(X) × H^k_{Ho}(X) ∋ (ϕ, ψ) −→ B(ϕ, ψ) = ϕ ∧ ψ/υ, where υ is the oriented volume class of the manifold, υ = ⋆1. In case k is odd this is an antisymmetric bilinear form, if k is even it is symmetric. The signature of the manifold, sign(X), is the signature of this bilinear form, by definition zero if k is odd and otherwise the difference of the dimensions of the maximal subspaces on which it is positive and negative. The involution τ = i^{p(p−1)+k}⋆ on p-forms, introduced in §2.12, restricts to Λ^k(X) to be ⋆ if k is even. Thus (9.18) becomes B(ϕ, ψ) = ⟨ϕ, τ ψ⟩, dim X = 4l, l ∈ N_0 with τ symmetric and τ^2 = Id . Thus the signature of X is just the signature of τ on the middle dimensional cohomology when X = 4l and B is nondegenerate in this case.

In general τ gives the exterior algebra Λ^∗X a Z_2-grading and Clifford multiplication on Λ^∗X is graded in this sense, i.e. cl(ξ)τ = −τ cl(ξ).

Furthermore τ is, as a tensor, covariant constant, and since d + δ is the Dirac operator for this Clifford connection it also anticommutes with τ. Let E_± ⊂ Λ^∗X be the subbundles spanned by the eigenspaces of τ with eigenvalues ±1. The signature operator of X is the positive Dirac operator for the Z_2-grading and the Levi-Civita connection:

g^+_{sign} ∈ Diff^1(X; E+, E−).

Hirzebruch’s theorem is:

Proposition 9.3. The signature of an oriented 4l-dimensional compact manifold without boundary is equal to the index of the signature operator and given by the formula

sign(X) = ind(g^+_{sign}) = ∫ X Ev_{4l} L(X),

where L(X) is Hirzebruch’s L-polynomial in the Pontrjagin forms of X; it is given explicitly in terms of the Riemann curvature by (2.107).

The extension to compact manifolds with exact b-metrics is now quite straightforward and Proposition 9.3 will be deduced as a special case of it. The discussion above applies to the case of an exact b-metric to show that the bilinear form (9.18) gives, in case dim X = 4l, a non-degenerate symmetric bilinear form H^{2l}_{b,Ho}(X) × H^{2l}_{b,Ho}(X) ∋ (ϕ, ψ) −→ B(ϕ, ψ) = ⟨ϕ, τ ψ⟩. The symmetry follows from the fact that τ = ⋆ on 2l-forms and the nondegeneracy from the invertibilty of τ. The signature of the manifold is then the signature of this symmetric bilinear form.

Let B be the operator on even forms on ∂X given by

B_{evn} = (−1)^{l+j} (d ⋆ − ⋆ d) on Λ^{2p}(∂X).

The eta invariant η(B_{evn}) is defined in §8.13. The signature theorem of Atiyah, Patodi and Singer is:

Theorem 9.4. The signature of an oriented 4l-dimensional compact manifold with boundary is

(9.19) sign(X) = ~ind_0(g^+_{sign}) = ∫ X L_{4l}(X) − η(B_{evn} ),

where L_{4l} is given explicitly in terms of the Riemann curvature by (2.107).

Proof: From the discussion above, the APS theorem does apply to the signature operator of any exact b-metric. In particular (9.5) gives the formula for the index function. To prove (9.19) it remains to show that the first equality holds, to show that the Atiyah-Singer integrand in (9.5) reduces to the first term on the right in (9.19) and to relate the boundary operator of the signature operator to d + δ on the boundary.

First consider the Atiyah-Singer integrand. As already noted the part of the curvature operator on Λ^∗(X) which commutes with the left Clifford action is given in terms of right Clifford action and any orthonormal frame by (9.20) K_{sign} = 1 4 ∑ ij R_{ij} clr(ϕ^i) clr(ϕ^j ).

In this case the involution R_{sign} acts trivially on the right factor in (9.17), so str^′(A) = tr(A), A ∈ hom^′C_l(Λ^∗(X)).

Of course the curvature takes values in the 2-forms but, as in the discussion of Mehler’s formula, it suffices to consider the case of an antisymmetric real matrix in (9.20).

In fact for any such matrix S_{ij}

(9.21) tr exp (∑ ij S_{ij} clr(ϕ^i) clr(ϕ^j) ) = 4^kdet^{12} ( cosh(2S) ) .

On the left the operator acts on Λ^∗(R^{2k}) and on the right S is simply a matrix, i.e. acts on R^{2k}. Since S is real and antisymmetric it has twodimensional invariant subspaces, the sums of eigenspaces with eigenvalue it and −it, which are orthogonal. Thus by an orthogonal transformation

of R^{2k} the matrix S can be reduced to 2 × 2 block-diagonal form. Both

sides of (9.21) are invariant under such a transformation. Thus it can be assumed that the invariant subspaces are spanned by ϕ^{2p−1} and ϕ^{2p} for p = 1, . . . , k. Consider the decomposition of Λ^∗(R^{2k}) arising from splitting off the first eigenspace R^{2k} = R^2 ⊕ R^{2k−2}. Then

(9.22)

Λ^∗(R^{2k}) ≡ ( Λ^∗(R^{2k−2})

)_4

u = u_1 + ϕ^1 ∧ u_2 + ϕ^2 ∧ u_3 + ϕ^1 ∧ ϕ^2 ∧ u_4.

The first 2 × 2 block is of the form ( 0 t −t 0 ) corresponding to the eigenvalues ±it of S. Moreover 2k∑ ij=1 S_{ij} clr(ϕ^i) clr(ϕ^j) )

= t ( clr(ϕ^1) clr(ϕ^2) − clr(ϕ^2) clr(ϕ^1) ) + 2k−2∑

ij=1 S_{ij} clr(ϕ^i) clr(ϕ^j) ) . The two terms on the right commute, so the exponential becomes (9.23) exp 2k∑ ij=1 S_{ij} clr(ϕ^i) clr(ϕ^j) )

= exp [ t ( clr(ϕ^1) clr(ϕ^2) − clr(ϕ^2) clr(ϕ^1) )] exp 2k−2∑

ij=1 S_{ij} clr(ϕ^i) clr(ϕ^j ) ) .

The second factor here preserves each of the four spaces in (9.22). Moreover clr(ϕ^1) clr(ϕ^2) − clr(ϕ^2) clr(ϕ^1) is off-diagonal and has square −4 Id, so the diagonal part of the first exponential on each of the four components on the right in (9.23) is 1 − 4t^2/2! + 16t^4/4! · · · = cos(2t) Id . The trace of the composite is therefore

4 cos(2t) tr exp 2k−2∑

ij=1 S_{ij} clr(ϕ^i) clr(ϕ^j ) ) .

Proceeding inductively it follows that

(9.24) tr exp 2k∑ ij=1 S_{ij} clr(ϕ^i) clr(ϕ^j ) ) = 4^k k∏ j=1 cos(t_j ),

where ±it_j are the eigenvalues of S. Since the eigenvalues of cosh(2S) are cosh(±2it) = cos(2t_j) with multiplicity 2 it follows that the right side of (9.24) reduces to 4^kdet^{12} cosh(2S) and this proves (9.21).

Applying (9.21) to the integrand in (9.4) gives

str^′ exp(K^′_{sign}) = 4^kdet^{12} ( cosh(R/2) ) . Combining this with the formula for the ^A-genus shows that the integrand (9.4) becomes in this case

L_{2k}(X) = det^{12} ( R/4πi tanh R/4πi ) which is the L-genus of Hirzebruch. This identifies the first term on the right in (9.19).

Next consider the index of the signature operator. If the null space of

g^+_{sign} on x^ϵH^∞_b (X; Λ^∗), i.e. the part of the null space of d + δ which is in

the +1 eigenspace of τ, is denoted null_ϵ(g^+_{sign}) and similarly for null_ϵ(g^−_{sign}) then by definition

(9.25) ~ind_0(g^+_{sign}) = 1 2 [ dim null_ϵ(g^+_{sign}) − dim null_{−ϵ}(g^−_{sign})

+ dim null_{−ϵ}(g^+_{sign}) − dim null_ϵ(g^−_{sign}) ] for any ϵ > 0 small enough. The space null_ϵ(g_{sign}) is the image of the relative in the absolute cohomology (see Proposition 6.14). The involution τ maps this space into itself and as in the boundaryless case discussed above it follows that

sign(X) = dim null_ϵ(g^+_{sign}) − dim null_ϵ(g^−_{sign}).

Thus the first inequality in (9.19) follows from (9.25) provided (9.26) dim null_{−ϵ}(g^+_{sign}) − dim null_ϵ(g^+_{sign}) = dim null_{−ϵ}(g^−_{sign}) − dim null_ϵ(g^−_{sign}).

To see this, recall Proposition 6.16, and in particular (6.60). Now

null_{−ϵ}(d + δ) = null_{−ϵ}(g^+_{sign}) ⊕ null_{−ϵ}(g^−_{sign}) null_ϵ(d + δ) = null_ϵ(g^+_{sign}) ⊕ null_ϵ(g^−_{sign})

and the quotient of these two spaces is identified by BD with a subspace of

(9.27) H^∗_{Ho}(∂X) ⊕ H^∗_{Ho}(∂X).

Namely the subspace of those (u, v) such that there exists some element w ∈ null_{−ϵ}(g_{sign}) with w ∼ u + dx x ∧ v at ∂X (see (6.56)). Thus τ induces an involution, τ^′, on the image. It is just (9.28) τ^′(u, v) = i(τ Rv, τ Ru), as a short calculation shows. Since, from Proposition 6.16, the subspace of (9.27) splits it follows from (9.28) that the ±1 eigenspaces of τ^′ acting on it have equal dimension, i.e. (9.26) holds.

Finally it remains to identify the η-invariant term in (9.5). Consider the generalized Dirac operator on the boundary induced by the signature operator g^+_{sign}. This is just the boundary operator of g^+_{sign} composed with Clifford multiplication by idx/x. The boundary operator of d + δ can be computed from (6.49) and the normalizing factors M_± show that the ηinvariant of the induced generalized Dirac operator is just twice that of d + δ on the boundary. This completes the proof of Theorem 9.4.

9.4. Flat coefficient bundles.

One furhter generalization of the signature theorem, of considerable geometric interest, arises from the introduction of a flat coefficient bundle. This makes essentially no difference to the analytic structure of the problem. Over a manifold a connection on a vector bundle is said to be flat if its curvature operator vanishes identically. The analogy with the Riemannian case, in Theorem 2.16, easily leads to the conclusion that near every point a flat bundle has a trivialization in which the connection becomes the trivial connection.

Lemma 9.5. If E is an Hermitian bundle with flat unitary connection over X then each point p ∈ X has a neighbourhood U (p) over which E has a trivialization

(9.29) E_{¯U(p)} −→ C^r × U (p), e ∈ C^∞(U (p); E) −→ (e_1, . . . , e_r) ∈ C^∞(U (p)) =⇒ ∇_V e −→ (V e_1, . . . , V e_r ). Exercise 9.6. To prove this lemma it suffices to introduce local coordinates in which p is the origin and take a local frame of E which is covariant constant with respect to the radial vector field R. Such a local frame is fixed by its value at p. Since the connection is unitary it is orthonormal near p if it is orthonormal at p. The linear vector fields commute with R, so the frame is covariant constant with respect to these vector fields too. Near (but not at) p the coordinate vector fields are in the span of the linear ones, so the frame is covariant constant and hence (9.29) holds.

Let χ_t, be a continuous one-parameter family of curves, i.e. a continuous map [0, 1]_t×[0, 1]_s −→ χ_t(s) ∈ X with χ_t(0) = p and χ_t(1) = q independent of t. The flatness of the bundle means that transporting a basis from p along χ_t to its endpoint, q, gives a result which is independent of t. If p = q, so the curves are closed, this gives a map

(9.30) π_1(X) −→ hom(E_p),

where π_1(X) is the (pointed) fundamental group of X, the group of homotopy classes of closed curves in X with endpoint p. Clearly (9.30) is a representation of π_1(X). If E is Hermitian, with unitary connection, then the representation is unitary. If two bundles with flat connections are identified when they are isomorphic with a flat isomorphism (i.e. one that intertwines the connections) then the representation (9.30) is fixed up to (unitary) equivalence. Conversely any unitary representation of the fundamental group generates an Hermitian bundle with flat unitary connection.

In the case of a manifold with boundary the same results hold, provided the connections are required to be true connections. The fundamental group of the boundary maps into the fundamental group of the manifold

(9.31) π_1(∂X) −→ π_1(X)

if the base point is chosen on the boundary. Notice that (9.31) need not be injective. The restriction of a flat bundle to the boundary corresponds to the pull-back of the (unitary) representation under (9.31).

If E is a flat bundle then the exterior differential can be defined on Λ^∗(X) ⊗ E by reference to any locally covariant constant frame. This leads to twisted versions of both the de Rham and the signature complexes. In particular there is a well-defined twisted Laplacian on Λ^∗(X) ⊗ E if E is flat. The representation corresponding to E is said to be acyclic if this Laplacian is invertible, i.e. has no null space.

Exercise 9.7. Show that on a compact manifold with boundary the Laplacian associated to an exact b-metric twisted by a flat coefficient bundle is Fredholm as a map from H^2_b (X; Λ^∗ ⊗ E) to L^2(X; Λ^∗ ⊗ E) if and only if the induced representation on the boundary is acyclic.

Exercise 9.8. State and prove the twisted signature theorem for a compact manifold with boundary (see [9]).

Exercise 9.9. Recall that a connection on a bundle E over compact manifold with boundary induces a b-connection on the weighted bundle x^zE defined in Lemma 8.6. Show that any bundle, over a compact manifold with boundary, with a flat b-connection (one for which the curvature operator vanishes) is locally isomorphic, with its connection, near each boundary point to x^aC^r for some multiweight a with its b-connection. Extend the signature theorem to this case.

9.5. Zeta function.

As an indication of the degree to which most of the usual notions from compact Riemann manifolds can be extended to exact b-metrics the zeta function of a non-negative Fredholm elliptic self-adjoint b-differential operator with symbol given by such a metric will be defined. This will be used in the next section to discuss the Ray-Singer analytic torsion associated to any unitary representation of the fundamental group of such a manifold. Although no major results are proved here the existence of these invariants suggests a variety of interesting questions.

First consider the b-zeta function, which was introduced by Piazza [74]. We shall only consider the ‘geometric case’ of a non-negative second order differential operator with diagonal principal symbol acting on sections of some vector bundle (in [74], Piazza considers the b-zeta function for bpseudodifferential operators). If ∂X = ∅ then the spectrum of P is discrete and of finite multiplicity. For Re s >> 0 the zeta function is usually defined by (9.32) ζ(P, s) = ∑ {j;λ_j ≠0} λ^{−s}_j ,

where the λ_j are the eigenvalues of P repeated according to their (finite) multiplicity. The convergence of the series in (9.32), for Re s >^1_2 dim X, follows from the asymptotic properties of the eigenvalues, see for example [47].

Since the heat kernel for P ∈ Diff^2_b (X; E) has already been extensively discussed it is convenient to express the zeta function in these terms, avoiding such convergence questions

Exercise 9.10. Deduce a bound on the growth rate of the eigenvalues, from the properties of the heat kernel already established, which is good enough to demonstrate the convergence of (9.32) in Re s >^1_2 dim X.

If Π_λ is the orthogonal projection onto the eigenspace associated to λ ∈ spec(P ) then the heat kernel can be written

exp(−tP ) = Π_0 + ∑ 0≠λ∈spec(P ) e^{−tλ}Π_λ.

Thus all terms, except the first, are exponentially decreasing. Since the trace of Π_λ is the dimension of the associate eigenspace, at least formally,

(9.33) ζ(P, s) = 1 Γ(s) ∞∫ 0 t^s Tr exp(−tP ) dt t .

Here Γ(s) is the gamma function

Γ(s) = ∞∫ 0 t^se^{−t} dt t and P is P with its null space removed, i.e. (9.33) should really be

(9.34) ζ(P, s) = 1 Γ(s) ∞∫ 0 t^s Tr [ exp(−tP )Π^⊥_0 ] dt t , Π^⊥_0 = Id −Π_0.

In this form the properties of the zeta function can be analyzed directly (following, at least in general terms, the ideas of Seeley [82]).

Lemma 9.11. If P ∈ Diff^2(X; E) is an elliptic, non-negative, self-adjoint operator with diagonal principal symbol on a compact manifold X, with ∂X = ∅, the zeta function, defined by (9.34), is meromorphic as a function of s ∈ C with only simple poles at the points^1_2 dim X, . . . , 1 if dim X is even and at^1_2 dim X, . . . ,^1_2 and −^1_2 − N_0 if dim X is odd.

Proof: This follows from the properties of the trace of the heat kernel. In particular Lemma 7.18 shows that the integral ∞∫ 0 t^s Tr exp(−tP ) dt t extends to a meromorphic function of s, with poles only at the points s =^1_2 n − j, since exp(−tP ) ∈ Ψ^{−2}_{H,evn} (X; E). The inverse of the Gamma function, 1/Γ(s), has zeros at s ∈ −N_0. So in case n is even the zeta function itself only has poles at s =^1_2 n,^1_2 n − 1, . . ., 1. On the other hand if n is odd there is no such cancellation.

The value of the zeta function at s = 0 is of rather special interest since, as can be seen from (9.33), ζ(rP, s) = r^{−s}ζ(P, s), so ζ(rP, 0) = ζ(P, 0) for any constant r > 0. In fact the simple pole of the gamma function at 0 means that

(9.35) ζ(P, 0) = { a_0 − dim null(P ) dim X even − dim null(P ) dim X odd,

where a_0 is the coefficient of t^0 in the expansion of Tr exp(−tP ) as t ↓ 0 (which vanishes in case dim X is odd).

Formally the derivative of (9.32), with respect to s, evaluated at s = 0 is the (non-convergent) sum − ∑ λ_j ≠0

log λ_j . This makes it reasonable to define

the determinant of the operator P by

det(P ) = exp (−ζ^′(P, 0)) which makes sense by Lemma 9.11. Again one can easily see that under multiplication by a positive constant the determinant is transformed to

(9.36) det(rP ) = r^{ζ(P,0)} det(P ).

Of course this is not the usual transformation law for a determinant, but shows that the dimension of the space has been ‘renormalized’ to ζ(P, 0).

Now consider how these elementary considerations can be extended to the case of a compact manifold with boundary. Suppose that P ∈ Diff^2_b(X; E) is elliptic, self-adjoint, non-negative, has diagonal principal symbol corresponding to an exact b-metric and indicial family of the form:

(9.37) I_ν (P, λ) = λ^2 + P_∂.

Chapter 7 gives a rather complete description of the heat kernel of P. Of course it is not trace class but the trace functional in (9.33) can be replaced by the b-trace functional, with respect to the trivialization of the normal bundle to the boundary given by the exact b-metric. Adding to (9.37) the condition

(9.38) P_∂ is invertible

means that the spectrum of P is discrete near 0 with finite multiplicity and that b-Tr_ν(exp(−tP )) = dim null(P ) + e(t) with e(t) exponentially decreasing as t → ∞. The direct extension of (9.33):

bζ(P, s) = 1 Γ(s) ∞∫ 0 t^s b-Tr_ν exp(−tP ) dt t therefore behaves essentially as before:

Lemma 9.12. If P ∈ Diff^2_b (X; E) is elliptic, self-adjoint, non-negative, has diagonal principal symbol corresponding to an exact b-metric on a compact manifold with boundary and has indicial family of the form (9.37) satisfying (9.38) holds then the conclusions of Lemma 9.11, (9.35) and (9.36) apply to^bζ(P, s). Ignoring the proof for the moment, consider what happens if (9.38) does not hold. One then has to be a little more careful in defining the b-zeta function since the operator P has continuous spectrum down to 0. There is another way of looking at the removal of the zero eigenvalue in (9.33) which leads directly to a suitable extension. Namely, choosing any D > 0, two ‘half zeta functions’ can be defined by

bζ_0(P, s) = 1 Γ(s) D∫ 0 t^s b-Tr_ν exp(−tP ) dt t , Re s > 1 2 dim X

(9.39)

bζ_∞(P, s) = 1 Γ(s) ∞∫ D t^s b-Tr_ν exp(−tP ) dt t , Re s < 0. (9.40)

As already noted, in case (9.38) holds (or ∂X = ∅), the trace of the heat kernel is, near t = ∞, the sum of a constant (equal to the dimension of the null space) plus an exponentially decreasing term. Thus not only do (9.39) and (9.40) make sense but the resulting functions both extend to be meromorphic in s ∈ C and

(9.41)^bζ(P, s) =^bζ_0(P, s) +^bζ_∞(P, s).

To see this simply note that if P is replaced by P in (9.40) the resulting function,^bζ_∞(P , s), is entire. Thus^bζ(P, s) =^bζ(P , s) =^bζ_0(P , s) +^bζ_∞(P , s). Moreover^bζ_∞(P , s) =^bζ_∞(P, s) − N D^s/sΓ(s), where N = dim null(P ), and similarly^bζ_0(P , s) =^bζ_0(P, s) + N D^s/sΓ(s) giving (9.41). With this in mind consider (9.39) and (9.40) in the general case.

Proposition 9.13. If P ∈ Diff^2_b (X; E) is elliptic, self-adjoint, nonnegative, has diagonal principal symbol corresponding to an exact b-metric on a compact manifold with boundary and satisfies (9.37) then^bζ_∞(P, s) extends from Re s < 0, where the integral in (9.40) converges absolutely, to a meromorphic function of s with poles only at^1_2 N and^bζ_0(P, s) extends from Re s >^1_2 dim X to be meromorphic with poles as in Lemma 9.11. If the b-zeta function of P is defined by (9.41) then

(9.42)^bζ(P, 0) = { a_0 −^1_2 (N_1 + N_2) dim X even −^1_2 (N_1 + N_2) dim X odd, where N_1 is the dimension of the null space of P on H^∞_b (X; E) and N_2 is the dimension of the null space on C^∞(X; E) + L^2_b (X; E).

Proof: The meromorphy of^bζ_0(P, s) proceeds exactly as in the proof of Lemma 9.11 since the behaviour of h(t) = b-Tr_ν exp(−tP ) as t ↓ 0 is essentially the same as in the boundaryless case. On the other hand Proposition 7.37 describes the behaviour of h(t) as t → ∞. Thus h(t) has a complete asymptotic expansion in powers of t^{− 12} . Since 1/Γ(s) vanishes at s = 0 the pole there is removed, but otherwise^bζ_∞(P, s) can have poles at^1_2 N as stated. This proves the proposition, since (9.42) just arises from (7.118).

9.6. Analytic torsion.

From (9.36) the determinant is most interesting in case ζ(P, 0) = 0. One case in which this occurs, at least in the simplest setting, is in the definition of the analytic torsion of Ray and Singer. If Δ_j is the Laplacian acting on j-forms on a compact manifold (initially without boundary) consider the superposition of zeta functions: ζ_τ (Δ, s) = dim X∑

j=0 (−1)^j jζ(Δ_j , s). In fact it is worthwhile, following [78] and §9.4, to generalize slightly and to look at twisted versions of the Laplacian, as in §9.4.

Definition 9.14. For any unitary representation of the fundamental group of a compact manifold with boundary and exact b-metric the analytic torsion is τ (g, ρ) = −^bζ^′_τ (g, ρ, 0). Exercise 9.15. Extend the results of [78] to exact b-metrics.

9.7. The b-eta invariant.

In the same spirit as the discussion of the analytic torsion, the definition of the eta invariant of the Dirac operator can be extended to the case of a graded Clifford module for an exact b-metric. This b-eta invariant appears in the generalization of the Atiyah-Patodi-Singer index theorem to exact b-metrics on manifolds with corners.

In case ∂X = ∅ the eta invariant, defined by (In.28), can be obtained as the value at s = 0 of the eta function:

η(g, s) =^1_{Γ(s + 12 )}^{∞∫}_0 t^{s+ 1}2 Tr^(ge^{−t}g^{2 ) dt}_t .

Since the null space is annihilated by the factor of g, the integral is absolutely convergent near t = ∞; the convergence near t = 0 is discussed in Chapter 8. The latter discussion extends directly to the case of an exact b-metric, as does the former if (9.38) is assumed for the Dirac operator and the definition is taken to be:

(9.43)^bη(g, s) = 1 Γ(s +^1_2 ) ∞∫ 0 t^{s+ 12} b-Tr_ν ( ge^{−t}g^{2 ) dt}_t ,^bη(g) =^bη(g, 0).

Even without the assumption that I_ν (g, 0) is invertible the same formula can be used.

9.7. The b-eta invariant 363

Proposition 9.16. If X is an odd-dimensional exact b-spin manifold then the integral in (9.43) converges absolutely for −^1_2 < Re s <^1_2 and extends to a meromorphic function of s ∈ C .

Proof: The convergence near t = 0 follows from the discussion in §8.13. Similarly Proposition 7.37 can be generalized to show that

(9.44) e(t) = b-Tr_ν

(ge^{−t}g^{2 )} ∼^{∞∑}_{j=0} bjt^{−1− 1}2^j as t → ∞.

To see this we start from (7.119), which gives the long-time component of the heat kernel and apply g :

(9.45) e(t) = 1 2πi ∫ γ_A b-Tr_ν e^{−tτ} (gG^′(τ )^)dτ. The analytic extension of G^′(τ ) in the variable z, τ = z^2, has a double pole at z = 0, as discussed in Proposition 6.28. Since the leading term is the null space of P = g^2 on L^2, this is annihilated by g. Similarly the residue has range in the null space of g^2 on C^∞(X; E) + L^2(X; E) and this is just the null space of g on x^{−ϵ}H^∞_b (X; E), for ϵ > 0 small, by the properties of the boundary pairing. Thus the analytic continuation of gG^′(τ ) has no pole at z = 0. Following through the proof of Proposition 7.37, the leading terms, as t → ∞, arising from both H^′_1 and H^′_2(t) vanish. Taking into account the parity of the terms, it follows that the leading term in e(t) is of order t^{−1}, i.e. (9.44) holds. This completes the proof of the proposition.

In particular if Tr is replaced by b-Tr_ν then the formula (In.28) defines the b-eta invariant. The transition, by ‘analytic surgery,’ from the eta invariant on a compact manifold without boundary to the b-eta invariant is discussed in [57].