The Atiyah-Patodi-Singer index theorem

Richard B. Melrose Massachusetts Institute of Technology

Copyright © R.B. Melrose, 1992. All rights reserved. Version: 5.0E; Revised: 7-12-1993; Run: March 14, 1996

To my mother, Isla Louise Melrose iv

PREFACE

This text is a somewhat expanded version of lecture notes written during, and directly after, a course at MIT in the Spring of 1991. Most of the participants had attended a course the preceding Fall on pseudodifferential operators on compact manifolds without boundary, including the Hodge theorem and the construction of the fundamental solution for the wave equation. Approximately this level of sophistication is assumed of the reader. The intention of the second course was to embed the Atiyah- Patodi-Singer index theorem in an analytic framework analogous to that provided by the theory of pseudodifferential operators for the Atiyah-Singer theorem. Since this treatment leads to a variety of current research topics it is presented here in the hope that it will be of use to a wider audience.

There are many people to thank. Foremost I am grateful to the members of the audience of the course for their tolerance and enthusiasm. I am especially grateful to Paolo Piazza for his comments during the course and also as a collaborator in work related to this subject. Others from whom I have learnt in this way are Xianzhe Dai, Charlie Epstein, Dan Freed, Rafe Mazzeo and Gerardo Mendoza. To the last of these I would like to take this opportunity to apologize for my part, whatever that was, in the somewhat mysterious non-appearance of the paper [64] on which a considerable part of Chapter 6, and indeed the general ‘b-philosophy,’ is based.

More generally I am happy to acknowledge the influence, through conversation, on my approach to this subject of Michael Atiyah, Ezra Getzler, Lars Hörmander, Werner Müller, Bob Seeley, Iz Singer and Michael Taylor. I am indebted to Antônio sá Barreto, Xianzhe Dai, Charlie Epstein and Maciej Zworski who tolerated my neglect of other projects during the process of writing, to Tanya Christiansen, Xianzhe Dai, Andrew Hassell, Lars Hörmander, Gerd Grubb, Rafe Mazzeo, Paolo Piazza and Lorenzo Ramero for comments on the manuscript and especially to Jillian Melrose for her forbearance. To Judy Romvos special thanks for turning my rather crude scrawlings into the original lecture notes.

Danville, Vermont. March 8, 1992

CONTENTS

Introduction and the proof . . . . . . . . . . . . . . . . . 1 1. The Atiyah-Singer index theorem . . . . . . . . . . . . . . 2 2. The Atiyah-Patodi-Singer index theorem . . . . . . . . . . 2 3. Boundary conditions versus b-geometry . . . . . . . . . . . 4 4. Preliminaries to the proof . . . . . . . . . . . . . . . . . 5 5. The proof . . . . . . . . . . . . . . . . . . . . . . . . 9 6. Weighting . . . . . . . . . . . . . . . . . . . . . . . . 10 7. Outline . . . . . . . . . . . . . . . . . . . . . . . . . 12

Chapter 1. Ordinary differential operators . . . . . . . . . 15 1.1. Operators and coordinates . . . . . . . . . . . . . . . . 15 1.2. Index . . . . . . . . . . . . . . . . . . . . . . . . . 17 1.3. General statement . . . . . . . . . . . . . . . . . . . 21 1.4. Kernels . . . . . . . . . . . . . . . . . . . . . . . . 22

Chapter 2. Exact b-geometry . . . . . . . . . . . . . . . . 25 2.1. Manifolds . . . . . . . . . . . . . . . . . . . . . . . 25 2.2. The b-tangent bundle . . . . . . . . . . . . . . . . . . 27 2.3. Exact b-metrics . . . . . . . . . . . . . . . . . . . . . 30 2.4. Differential operators . . . . . . . . . . . . . . . . . . 32 2.5. Levi-Civita Connection . . . . . . . . . . . . . . . . . 35 2.6. Riemann curvature tensor . . . . . . . . . . . . . . . . 39 2.7. Associated bundles . . . . . . . . . . . . . . . . . . . 43 2.8. Covariant differentiation . . . . . . . . . . . . . . . . . 44 2.9. Christoffel symbols . . . . . . . . . . . . . . . . . . . 47 2.10. Warped products . . . . . . . . . . . . . . . . . . . 50 2.11. Curvature formulæ . . . . . . . . . . . . . . . . . . . 51 2.12. Orientation . . . . . . . . . . . . . . . . . . . . . . 53 2.13. b-connections . . . . . . . . . . . . . . . . . . . . . 55 2.14. Characteristic classes . . . . . . . . . . . . . . . . . . 60 2.15. Hermitian bundles . . . . . . . . . . . . . . . . . . . 63 2.16. de Rham cohomology . . . . . . . . . . . . . . . . . . 65 2.17. b-characteristic classes . . . . . . . . . . . . . . . . . 66

Chapter 3. Spin structures . . . . . . . . . . . . . . . . . 67 3.1. Euclidean Dirac operator . . . . . . . . . . . . . . . . 67 3.2. Clifford algebra . . . . . . . . . . . . . . . . . . . . . 69 3.3. Periodicity . . . . . . . . . . . . . . . . . . . . . . . 71 3.4. Clifford bundle . . . . . . . . . . . . . . . . . . . . . 75 3.5. Clifford modules . . . . . . . . . . . . . . . . . . . . 76 3.6. Clifford bundle of^bT X . . . . . . . . . . . . . . . . . 79 3.7. Spin group . . . . . . . . . . . . . . . . . . . . . . . 80 3.8. Spin representations . . . . . . . . . . . . . . . . . . . 84 3.9. Spin structures . . . . . . . . . . . . . . . . . . . . . 86 3.10. Clifford connections . . . . . . . . . . . . . . . . . . 88 3.11. Twisted Dirac operators . . . . . . . . . . . . . . . . 90 3.12. Spin structure for a b-metric . . . . . . . . . . . . . . . 90 3.13. Boundary behaviour . . . . . . . . . . . . . . . . . . 91 3.14. Dirac operators of warped products . . . . . . . . . . . 93

Chapter 4. Small b-calculus . . . . . . . . . . . . . . . . . 95 4.1. Inward-pointing spherical normal bundle . . . . . . . . . . 95 4.2. The b-stretched product . . . . . . . . . . . . . . . . . 98 4.3. Submanifolds of X2_b . . . . . . . . . . . . . . . . . . . 99 4.4. Lifting vector fields . . . . . . . . . . . . . . . . . . 101 4.5. Densities . . . . . . . . . . . . . . . . . . . . . . . 105 4.6. The space of pseudodifferential operators . . . . . . . . . 108 4.7. Distributions . . . . . . . . . . . . . . . . . . . . . 110 4.8. Kernels of b-differential operators . . . . . . . . . . . . 113 4.9. The small space of b-pseudodifferential operators . . . . . 114 4.10. Symbol map . . . . . . . . . . . . . . . . . . . . . 115 4.11. Elementary mapping properties . . . . . . . . . . . . 117 4.12. Asymptotic completeness . . . . . . . . . . . . . . . 121 4.13. Small parametrix . . . . . . . . . . . . . . . . . . 122 4.14. Non-compactness . . . . . . . . . . . . . . . . . . 124 4.15. Indicial operator . . . . . . . . . . . . . . . . . . . 125 4.16. General coefficients . . . . . . . . . . . . . . . . . . 130 4.17. Examples . . . . . . . . . . . . . . . . . . . . . . 132 4.18. Trace class operators . . . . . . . . . . . . . . . . . 134 4.19. The b-integral . . . . . . . . . . . . . . . . . . . . 140 4.20. The b-trace functional . . . . . . . . . . . . . . . . 142

Chapter 5. Full calculus . . . . . . . . . . . . . . . . . 144 5.1. Mellin transform . . . . . . . . . . . . . . . . . . . 144 5.2. Inversion of the indicial family . . . . . . . . . . . . . 146

5.3. Analytic Fredholm theory . . . . . . . . . . . . . . . 150 5.4. Conjugation by powers . . . . . . . . . . . . . . . . 152 5.5. Commutator identity for the b-trace . . . . . . . . . . . 153 5.6. Invertibility of the indicial operator . . . . . . . . . . . 156 5.7. Kernel of the inverse of the indicial operator . . . . . . . 160 5.8. Index formula for invariant operators . . . . . . . . . . 161 5.9. Composition in the small calculus . . . . . . . . . . . . 164 5.10. Polyhomogeneous conormal distributions . . . . . . . . 166 5.11. Mellin transform and polyhomogeneity . . . . . . . . . 171 5.12. Boundary terms . . . . . . . . . . . . . . . . . . . 173 5.13. True parametrix . . . . . . . . . . . . . . . . . . . 174 5.14. Finitely residual terms . . . . . . . . . . . . . . . . 176 5.15. Boundedness on Sobolev spaces . . . . . . . . . . . . 178 5.16. Calculus with bounds . . . . . . . . . . . . . . . . . 180 5.17. Fredholm properties . . . . . . . . . . . . . . . . . 183 5.18. Extended index sets . . . . . . . . . . . . . . . . . 185 5.19. Formal solutions . . . . . . . . . . . . . . . . . . . 187 5.20. Finer parametrix . . . . . . . . . . . . . . . . . . . 189 5.21. Composition with boundary terms . . . . . . . . . . . 190 5.22. Residual terms . . . . . . . . . . . . . . . . . . . 196 5.23. Composition in general . . . . . . . . . . . . . . . . 199 5.24. General bundles and summary . . . . . . . . . . . . . 201 5.25. Parametrices and null space . . . . . . . . . . . . . . 204 5.26. Generalized inverse . . . . . . . . . . . . . . . . . . 206

Chapter 6. Relative index, cohomology and resolvent . . . 208 6.1. Boundary pairing . . . . . . . . . . . . . . . . . . . 208 6.2. Relative index formula . . . . . . . . . . . . . . . . . 213 6.3. Riemann-Roch for surfaces . . . . . . . . . . . . . . . 216 6.4. Hodge theory . . . . . . . . . . . . . . . . . . . . . 220 6.5. Extended L2 null space of Dirac operators . . . . . . . . 233 6.6. Resolvent family . . . . . . . . . . . . . . . . . . . 234 6.7. Analytic continuation of the resolvent . . . . . . . . . . 238 6.8. Poles of the resolvent . . . . . . . . . . . . . . . . . 242 6.9. Spectral theory . . . . . . . . . . . . . . . . . . . . 246 6.10. Scattering matrices . . . . . . . . . . . . . . . . . . 248

Chapter 7. Heat calculus . . . . . . . . . . . . . . . . . 252 7.1. Heat space . . . . . . . . . . . . . . . . . . . . . . 252 7.2. Standard heat calculus . . . . . . . . . . . . . . . . 261 7.3. Heat kernel . . . . . . . . . . . . . . . . . . . . . 263 7.4. b-heat space . . . . . . . . . . . . . . . . . . . . . 273

7.5. b-heat calculus . . . . . . . . . . . . . . . . . . . . 276 7.6. Bundle coefficients . . . . . . . . . . . . . . . . . . 281 7.7. Long-time behaviour, Fredholm case . . . . . . . . . . . 283 7.8. Long-time behaviour, non-Fredholm case . . . . . . . . . 291

Chapter 8. Local index theorem . . . . . . . . . . . . . 295 8.1. Simple rescaling . . . . . . . . . . . . . . . . . . . 295 8.2. Rescaling bundles . . . . . . . . . . . . . . . . . . . 297 8.3. Rescaling and connections . . . . . . . . . . . . . . . 301 8.4. Getzler’s rescaling . . . . . . . . . . . . . . . . . . . 305 8.5. Rescaled trace . . . . . . . . . . . . . . . . . . . . 309 8.6. Rescaled heat calculus . . . . . . . . . . . . . . . . . 312 8.7. Rescaled normal operator . . . . . . . . . . . . . . . 313 8.8. Lichnerowicz’ formula . . . . . . . . . . . . . . . . . 317 8.9. Mehler’s formula . . . . . . . . . . . . . . . . . . . 322 8.10. Local index formula . . . . . . . . . . . . . . . . . 326 8.11. The b case . . . . . . . . . . . . . . . . . . . . . 328 8.12. Graded Hermitian Clifford modules . . . . . . . . . . 329 8.13. The eta integrand . . . . . . . . . . . . . . . . . . 332 8.14. The modified eta invariant . . . . . . . . . . . . . . 334 8.15. Variation of eta . . . . . . . . . . . . . . . . . . . 336 8.16. Spectral flow . . . . . . . . . . . . . . . . . . . . 338 8.17. The circle . . . . . . . . . . . . . . . . . . . . . . 341

Chapter 9. Proof revisited and applications . . . . . . . . 343 9.1. The APS theorem . . . . . . . . . . . . . . . . . . . 343 9.2. Euler characteristic . . . . . . . . . . . . . . . . . . 347 9.3. Signature formula . . . . . . . . . . . . . . . . . . . 351 9.4. Flat coefficient bundles . . . . . . . . . . . . . . . . 356 9.5. Zeta function . . . . . . . . . . . . . . . . . . . . . 357 9.6. Analytic torsion . . . . . . . . . . . . . . . . . . . 362 9.7. The b-eta invariant . . . . . . . . . . . . . . . . . . 362

LIST OF FIGURES

Figure 1. The index of P_c . . . . . . . . . . . . . . . . . . . 20 Figure 2. Blow-up of X2, X = [0, 1] . . . . . . . . . . . . . . . 23 Figure 3. The orthonormal frame bundle and connection . . . . . . 38 Figure 4. The spherical normal fibre . . . . . . . . . . . . . . . 97 Figure 5. β_b : X2_b −→ X2 . . . . . . . . . . . . . . . . . . . . 98 Figure 6. Decomposition in (4.69) . . . . . . . . . . . . . . . 119 Figure 7. The blow-down map β_b : eX2_b −→ eX2 (with R+-orbit) . . 127 Figure 8. spec_b(P ), a /∈ − Im spec_b(P ) . . . . . . . . . . . . . 147 Figure 9. The domains in X2_b for (5.34), (5.35) . . . . . . . . . 156 Figure 10. Singularities of A ∈ eΨ^{m,}E_b (X;^bΩ^{12} ) . . . . . . . . . . 174 Figure 11. spec_b(^bΔ) . . . . . . . . . . . . . . . . . . . . . 236 Figure 12. The heat space, X2_H . . . . . . . . . . . . . . . . 257 Figure 13. The b-heat space X2_η . . . . . . . . . . . . . . . . 276 Figure 14. The contours in (7.104) and (7.106) . . . . . . . . . 287