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PREFACE 

This little book is an expanded version of the lectures on nonassocia- 
tive algebras which I gave at an Advanced Subject Matter Institute in 
Algebra, which was held at Oklahoma State University in the summer of 
1961 under the sponsorship of the National Science Foundation. 

I have had no desire to write a treatise on this subject. Instead I have 
tried to present here in an elementary way some topics which have been 
of interest to me, and which will be helpful to graduate students who are 
encountering nonassociative algebras for the first time. Proofs are not 
given of all of the results cited, but a number of the proofs which are 
included illustrate techniques which are important for the study of non- 
associative algebras. 

Alternative algebras are presented in some detail. I have treated Jordan 
algebras in a somewhat more cursory way, except for describing their 
relationships to the exceptional simple Lie algebras. A considerably 
deeper account of Jordan algebras will be found in the forthcoming book 
by Jacobson. 

I expect that any reader will be acquainted with the content of a 
beginning course in abstract algebra and linear algebra. Portions of six 
somewhat more advanced books are recommended for background 
reading, and at  appropriate places reference is made to these books for 
results concerning quadratic forms, fields, associative algebras, and Lie 
algebras. The books are : 

Albert, A. A., “ Structure of Algebras,” Vol. 24. American Mathemat- 
ical Society Colloquium Publications, New York, 1939; 

Artin, Emil, “ Galois Theory,” No. 2, 2nd ed. Notre Dame Mathe- 
matical Lectures, Notre Dame, 1948; 

vii 



viii Preface 

Artin, Emil, “ Geometric Algebra,” No. 3 (Interscience Tracts in 
Pure and Applied Mathematics). Wiley (Interscience), London and 
New York, 1957; 

Jacobson, Nathan, “ Lectures in Abstract Algebra,” Vol. I1 (Linear 
Algebra). Van Nostrand, Princeton, New Jersey, 1953; 

Jacobson, Nathan, “Lie Algebras,” No. 10 (Interscience Tracts in 
Pure and Applied Mathematics). Wiley (Interscience), London and 
New York, 1962; 

Zariski, Oscar, and Samuel, Pierre, “ Commutative Algebra,” Vol. I. 
Van Nostrand, Princeton, New Jersey, 1958. 

References are also given to some of the research papers listed in 
the bibliography at  the end. It is my hope that this book will serve to 
make more of the papers cited there accessible to the interested reader. 

Completion of this manuscript was partially supported by National 
Science Foundation Grant G P  2496. I am grateful for this support, and 
happy to acknowledge it. 

RICHARD D. SCHAFER 

September, 1966 
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I 

INTRODUCTION 

By common consent a ring % is understood to be an additive abelian 
group in which a multiplication is defined, satisfying 

(1.1) (xy)z = x(yz) for all x, y, z in % 

and 

(1.2) (x  + y)z = xz + yz, z(x + y)  = zx + zy for all x,  y, z in %, 

while an algebra 21 over a field F is a ring which is a vector space over 
F with 

(1.3) a(xy) = (ax)y = x(ay) for all ct in F, x, y in a, 
so that the multiplication in 2l is bilinear. Throughout this book, 
however, the associative law (1.1) will fail to  hold in many of the 
algebraic systems encountered. For this reason we shall use the terms 
" ring " and " algebra " for more general systems than customary. 

We define a ring % to be an additive abelian group with a second law 
of composition, multiplication, which satisfies the distributive laws (1.2). 
We define an algebra over a field F to be a vector space over F with a 
bilinear multiplication, that is, a multiplication satisfying (1.2) and 
(1.3). We shall use the name associative ring (or associative algebra) 
for a ring (or algebra) in which the associative law (1.1) holds. 
In the general literature, an algebra (in our sense) is commonly 

referred to as a nonassociative algebra in order to emphasize that (1.1) 
is not being assumed. Use of this term does not carry the connotation 
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2 Introduction 

that (1.1) fails to hold, but only that (1.1) is not assumed to hold. If 
(1.1) is actually not satisfied in an algebra (or ring), we say that the 
algebra (or ring) is not associative, rather than nonassociative. 

As we shall see in Chapter 11, a number of basic concepts which are 
familiar from the study of associative algebras do not involve associa- 
tivity in any way, and so may fruitfully be employed in the study of 
nonassociative algebras. For example, we say that two algebras 21 and 
2l‘ over F are isomorphic in case there is a vector space isomorphism 
x tt x’ between them with (xy)’ = x’y’ for all x ,  y in 2l. 

Although we shall prove some theorems concerning rings and 
infinite-dimensional algebras, we shall for the most part be concerned 
with finite-dimensional algebras. If is an algebra of dimension n over 
F, let u,, ..., un be a basis for 91 over F. Then the bilinear multiplication 
in 21 is completely determined by 
Y j j k  which appear in the products 

We shall call the n2 equations (1.4) 

the n3 multiplication constants 

Y i j k  in F .  

a multiplication table, and shall 
sometimes have occasion to arrange them in the familiar form of such 
a table : 

1 u1 ... u, ... u.  

The multiplication table for a one-dimensional algebra 9l over F 
is given by ui2 = yu, (y = yll,). There are two cases: y = 0 (from which 
it follows that every product xy in 2l is 0, so that 2l is called a zero 
algebra), and y # 0. In the latter case the element e = y - lu ,  serves as a 
basis for 2l over F, and in the new multiplication table we have e2 = e. 
Then a-ae is an isomorphism between F and this one-dimensional 
algebra 2I. We have seen incidentally that any one-dimensional algebra 
is associative. There is much more variety, however, among the 
algebras which can be encountered even for such a low dimension as 
two. 
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Other than associative algebras, the best-known examples of algebras 
are the Lie algebras which arise in the study of Lie groups. A Lie 
algebra 2 over F is an algebra over F in which the multiplication is 
anticommutative, that is, 

x2 = 0 (implying xy = -yx), 

and the Jacobi identity 

(xy)z + (yz)x + (zx)y = 0 for all x ,  y, z in 2 

is satisfied. If PI is any associative algebra over F, then the commutator 

(1.5) [ x ,  yl = xy - yx 

satisfies 

[x ,  XI = 0 and “x,  yl, zl + [IV, z 1 , 4  + “2, XI, yl = 0. 

Thus the algebra %- obtained by defining a new multiplication (1.5) 
in the same vector space as % is a Lie algebra over F. Also any subspace 
of which is closed under commutation (1.5) gives a subalgebra of 2l-, 
hence a Lie algebra over F. For example, if P l  is the associative algebra 
of all n x n matrices, then the set 2 of all skew-symmetric matrices in % 
is a Lie algebra of dimension fn(n - 1). The Birkhoff-Witt theorem 
states that any Lie algebra 2 is isomorphic to a subalgebra of an 
(infinite-dimensional) algebra ‘$1- where % is associative (Jacobson 
[25], pp. 159-162). In the general literature the notation [x ,  y], without 
regard to ( lS ) ,  is frequently used, instead of xy, to denote the product 
in an arbitrary Lie algebra. 

In this book we shall not make any systematic study of Lie algebras. 
A number of such accounts exist (principally for characteristic 0, 
where most of the known results lie); we shall refer, in particular, as 
above to Jacobson [25]. Instead we shall be concerned upon occasion 
with relationships between Lie algebras and other nonassociative 
algebras which arise through such mechanisms as the derivation algebra. 
Let PI be any algebra over F. By a derivation of P l  is meant a linear 
operator D on % satisfying 

(xy)D = (xD)y  + x(yD) for all x ,  y in PI. 
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The set D(2l) of all derivations of 8l is a subspace of the associative 
algebra E = E(2l) of all linear operators on 2l. Since the commutator 
[D, D'] of two derivations D, D' is a derivation of 2l, a(%) is a sub- 
algebra of E-; that is, rD(21) is a Lie algebra, called the derivation 
algebra of 21. 

Just as one can introduce the commutator (1.5) as a new product 
to obtain a Lie algebra 2l- from an associative algebra 2l, so one can 
introduce a symmetrized product 

(1.6) x * y = xy + yx 

in an associative algebra 2l to obtain a new algebra over F where the 
vector space operations coincide with those in 2l but where multiplica- 
tion is defined by the commutative product x * y .  If one is content to 
restrict attention to fields F of characteristic not two (as we shall be in 
many places), there is a certain advantage in writing 

(1.7) 

to obtain an algebra 2l" from an associative algebra P l  by defining 
products by (1.7) in the same vector space as a. For B[+ is isomorphic 
under the mapping a -, fa to the algebra in which products are defined 
by (1.6). At the same time, powers of any element x in 2l' coincide with 
those in '$1: clearly x - x = x 2 ,  whence it is easy to see by induction on 
n that 

x x - x (n factors) = ( x  ... x) ( x  . * x )  
- - x i .  x n - i  = f ( X i X n - i  + X n - i x i )  = x n .  

If '+Z is associative, then the multiplication in 2[+ is not only commu- 
tative but also satisfies the identity 

( x  - y )  * (x - x) = x - @ * (x * x)] for all x , y  in %+. 

A (commutative) Jordan algebra J is an algebra over a field F i n  which 
products are commutative: 

xy = yx 

and satisfy the Jordan identity 

for all x, y in J, 

(xy)xz = x(yx2)  for all x, y in J. 
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Thus, if 91 is associative, then 91' is a Jordan algebra. So is any sub- 
algebra of 91+, that is, any subspace of % which is closed under the 
symmetrized product (1.7) and in which (1.7) is used as a new multi- 
plication (for example, the set of all n x n symmetric matrices). An 
algebra J over F is called a special Jordan algebra in case J is isomorphic 
to a subalgebra of 91' for some associative 91. We shall see that not all 
Jordan algebras are special. 

Jordan algebras were introduced in the early 1930's by a physicist, 
P. Jordan, in an attempt to generalize the formalism of quantum 
mechanics. Little appears to have resulted in this direction, but un- 
anticipated relationships between these algebras and Lie groups and the 
foundations of geometry have been discovered. 

The study of Jordan algebras which are not special depends upon 
knowledge of a class of algebras which are more general, but in a 
certain sense only slightly more general, than associative algebras. 
These are the alterriative algebras 91 defined by the identities 

and 
x2y  = x(xy)  for all x ,  y in '% 

yx2  = (yx)x  for all x ,  y in %, 

known respectively as the left and right alternative l a w .  Clearly, any 
associative algebra is alternative. The class of 8-dimensional Cayley 
algebras (or Cayley-Dickson algebras, the prototype having been 
discovered in 1845 by Cayley and later generalized by Dickson) is, 
as we shall see, an important class of alternative algebras which are not 
associative. 

Let F have characteristic 2 2 .  Then the multiplication table for any 
Cayley algebra Q over F may be taken to be: 

u1 u2 u3 u4 u6 
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where ul, u 2 ,  ..., us is a basis for C over F, and pl, p2, and p 3  are 
nonzero elements of F. 

To date these are the algebras (Lie, Jordan, and alternative) about 
which most is known. Numerous generalizations have recently been 
made, usually by studying classes of algebras defined by weaker identities. 

The structure theories for associative and Lie algebras have served as 
models for generalization and analogy. Let us recapitulate here some 
well-known features of these theories. 

Let F be an arbitrary field and 2l be a finite-dimensional associative 
algebra over F. As one learns from, for example, Albert [24], there 
is an ideal W, called the radical of 'ill, which is the unique maximal 
nilideal of 2l (that is, the maximal ideal consisting entirely of nil- 
potent elements). Furthermore, % is nilpotent in the sense that there 
is an integer t with the property that any product z1 z2 z, o f t  elements 
from 9l is zero; hence W is also the unique maximal nilpotent ideal 
of 2l. Modulo this radical the algebra is semisimple; that is, the 
residue class algebra 9l/W has radical equal to zero. Moreover, any 
semisimple associative algebra is uniquely expressible as a direct sum 
6, @ @ 6, of simple two-sided ideals (where an algebra is simple 
provided it has no proper ideals and is not a 1-dimensional algebra in 
which all products are zero). A celebrated theorem of Wedderburn 
states that any simple associative algebra 6 is the Kronecker product 
ID,, = D 8 F,, of a division algebra 3 over F and the total matrix 
algebra F, of dimension n2, where n is unique and D is uniquely 
determined up to isomorphism. Hence (up to a determination of all 
division algebras D over F) the structure of any semisimple associative 
algebra over F is known. 

Let %/W be separable (that is, the center of each simple component 
is a separable field over F; this would always be the case if F were of 
characteristic 0). Then 2l has a Wedderburn decomposition 'ill = G + W 
where 6 is a subalgebra of 2l isomorphic to %/% and 6 + W is a vector 
space direct sum. Any derivation D of a separable algebra 91 is inner: 
there exists x in 2l such that aD = ax - xa for all a in % (Jacobson [2]). 

This of course has been but the briefest of sketches of the associative 
structure theory, and omits many important features. It is astonishing, 
however, how closely the structure of Lie algebras of characteristic 0 
parallels the associative theory up to this point (Jacobson [25]). 
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Let F be a field of characteristic 0 and f! be a finite-dimensional Lie 
algebra over F. Then the radical % of 2 is not the maximal nilideal 
(since f! itself is a nilalgebra, the square of every element being zero), 
nor is it in general the maximal nilpotent ideal of 2. It is an ideal between 
these two. Define b(') = b, b(i+l) = (b(i))2. Then b is solvable in 
case there is an integer r such that b(r) = 0, and the radical % of 2 is the 
unique maximal solvable ideal of f!. With this definition of radical, the 
residue class algebra f!/% is semisimple and is uniquely expressible as a 
direct sum of simple two-sided ideals. If F is algebraically closed, the 
classification of simple Lie algebras into four great classes and five 
exceptional algebras is well known. This leads to a determination of the 
simple Lie algebras over arbitrary F of characteristic 0 which by now is 
almost complete, and in this sense we can say that all semisimple Lie 
algebras over Fa re  known. 

Since F is of characteristic 0, there is no question of separability 
involved. Any finite-dimensional Lie algebra 2 over F has a Levi 
decomposition L? = 6 + % where G is a subalgebra isomorphic to 
f!/% and G + % is a vector space direct sum. Any derivation D of a 
semisimple algebra f! is inner: aD = ax for some x in f! (D = ad x). 

Lest we be too taken up with the similarities between these two 
theories, we should perhaps recall one of the important tools for the 
study of associative algebras; namely, the Peirce decomposition relative 
to an idempotent. Let e be an idempotent (e2 = e # 0) in an associative 
algebra B over an arbitrary field F. Then QC may be written as the vector 
space direct sum B = all + Blo + 2101 + Boo of spaces Bij, which 
consist of those elements x i j  in 2l satisfying exi j  = i x i j ,  x I je  = j x i j  
( i , j  = 0, 1). The properties of this decomposition are essential to the 
proofs of some of the associative theorems mentioned. On the other 
hand, there are clearly no idempotents in Lie algebras, and the proofs 
of the parallel theorems rely on other methods, notably on a trace 
argument which breaks down for fields of characteristic p > 0. 

We shall prove in Chapter I11 that each of these results about asso- 
ciative algebras is a particular case of a corresponding generalization to 
finite-dimensional alternative algebras. In Chapter IV, although not all 
of the proofs are included, we shall see that the analogues of these 
theorems about associative and Lie algebras hold also for finite- 
dimensional Jordan algebras of characteristic # 2. 
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For broader classes of nonassociative algebras the associative and 
Lie theories do not serve as appropriate models; counterexamples to 
these theorems exist. We shall see in Chapter 11, however, some non- 
trivial results which hold for completely arbitrary algebras. 
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ARBITRARY NONASSOCIATIVE 
ALGEBRAS 

1. SOME BASIC CONCEPTS 

Let 2I be an algebra over a field F. (The reader may make the ap- 
propriate modifications for a ring %.) The definitions of the terms 
subalgebra, left ideal, right ideal, (two-sided) ideal 8, homomorphism, ker- 
nel of a homomorphism, residue class algebra %/S (difference algebra 
%-8), anti-isomorphism, which are familiar from a study of associative 
algebras, do not involve associativity of multiplication and are thus 
immediately applicable to algebras in general. So is the notation 86 for 
the subspace of 21 spanned by all products bc with b in 8, c in 6 (8, 6 
being arbitrary nonempty subsets of ‘3); here we must of course dis- 
tinguish between (2l8)6 and 91(86), etc. 

We have the fundamental theorem of homomorphism for algebras: 
If 8 is an ideal of %, then 2I/S is a homomorphic image of 21 under the 
natural homomorphism 

a + i = a + 8 ,  sin%, a + B i n 2 l / b .  

Conversely, if 21’ is a homomorphic image of 2l (under the homo- 
morphism 

(2.1) a -, a’, a in 8, a’ in a’), 
9 



10 II. Arbitrary Nonassociative Algebras 

then PI’ is isomorphic to 2l/b where b is the kernel of the homo- 
morphism. 

If G’ is a subalgebra (or ideal) of a homomorphic image 2l’ of a, then 
the complete inverse image of 6’ under the homomorphism (2.1)-that 
is, the set G = {s E 2l Is ’  E 6’}-is a subalgebra (or ideal) of 2l which 
contains the kernel B of (2.1). If a class of algebras is defined by identi- 
ties (as, for example, Lie, Jordan or alternative algebras), then any 
subalgebra or any homomorphic image belongs to the same class. 

We have the customary isomorphism theorems : 
(i) If 23, and 23, are ideals of CLI such that b, contains b,, then 

(‘U/b,)/(b,/b,) and 2t/b, are isomorphic. 
(ii) If B is an ideal of 2l and G is a subalgebra of a, then b n G is an 

ideal of G, and (b + G)/b and G/(b n 6) are isomorphic. 
Suppose that 23 and (L are ideals of an algebra 2l, and that as a vector 

space 2I is the direct sum of B and C (2l = b + a, B n a = 0). Then 2l 
is called the direct sum 2l = B @ C of b and C as algebras. The vector 
space properties ensure that in a direct sum 2 l =  23 @ a the com- 
ponents b, c of a = b + c (b in b, c in a) are uniquely determined, and 
that addition and multiplication by scalars are performed component- 
wise. It is the assumption that 23 and 6 are ideals in % =  b @ 6 that 
gives componentwise multiplication as well : 

(b ,  + c,)(b, + c,) = b ,  b2 + ci c, , bi in b, ci in C. 

For 6, c, is in both b and C, hence in b n C = 0. Similarly c1 b2 = 0. 
(Although @ is commonly used to denote vector space direct sum, it 
has been reserved here for direct sum of ideals; where appropriate the 
notation I has been used for orthogonal direct sum relative to a sym- 
metric bilinear form.) 

Given any two algebras b, 6 over a field F, one can construct an 
algebra 2l over F such that is the direct sum 2l= b’ @ 6’ of ideals 
b’, a’ which are isomorphic respectively to b, 6. The construction of 2l 
is familiar: the elements of 2l are the ordered pairs (b, c )  with b in b, 
c in C; addition, multiplication by scalars, and multiplication are defined 
componentwise : 

(bl, Cl )  + ( 6 2 ,  c,) = (6, + b2 9 c1 + cz), 

a(b, c) = (ab, ac), 

(b , ,  c J b 2  Y c2) = (b ,  b, 3 c1 c2). 
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Then 2l is an algebra over F, the sets 23' of all pairs (b, 0) with b in b and 
C' of all pairs (0, c) with c in 6 are ideals of 2l isomorphic respectively 
to 23 and 6, and 2l = 23' @ 6'. By the customary identification of 23 with 
d', 6 with C', we can then write 2 l=  23 @ 6, the direct sum of B and 6 
as algebras. 

As in the case of vector spaces, the notion of direct sum extends to an 
arbitrary (indexed) set of summands. In this book we shall have occasion 
to use only finite direct sums 91 = b, 0 d2 @ ... @ 23,. Here 2l is the 
direct sum of the vector spaces 23, , and multiplication in 2l is given by 

(b, + b 2 + . * . + b t ) ( c ,  + c 2 + " ' + C t ) = b , c ,  + b , c , +  - * + b , c ,  

for b i ,  ci in B i .  The 23[ are ideals of 2l. Note that (in the case of a vector 
space direct sum) the latter statement is equivalent to the fact that the 
23, are subalgebras of 2f such that 

Bi23j=0 for i#j. 

An element e (orf) in an algebra 2l over F is called a Zefi (or right) 
identity (sometimes unity element) in case ea = a (or af = a) for all a in 
5" If 21 contains both a left identity e and a right identityf, then e =f 
(= e f )  is a (two-sided) identity 1. If 21 does not contain an identity 
element 1, there is a standard construction for obtaining an algebra 211 
which does contain 1, such that 2 4  contains (an isomorphic copy of) 2l 
as an ideal, and such that 211/91 has dimension 1 over F. We take 211 to 
be the set of all ordered pairs (a, a) with a in F, a in 2 l ;  addition and 
multiplication by scalars are defined componentwise ; multiplication is 
defined by 

(a, a)@, b) = (ap, /3a + ab + ab), a, /3 in F, a, b in 2l. 

Then 211 is an algebra over F with identity element 1 = (1,O). The set 
2l' of all pairs (0, a) in 211 with a in 2l is an ideal of %, which is iso- 
morphic to 2l. As a vector space 211 is the direct sum of 2l' and the 
1-dimensional space F l  = (a1 I a in F}. Identifying %'with itsisomorphic 
image 9, we can write every element of 2l, uniquely in the form a1 + a 
with a in F, a in a, in which case the multiplication becomes 

(a1 + a)@l + 6) = (a/3)1 + (Pa + ab + ab). 

We say that we have adjoined an identity element to 2l to obtain a,. 
(If Bl is associative, this familiar construction yields an associative 
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algebra 211 with 1. A similar statement is readily verifiable for (com- 
mutative) Jordan algebras and for alternative algebras. It is of course 
not true for Lie algebras, since l 2  = 1 # 0.) 

Let 23 and 2l be algebras over a field F. The Kronecker product 
23 (written 23 €9 2l if there is no ambiguity) is the tensor prod- 
uct b mF21 of the vector spaces b, 2l (so that all elements are sums 
Cb €9 a, b in 23, a in Ql), multiplication being defined by distributivity 
and 

(b,  €9 a1)(b2 €9 a2) = (6, b2) €9 (a, a2), b, in b, a, in a. 
If b contains 1, then the set of all 1 8 a in ILT €9 (11 is a subalgebra of 
23 @ 2l which is isomorphic to a, and which we can identify with 2l 
(similarly, if 2l contains 1, then 23 8 2l contains b as a subalgebra). 
If 23 and 2l are finite-dimensional over F, then dim(%@%) = 
(dim 23)(dim 2l). 

We shall on numerous occasions be concerned with the case where 23 
is taken to be a field (an arbitrary extension K of F). Then K does 
contain 1, so 911K = K BF21 contains 2l (in the sense of isomorphism) 
as a subalgebra over F. Moreover, 21K is readily seen to be an algebra 
over K, which is called the scalar extension of to an algebra over K. 
The properties of a tensor product ensure that any basis for 2l over F 
is a basis for 211K over K. In case 2l is finite-dimensional over F, this 
gives an easy representation for the elements of 21K. Let ul, ..., u, be 
any basis for 2l over F. Then the elements of 21K are the linear combina- 
tions 

(2.2) C a i u i  ( = C a i € 9 u i ) ,  NiinK, 
where the coefficients ai in (2.2) are uniquely determined. Addition and 
multiplication by scalars are performed componentwise. For multi- 
plication in 211K we use bilinearity and the multiplication table 

(2.3) UiUj=CYijkUk, y i j k  in F .  

The elements of 2l are obtained by restricting the a, in (2.2) to elements 
of F. 

For finite-dimensional 21, the scalar extension PIK (K an arbitrary 
extension of F) may be defined in a noninvariant way (without recourse 
to tensor products) by use of a basis as above. Let ul, . . ., u, be any basis 
for 2l over F; multiplication in 2l is given by the multiplication table 
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(2.3). Let 21K be an n-dimensional algebra over K with the same multi- 
plication table (this is valid since the yijk,  being in F, are in K ) .  What 
remains to be verified is that a different choice of basis for CU over F 
would yield an algebra isomorphic (over K )  to this one. (A noninvariant 
definition of the Kronecker product of two finite-dimensional algebras 
2l, 23 may be similarly given.) 

For the classes of algebras mentioned in the Introduction (Jordan 
algebras of characteristic 2 2 ,  and Lie and alternative algebras of arbi- 
trary characteristic), one may verify that algebras remain in the same 
class under scalar extension-a property which is not shared by classes 
of algebras defined by more general identities (as, for example, in 
Chapter V). 

Just as the commutator [x, y ]  = xy - yx measures commutativity 
(and lack of it) in an algebra 2l, the associator 

(x, y, 4 = ( X A Z  - X ( Y Z )  

of any three elements may be introduced as a measure of associativity 
(and lack of it) in '3. Thus the definitions of alternative and Jordan 
algebras may be written as 

(x, x, y )  = (y,  x, x) = 0 for all x, y in 2l 
and 

for all x, y in a. 
Note that the associator (x, y ,  z )  is linear in each argument. One identity 
which is sometimes useful and which holds in any algebra 2I is 

(2.4) a(x, y ,  Z )  + (a, X, Y ) Z  = (ax, Y ,  Z) - (a, X Y ,  Z) + (a, X, YZ) 

for all a, x, y ,  z in 2l. 

associate with every pair of elements x, y in 2I in the sense that 

for all x ,  y in CU. 

[x, y ]  = (x, y ,  x2) = O 

The nucleus Q of an algebra 2l is the set of elements g in 2l which 

(9, x, y )  = (x, g, y )  = (x, y, g) = 0 

It is easy to verify that Q is an associative subalgebra of 2l. 8 is a sub- 
space by the linearity of the associator in each argument, and 

(SI 92 9 x9 Y )  = gl(g2 9 x9 Y )  + (sly92 9 X l Y  

+(91,92 x, Y )  - (SIT 92 9 xy) = 0, 
etc., by (2.4). 
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The center Q of 21 is the set of all c in 21 which commute and associate 
with all elements; that is, the set of all c in the nucleus 8 with the 
additional property that 

xc = cx for all x in 2I. 
This clearly generalizes the familiar notion of the center of an associative 
algebra. Note that Q is a commutative associative subalgebra of Tu. 

2. 

Let a be any element of an algebra 21 over F. The right multiplication 

R, : x + xu for all x in 91. 

Clearly R, is a linear operator on 2l. Also the set R(2l) of all right 
multiplications of 2I is a subspace of the associative algebra 6 of all 
linear operators on 2I, since a + R, is a linear mapping of 2I into 6. 
(In the familiar case of an associative algebra, R(2I) is a subalgebra of 6, 
but this is not true in general.) Similarly, the left multiplication L, defined 
by 

L a :  X - a x  for all x i n  2I 
is a linear operator on a, the mapping a + La is linear, and the set L(21) 
of all left multiplications of 21 is a subspace of 6. 

We denote by 9X(21), or simply 9l, the enveloping algebra of 
R(21) u L(2I); that is, the (associative) subalgebra of 6 generated by 
right and left multiplications of 2I. 9X(N) is the intersection of all 
subalgebras of 6 which contain both R(B1) and L(21). The elements of 
9X(21) are of the form IS, .-.S,, where S ,  is either a right or a left 
multiplication of 2I. We call the associative algebra 9l= %JI(%) the 
multiplication algebra of 2I. 

It is sometimes useful to have a notation for the enveloping algebra 
of the right and left multiplications (of 2I) which correspond to the 
elements of any subset b of 2I; we shall write b* for this subalgebra of 
%TI(%). That is, b* is the set of all IS, S,, where Si is either Rb, , the 
right multiplication of 21 determined by b ,  in 8, or Lb, . Clearly 2I* = 
!Ill(%[), but note the difference between b* and 9l(S) in case B is a 
proper subalgebra of %-they are associative algebras of operators on 
different spaces (a and b, respectively). 

THE ASSOCIATIVE MULTIPLICATION ALGEBRA 9l(2I) 

R, of 2I which is determined by a is defined by 
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An algebra PI over F is called simple in case 0 and 9.1 itself are the only 
ideals of 9t, and 'u is not a zero algebra (equivalently, in the presence of 
the first assumption, PI is not the zero algebra of dimension 1). Since an 
ideal of 2l is an  invariant subspace under YR = 9R(PI), and conversely, it 
follows that 91 is simple if and only if $331 # 0 is an irreducible set of 
linear operators on 'u. Since 9t2 (= PtPI) is an ideal of 2l, we have 
'uz = 9( in case 9t is simple. 

An algebra 'u over F is a division algebra in case 2l# 0 and the 
equations 

(2.5) a x =  b, ya = b ( a #  0, b i n  2l) 

have unique solutions x , y  in 2l; this is equivalent to saying that, for 
any a # 0 in 2l, La and R, have inverses L;' and R;'. Any division 
algebra is simple. For, if b # 0 is merely a left ideal of Q [ ,  there is an 
element a # 0 in b and 2t E %a c b by (2.5),  or b = 2l; also clearly 
%Iz # 0. [Any associative division algebra Qt has an identity 1, since 
(2.5) implies that the nonzero elements form a multiplicative group. 
In general, a division algebra need not contain an identity 1.1 If 2l has 
finite dimension n z 1 over F, then '$1 is a division algebra if and only if 
2l is without zero dioisors ( x  # 0 and y # 0 in 2l imply xy # 0), inasmuch 
as the finite-dimensionality ensures that La (and similarly R,), being 
(1-1) for a # 0, has an inverse. 

In order to make the observation that any simple ring is actually an 
algebra, so the study of simple rings reduces to that of (possibly infinite- 
dimensional) simple algebras, we take for granted that the appropriate 
definitions for rings are apparent, and we digress to consider any simple 
ring %. The (associative) multiplication ring '93 = !IN(%) # 0 is irre- 
ducible as a ring of endomorphisms of %. Thus by Schur's lemma the 
centralizer 6' of91 in the ring (5 of all endomorphisms of % is an 
associative division ring. Since (Jn is generated by left and right multi- 
plications of %, 6' consists of those endomorphisms T i n  (5 satisfying 
R ,T=  TRY, L,T= TL,, or 

(2.6) (xy)T = (xT)y = x(yT) for all x, y in %. 

Hence S, Tin K' imply 

(xy)ST = ((xS)y)T = (xS)QT) = (xQT))S = (xy)TS, 
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so that zST = zTS for all z in Biz = %. That is, ST = TS for all S, T 
in 6’; 6‘ is a field which we call the multiplication centralizer of %. 
Now the simple ring % may be regarded in a natural way as an algebra 
over the field 6’. Denote Tin C‘ by a, and write ax = xTfor any x in %. 
Then % is a (left) vector space over 6’. Also (2.6) gives the defining 
relations a(xy) = (ax)y = x(uy) for an algebra over 6’. As an algebra 
over 6’ (or any subfield F of a’), % is simple since any ideal of % as an 
algebra is a fortiori an ideal of % as a ring. 

Returning now to any simple algebra 21 over F, we recall that the 
multiplication algebra W(2l) is irreducible as a set of linear operators 
on the vector space 2l over F. But (Jacobson [24], p. 274) this means that 
W(2l) is irreducible as a set of endomorphisms of the additive group of 
2l, so that 91 is a simple ring. That is, the notions of simple algebra and 
simple ring coincide. 

An algebra CU over F is called central simple in case 2[, is simple for 
every extension K of F. Every central simple algebra is simple (take 
K = F). It is proved in Jacobson [25], pp. 290-293, that any simple 
algebra 2l (of arbitrary dimension), regarded as an algebra over its 
multiplication centralizer 6’ (so that 6’ = F), is central simple. It is also 
proved there that, if the simple algebra 2l is finite-dimensional over 6’, 
then %ll is the algebra of all linear operators on 2l over 6‘; hence 6’ is 
the center of %ll in this case. 

Theorem 2.1 (Jacobson). The center 6 of any simple algebra 2I over 
F is either 0 or a field. In the latter case 2I contains 1, the multi- 
plication centralizer 6‘ = 6* = { R ,  I c E 6}, and 2l is a central simple 
algebra over 6. 

Proof. Note that c is in the center of any algebra 2l if and only if 

R , = L ,  and [ L , , R , ] = R , R , - R , , = R , R , - R , , = 0  

for all y in 2l or, more compactly, 

(2.7) R, = L,, R, R,  = R,  R, = R,, for all y in 2l. 

Hence (2.6) implies that 

cT is in 6 for all c in 6, Tin  6’. 
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For (2.6) may be written as 

R ,  T = TRY = R,T for all y in 21, 

or, equivalently, as 

L, T = L,T = TL, for all x in a. 
These imply 

together with 

and 

R, R,, = R, R, T = R, R, T = R, TRY = RcT R, 

That is, cl’ is in a. Note also that (2.7) implies 

(2.8) L, R, = R,L, for all c in 6, x in 91. 

Since R,, R,, = R,, c2 (ci in a) by (2.7), the subalgebra C* of ‘%R(%) is 
just a* = {R,  I c E a}, and the mapping c + R, is a homomorphism of 
0. onto a*. Also (2.7) and (2.8) imply that Rc commutes with every 
element of 91 so that a* c 6’. Moreover, a* is an ideal of the (com- 
mutative) field 6’ since TR, = R,, is in a* for all T in  a’, c in 6. Hence 
either B* = 0 or a* = (5’. 

Now a* = 0 implies R, = 0 for all c in a; hence 6 = 0. For, if there 
is c # 0 in 6, then 23 = Fc # 0 is an ideal of ‘% since 23% = a23 = 0. 
Then B = a, 91’ = 0, a contradiction. 

is in 
6’ = a*. Hence there is an element e in 6 such that Re = L ,  = I,, or 
ae = ea = a for all a in %; 21 has a unity element 1 = e. Then c -, R, is an 
isomorphism between Q and the field 6’. 91 is an algebra over the field 6, 
and as such is central simple. 

In the remaining case a* = a’, the identity operator 1, on 

For any algebra ‘$I over F, one obtains a deriried series of subalgebras 
91“) 2 a(’) 2 a(3) 2 ... by defining 9[(” = a, ‘$1(’+’) = a is 
called solvable in case ‘?I(‘) = 0 for some integer r.  
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Proposition 2.2. If an algebra 91 contains a solvable ideal 23, and if 
% = 

Proof. Since the natural mapping a -, G = a + 23 (a  in 21, i in 91/23) 
is a homomorphism, it follows that 9 = g2 and that cu(i) = Then 
% ( r )  = 0 implies @) = 0, or 2I"' c 23. But !B(') = 0 for some s, so 
21(r+s) = (91('))(') E 23(') = 0. Hence 91 is solvable. 

is solvable, then 2I is solvable. 

Proposition 2.3. If 23 .and 6 are solvable ideals of an algebra 2I, then 
23 + 6 is a solvable ideal of 2I. Hence, f 9[ is jinite-dimensional, 91 has 
a unique maximal solvable ideal %. Moreover, the only solcable ideal of 
91/% is 0. 

Proof. 23 + 6 is an ideal because 23 and 6 are ideals. By the second 
isomorphism theorem (23 + E)/6 z S/(S n 6). But %/(!I3 n 6) is a 
homomorphic image of the solvable algebra 23, and is therefore clearly 
solvable. Then 23 + 6 is solvable by Proposition 2.2. It follows that, if 2I 
is finite-dimensional, the solvable ideal of maximum dimension is 
unique (and contains every solvable ideal of 3). Let % be this maximal 
solvable ideal, and 6 be any solvable ideal of = PI/%. The complete 
inverse image Q of 6 under the natural homomorphism of 2I onto % is 
an ideal of 91 such that 8/% = 6. Then Q is solvable by Proposition 
2.2, so 8 E 8. Hence 8/% = 6 = 0. 

An algebra 2l is called nilpotent in case there exists an integer t such 
that any product z1 z2 ... z ,  oft  elements in 91, no matter how associated, 
is 0. This clearly generalizes the concept of nilpotence as defined for 
associative algebras. Also any nilpotent algebra is solvable. 

Theorem 2.4. A n  ideal 23 of an algebra 2I is nilpotent if and only ifrhe 
(associative) subalgebra 23* of W(91) is nilpotent. 

Proof. Suppose that every product of t elements of 8, no matter how 
associated, is 0. Then the same is true for any product of more than t 
elements of 23. Let T = T,  .-. T, be any product of t elements of 23*. 
Then T is a sum of terms each of which is a product of at least t linear 
operators Si, each Si being either Lb,  or Rb, (bi  in 23). Since 23 is an 
ideal of 91, xS, is in 23 for every x in PI. Hence xT is a sum of terms, 
each of which is a product of at least t elements in 23. Hence xT = 0 for 
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all x in 91, or T = 0,9* is nilpotent. For the converse we need only that 
b is a subalgebra of 91. We show by induction on n that any product of 
at least 2" elements in 9, no matter how associated, is of the form 
bS, S,, with b in 9, Si in 9*. For n = 1 ,  we take any product of at 
least 2 elements in 23. There is a final multiplication which is performed. 
Since 9 is a subalgebra, each of the two factors is in 23 : bb, = bR,, = 
bS , .  Similarly in any product of at least 2"+l elements of 8, no matter 
how associated, there is a final multiplication which is performed. At 
least one of the two factors is a product of at least 2" elements of b, 
while the other factor b' is in 9. Hence by the assumption of the in- 
duction we have either 

b'(bS1 . * .  S,) = bS1 ... S,  L,, = bS,  ... Sn+l 

or 

( b S ,  a * *  S,)b' = bSl * * a  S,  R,, = bSl S, ,+, ,  

as desired. Hence, if any product S,  S, of t elements in b* is 0, any 
product of 2' elements of 9, no matter how associated, is 0. That is, b 
is nilpotent. 

3. THE LIE MULTIPLICATION ALGEBRA 2(%) 

We have seen how the (associative) multiplication algebra !W(91) may 
be employed in studying an arbitrary algebra %. The known theory of 
Lie algebras may similarly be used in investigating nonassociative 
algebras, not only through the derivation algebras mentioned in the 
Introduction, but also through the Lie analogue of !W(%). 

Let 5 be a subspace of (f = 6 ( V ) ,  the associative algebra of all linear 
operators on some vector space V over F. By the Lie enveloping algebra 
of 5 we mean the (Lie) subalgebra of 6- generated by 5; that is, the 
intersection of all subalgebras of (f- containing $3. Defining fii in- 
ductively by bl = $, Bi+, = [B1, ail, we see that the Lie enveloping 
algebra of $ is 

m 
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as may be seen from anticommutativity and the Jacobi identity. The 
definition fij+l = [fil, Gj] gives the case i = 1 .  The Jacobi identity 
implies that 

(2.10) 

for subspaces %,B, 6, of 6-. By induction on i ,  we assume (2.9) 
for all j and have 

“a, BI, 61 E “B, 61, a1 + “6,911, dl 

[bi+l, bjl = “b1,biL bjl = “bi, bjl, $ 1 1  + “bj, $11, f i i l  

= [bl, bi+jl + [bi,bj+lI = $ i + j + l -  

It follows from (2.9) that xy=l  !& is a Lie subalgebra of 6-. Since the 
Lie enveloping algebra of sj contains x?=l !&, we have the desired 
equality. 

Let 2l be an algebra over F. We define the Lie multiplication algebra 
I! = e(2l) of to be the Lie enveloping algebra of $ = R(%) + L(91); 
that is, I! is the Lie algebra (subalgebra of 6-) generated by the right and 
left multiplications of 2l. Clearly I! E %I(%). Also the center 3 of I! is 
contained in the center of !VI(%), for every element of 3 commutes with 
every element of Sj (which generates %I(%)). 

We recall that a derivation D of 91 is a linear operator on ‘ill satisfying 

(xy)D = (xD)y  + x(yD)  for all x ,  y in a. 

This may be expressed in terms of right or left multiplications of 2l : D 
in (3 is a derivation of 2l if and only if 

[R,, D] = R,, for all y in 91; 

equivalently, D in 6 is a derivation if and only if 

[L, ,  D] = LXD for all x in 2l. 

If 91 contains 1, then 

1D=O for all D in a(%), 

since ID = (11)D = (1D)l + l(1D) = 2(1D). 
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A subalgebra G of 21 is called characteristic in case GB(%) E G. 
The center (5 of 2L is characteristic, for (2.7) implies that 

R c D  = [Ac 9 Dl = [Lc Dl = LCD 7 

RcD R, = [Rc DIR, = [R, Ry 9 DI - Rc[Ry 9 DI 

= [ R y R c ,  Dl - [R, ,  DIR, = Ry[Rc,  DI 

= R, RCD 
and also 

Rc, R, = [RY Rc 9 DI - [R,  9 DIRc = [Rc, 3 DI - Rc R,D 
- - R ( c y ) ~ - c ( g ~ )  = R ( c ~ ) y -  

We shall call a derivation D of 2l inner in case D is in f? = f?(%), the 
Lie multiplication algebra of '?I. The set 3 = f? n a(%) of all inner 
derivations of 2l is an ideal of a(%), since [Sj, a(%)] E Sj where Sj = 
R(21) + L(2I). This is the case i = 1 of [Sji, a(%)] E !& which follows 
from (2.10) by induction. Hence f? = Sji implies [f?, a(21)] E f?, 
whence [3, a(2I)l E 2 n a(%) = 3. Similarly, we have [Dl(2l), a(%)] 
G Dl(2I). 

Our definition of inner derivation for a nonassociative algebra 
agrees with the usual definition for Lie algebras, and with that for 
associative algebras having a left (or right) identity; for example, for 
finite-dimensional semisimple associative algebras. 

For, if 2l is a Lie algebra, then L, = - R, by anticomniutativity, 
while the Jacobi identity implies that [R,,  R,] = R,, . Hence Sj = R(2l) 
and [R(%), R(%)] G R(2I) so that, if 21 is a Lie algebra, we have 
2 = R(%). Then D is in f? (and is an inner derivation of 2f) if and only if 
D = R, (= ad x )  for some x in 21. On the other hand, if 2l is associative, 
then 

R , R y = R x y ,  R,L,=L,R, ,  and L,L,=L, , .  

These imply that f? = R(21) + L(9I). Hence D is in f? if and only if 
D = R, + L, . If 21 contains a left identity e,  then L ,  = 1, and 

0 = LeD = L e x + y e  = L, + L e L y  = L, + L , ,  

so that D = R, - L, (which is a derivation of % for every x in a). 
Guided by the known structure of finite-dimensional associative 

algebras (of arbitrary characteristic) and Lie algebras of characteristic 0, 
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we study finite-dimensional algebras % having the structure 

for simple ideals Gi (i  = 1, ..., 1 ) .  It is easy to see that the Gi are 
uniquely determined by 2l. In an arbitrary algebra 21, 23 is an ideal if 
and only if b is a subspace of % which is invariant under the set 
Sj = R(%) + L(%), and therefore invariant under the associative algebra 
'$I(%) and the Lie algebra f!(%) generated by 6. Hence, if a finite- 
dimensional algebra 2I is % = 6, @ ... @ 6, for simple ideals G i ,  then 
the set L(21) + R(%) (resp. YJI(29, f!(%)) is completely reducible 
(Jacobson [25], p. 46). 

The simple components 6, of 21 = 6, @ ... @ 6, are characteristic: 
Gi ID(%) G Gi ( i  = 1, ..., t ) .  For Gi2 = Gi implies that x in Gi may be 
written as x = 1 yz  (y,  z in Gi). Then XD = (1 y z ) D  = 1 (yD)z  + 
C y ( zD)  is in Gi  for all D in a(%), since 6, is an ideal of 8. 

We use the known result that every derivation of a finite-dimensional 
semisimple Lie algebra of characteristic 0 is inner (Jacobson [25], p. 74) 
to prove a (partial) generalization to arbitrary nonassociative algebras. 
For the proof of Theorem 2.5 below we require the elementary fact that, 
if a field K is a finite separable extension of F, then the only derivation 
of K (over F) is 0 (Zariski and Samuel [l], p. 124). 

Theorem 2.5 (Jacobson). Let % be a finite-dimensional algebra 
which is a direct sum 2l = 6, @ 0 6, of simpre ideals 6, over F of 
characteristic 0, and let % contain a left (or right) identity. Then every 
derivation D of 2[ is inner. 

Proof. It is sufficient to prove this for simple algebras 2l. For, if 
21 = 6,@ .-. 0 6,, we have seen that each Gi is characteristic. It 
follows that ID(%) = ID(6,) 0 ... @ ID(6,). Similarly, f!(%) = f!, @ 

0 2,  where 2, is the Lie multiplication algebra of E,. It is easy to see 
from the manner in which these decompositions of ID(%) and 2(%) are 
obtained that every derivation of % is inner if and only if every deriva- 
tion of 6, is inner ( i =  1, ..., t ) .  

Let D be a derivation of a simple algebra 2I. We have remarked that 
[!JX(%), ID(2t)l E 9Jl(2I). Hence the mapping 

% = 6, @ @ 6, 

a : T +  [T, D] for all T i n  YX(%) 
is a derivation of !JX(%). The Lie multiplication algebra 2 = 2(%) of % 
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is completely reducible. Hence 2 = 2’Q 3 where 2’ = [2, 21 is 
semisimple and 3 is the center of f? (Jacobson [25], p. 47). Since 
[2, a(%)] c 2, B induces derivations on 2 and 2‘. We have remarked 
before that finite-dimensionality implies that the multiplication cen- 
tralizer of 2l is the center K of %TI(%), whence K is a finite (separable) 
extension of F. We have seen also that 3 c K. Since fi induces 
a derivation on K ,  we have 3b c KB = 0. Since 2’ is semisimple, 
the derivation which b induces on 2’ is inner. Since 3D = 0, this inner 
derivation of 2’ can be extended to an inner derivation of 2 = 2’ @ 3. 
Now R(2l) + L(2l) E 2, so there exists U E 2 satisfying 

[R,, D] = R , b  = [R,, V] 

[La,  D] = L a b  = [La,  U] 

for all a in 2l 

and 
for all a in 2l. 

If there is a left identity element e in 2l, then 

a D  = eR,, = e[R,, D] = e[R,, U] = aU - (eU)a for all a in N, 

or 
D =  U - L , ,  in 2; 

that is, D is inner. If there is a right identity in 2l, it follows similarly 
that D is inner. 

Because of the hypothesis concerning a left (or right) identity, 
Theorem 2.5 is not a true generalization of the Lie algebra case. 
Theorem 2.5 does apply, however, to the algebras (alternative, Jordan, 
etc.) considered in this book. It would be desirable to have either a proof 
of Theorem 2.5 with the hypothesis concerning a left (or right) identity 
deleted, or a counterexample. 

4. TRACE FORMS; BIMODULES 

A very important tool in the study of finite-dimensional Lie algebras 
2 of characteristic 0 is the Killing form 

(x, y) = trace R, R ,  [ = trace(ad x)(ad y ) ]  for all x, y in 2. 
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The Killing form of 2 is a symmetric bilinear form on 2 which is 
nondegenerate if and only if 2 is semisimple (that is, the maximal 
solvable ideal of !i? is 0). The Killing form of 2 is a trace form on 2 
according to the following definition. 

A symmetric bilinear form ( x ,  y )  defined on an arbitrary algebra 91 is 
called a trace form (associative or invariant symmetric bilinear form) 
on 91 in case 

(2.1 1) (xy,  z) = (x,  yz )  for all x,  y, z in 2l. 

If 8 is any ideal of an algebra 2l on which such a bilinear form is 
defined, then bl = { y  I (x,  y )  = 0 for all x in S} is also an ideal of 91. 
For x in 8, y in 8', a in 2l imply that xu and ax are in 8, implying 

( x ,  ya) = (ya, x )  = (y ,  ax) = 0. (x, ay) = (xu, y )  = 0 and 

In particular, the radical 91' of the trace form is an ideal of 2l. 
We also remark that it follows from (2.1 1) that 

and (xR,  , z )  = ( x ,  zLy) (xLy , z )  = (z, yx )  = (zy, x)  = ( x ,  zR,) 

so that, for right (or left) multiplications Si determined by bi , we have 

(2.12) ( X S ,  s2 ". s,, y )  = ( x ,  yS,' . * '  S,'S,') 

where Sj' is the left (or right) multiplication determined by bi . Hence, if 
b is any subset of 'u, 

(2.13) (xT, y )  = (x,  y T )  for all x ,  y in a, Tin 8*, 

where T may be taken to be in 8*. 

Theorem 2.6 (DieudonnC). Let 2l be a Jinite-dimensional algebra 
over F (of arbitrary characteristic) satisfying 

(i) there is a nondegenerate (associative) trace ,form (x,  y )  defined 
on 2l, and 

(ii) b2 # 0 for every ideal 8 # 0 of 2l. 
Then 21 is (uniquely) expressible us a direct sum 91 = 6, @ ... @ G, 
of simple ideals Gi . 
Proof. Let 6 (# 0) be a minimal ideal of 2l. Since (x, y )  is a trace 
form, G1 is an ideal of 91. Hence the intersection (5 n G I  is either 0 or 
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6, since G is minimal. We show that 6 totally isotropic (G E Gl)  leads 
to a contradiction. 

For, since 6’ # 0 by (ii), we know that the ideal of 2l generated by 
GZ must be the minimal ideal 6. Thus G = 6’ + G2W where W is the 
multiplication algebra of 2l. Any element s in G may be written in the 
form s = (a, bi)Ti for ai , bi in 6, where either Ti = Ti’ is the identity 
operator 1, or Ti is in 9JI. For every y in 2t we have by (2.13) that 

since bi(yTi’) is in G E 6’. Then s = 0 since (x ,  y )  is nondegenerate; 
G = 0, a contradiction. 

Hence G n G* = 0; that is, G is nonisotropic. Hence 2l= GI G* 
and G1 is nonisotropic (Jacobson [24], p. 151; Artin [2], p. 117). That 
is, N = G 0 G’, the direct sum of ideals G, G1, and the restriction of 
(x ,  y )  to G1 is a nondegenerate (associative) trace form defined on 6’. 
That is, (i) holds for G1 as well as 2l. Moreover, any ideal of the direct 
summand 6 or 6’ is an ideal of 2l; hence G is simple and (ii) holds for 
G1. Induction on the dimension of ‘2l completes the proof. 

We conclude this chapter on arbitrary nonassociative algebras by 
defining the equivalent notions of bimodule and (bi)representation for 
any class of nonassociative algebras over F. 

Let V be a class of nonassociative algebras over F. If ‘2l is in W, and if 
W is a vector space over F, let ma and am in lD1 be two bilinear compo- 
sitions for a in 91, m in W. Then the direct sum f!l + W of the vector 
spaces N and W is turned into a nonassociative algebra over F (the 
semidirect sum, or split null extension) by defining multiplication in 
91 + 9JI by 

(a, + m J a z  + mz) = 0, a, + ( m ,  a, + a, mz) 

for all a, in 21, mi in lD1. If 91 + %I is in V, then lD1 is called a bimodule 
for 21 in W. 

For example, if V is the class of all nonassociative algebras over F, 
then no conditions other than the originally assumed bilinearity are 
imposed on the compositions am and ma. If V is the class of all associa- 
tive algebras, then the compositions in W must satisfy 
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(ma)b = m(ab), (am)b = a(mb), (ab)m = a(bm) 

for a, b in a, m in %TI; that is, %TI is what is familiarly known as a two- 
sided %-module for the associative algebra 21. 

If % is any class of nonassociative algebras defined by multilinear 
identities Zi(a,, a 2 ,  . . ., an,) = 0, then %TI is a bimodule for 21 in % in case 
all of the identities, obtained by replacing any single aj in 2I in the 
identities Zi(al,a2, ..., a,,) = 0 by m in %TI, are satisfied (Eilenberg [l]). 
The defining identities for alternative and Jordan algebras may be 
linearized (at a slight cost involving the characteristic of F). Bimodules 
for alternative and Jordan algebras are then easily defined by this 
procedure. 

If !Wl is a bimodule for %, then the mappings S, : m * ma and 
T, : rn --* am are linear operators on %TI, and a + S,,  a -+ T, are linear 
mappings of 2l into the algebra @(!UI) of all linear operators on '93. A 
pair (S, 2') of linear mappings a + S, ,  a --* T, of PI into some (F.(!Wl) is 
called a representation of % in % in case %TI, equipped with the composi- 
tions ma = mS,, am = mT,, is a bimodule for % in %. Clearly the 
concepts of a representation of 2I and of a bimodule for % are equiva- 
lent. 

Any algebra % in a class % defined by multilinear identities has the 
regular representation (R, L) where !UI is % itself, and R, and L, are 
right and left multiplications in 2I. An important simplification is 
possible if % contains only commutative (or anticommutative) algebras. 
For then ma = am (or ma = -am) implies S, = T, (or S, = -T,), so 
that effectively only one mapping S : a + S, is involved instead of the 
pair (S, T) .  This simplification can be made for Jordan and Lie algebras 
(for Lie algebras the notion of representation is the usual one). 

These ideas have been used, in particular, to generalize the result in 
Theorem 2.5 for alternative and Jordan algebras. We state these results 
in Chapters I11 and IV. 
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ALTERNATIVE ALGEBRAS 

1. NILPOTENT ALGEBRAS 

As indicated in the Introduction, an alternative algebra 2I over F is an 
algebra in which 

x2y = x(xy), yx2 = (yx)x for all x ,  y in 21. 

The left and right equations are known, respectively, as the leff and right 
alfernafioe laws. They are equivalent, in terms of associators, to 

(x ,  x ,  y )  = ( y ,  x ,  x )  = 0 for all x ,  y in 2l 

or, in terms of left and right multiplications, to 

(3.1) Lx2 = L:, RXl  = R: for all x in 2I. 

The associator (xl, x 2 ,  x 3 )  “alternates ” in the sense that, for any per- 
mutation 0 of I ,  2, 3 we have ( x l a ,  x l a ,  xJU)  = (sgn o)(xl ,  x 2 ,  XJ. To 
establish this it is sufficient to prove 

( x ,  y ,  z )  = -(y, x ,  z )  = (y, z,  x )  for all x ,  y, z in 2I. 
Now 

( x  + y ,  x + Y ,  4 = (x ,  x ,  z )  + (x ,  Y ,  2) + (Y,  x, 4 + (Y,  Y ,  4 
= (x ,  Y ,  z )  + (Y,  x ,  4 = 0, 

implying ( x ,  y, z) = - (y ,  x ,  z). Similarly, (y, z, x) = -(y,  x ,  z). 

21 
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The fact that the associator alternates is equivalent to 

(3.2) R,R, - Rxy= Lxy - LyLx = L,R, - RxLy 

= LxLy - L,, = RyL, - L,R, = R,, - R,R, 

for all x ,  y in 2l. It follows from (3.1) and (3.2) that any scalar extension 
21K of an alternative algebra 2l is alternative. 

Our identities on associators imply that in an alternative algebra 2l 
we have 

for all x ,  y in 2l; 
that is, 

(3.3) (xy)x = x(yx) for all x ,  y in 2l, 

or 

(x ,  Y ,  x )  = 0 

L,R, = R,L, for all x in 91. 

Identity (3.3) is called theflexible law. All of the algebras mentioned in 
the Introduction (Lie, Jordan, and alternative) are flexible. The linearized 
form of the flexible law is 

(x, y ,  z )  + (z,  y ,  x )  = 0 for all x ,  y ,  z in 2l. 

We shall have occasion to use the Moufang identities 
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establishing (3.4). Identity (3.5) is the reciprocal relationship (obtained 
by passing to the anti-isomorphic algebra, which is alternative since the 
defining identities are reciprocal). Finally (3.4) implies 

(xy>(ax) - X(Y4X = (x ,  Y ,  ax)  + x[r(ax) - (Y4Xl 

= 4 x 3  ax, Y )  - X(Y, a, x )  

= - (xaxly + x[(axlv - (Y,  a, 41 
= -x[a(xy)  - (ax>y + (Y,  a, 4 1  
= -X[- (a ,  x ,  y )  + ( y ,  a, x ) ]  = 0. 

The Moufang identity (3.5) is equivalent to 

(3.7) 
for all x ,  y ,  a in 'u, since 

(Y ,  xu, x )  = -(Y,  x, a)x 

( y ,  xu, x) = [y(xa)lx - y(xax) = [y(xa)lx - [(vx>aIx = -(Y, x ,  4 x .  

( y ,  xu, z )  + ( y ,  za, x )  = -(Y,  x, 4 z  - (Y,  z, 4 x  

The linearized form of (3.7) is 

(3.8) 
for all x,  y ,  z, a in PI. 

Theorem 3.1 (Artin). 
an alternative algebra 'u is associative. 

The subalgebra generated by any two elements of 

Proof. If x ,  y are any two elements of PI, we denote by p = p(x, y )  any 
nonassociative product z1z2 ... z ,  (with some distribution of parentheses) 
of t  factors z i ,  each of which is equal to either x or y.  Also we denote the 
degree t of such a product by ap. It is sufficient for us to prove that 
( p ,  q, r )  = 0 for all nonassociative products p = p(x ,  y ) ,  q = q(x, y) ,  
r = r(x,  y) .  We shall prove this by induction on n = ap + dq + ar. The 
result is vacuous for n < 3, and we assume ( p ,  q, r )  = 0 whenever 
dp + d q  + ar < n.  Since dp < n,  the induction hypothesis implies, by the 
usual argument which yields the generalized associative law from the 
associative law, that parentheses are not necessary in the product 
p = p(x ,  y )  = zlzz 

Now two of the productsp, q, r must begin with the same letter, say x .  
Since associators alternate in 'u, we may assume that q and r begin with x .  

z , ,  and we say that p begins with zl. 
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If 8q > 1 and ar > 1, then q = xq’, r = xr’ where aq’ = - 1 + aq, 
ar‘ = - 1 + ar. Putting y = xr’, a = q‘, z = p in (3.8), we have 

(P, q, r)  = (p, xq‘, xr’) = - (xr’, 4, P) 
= (xr’, pq’, 4 + b’, x ,  9’1P + (xr‘, P, 4% 

= -(pq’, xr‘, x) = (pq‘, x, r’)x = 0 

by (3.7) and the assumption of the induction. If only one of the products 
q, r has degree > 1 (say q = xq’), then (3.7) implies that 

(P, 4, r )  = (P, xq‘, x) = -(p, x,  4’)x = 0 

by the assumption of the induction. The easiest case aq = ar = 1 is given 
by the right alternative law: 

@, 4, r)  = (P, x ,  4 = 0. 

For more general theorems on associativity in alternative algebras, see 
Bruck and Kleinfeld [I]. 

An algebra PI over F is called power-associative in case the subalgebra 
F[x] of % generated by any element x in %is associative. This is equivalent 
to defining powers of a single element x in % recursively by x1 = x ,  
xi+l = xx‘, and requiring that 

(3.9) x’xl = xi+’ forall x i n 2 l  ( i , j = 1 , 2 , 3  ,... ). . .  

Theorem 3.1 implies that any alternative algebra is power-associative. 
We could have proved this directly by induction on i in (3.9). Theorem 3.1 
also implies 

(3.10) R,’ = R,] , L,’= L,, for all x in a. 

An element x in a power-associative algebra 2l is called nilpotent in 
case there is an integer r such that x‘ = 0. An algebra (ideal) consisting 
only of nilpotent elements is called a nilalgebra (nilideal). 

Theorem 3.2. Any alternative nilalgebra PI of jinite dimension over F is 
nilpotent. 

Proof. Let b be a subalgebra of ’% which is maximal with respect to 
the property that %* is nilpotent. Such a maximal b exists, since the 
subalgebra (0 )  has this property and 2l is finite-dimensional. 
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Assume that b is a proper subalgebra of %. Then there exists an 
element x not in b such that 
(3.1 1) xb* E b. 

For b*' = 0 implies that %b*' = 0 E 23, and there exists a smallest 
integer m 2 1 such that %b*"' E 9. If m = 1, take x in % but not in 8; 
if m > 1 ,  take x in '$Id*"-' but not in b. Then (3.1 1) is satisfied. Let 
(3.12) c5. = b + FLX]. 

Then c5.* = (29 + Fx)*. Put y = b in (3.2) for any b in 8. Then (3.1 1) 
implies that 

(3.13) 

for bi in b. Equations (3.13) show that, in each product of right and left 
multiplications in %* and (Fx)*, the multiplication R, or L, may be 
systematically passed from the left to the right of Rb or Lb in a fashion 
which, although it may change signs and introduce new terms, preserves 
the number of factors from b*, and does not increase the number of 
factors from (Fx)*. Hence any Tin a* = (23 + Fx)* may be written as a 
linear combination of terms of the form 

R x R b =  R b t -  R b R x ,  R ,Lb=LbR,+RbR, -Rb2 ,  

Lx Rb = Rb L, + Lb L, - Lb, , L, Lb = Lbl - Lb L, 

R'1 L e ,  R$L" ,, B1, B2RY1, BSL;', B,RTL? 
x ,  

for Bi in b*, j i  2 1 ,  mi 1 1. Then, if b*' = 0 and xi = 0, we have 
Tr(zj-l) = 0;  for every term in the expansion of P 2 j - ' )  contains either 
an uninterrupted sequence of at  least 2j-  1 factors from (Fx)* or at 
least r factors B i .  In the first case the term contains either a product 
R,' = R,] = 0 or a product Lxj = L,, = 0 by (3.10). In the latter case the 
R, or L, may be systematically passed from the left to the right of Bi 
(as above) preserving the number of factors from b*, resulting in a sum 
of terms each containing a product B,B2 B, = 0. Hence every element 
T of the finite-dimensional associative algebra a* is nilpotent. Hence the 
associative algebra K* is nilpotent (Albert [24J, p. 23). But since 23 is 
maximal with respect to the property of having b* nilpotent, this is a 
contradiction. Hence 23 is not a proper subalgebra of 2l. That is, 23 = 
rU and rU* is nilpotent. Hence 2l is nilpotent by Theorem 2.4. 

Any nilpotent algebra is solvable, and any solvable (power-associative) 
algebra is a nilalgebra. By Theorem 3.2 the concepts of nilpotent algebra, 
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solvable algebra, and nilalgebra coincide for finite-dimensional alterna- 
tive algebras. Hence there is a unique maximal nilpotent ideal ‘ill (= solv- 
able ideal = nilideal) in any finite-dimensional alternative algebra 2l ; we 
call ‘3 the radical of 2l. We have seen that the radical of a/% is 0. 

2. THE PEIRCE DECOMPOSITION 

We say that 2l is semisimple in case the radical of 2l is 0, and prove 
in Section 3 that any finite-dimensional semisimple alternative algebra 2l 
is the direct sum 2l = G1 @ $G, of simple algebras G i .  The proof 
is dependent upon the properties of the Peirce decomposition relative to 
a set of pairwise orthogonal idempotents e l ,  . . . , e,  in a. 

An element e of an (arbitrary) algebra 2l is called an idempotent in 
case ez = e z 0. 

Proposition 3.3. Any finite-dimensional power-associative algebra 2l, 
which is not a nilalgebra, contains an idempotent e (ZO). 

Proof. 2l contains an element x which is not nilpotent. The subalgebra 
F[x] of 2l generated by xis a finite-dimensional associative algebra which 
is not a nilalgebra. Then F[x]  contains an idempotent e (ZO) (Albert 
[24], p. 23), and therefore does. 

By (3.1) L, and Re are idempotent operators on 2l which commute by 
the flexible law (they are “commuting projections”). It follows that 2l 
is the vector space direct sum 

(3.14) 9 l=  a11 + a10 + No1 + So09 

where 24, (i,  j = 0, 1) is the subspace of 2l defined by 

21, = {xi, I ex,, = ixi,,  x i j e  = jx i , } ,  i ,  j = 0, 1. 

Just as in the case of associative algebras, the decomposition of any 
element x in 2l according to the Peirce decomposition (3.14) is 

x = exe + (ex - exe) + (xe - exe) + ( x  - ex - xe + exe). 
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We derive a few of the properties of the Peirce decomposition relative 
to a single idempotent e as follows. For i ,  j ,  k, I = 0, 1, we have 

e(xijykf) = -(e, x i j ,  ykl) + (exij)rkl 

= (xij' e, ykl) + (exij)ykl 

= j x i j Y k l  - k X i j y k l  + ixi jykl  

= (i + j  - k)xijyk[, 

and similarly (xijykl)e = (k + I - j ) x i j r k l ,  so 

and 

In particular, all and 'illoo are subalgebras of a. Also xllyoo = 
(exl e)yoo = e[xl (eyoo)] = 0 by (3.4), and similarly yoo xll = 0. Hence 
all and ao0 are orthogonal subalgebras of a. Also '%lo'%ol E all, 
2101 al0 c ao0, etc. The properties 21102110 c QO1, aO1 2101 E 9ll0 are 
weaker than in the associative case, where one can actually prove that 

Idempotents el,  ... , e,  in an (arbitrary) algebra 9.l are called pairwise 
orthogonal in case e,ej  = 0 for i # j .  Note that any sum e = el + .-- + e ,  
of pairwise orthogonal idempotents ( t  2 1) is an idempotent. Also 
ee, = e i e  = e ,  ( i  = 1, ... , t). 

In an alternative algebra each associator (x ,  e ,  , ej)  = 0. [If i = j ,  the 
right alternative law implies this; if i # j ,  then 

aijajk c aik, i , j ,  k = 0, 1;  

21ij21ij E aji, i , j  = 0, 1. 

al0 a10 = a012lo1 = 0. 

(x ,  e l ,  ej)  = (xei)ej = (xei)ej2 = (x, e i  , ej)ej 

= - ( x ,  e l ,  e,)ej = -((xej)ei)ej = -x(eje,ej )  = 0 

by (3.5).] Also ( x ,  e , ,  e) = 0 for e above. 
A more refined Peirce decomposition for an alternative algebra 2l than 

the one given above is the following decomposition relative to a set 
el , . . . , e, of pairwise orthogonal idempotents in 21: is the vector space 
direct sum 
(3.15) a =  xaij ( i , j = O ,  1 ,..., t ) ,  

where, using the Kronecker delta, we define 

(3.16) % i j =  {xij I f ? k X i j  = B k i X i j ,  xijek = 6 j k X i j  for k = 1, ... , 1 )  
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(i ,  j = 0, 1, . . . , t ) .  The 21ij are clearly subspaces of %. We prove first the 
uniqueness of an expression 

For i ,  j = 1, ... , t ,  we have 
t 

k,1= 0 
e, xej = C el xkl e, = x i j  . 

For i = 1, ... , r ,  we have 
t t 

el x = c e, xkl = C xil . 
k,l= 0 l = O  

Then 

so e, x - e, xe = x io  , where e = el + 
for j = 1, .. . , t.  Finally, 

+ et . Similarly, xej - exej = xoj  

t t t 

xoo = x - c x i j  - C xi0 - C xoj  
r.j=1 i = l  j =  1 

t t t 

= x - C e,xej - 1 (e rx  - q x e )  - C (xe, - exe,) 
i , j =  1 I= 1 j =  1 

= x - exe - (ex - exe) - (xe - exe) = x - ex - xe + exe. 

But these x i j  are in aij (i,  j = 0, 1, . . . , t) ,  so x in % is uniquely expressible 
in the form x = C x i j ,  x i j  in !?Iij, and % is the vector space direct sum 
(3.15). The expression 

+ ( x  - ex - xe + exe) 

is a refinement of the decomposition of x relative to a single idempotent e. 
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Proposition 3.4 (Properties of the Peirce decomposition for alternative 
algebras). 

(3.17) %j ajk  %ik ( i , j , k = 0 , 1 ,  ..., t ) ;  

(3.18) aij aij = aji ( i , j = O ,  1 ,  ..., 1 ) ;  

(3.19) aijakl = 0, j # k ,  ( i , j )  # (k ,  I )  

( i , j , k , l = O , l ,  ..., t ) ;  

(3.20) x& = 0 for  all xi, in 2fi, ( i  # j ) ,  

implying 

(3.21) x i j y i j  = - y i j x i j  for  all x i j ,  yij in at, ( i  # j ) ;  

(3.22) ( x i j ,  y j k  , z k i )  = 0 if ( i ,  j ,  k )  # ( i ,  i ,  i ) ,  for  all xi j  

in aij, yjk in a,,, zki in % k i ;  

(3.23) (xii, y i j  z j i ,  t i i )  = 0 i f  i # j f o r  all x i i ,  tii in aii, yi j  

in 21ij, z j i  in aji; 

(3.24) (x i jy i j l z i j  = ( Y i j z i j b i j  = (Zi jx i j ly i j  if i # j  

f o r  all X i j ,  yi,, ztj in '%j; 

(3.25) x i j (Y i j z j j )  = (xijzjj).Yij = z j j (x i jy i j )  i f  i # j 

f o r  all xij, yi, in ail; z,, in 21jj; 

and, reciproca 1 ly , 

(3.26) x i j ( z i i y i j )  = ( z i ix i j )y i j  = (x i jy i j ) z i i  if i # j  

for  all x i j ,  y i j  in 'illij; zii in aii; 

(3.27) [ x j j ,  t j j ] ( y i j  z i j )  = 0 i f  i # j f o r  all x j j ,  t j j  in 

y i j ,  zij in aij; 
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and, reciprocally , 

(3.28) (yijzi j)[xii  , tii] = 0 i f  i # j  for all x i i ,  tii in N i i ;  
Y i j ,  zij in Nij; 

t 

(3.29) (xii a)"l = (xii 1 xii a i k ;  
k=O 

(3.30) ( x i j a ) m  = ( x i j a j i ) m - l  2 x i j a j k  + (xijaij)(xijaji)m-l 
k = O  

i f  i # j ;  

(3.31) ei(xija)mei = (x, jaji)m ( i , j  = 0, 1, ... , t). 

Proofof(3.17) and (3.18). We have 

Proofof(3.19) i f k  # 0 # I, k # 1 # j .  When the associators in (3.8) are 
expanded, we obtain the linearized form of (3.5): 

y[(xa)zI + Y[(za>Xl = [(rx)aIz + [(yz)alx. 

Putting y = xij , x = e k  , a = ykl, z = el in this, we have 

x i j ( e k y k l  e l )  + x i j ( e l y k l  e k )  = [ (x i jek)yk l le i  + [ ( X l j e l ) y k l l e k  3 

SO that X i j Y k l  = 0. 

Proofof(3.20). By (3.18) x:j is in aji. Either i # 0 or j # 0. If i # 0, 
then 

xh = x:/ e, = x,,(xu ei) = 0, 

since i # j .  Reciprocally, i f j  # 0, then xf, = 0. 
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Proof of (3.29) by induction on m. By (3.19) we have 

x i i a = x i i C a j k = C X i i a i k ,  
j . k  k 

giving the case m = 1. Assume (3.29). Then 

(xii a)'"' = (xii a)"(xii a) = (xii aii)"- ( (xi{ a ik ) (X i i  a)) 
k = O  

t t 

= (xii aii)'"-' 1 (xii aii)(xii aij) = (xii aii)" 1 (xii a i k ) ,  
j = O  k = O  

as desired, by (3.17), (3.19), and (3.20). 

(3.27), (3.30), and (3.31) are left as exercises for the reader. 
The proofs of the remaining cases of (3.19) and of (3.22), (3.24), (3.25), 

3. THE RADICAL; SEMISIMPLE ALGEBRAS 

An element z of an alternative algebra '% is called properly nilpotent 
(in PI) in case za is nilpotent for all a in '%. Note that z is properly nilpotent 
if and only if az is nilpotent for all a in '%. For (az)'"'' = a(za)'"z, etc., 
by Theorem 3.1. Also z properly nilpotent implies z is nilpotent (since 
z2 is). 

We shall show that the radical (= maximal nilideal) 3 of any finite- 
dimensional alternative algebra '% is the set '$ of all properly nilpotent 
elements of PI. CIearly 3 5 '$3, since z in 3 implies za is in 3 for all a 
in '?I, whence za is nilpotent for all a in '%. In the associative case, the 
proof that 'p c 3 requires only a few lines (Albert [24], p. 24). The 
proof, due to Zorn, of the generalization to alternative algebras employs 
most of the properties of the Peirce decomposition listed above. 
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In any algebra 2l with 1, an element x is said to have an inverse x-'  
in case there is an x-' in 2l satisfying xx-' = x - ' x  = 1. In an alternative 
algebra, if x has an inverse, it is unique. Also(x, x - ' ,  y )  = 0. For we may 
put a = x - ' ,  y = x ,  z = x- 'y  in (2.4) to obtain ( x - ' ,  xz, x-'y) + 
(x ,  x - ' ,  x(x- 'y))  = 0. Then the Moufang identity (3.4) implies that 
(x ,  x - ' ,  y )  = 0. Suppose that x has another (right) inverse x ' :  xx' = 1. 
Then 

x' = Ix' = (x-'x)x' = x- ' (xx ' )  = x-'1 = x-1. 

If every nonzero element in an alternative algebra 2l with 1 has an inverse, 
then 2l is a division algebra, and conversely. For the equations (2.5) have 
unique solutions x = a-'b, y = ba-'. 

Lemma 3.5. Let 2l be a jinite-dimensional alternative algebra over F 
with 1, and let 1 be the only idempotent in 2l. Then every element z of 2l 
either has an inverse z -  ' in 2l or is properly nilpotent. The set 'p ofproperly 
nilpotent elements of '21 is an ideal of 2L 

Proof. If z is not nilpotent, then z has an inverse in 2l. For F[z] contains 
an idempotent (= 1) : 

1 = aoz" + ... + a,-lz, ai in F, 
so 

1 = z(tloz"-' + + an-ll)  = zy,  y in F1 + F[z] c 2l. 

Then yz = 1, so y = z- ' .  But any nilpotent element z of 2l is properly 
nilpotent. For a in 2l implies that za is nilpotent; if not, za has an inverse 
(za)-' in 2l. Let zm = 0, zm-' # 0. Then 

o # zm-' = z"-'[(za)(za)-'] = [z"-'(za)](za)-' = (zma)(za)-' = 0, 

a contradiction. Let z be in '$3. Then za is nilpotent (and therefore properly 
nilpotent) for every a in 91. Hence za is in 'p. Similarly az is in 'p for all 
a in 2l. It remains to show that 'p is a subspace of 8. Clearly az is in 'p 
for all z in 'p, a in F. Let z, z' be in 'p. If z + z' is not in 'p, then z + z' has 
an inverse y :  (z  + z')y = 1. Then z'y = 1 - zy has an inverse, since zy is 
nilpotent [(l - zy)-' = 1 + zy  + (zy)' + . . . I .  But z' in 'p implies that 
z'y is nilpotent, a contradiction. Hence '$3 is an ideal of 2l. 
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An idempotent e in an (arbitrary) algebra % is called primitive in case 
there do not exist orthogonal idempotents u, u in % (uu = vu = 0) such 
that e = u + u. In a finite-dimensional algebra %, any idempotent e may 
be written as a sum e = el + + e,  of pairwise orthogonal primitive 
idempotents ei (t = I in case e is primitive). For if e is not primitive, we 
have e = u + u and, continuing if either u or u is not primitive, etc., we 
have e = u1 + + u, where the pairwise orthogonal idempotents 
ul ,  . . . , u, span an r-dimensional subspace (commutative associative sub- 
algebra) of %. Since r I dim %, the process terminates with pairwise 
orthogonal primitive idempotents e i ,  e = el + 0 . .  + e , .  

In any algebra % over F an idempotent e is called principal in case 
there is no idempotent u in % which is orthogonal to e (u2 = u # 0, 
ue = eu = 0). In a finite-dimensional alternative algebra %, this means 
that e is a principal idempotent of 2l if and only if the subalgebra ‘illoo, in 
the Peirce decomposition (3.14) relative to e, is a nilalgebra. 

Now any finite-dimensional alternative algebra % which is not a nil- 
algebra contains a principal idempotent. For 91 contains an idempotent 
e by Proposition 3.3. If e is not principal, there is an idempotent u in 
ao0, e’ = e + u is idempotent, and 2111,e, (the relative to e’) contains 
properly %ll ,e  = a1,. For xll in %ll , e  implies 

xlle’ = xll(e + u) = xlle + xllu = xll, 

and similarly e‘xll = xll, so that xll is in %ll ,e , .  That is, E 2111,er. 
But u E 2111,e,, u $ c dim 2111,e,, and this process 
of increasing dimensions must terminate, yielding a principal idempotent. 

We note that, if u is any idempotent in a finite-dimensional alternative 
algebra %, then there exist pairwise orthogonal primitive idempotents 
el, ... , e, ,  ... , e,  in % (1 I r < t )  such that u = e l +  +e,  while 
e = el + ... + e, is a principal idempotent in %. 

In order to see that the set Fp of properly nilpotent elements in a 
finite-dimensional alternative algebra % is the radical W of ‘ill, we use 
the Peirce decomposition (3.15) of % relative to a set el, ... , e ,  of pair- 
wise orthogonal primitive idempotents e i  such that e = el + ... + e,  is a 
principal idempotent of %. Then 2lo0 is a nilalgebra, and ei is the unity 
element for 21ii ( i  = 1, ... , t ) .  Moreover, e i  is the only idempotent in 91ii 
( i  = 1, ... , t ) .  For, if u in sii is idempotent, u # e,, then ei = u + (ei - u) 
implies that e ,  is not primitive. Hence Lemma 3.5 may be applied to each 
91ii ( i  = 1, ... , 1).  By (3.29) any element x i i  in 21ii which is properly 

Then dim 
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nilpotent in aii is properly nilpotent in 2l ( i  = 0, 1, . . . , t). For i, j = 0, 1, 
... , t ,  let 

6, = {s,, E !Hi, I all elements of sij9tji are nilpotent}, 

and note that 

G,, = {sij E 21ij I all elements of 21j is i j  are nilpotent}. 

Lemma 3.6. With the notation aboue, each 6, ( i , j  = 0, 1, ... , t )  is a 
subspace of 24, and Gij E Cp, the set of properly nilpotent elements of 2l. 

Proof. Since 2100 is a nilalgebra, we have seen above that Goo = 2100 c Cp. 
Also we have Go, = 210j ( j  = 1, ... , t), and No, E Cp by (3.30). To see 
that Gio = ai0 c !$3 ( i  = 1, ... , t), we use 

(xi0 aOiIm- = xidaoi xiO)m-ZaOi 

in (3.30). Thus we need only consider Gij with i # 0 , j  # 0. Suppose that 
s,,, sij are in Gi j ;  then si jaj i  and sljaj, in a,, belong to the ideal of nil- 
potent elements of aii, and (asij + /ls;i)aji is nilpotent for all a, p in F. 
That is, asfj + psij is in G,,, and G,j is a subspace of '$I. Finally, (3.29) 
and (3.30) imply that each sij inGij ( i , j  = 1, ... , t) is properly nilpotent. 

Theorem 3.7 (Zorn). The radical% (= maximalnilideal) of anyfinite- 
dimensional alternative algebra 2l is the set Cp of all properly nilpotent 
elements of a. 

ProoJ With the notation above, let G = c G i j .  Also denote by $3 the 
subspace of spanned by Cp. ThenG E $3 by Lemma 3.6. We shall show 
that G = $3 is an ideal of a. 

x i j ,  xij  E ' $ I i j ,  
with at least one xi, $ G i j .  As indicated in the proof of Lemma 3.6, we 
then have i # 0, j # 0 for this particular element x i j .  If i = j ,  then by 
Lemma 3.5 the element xi, = x j j e j  E 21jj, being not nilpotent, has an 
inverse b,, with respect to el: b j i x i j  = e j .  If i # j ,  we have the same 
equation 

(3.32) bj,  xi, = e, for some bji in '$Iji.  

For there exists a,, in a,, such that xi ja j i  is not nilpotent. But then aj ix i j  
in '$Ijj is not nilpotent and has an inverse zjj with respect to e j :  zjj (aj ,xi j )  

Suppose there exists x E !$3, x $6 = c 6,. Then x = 
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= ej . By (3.22) we have (3.32) where in this case (i # j )  bji = zjjuj i  . That 
is, (3.32) holds for both i = j  and i Zj. Replacing i b y j , j  by i, xi j  by b j i ,  
a by x in (3.31), we have 

ej(bjix)"ej = (bjixij)"' = ej" = ej # 0, 

so that b j i x  is not nilpotent, x $ 'p, a contradiction. Hence 'p E G. Since 
6 is a subspace, $3 E G ; hence 6 = $3. 

To see that G is a right ideal of '3, we require 
(3.33) Gij%jkCG;ik ( i , j , k = O ,  1, . . a , ? )  

and 
(3.34) G i j 2 1 i j ~ G j i  (i#j; i , j = O ,  1 ,..., t). 
To prove (3.33), we consider first the case i = k, where sij  €Gi j  implies 
sij  9fji E Gii  ,the ideal of nilpotent elements in2fii, implyingGij 21ji E G i i .  
Next, if i # k, we use (3.22) to see that 

(Gij%jk)%ki = Gij(%jk ski) E 6 i j  %ji  E 6 i i  

by the result just established. But then X i k  ( U k i  consists of nilpotent ele- 
ments for all X i k  inGij21jk E % i k ,  establishing (3.33). To prove (3.34), we 
use (3.24) to see that 

(Gij91ij)21ij = (21ij21i,)Gij E 21jiGij EGjj 
by the last statement before Lemma 3.6. Then xji21ij consists of nil- 
potent elements for all xji  in G,21ij E 21ji, implying (3.34). Then 

GN = (c Gij>(c  akl) = 1 Gijajk + 1 Gijsij G, 
i #  j 

so that 6 is a right ideal of 2l. Reciprocally, G is a left ideal of 2l. We 
have proved that G = $3 is an ideal of 2l. 

Clearly the ideal $3 is independent of the particular choice of idem- 
potents e l ,  ... , e, used above. Assume that '$ is not a nilideal. Then $3 
contains an idempotent u (#  0) by Proposition 3.3. We have noted that 
there exist pairwise orthogonal primitive idempotents el , . . . , e, , . . . , e, 
in 'ill such that u = el + ... + e, while e = el + ..- + e, is principal. Then 
u = el + ... + e, in q.3 =G = C G ~ ~  implies el in G , ~  is nilpotent, a 
contradiction. Hence the nilideal '$ is contained in %, and 

%E 'p E q.3 E a, 
implying % = 9, as desired. 
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Corollary 3.8. Let e be an idempotent in a jinite-dimensional alternative 
algebra 2l with radical 8, and let (3.14) be the Peirce decomposition of 9l 
relative to e. Then the radical of 91ii is 8 n 21ii (i = 0, 1). 

Proof. By Theorem 3.7 the radical of 21ii consists of those elements 
of 21ii which are properly nilpotent in 21ii. By (3.29) these elements are 
properly nilpotent in 2l, implying 'illi c 'ill n 21ii. Conversely, if 
x i i  E 91ii is in %, then xii is a fortiori in ai. Hence 'illi = 'ill n aii. 

Corollary 3.9. Let e be a principal idempotent in a finite-dimensional 
alternative algebra 2l, and let (3.14) be the Peirce decomposition of 2l rela- 
tive to e. Then 2110 + Sol + 9100 is contained in the radical 8 of 3. 

Proof. Using the notation Gi, from the proof of Theorem 3.7, we have 
seen that 

Each of these subspaces is contained in $I = %. 

Theorem 3.10. Every jinite-dimensional semisimple alternative algebra 
2l# 0 has an identity element 1. 

Proof. Since 2l is not a nilalgebra, 2l has a principal idempotent e. 
Let (3.14) be the Peirce decomposition of 2l relative toe. By the Corollary 
immediately above, 9110 + 2101 + 2100 E 8 = 0, so that 2l = 2111 = e2le. 
That is, e = 1. 

Corollary 3.1 1. Everyjinite-dimensional simple alternative algebra 3 has 
an identity element 1. The center a of 91 is afield, and 9l is an (alternative 
central simple) algebra ofjinite dimension over a. 

Theorem 3.7 implies that every ideal b in a finite-dimensional semi- 
simple alternative algebra PI is semisimple, while Theorem 3.10 gives a 
(1-1) correspondence between the idempotents in the center (1; of 9l and 
the nonzero ideals b (= 9le) of 2l. For suppose that z in b is properly 
nilpotent in 8. Then a in 2l implies that aza is in 23, so that z(uza) = (za)' 
is nilpotent. That is, za is nilpotent for all a in 2l, implying that z is 
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properly nilpotent in 2l. Hence z = 0, and b is semisimple by Theorem 
3.7. If 23 # 0, let e be the identity element for b given by Theorem 3.10. 
Then !Ye 3 Be = 23 and e Q 1 z  eb = 8. On the other hand, 2le and e2l 
are contained in the ideal b. Hence 23 = %e = e%. For all a in 2l, we 
have 

ae = e(ae) = (ea)e = ea, 

and similarly (3.4) implies that, for all a, b in 2l, we have 

(ae)b = (eae)b = e[a(eb)] = a(eb) 

since a(eb) is in 8, so that (a, e, b)  = 0. Hence e is in 6. Conversely, for 
any idempotent e in 6, the subspace 23 = 2le is a nonzero (semisimple) 
ideal of '3: 

21b = 2l(2le) = (%%)e E 2le = 23 

b2l= (2le)N = 2l(e%) = 2l((Lle) = %b c b. 

It follows that, for any ideal B # 2l, 0, there is a complementary ideal 
bl such that '21 = b 0 b,. For, if 23 = Ne, then el = 1 - e is an idem- 
potent in 6, and bl = 21e1 is the required ideal. Since both b and B1 
are semisimple, the decomposition may be repeated until simple ideals 
are obtained. Finite-dimensionality insures that the process actually 
terminates. 

and 

Theorem 3.12 (Zorn). A finite-dimensional alternative algebra 2 l f  0 
is semisimple if and only if 2l = 6,$ $6, for simple ideals Gi 
( i  = 1, ... , t ) .  

Pro06 We have shown the "only if" part above. Conversely, if 
2l =GI 0 $GI, then any nonzero ideal 23 of 2l is the direct sum of 
certain of the G,, and Giz = Gi (i  = 1, ... , t )  implies bZ = b # 0. But 
then each algebra bjcn in the derived series for 23 is 23 # 0, so !I3 cannot be 
solvable. That is, the radical % of 2l is 0, and the proof is complete. 

If e, is the identity element for 6, ( i  = I ,  ... , t ) ,  then I = el + + e,  
is a sum of pairwise orthogonal idempotents e ,  which are primitive in 
the center 6 of 2l (but not necessarily primitive in a). Also 6 = C1 CB 
0 6, where Ci is the center of Gi ( i  = 1, ... , 2). By Theorem 3.12 and 
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Corollary 3.1 1, the structure of finite-dimensional semisimple alternative 
algebras is reduced to that of central simple algebras. In Theorem 3.17 
we show that these are either associative or (8-dimensional) Cayley 
algebras. 

If we were content to have Theorem 3.12 only for characteristic 0, we 
could have given a much shorter proof by applying DieudonnC's Theorem 
2.6. For we have 

Proposition 3.13. The radical W of any jinite-dimensional alternative 
algebra 91 over 1" of characteristic 0 is the radical 211 of the trace form 

(x, y) = trace R,R, . 

Proof. Clearly (x ,  y )  is a symmetric bilinear form on 2l. Identities (3.2) 
imply that 

R,,R, - R,R,, = [R, 9 L,lR, + RSR, 9 Lyl = [R, R, 9 Lyl 

so that 
(xy, z )  - (x, yz) = trace R,, R, - trace R, R,, = 0 

for all x ,  y ,  z in 2l. Hence 211 is an ideal. If there were an idempotent 
e in 21L, then 

0 = (e, e )  = trace R: = trace Re = dim (2111 + sol) # 0 

for characteristic 0 by (3.14), a contradiction. Hence the nilideal 21L E %. 
If x is in W, then xy is nilpotent for all y in 2l, R,, is nilpotent by (3.10), 
and 

(x ,  y) = trace R, R, = trace R,, + trace[l, , R,] = 0.  

That is, x is in 211, and we have % E 211, W = a'. 

Hence 2l (of characteristic 0) is semisimple if and only if ( x , y )  is 
nondegenerate. Therefore Theorem 2.6 yields the complicated " only if" 
part of Theorem 3.12 for F of characteristic 0. 

4. CAYLEY ALGEBRAS 

We wish to define the class of Cayley algebras mentioned in the Intro- 
duction. We construct these algebras in the following manner. The 
procedure works slightly more smoothly if we assume that F has 
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characteristic f2. However, such an assumption would limit the entire 
remaining structure theory of alternative algebras to fields F of charac- 
teristic 2 2 .  Since this restriction is unnecessary, we define Cayley 
algebras over an arbitrary field F, and prove the relevant facts at some 
cost in elegance. For some theorems, on which the structure theory does 
not depend, we shall later assume characteristic 22 .  

An involution (involutorial antiautomorphism) of an algebra 2l is a 
linear operator x -1 on 2l satisfying 

- 
Xy =jX, X = x for all x, y in 2l. 

Here we are concerned with an involution satisfying 
x + 2 E F 1 ,  x 2 ( =  Xx)EFl forall x i n 2 L  

Clearly this implies 

(3.35) x2 - t(x)x + n(x)l = 0, t(x), n(x) in F, 

with 
(3.36) x + 2 = t(x)l, XX (= 2x) = n(x)l for all x in 2l. 
Since x -+ 2 is linear, the trace t (x )  is linear. We call n(x) the norm of x. 
Since i = 1, we have t(a1) = 2a, n(a1) = a’ for all a in F. 

Let b be an algebra with 1 having dimension n over F such that 8 
has an involution b -, 6 satisfying (3.36). By the Cayley-Dicksonprocess 
we construct an algebra 2I ofdimension 2n over F with the same properties 
and having b as subalgebra (with 1 in b) as follows: 21 consists of all 
ordered pairs x = (bl, b2), b j  in b, addition and multiplication by scalars 
defined componentwise, and multiplication defined by 

(bl, b2)(b3 Y b4) = (b1b3 + pb4 6 2  9 61b4 + b3 b2) 

for all bi in b and some p # 0 in F. Then 1 = (1,O) is a unity element for 
a, b’ = {(b, 0) I b E b} is a subalgebra of 2l isomorphic to 8, v = (0,l) 
is an element of 2l such that u2 = p1 and 2l is the vector space direct sum 
2l = b‘ + 0%’ of the n-dimensional vector spaces b’, ub’. If we identify 
b’ with 8, the elements of 21 are of the form 

(3.37) x = b, + ub, 

and multiplication is given by 

(bi in b uniquely determined by x), 

(3.38) (bi + vbZ)(b3 + 1.64) = (bib3 + pb462) + u(61ba + b3 b2) 
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for all bl in B and some p # 0 in F. Defining 

f = 61 - vb2, 

we have Xy = j 2  since b + 6 is an involution of b ; hence x -, 2 is an 
involution of 2l. Also 

x + 2 = t (x ) l ,  xZ(= fx) = n(x)l 

where, for x in (3.37), we have 

(3.39) t (x )  = t(b,), 44 = n(bJ - w(b2). 
When is '2I alternative? Since 2l is its own reciprocal algebra, it is 

sufficient to verify the left alternative law, which is equivalent to  
(x ,  2,  y) = 0 since 

Now 
(x ,  f, v) = (x ,  t ( 4 l  - x, Y )  = - (4 x ,  Y) .  

(x ,  2, y)  = n(x)y - (bl + ubZ)[(61b3 - pb462) + u(b1b4 - b3 bZ)l 

= 4 x 1 ~  - [b,(61b3) - ~bi(b462)  + Abib4162 - ~ ( b 3  b 2 P 2 I  

-&(bib4) - 6 i ( h  b,) ( 6 1 h h  - db.4 62)b21 

= n(x)Y - - Im(bz)l(b3 -I- Vb4) 

- p(b1, b4962) - 461, b3 9 b,) 

b4 9 62)  - 461, b3 9 b2) = 

by a trivial extension of Artin's Theorem 3.1. Hence 2l is alternative if 
and only if b is associative. 

We shall have occasion to use the fact that, if 2l is an alternative 
algebra with 1 and b is a subalgebra with an involution b -, 6 satisfying 
(3.36), and if u in 2l has the property 

(3.40) bu = u6 for all b i n  B 

and satisfies uz = p1 ( p  in F), then multiplication in b + ub is given by 
(3.38). To substantiate this, we need only verify that 

a(vb) = u(cib), 

(ua)b = u(ba), 

(ua)(ub) = /hi 
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for all a, b in B. Now 
0 = (u ,  6, b) + (6, u, b) = (V6)b - V(db) + (du)b - 6(Vb) 

= (v6)b - u(6b) + (ua)b - d(ub) = [r(a)l - d]ub - v(&) 

= a(&) - u(6b). 

O = (6, 6, U) + (6, V ,  6) = ( 6 6 ) ~  - 4 6 ~ )  + ( 6 ~ ) 6  - 4 ~ 6 )  
Similarly, 

= ~ ( b a )  + @)[6 - @)1] = ~ ( b a )  - ( u u ) ~ .  

Finally, 

by the Moufang identity (3.6). 
Let the 2-dimensional algebra 3 over F be either 3 = F @  F or a 

separable quadratic field 3 = F(s) over F. In both cases, 3 = FI + Fs 
where s2 = s + a l ,  4a + 1 # 0. In the latter case, X2 - X - a is irre- 
ducible in F [ X ] .  (If the characteristic of Pis  f2, then ul = s -31 satisfies 
u12 = pl I ,  where pl = (4a + 1)/4 # 0 in both cases, and p1 is a nonsquare 
in F if and only if X 2  - X - a is irreducible.) There is a unique involution, 
distinct from the identity operator, on 3. It satisfies (3.36). Hence we 
can use an iterative process (beginning with b = 3) to obtain by the 
above construction algebras of dimension 2' over F;  these depend com- 
pletely upon a and the t - 1 nonzero scalars p 2  , . . . , pt used in the successive 
steps. (If the characteristic of F is 2 2 ,  we obtain identical results by 
beginning with F1 on which the identity operator is an involution satis- 
fying (3.36). Here the 2'-dimensional algebras depend completely on the 
nonzero scalars pl, p 2 ,  ... , pt .) 

The 4-dimensional algebras Q = 3 + u2 3 obtained in this fashion are 
associative central simple algebras (called quaternion algebras) over F. 
Any D which is not a division algebra is (by Wedderburn's theorem on 
simple associative algebras) isomorphic to the algebra of all 2 x 2 
matrices with elements in F. 

We are concerned with the 8-dimensional algebras 6 = D + u3 D 
which are called Cayley algebras over F. Since any Q is associative, 
Cayley algebras are alternative. However, no Cayley algebra is associa- 
tive. For D is not commutative and there exist q1,q2 in D such that 

(uu) (u~)  = (uu) (~u>  = V ( U ~ ) U  = u2(b6) = /.hi 

[ql , q21 # 0 ; hence 

(O3 Y q 2  9 41) = ('3q2)q1 - V 3 ( q 2 q 1 )  = u3[q1~ q21 # O* 
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Thus this iterative process of constructing alternative algebras stops 
after three steps. A multiplication table for any 6 of characteristic # 2 is 
given on page 5. 

A Cayley algebra 6 is a division algebra if and only if n(x) # 0 for 
every x # 0 in 6. For x # 0, n(x) = 0 imply xP = n(x)l = 0, 6 has zero 
divisors. Conversely, if n(x) # 0, then P(xy) = (Px)y = n(x)y for all y 
implies 

and, similarly, 

hence, if n(x) # 0 for all x # 0, 6 is a division algebra. 

Remark. If Fis the field of all real numbers, the norm form n(x) = ai2 
for x = C t l i  ui clearly has the property above. Also there are alternative 
algebras F1, 3, Q, 6 with this norm form (take pi = - 1 at each step). 
Hence there are real alternative division algebras of dimensions 1,2,4,8.  
In 1958 it was proved that finite-dimensional real division algebras can 
have only these dimensions (Bott and Milnor [l]). It is not true, however, 
that the only finite-dimensional real division algebras are the four listed 
above; they are the only alternative ones. See Bruck [l] and Osborn [l]  
for other examples of finite-dimensional real division algebras (neces- 
sarily of these specified dimensions, of course). 

Over any field F there is a Cayley algebra with divisors of zero (take 
p = 1 so u2 = 1). This Cayley algebra over F, which we shall prove in 
Lemma 3.16 is unique, is called the split Cayley algebra over F. 

Fl is both the nucleus and center of any Cayley algebra. Also any 
Cayley algebra is simple (hence central simple over F); this is obvious 
for Cayley division algebras, but not for the split Cayley algebra. If 8 
is any nonzero ideal of 6 = 0 + uQ, there is x = a + ub # 0 in 23 (a, b 
in Q). If a = 0, then Q(ux)Q is a nonzero ideal of the simple algebra Q, 

1 EQ = Q(ux)Q E 23, 

and 23 = 6. If a # 0, then 

1 E QaQ E QxQ + Q(ub)Q c 23 + uQ, 
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implying 1 - vh is in 23 for some h in Q. Now 3 = F1 + Fs with 
sz = s + ul ,  so s - pi = -p1 + (1 + /3) s # 0 for all /I in F. Then 23 
contains 

in Q, and 1 E QqQ E 23, so 23 = 6 in this case also. 
(1 - vh)s + [v(sh)](l - vh) = s - p ( h ) i  = q # 0 

Consider an algebra 2l with 1 (of possibly infinite dimension) over an 
arbitrary field F. Assume that for each x in 9l we have 

that is, (3.35) holds in 2l, but no further properties are assumed. If x is 
not in F1, the scalars t (x) ,  n(x) are uniquely determined. Put 

t(a1) = 2 4  n(a1) = a' for all a in F, 
so that the trace t (x )  and the norm n(x) are unique in (3.35) for all x in 2l. 
Now (3.35) implies ?(ax) = at(x) for all a in F, x in 2l. If Fcontains more 
than two elements, then the trace t (x)  is linear (whereas an 8-element 
Boolean algebra with 1 satisfies (3.35), but has elements a, b such that 
t(a + b) = 1 # t(a) + t(b)). We wish to show that the trace is additive: 
(3.41) t (x  + y )  = t (x )  + t (y )  for all x, y in 2l. 
It is easy to see that (3.35) implies (3.41) if y = 81, pin  F. It follows that 
(3.41) is satisfied if x , y ,  1 are linearly dependent. Therefore we can 
assume x,  y ,  1 are linearly independent, and compute 

o = (ax + By)' - t(ax + By)(ax + By) + n(ax + Py)l 

xz - t(x)x + n(x)l = 0, t(x), n(x) in F, 

- + YI2 - t (x  + Y ) ( X  + Y )  + n(x +Y)ll 
for all a, p in F, as a linear combination of x ,  y ,  1 to obtain 

and 

If a # 0 and p # 0, we may divide by these scalars, and subtract, to 
obtain 

Hence, if 0, a, p are distinct in F, we have (3.41). In order to facilitate 
the passage to scalar extensions, we wish to have a linear trace. We are 
led therefore to the following definition. 

a[at(x) - /?t(x) - t(ax + py) + Pt(x + y)] = 0, 

/3@t(y) - at(y) - t(ax + py) + at(x + y)] = 0. 

(a - B)[t(x) + 0) - 0 + Y)l = 0. 
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Let 2l # F1 be an algebra with 1 over F such that for each x in % we 
have 

xz - t(x)x + n(x)l = 0, t(x), n(x) in F; 
in addition, if I; is the field of two elements, the trace r(x) (uniquely 
defined by setting t(a1) = 2a) is required to be linear. Then 2l is called a 
quadratic algebra over F. If 2l is a quadratic algebra, then so is any scalar 
extension 21K. This may easily be seen by using a basis for % and the 
linearity of the trace on 21. 

Conversely, if '21 is an algebra with 1 over F such that 21K is a quadratic 
algebra over K, then 2l is a quadratic algebra. For x in 2l, we have (3.35) 
with t(x), n(x) in K. We need to show that t (x)  and n(x) are in F. Writing 
uo = 1, we let {ui} be a basis for 2l over F. Then 

ui uj = c Yijk uk 9 Y i j k  in 
Also {u i }  is a basis for NK over K. For h # 0, we have 

uhz = t(uh)uh - n(uhh0 = c Yhhk uk Y 

implying t(uh) = Yhhh is in F (h # 0). Then x = a. uo + c h + O  ahu, 
implies 

f ( X )  = 2aO + c a h f ( U h )  

is in F, since the trace is linear on 21K. Then t (x )  is linear on 2l. Also 

x2 = C ai aj y i j k  uk = t(x) c ai ui - n(x)uo 

implies that 

n(x) = t(x)ao - c aiaj Yijo 

is in F. 

Dickson process are quadratic algebras over an arbitrary field F. 
All of the algebras (ZF1) which are constructed by the Cayley- 

5. SIMPLE ALTERNATIVE ALGEBRAS 

We assume now that 2l is a finite-dimensional simple alternative 
algebra over an arbitrary field F. Then 2l contains 1. If 1 is a primitive 
idempotent in a, then Lemma 3.5 implies that 2l is a division algebra. 
More generally, we may consider, as in the proofs of Lemma 3.6 and 
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Theorem 3.7, the Peirce decomposition of % relative to pairwise orthog- 
onal idempotents el,  ... , e, such that 1 = el + + e,. It follows from 
Corollary 3.8 that '?lit is semisimple (i = 1 ,  . . . , t) .  Applying Lemma 3.5 
to ail, we see that ??Iii is a division algebra (i = 1,  ... , t) .  If t > 1,  it 
follows from Lemma 3.14 that aii is associative (a "skew field"). 

Lemma 3.14. Let 2l be a jinite-dimensional simple alternative algebra 
with idempotent e # 1 .  Let (3.14) be the Peirce decomposition of% relative 
to e. Then eae  ='i!flo~ol is associative. 

Proof. %lo9101 (resp. 2fol%lo) is an ideal of all (resp. ao0) by (3.17) 
and (3.22). Hence 

= a10 a01 + a10 + a01 + ~ o i % o  

is an ideal of by (3.17H3.19). If B = 0, then '2l = all @ ao0 with 
all # 0, Uoo # 0, a contradiction. Hence 8 = a, and e a e  = all = 
'illlo sol. Also (3.23) implies that 9110 aO1 is associative. 

Lemma 3.15. Let 'ill be a jinite-dimensional simple alternative algebra, 
and let 1 = el + + e, for pairwise orthogonal idempotents e,  (i = 
1, .. . , t) .  I f t  2 3, then 2I is associatiue. 

Proof. Let (3.15) be the Peirce decomposition relative to el,  ... , e,. 
For any i = 2, ... , t ,  we wish to show first that 

a:i = a;l = 0 (i = 2, ... , t ) .  

Let e = el + e,  # 1 since t 2 3. Lemma 3.14 implies that e%e = '2Ill + 
211i + Nil + 91ii is associative. But this is the Peirce decomposition of 
e%e relative to el ,  and we have = = 0. It follows from (3.19) that 

( i a1J2 = (5: = 0. 
j = 2  i = 2  

Consider now the Peirce decomposition (3.14) relative to the idempotent 
el.  (There is no ambiguity about the notation 2I1 l.) It follows from (3.17), 
(3.19) and the fact that associators alternate that is associative in case 
all and are associative and = '%gl = 0. But 
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Hence = ail = 0. We already know that all is associative and, 
applying Lemma 3.14 to the case e = e2 + -.. + e,, we have aloe 
associative. Hence 'ill is associative. 

Lemma 3.16. Let 2.I be a finite-dimensional simple alternative algebra 
over (an arbitrary field) F satisfying: 

(i) 
(ii) %,l(=e,91e,)=Fe, ( i = l , 2 ) ;  
(iii) 2l is not associative. 

1 = el + e2 for (orthogonal) primitive idempotents e,; 

Then '3 is the unique split Cayley algebra over F: % = Q + VQ where 
Q z F, , the algebra of all 2 x 2 matrices over F, and multiplication in 2.I 
is defined by (3.38) with p = 1. 

Proof. Let 23 be any semisimple subalgebra of 
and e, . (Note that 2.I is such a subalgebra 8.) Let 

which contains el 

b = 2311 + 2312 + 2321 + b,, 
be the Peirce decomposition (3.15) of B relative to el, e2 . Then b,, C '?Xi,. 
Also (ii) implies 

23 = Fel + b12 + 2321 + Fe2. 

Now xlZ in blz , y2, in bzl imply x12 y,, is in bll = Fe,, so that 

x1,YZl = (x12 9 Yzl)el for all x1z in b i z  9 Y21 in 8 2 1 ,  

where (x, y )  is a bilinear form connecting blz and BZl. (By the paren- 
thetical remark above there is a bilinear form connecting a12 and 
which induces ( x ,  y).) It follows from the flexible law that 

Yzlxlz = (x1z Y yz1)ez for all x1z in b12 , YZl in b21. 
For this certainly holds ify,, = 0. Taking y,, # 0, we have y,,xlz = ae2 , 
a E F, since yzlxlz is in bzz =Fez .  Then 

ayz, = aezyz1 = Yzlxl2Yzl = (x1z 9 Y21>Y21, 

implyinga = (xlZ ,y,,).Nowtheleftradicalof(x,y)isO: (xlz ,yzl)  = 0 
for ally,, in b,, implies x12 = 0. For, if xlZ # 0, then (3.32) implies the 
existence of bzl in bzl satisfying 
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(3.42) x12 b21 = el, bZlX12 = e2 9 

and we have el = x12 b,, = (xlZ, bz1)el = 0, a contradiction. Similarly, 
for any xZ1 # 0 in BZl, we have b12 in d12 satisfying 

bl, x21 = el, x21b12 = e2 , 

implying that the right radical of (x, y )  is 0. Hence (x, y )  is nondegener- 
ate and dim B12 = dim b,, (Jacobson [24], p. 141; Artin [2], p. 21). In 
particular, dim 2lI2 = dim 2IZ1. 

If 23 # 21, then k = dimb,, < dim 2112, since 

2 + 2k = dim23 < dim 2l = 2 + 2 dim a12. 
Hence there exists& E g12 ,A2 4 Sl2. Let ul, ... , #k be a basis for b,, . 
Since (x, y )  is nondegenerate, there is a dual basis w l ,  ... , wk for bz1 
satisfying 

(3.43) (ui, wj) = S i j  ( i , j  = 1 ,  ... , k )  

(Jacobson [24], p. 142; Artin [2], p. 18). Now the element 

is in 2112, but glZ is not in Sl2. Then 

(3.44) (g12, Wj) = 0 ( j  = 1, ... , k).  

Since (3.42) holds (in particular) for 2I, we have gZ1 in 2lZl satisfying 

9 1 2  9 2 1  = el 3 9 2 1  g 1 2  = e2 

Let 
k 

Then 

9lZhZl = el, h 2 1 9 1 2  = e2 

by (3.44). Also 

(3.45) ( U i ,  hZl)  = 0 (i = 1 ,  ... , k )  
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by (3.43). Let u = g l ,  + hzl. Then u is not in b since g12 is not in B,, . 
Also 

u2 = 1. 

For u2 = (gl2 + h,,)’ = el + e ,  = 1 by (3.20). 

Fel @Fez  is a semisimple subalgebra 23 with involution 
Assume that b has an involution b + b satisfying (3.36). [For example, 

b = ae, + Bez + 6 = Bel + ae, 

satisfying (3.36).] Any b in b may be written in the form 

b = uel + C u,u, + C B j w j  + Be,; a, By a i ,  Bj in F. 

It follows from (3.35) and (3.20) that 

a, = - u i ,  Gi = - w i  ( i  = 1, ... , k). 
Also (3.35) implies 

C1 = e z ,  Zz = el .  

Hence 
b = B e , -  C a i u i -  C B j w j + a e z .  

It follows from (3.21), (349 ,  and (3.45) that 

bu = agiz + C aiui g12 + 1 Bj w j h 1 +  B h 1  

= B h z l -  1 atg1, ui - C P j h 1  wj + agz1 

= ub. 

That is, (3.40) holds for all b in 23. Hence we have (3.38) with p = 1, 
and b + ub is a homomorphic image in 2l of the (2n)-dimensional 
algebra constructed by the Cayley-Dickson process from the algebra 23 
of dimension n = 2 + 2k. Beginning with the 2-dimensional algebra 
Fe, @ Fez , the process does not terminate until we have 23 = a. By (iii) 
a #  Fe, @ Fez .  The case k = 0 gives a homomorphic image in 2l of the 
(simple) algebra Fz of all 2 x 2 matrices over F. Since the homomorphic 
image is f O ,  the homomorphism is a monomorphism, and 21 contains 
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Q E F, . By (iii) 2l# Q. The case k = 1 gives a homomorphic image in 
2l of the (simple) Cayley algebra described in the conclusion of this 
lemma; hence 2l contains a Cayley subalgebra C. If 2l# 6, we have 
shown (in the case k = 3) the existence of v $6 satisfying (3.38) with 
p = 1 for all bi in 6. Choose b, ( i  = 1,2, 3) in C such that (b,, b2 , b3) # 0. 
We have shown earlier that (3.38) implies 

Hence 

a contradiction. That is, 2l = C, as desired. 
We have shown that any 2l satisfying (i)-(iii) is the unique Cayley 

algebra described in the conclusion. Since elez = 0, this is a Cay- 
ley algebra with divisors of zero. To prove that there is only one Cayley 
algebra with divisors of zero over an arbitrary field F, we need only 
observe that conditions (i)-(iii) are satisfied in any such algebra 2l. 
Clearly (iii) is true. Write 1 = el + ... + e,  for pairwise orthogonal 
primitive idempotents e, in 2l. Then (i) holds, since we have seen (pre- 
ceding Lemma 3.14) that 2l is a division algebra if t = 1,  and is associative 
by Lemma 3.15 if t 2 3. Let K be the algebraic closure of F. Then 1 is 
the identity element for '?IIK. Since the Cayley algebra 2l is central simple, 
21K is simple. In particular, the radical of 21K is0. It follows from Corollary 
3.8 that therefore the radical of (aZK),, = is 0 (i = 1,2). We have 
seen (as a consequence of Lemma 3.14) that, since t > 1 ,  each Hi, is 
associative. Hence is a direct sum of simple associative algebras 
over K. Since K is algebraically closed, these are (by Wedderburn's 
theorem) total matrix algebras over K.  If there is more than one summand 
in (21ii)K, or if that summand is not Ke, , then 1 = el + e,  is expressible 
as a sum of more than two pairwise orthogonal idempotents in HK, 
and 21K is associative by Lemma 3.15, 2l ( c 21K) is associative, a contra- 
diction. Hence (21ii)K = Ke, ( i  = 1 ,  2), implying (ii). That is, over an 
arbitrary field F there is one and (up to isomorphism) only one split 
Cayley algebra. 

One can easily construct over an arbitrary field F an explicit iso- 
morphism between Zorn's " vector matrix algebra " (Jacobson [25], p. 
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142) and the split Cayley algebra given in Lemma 3.16. 

Theorem 3.17 (Zorn). The finite-dimensional central simple alterna- 
tive algebras over Fare the 8-dimensional Cayley algebras over F and the 
(mn)’-dimensional algebras 3, = 3 8 F, ,3 a central associative division 
algebra of degree m over F. 

Pro05 By Wedderburn’s theorem on finite-dimensional simple associa- 
tive algebras it remains only to prove that any finite-dimensional central 
simple alternative algebra 2l which is not associative is a Cayley algebra. 
Writing 1 = el + + e,  for pairwise orthogonal primitive idempotents 
e,  in 2l, we have t S 2 by Lemma 3.15. If t = 1 ,  we know that 2l is a 
division algebra. Let K be the algebraic closure of F. The decomposition 
of 1 above as a sum of pairwise orthogonal idempotents in 2l may be 
refined to one in 21K: 1 = el‘ + ... + e;,. Then t’ I 2 since ‘?IK is simple 
but not associative. If t’ = 1, then 21K = (21K)11 is a finite-dimensional 
alternative division algebra over K .  But then any x in 21K generates a 
subfield K(x) of 21K, where K(x) is of finite degree over the algebraically 
closed field K .  Hence K(x) = K, x is in K. That is, 21K = Kl, 2l = F1, a 
contradiction. Hence t ’  = 2. That is, there are two possible situations: 
(a) 2l is a division algebra, but 1 = el + e, for primitive idempotents ei  
in 21K, and (b) 1 = el + e, for primitive idempotents e,  in 2l which 
remain primitive in 21K (such ei are called absolutely primitive). In case 
(b) we have the situation which was considered in the final paragraph of 
the proof of Lemma 3.16: 2l is the split Cayley algebra over F. In case (a) 
the algebra 21K satisfies the conditions for case (b): 21K is the split Cayley 
algebra over K. In particular, 21K is a quadratic algebra over K. It remains 
to show that this implies in (a) that the division algebra 2l is a Cayley 
algebra. 

Since 21K is a quadratic algebra over K ,  we have seen that 2l is a 
quadratic algebra over F. Now ‘$1 is not commutative, since the Cayley 
algebra 21K is not. Take any pair x, y of elements in 2l which do not 
commute. By Artin’s Theorem 3.1 they generate an associative, but not 
commutative, subalgebra D of 2l. Since D contains no zero divisors, 
finite-dimensionality ensures that Q is a division subalgebra of 2l. Also 
1 is in D. Since B c 2l is a quadratic algebra over F, it is known that Q 
is a quaternion division algebra (Albert [24], p. 146). It remains only to 
show the existence of v E 2l, v 4 Q, satisfying 
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(3.46) v2 = pl,  p # 0 in F, 

and (3.40) for all b in Q. 

a basis 1, s, u 2 ,  vzs over F and multiplication table: 
Now Q = 3 + u23, 3 = F(s), s2 = s + al ,  4a + 1 # 0. Hence Q has 

Since Q # '11, there existsfe %,f# Q. Let 

v = f + R 1 1  + 1 z s + 1 3 u z + 1 4 v z s  

with 1, in F. Then u is not in Q. We seek 1, in F for which (3.46) and (3.40) 
are satisfied. By (3.35) we see that (3.46) is equivalent to t(u) = 0, or 

(3.47) 21, + 1 2  = - t ( f ) ,  

since p # 0 in the division algebra 21. Now the involution in 21ZK induces 
x -, 2 = r(x)l - x in '3, which is therefore an involution in Z. Assuming 
t(u) = 0, we have ij = - u  so that 

t(bu)l = bu + bv = bu + 86 = bu - ~ 6 ,  
implying that (3.40) is equivalent to t(bu) = 0 for all b in Q; that is, to 
t (u)  = t(su) = t (u,v) = z((uzs)u) = 0. Hence we seek in F satisfying 
(3.47) and 

1, + (1 + 2a)12 = - t(sf), 

2Pz 1 3  + P2 1 4  = - t (uzf) ,  

p2 1 3  - 2 w 2  1 4  = - t((u2 s)f). 
Since the determinant of the four equations is -p2'(1 + 4a)' # 0, the 
desired .li in F exist. Hence 2l is a Cayley division algebra in case (a) 
above. 

The proof that any simple alternative ring, which is not a nilring and 
which is not associative, is a Cayley algebra over its center appears in 
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Kleinfeld [2]. Of geometric significance is the case of division rings, the 
easier proof for which (assuming characteristic # 2) is given in Kleinfeld 

The norm n(x) on any involutorial alternative algebra a satisfying 
[91. 

(3.36) permits composition in the sense that 

(3.48) n(xy) = n(x)n(y) for all x,  y in CU. 

For 
n(xy)l = (xy)(Q) = xyjE = n(y)xZ = n(x)n(y)l 

by Artin’s Theorem 3.1. 

algebra 6 = Q + UQ be a division algebra is that we have 
We remark that a necessary and sufficient condition that a Cayley 

n(x) = n(b,) - pn(b,) # 0 for all x = b, + ub, # 0 (bi in Q). 

A necessary condition is clearly that Q be a quaternion division algebra. 
Then (3.48) implies that (I is a division algebra if and only if Q is a 
division algebra and p is not the norm n(b) of an element b in Q; that is, 
p (= p 3 )  is not represented by the quadratic form 

x,’ + x,X, - ax,’ - p z  x,’ - p z  X ,  X ,  + upz x,’. 

For characteristic 2 2 ,  we may change the basis for Q to see that C is a 
division algebra if and only if Q is a division algebra and p( = p 3 )  is not 
represented by the quadratic form XIz - plXzz - p z  X,’ + plpz X,’. 
Quite trivially, there are no finite Cayley division algebras since, by 
Wedderburn’s theorem on finite associative division rings (Artin [2], p. 
37; Albert [24], p. 62)’ there are no finite quaternion division algebras. 

6. THE WEDDERBURN PRINCIPAL THEOREM 

A finite-dimensional algebra over F is called separable in case, for 
every extension K of F, the algebra 21K is a direct sum of simple ideals. 
For alternative algebras this is equivalent to saying that @ G, 
is semisimple with the center Ci of each simple component Gi being a 
separable extension of F ( i  = 1 ,  ... , t ) .  

= 6, @ 
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The following theorem generalizes to alternative algebras the well- 
known Wedderburn principal theorem for associative algebras. We shall 
not repeat the portions of the proof which merely repeat the associative 
case (Albert [24], p. 47). We first prove three lemmas which will be used 
in the proof of 

Theorem 3.18 (Wedderburn principal theorem for alternative alge- 
bras). Let 2l be a jinite-dimensional alternative algebra over F with 
radical %. If%/% is separable, then 

(3.49) 2l =G + % (direct sum), 

where 6 is a subalgebra of PI, 6 z %/%. 

Throughout the proof we shall write [XI for the residue class 
[x] = x + % of x modulo %, x in 2l. 

Lemma 3.19. Let Pl be a jinite-dimensional alternative algebra with 1 
over F and with radical 3. If [u,],  . . . , [u,] are pairwise orthogonal idem- 
potents in %/%, then they may be " lifted" to pairwise orthogonal idem- 
potents e l ,  .. . , e ,  in 2l satisfying [ei] = [ui] (i  = 1, ... , t). If [ l ]  = [ul] + 

+ [u,], then 1 = el + -.. + e,. 

Proof. If [u] is idempotent in a/%, then any representative u of [u] is 
not nilpotent. Since the subalgebra of 2l generated by u is not nilpotent, 
2l contains an idempotent e = ai u', ai in F, and [el = P[u] for P in F. 
Since e is not in '?I, we have 

[el # 0 and [el = [el2 = fiZ[ul2 = P2[u] = /3[e], 

implying = 1, [el = [u]. This is the case t = 1. We assume that 
e l ,  ... , e,-l are pairwise orthogonal idempotents of 2l satisfying 
[ei] = [ui] (i = 1, ... , t - 1). Then e = el + -.. + e,-l is idempotent, and 
in the Peirce decomposition (3.14) of 2l relative to e we have 2100 = f 2l f 
where f = 1 - e. Correspondingly we have, in the Peirce decomposition 
of a/% relative to [el, (21/%)oo = [ f ] ( % / % ) [  f I .  Since [u,] is in (21/%)oo 
= [ f ] ( 2 I / % ) [ f ] ,  we may take u, in.f2lf = 2100. By Corollary 3.8, the 
radical of '?loo is % n 2100 = f %f. Hence 

[u*l E ~ f l ~ 2 ~ / ~ ) w - l  = w o o  + ~ O O / W  n a001 
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implies that we may apply the case t = 1 to 2100 to see that the residue 
class u, + f %fin 2100/(% n 2100) may be lifted to an idempotent e,  in 
2lo0 satisfying e,  + f % f = u, + f %J and therefore [e,] = [u,]. Since e,  is 
in 2100, we have el ,  ... , e ,  pairwise orthogonal. If [ l ]  = [ul] + + [u,], 
then 1 - (el + 9 . .  + e,) is in W. But 1 - (el + + e,) is either 0 or 
idempotent. Hence 1 = el + + e,. 

Lemma 3.20. Let 2l be a finite-dimensional alternative algebra with 1 
over F. Let 92 be the radical of a, and assume a2 = 0. If F, is a total 
matrix subalgebra of 2l/% which contains the identity element [ I ]  of %/%, 
then 2l contains a total matrix algebra W of degree t with identity element 1 ,  
and F, is the image of W under the natural homomorphism x 4 [ X I  of % 
onto %/%. 

Proof. Let F, have basal elements [uij] ( i , j  = 1, ... , t) with the familiar 
multiplication table 

[~ijl[ukll = 6jk[~i, l* 

We wish to lift these elements to (clearly linearly independent) elements 
eij  of 2l with the same multiplication table. By Lemma 3.19 there exist 
pairwise orthogonal idempotents el 1, . . . , e,, in 2l such that [eii] = [uii] 
( i= 1 ,  ... , t )  and 1 = el l  + + e,,. Let (3.15) be the corresponding 
Peirce decomposition of 2l. We select representatives uil (resp. ulj) of 
[url] (resp. [ul j])  as follows. We may take ull = el l .  Since 

b i l l  = [eiil[~iil[e11l, 

we may also take uil in ail (i = 2, .. . , t ) ,  and similarly take ulj in 211j 
( j  = 2, ... , t ) .  It follows that 

uljujl = e l l  +zj ( j = 2 ,  ..., t )  

where zj is in % n all by (3.17). Write 

el j  = (ell - zj)ulj, eil = uil ( i , j  = 2, ... , 1). 

Then e I j  is in 2ll12llj E alj and eil is in 211il. Also 

(3.50) e l je j l  = ell  ( j  = 1,  ... , t) .  
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For ell = ell and, i f j  # 1, we have 

el j ejl = [(el 1 - zj)u1 jlujl = (el 1 - zj)(u1 juj1) 

= (ell - zj)(e11 + zj) = el1 

by (3.22), since zj is in all and zj2 is in 912 = 0. Define 

(3.51) eij = eilelj ( i  # j ;  i ,  j = 2, ... , Z) 

in 91il'u1 G 21ij. We have 

[eijlz [eill[eljI = [uiil([ell - zjl[u1,1) 

= [ui1l([u11I[uljl) = [uijl. 

Now (3.51) holds for i, j = 1, ... , t .  For i = 1 orj = 1 this is trivial. Also 

(ei1e1J2 = eil[(elieil)eliI = eiieii 

by Artin's Theorem 3. I ; since [eilel i] = [uii] = [eii] we may apply the 
last sentence of Lemma 3.19 to 21ii to obtain e,, = eileli. It follows from 
(3.19) and (3.20) that 

(3.52) eije,, = 0 for j # k. 

To see that 
e . . e .  = e .  (3.53) 1, j k  tk ( j , j ,  = * * *  3 ?)Y 

we linearize the Moufang identity (3.6) to obtain 

(xy)(az) + (zy)(az) = x[(ya)zI + Z[(Ya)Xl 

for all x, y, a, z in 2l. Putting x = eil, y = elj, a = ejl, z = elk in this 
identity we have 

eijejk = (eiieij)(ejieik) 

= -(elkelj)(ejleil) + eil[(eljejl)elkl + elk[(eljejl)eill 

= - 6 k 1 6 1 i e l l  + e i l e l k  + 6k161 ie l l  

= elk 

by (3.51), (3.52), and (3.50). It follows from (3.52) and (3.53) that the 
subalgebra '9l of 2l with basis {eij} ( i , j  = 1, ... , t) is a total matrix 
algebra, completing the proof. 
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Lemma 3.21. Let 'u be ajnite-dimensional alternative algebra with 1 
over F. Let % be the radical of 'u, and assume = 0. If%/% is a split 
Cayley algebra, then 'u contains a subalgebra (X z %/a. 

Proof. We may take a/% in the form a/% = F2 + [w]F, of Lemma 3.16, 
[w]' = [ I ] ,  multiplication given by (3.38) with the obvious changes in 
notation. By Lemma 3.20, (Lc contains a total matrix algebra Q z F2 
such that Q contains 1 and the matric basis {ei j}  of Q yields the matric 
basis {[ei j]}  of F 2 .  Note that Ib] = [b] for b in Q. We have already 
observed that 

Ell  = e Z 2 ,  el, = -e12, C?,, = -eZl,  P Z 2  = e l l .  

In order to prove the lemma, it is sufficient to show the existence of 
v 4 Q satisfying v2 = 1 and bv = v 6  for all b in Q. 

Write 
[hi] = [wl[ejjl for i # j  ( i , j  = 1, 2). 

Using the Peirce decomposition of 'u relative to el = e l l ,  e, = e2,, we 
may takefi/ in 'ui, ( i  # j ) ,  far 

[eiiI([fiiI[ejjI) = [eiiI([wI[ejj12) = [wI[eii ejjI = [wI[ejjl= M j I .  

Now 
[ejil[hjl = [eji l([~l[eij l)  = - [w]([ejiI[ejjI) = 0, 

implying that 

e . . J . = c j ,  J l  EJ cj in %nnQIjj ( i # j ;  i , j =  1, 2). 

hij  = f i j  - e i jc j .  
Write 

Then hij is in 21ij, [h,,] = [Aj], and 

For 
e .  J i  h.. I J  = h..e IJ j i  = 0 (i # j ;  i, j = 1 ,  2). 

e..h.. = cj - e..(e c )  = cj - (e..e..)c. = 0 
J I  IJ ji i j  j J I  V J 

by (3.22). Also 

ei j  cj = ei j (e j ihj)  = (eijeji) f i j  - ( e i j ,  ej i  

= f i j  + (hjs eji, eij) = f i j  + (fijeji)eij -fij = (.hjeji)eij,  
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so that 

hijeji =hjeji  - [(f,jeji)eijlejt = 0 

by (3.22). Now 

[hijl[hjil = [fijl[fjil = [eiil[fjjl = [eiil 

implies that 

h i j h j i = e I i + a i ,  a i i n % n n i i  (i#j; i , j =  1,2). 

Then ui2 = 0 since %' = 0, and 

(eii - ai)(eii + ai) = eii = (eii + ai)(eii - ai) 

P12 = (ell - a1)hlz 9 

(i = 1,2). 

Write 

P21  = h21. 

(i # j ;  i, j = 1,  2). 

Then p i j  is in aij, [p i j ]  = [Aj], and we shall prove 

p i j p j i  = eii 

For 

PlZPZl = [(ell - a1)h12lh21 = (ell - al)(hlZhzl) 

= (el 1 - a1Ik-1 1 + a,) = el 1 * 

But 

a.h.  = ( h . . h . .  - eii)h.. = h. . (h. .h.  ) - h . .  
I IJ J I  IJ 1J J l  l j  'J  

= hij(ejj + aj) - h, = hi ja j ,  

so that 

P12 = hl2 - a1h2 = hl2 - hzaz = h12(e22 - 02) 

P2lPlZ = h21[h12(e22 - a211 = (h21h12)(e22 - a21 = e22 - 
and 

Also (3.22) implies that 

ei jpj i  = p j i e i j  = 0 ( i  # j ;  i, j = 1,  2). 

Finally write 

= PlZ + PZl. 
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Then [u] = Vl2] + vzi] = [w], implying u 4 Q. Also 

u2 = (p12 + pZ1)' = el, + ez2 = I 

by (3.20). Writing 

b = ae,, + Belz + yezl + 6ezz , 
we have 

Proof of Theorem 3.18. It suffices to prove the existence in Iu of 6 E %/W. 
Since the theorem is trivial unless W # 0, and since W is solvable, we 
have proper inclusions in the derived series 

= W(1) 3 3 ... 3 = 0. 

Also Wz ( =Wz")) is an ideal of Iu. For a in Iu and x ,  y in W imply 

4 x y )  = (axly - (a, x ,  Y )  = - (v, a, 

= (ax1.Y - ( Y 4 X  + Y ( 4  

is in W2 since W is an ideal ; hence Wz is a left ideal of Iu. Reciprocally, W2 
is a right ideal of a. The same inductive argument based on the dimension 
of Iu which is used for associative algebras suffices to reduce the proof 
of the theorem to the case Wz = 0. 

We have shown in Lemmas 3.20 and 3.21 that the theorem is true for Iu 
containing 1, with Wz = 0, and a/% either a total matrix algebra or a 
split Cayley algebra. We now reduce the case Wz = 0 to one of these 
two situations. If Iu has no identity element, adjoin 1 to Iu to  obtain 
Iu, = Fl + Iu. Then Iu, is alternative. Since W is a nilpotent ideal of Iu,, 
we have '8 c W,, the radical of Iul. Conversely, a, in Wl implies 
a, = a1 + a, a in F, a in Iu, and 0 = a,' = cr'l + b, b in Iu. Hence a = 0, 
W, c Iu. Hence W, is a nilpotent ideal of Iu, W, E W. If we can obtain a 
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Wedderburn decomposition '$Il =6, + % of 211, we have 2l =G + % 
where 6 = G1 n 2l g 2I/% as desired. 

We assume henceforth that 2I contains 1, and now reduce the proof 
ofthe theorem to the case where a/% is simple. Let %/% = bl @ @ B, 
for simple ideals B i .  By Lemma 3.19 we can lift the identity elements of 
the di to pairwise orthogonal idempotents ei in 2l satisfying 
I = el + + e,. In the corresponding Peirce decomposition (3.15) the 
radical of 21ii is mi = % n Iuii  ( i  = 1, ... , t )  by Corollary 3.8. Now 
21ii/Yli  E Bi. If we have Wedderburn decompositions VliI = Gi + 'illi, 
Gi E Bi ,  then (since the subalgebras 21ii of 2l are pairwise orthogonal) 
the sum of the subalgebras Gi of Vl is the direct sum 

Let K be the algebraic closure of F. Since a/% is separable, 
('$I/%), = 2lK/9IK is a direct sum of total matrix algebras K, and split 
Cayley algebras. Then %, is the radical of (since it is a nilpotent ideal 
containing the radical). By the result in the preceding paragraph, we 
may assume that (2I/%), has only one simple component. Then, by 
Lemma 3.20 or 3.21, 21K contains a subalgebra B z (V l /%)K.  The re- 
maining steps are those of the associative proof, since no form of 
associativity is used there. 

Theorem 3.18 is the analogue for alternative algebras of Levi's theorem 
for Lie algebras of characteristic 0 (Jacobson [25], p. 91). Levi's theorem 
is proved, not by the structure lifting which involves an examination of 
the individual split simple algebras as above, but by use of the second 
Whitehead lemma for Lie algebras (Jacobson [25], p. 89). The associ- 
ative case of Theorem 3.18 for characteristic 0 has a similar proof 
(Hochschild [I I). The second Whitehead lemma for alternative algebras 
(of arbitrary characteristic) is valid, since it is equivalent to the case 
fl2 = 0 of Theorem 3.18. It would be interesting to have a proof (if only 
for characteristic 0) which does not involve an examination of individual 
cases. In order to state the second Whitehead lemma for alternative 
algebras, it is necessary to introduce alternative bimodules, which we 
shall do in the fashion indicated at the end of Chapter 11. 

Let 2l be an alternative algebra over an arbitrary field F, and )132 be a 
vector space over F. Then )132 is an alternative bimodule for 2l in case 
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there are two bilinear compositions ma, am in W (a in 2l, m in W) 
satisfying 

(3.54) (a, a,  m) = (m, a, a) = 0 for all a in 2l, m in %Jl, 

and 

(3.55) (a, m, b) = -(m, a, b), (b, a, m) = -(b,  m, a)  

for all a, b in a, m in W, where the associator is defined as in Chapter 11, 
except that one argument is in %Jl. If F has characteristic 2 2 ,  then (3.54) 
and (3.55) together are equivalent to 

(a, m, b) = -(m, a, b) = (6, a, m) = -(b,  m, a) 

for all a, b in %, m in 5102. The vector space direct sum + %Jl is made 
into an algebra, called the split null extension or semidirect sum, by 
defining multiplication by 

(a + mJb + mz) = ab + (mlb + amz) 

for all a, b in %, mi in W. Having W an alternative bimodule for is 
equivalent to having 2l + 'ill an alternative algebra, since the alternative 
law (x, x, y ) = ( y ,  x, x ) = O  in %+W, x = a + m , ,  y = b + m z ,  is 
equivalent to the alternative law in 2l, (3.54), and (3.55). Clearly W is 
an ideal of 2l + W, and Wz = 0. 

Let %Jl be an alternative bimodule for the alternative algebra 2l, and 
consider the linear operators S,, T, (a in %) defined by 

m -, mS, .= ma, m -, mT, = am for all m in W. 

By (3.54) and (3.55) we have 

(3.56) Ta2 = T:, SaZ = S,, for all a in 2l 

and 

for all a, b in a. A pair (S, T) of linear mappings a -, S, , a -, T, of an 
alternative algebra 2l over Finto the algebra (F('ill) of all linear operators 
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on some vector space Foz over F is called a (bi)representation of 2l acting 
in !Dl in case (3.56) and (3.57) are satisfied. Thus every alternative 
bimodule for 2l is associated with a representation. The converse is also 
true. For, if (S, T )  is a representation of '?I acting in '33, then Foz is an 
alternative bimodule for '?I relative to the two compositions 

ma = mSa, am = mTa (a  in N, m in ZN). 

Every alternative algebra 2l over F has a representation; namely, the 
regular representation ( R ,  L)  where R, and La are the right and left multi- 
plications of '?I corresponding to a in 2l. In this case 2l itself is the alter- 
native bimodule. More generally, if 2l is any subalgebra of an alternative 
algebra !B over F, and if ZN is an ideal of b, then the regular representation 
of b induces a representation of 2l acting in Foz. If (S, T )  is any represen- 
tation of an alternative algebra 2l acting in ZN, then (S, T )  is induced by 
the regular representation of the split null extension 2l + Foz. 

We shall defer statement of the first Whitehead lemma for alternative 
algebras until later in this chapter because derivations of alternative 
algebras are involved, with a restriction imposed upon the characteristic 
of F. However, for an arbitrary field F we have 

Proposition 3.22 (Second Whitehead lemma for alternative algebras). 
Let B be a jinite-dimensional separable alternative algebra, and let !Dl be 
a finite-dimensional alternative bimodule for 2l. Let f be a bilinear mapping 
of M into Foz satisfying 

(3.58) 

where 

F(a, a, b) = F(b, a, a )  = 0 for all a, b in '?I, 

F(a, b, c) = f (a ,  b)c + f ( a b ,  c) - af (b, c) - f (a, bc). 

Then there exists a linear mapping g of 2l into !Dl such that 

(3.59) f ( a ,  b) = ag(b) + g(a)b - g(ab) for all a, b in 2L 

Proof. The second Whitehead lemma for alternative algebras is equiva- 
lent to the case !TI2 = 0 of the Wedderburn principal theorem which we 
have already proved. 
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We first give a proof of Proposition 3.22. Let 23 = 8 + !Ill be the 
vector space direct sum of 8 and %I. Define a multiplication x * y in 

(a + ml) * (b + m2) = ab + f ( a ,  b) + amz + mlb 
b by 

for a, b in a, m, in R. Writing 

(x, y, z)* = (x * y )  * z - x * ( y  * z )  for x, y, z in 23, 

we see, since !Ill2 = 0, that all such associators with more than one argu- 
ment in R are 0, while for a, b in a, m in +9Jl, we have 

(a, b, m)* = (a, b, m), (a, m, b), = (a, m, b), (m, a, b), = (m, a, b). 

Also 

(a, b, c)+ = (a, b, c)  + F(a, 6 ,  c) for a, b, c in BZ. 

Hence the alternative law in b is implied by the alternative law in 8, 
(3.54), (3.59, and (3.58). 

is separable, so that !Ill is the radical of 23. The case 
R2 = 0 of the Wedderburn principal theorem implies that 

Now S/R E' 

23 =6 + R (direct sum) 

where G is a subalgebra of 23. We may write any element a of 
8 E 23 = G + R uniquely in the form 

a = s(a) + g(a), s(a) in 6, g(a) in 'Xn. 

The mapping a + g(a) is obviously linear. Now 6 contains 

s(a) * 44 = (a - s(4) * (b - 9(b)) 

= ab +f(a, b) - ag(b) - g(a)b 

= s(ab) + g(ab) + f ( a ,  b) - ag(b) - g(a)b 

for all a, b in B[. Since b -G + R is a direct sum, we have (3.59) as 
desired. 

Conversely, assuming Proposition 3.22, we can prove the case Wz = 0 
of Theorem 3.18. For, if 8 is an alternative algebra with radical W, there 
is a subspace 2 of 2I such that 

8 = 2 + W (direct sum). 
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Thus there is a vector space isomorphism a + a* between %/92 and 2 
(a in a/%, a* in 2) such that (ab)* - a*b* is in 92 for all a, b in %/92. 
Write 

f ( a ,  b) = (d)* - a*b*. 

Since '3' = 0, 92 is an alternative bimodule for a/% when we define 

ma=mu*, am=a*m for a i n  %/a, m i n  92. 

Alsofis a bilinear mapping of %/92 into 92 satisfying (3.58). For compute 

F(u, b, C) = (u~ ) *c*  - (u *~* )c *  + ( (u~ )c ) *  - ( u ~ ) * c *  

- a*&)* + a*(b*c*) - (a(bc))* + a*(bc)* 

= (a, b, c)* - (a*, b*, c*). 

Then (3.58) follows from the alternative law in 21. Since %/92 is separable, 
the second Whitehead lemma guarantees the existence of a linear 
mapping a + g(a) of %/92 into 92 satisfying 

(ab)* - a*b* = a*g(b) + g(a)b* - g(ab) for all a, b in 2I/92, 

Setting a' = a* + g(a) in 2l, we have 

a'b' = a*b* + ~ * g ( b )  + g(a)b* = (d)* + g ( d )  = (ab)', 

so that a -, a' is an isomorphism of the algebra %/92 into %, completing 
the proof. 

7. NORMFORMS 

We assume that the characteristic of F is 2 2  to develop now some 
properties of Cayley algebras which depend on the nondegeneracy of 
the norm form n(x). All of the algebras 2I = 23 + v23 constructed from 
F1 by iteration of the Cayley-Dickson process have nondegenerate norm 
forms, as may be seen inductively as follows. 

Assume that the norm on 23 is a nondegenerate quadratic form; that 
is, the associated symmetric bilinear form 

(3.60) (a, b) = *[n(a + b) - n(a) - n(b)] = f.t(a6) 
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is nondegenerate [if (a, b) = 0 for all b in 23, then a = 01. Then the norm 
n(x) = n(b,) - pn(b,) on % given by (3.39), x = b, + vb,,  is nonde- 
generate. For y = b, + ub, implies that 

(x ,  Y )  = t w  + Y )  - n ( 4  - n(r)I 

= t[n(bl + b3) - w(b2 + b4) - n ( h )  + ~ n ( b 2 )  - n(bJ + pn(b4)l 

= (bl9 b3) - P(b2 9 b4). 

Hence (x, y )  = 0 for all y = b, + t)b4 implies (b,, b,) = p(b,, b,) for all 
b, , b4 in 23. Then b4 = 0 implies (b,, b,) = 0 for all b, in 23, or b, = 0 
since n(b) is nondegenerate on 23 ; similarly b, = 0 implies (b2 , b,) = 0 
(since p # 0) for all b, in 23, or b2 = 0. That is, x = 0; n(x)  is nonde- 
generate on %. (At the first step in the induction, a2 is clearly nonde- 
generate on Fl.) 

Theorem 3.23 (Jacobson). Two Cayley algebras 6 and 6’ of charac- 
teristic # 2 are isomorphic if and only if their corresponding norm forms 
n(x) and n‘(x’) are equivalent (that is, there is a linear mapping x + xH of 
6 into 6’ such that 

(3.61) n’(xH) = n(x) for all x in C; 

H i s  necessarily (1-1) since n(x) is nondegenerate). 

ProoJ Suppose Q: and C‘ are isomorphic, the isomorphism being H. 
Then (3.35) implies (xH)’ - t(x)(xH) + n(x)l‘ = 0 where 1‘ = 1H is the 
unity element of 6’. But also (xH)’ - t’(xH)(xH) + n’(xH)l’ = 0. 
Hence 

[ t ’ (xH) - t ( x ) ] ( x H )  + [n(x) - n’(xH)] l ’  = 0. 

If x # F1, then x H  # F1‘ and n(x) = n‘(xH). On the other hand, 
n(a1) = a‘ = n‘(al‘), and we have (3.61) for all x in a. 

For the converse we need to establish the fact that, if 23 is a proper 
subalgebra of a Cayley algebra 6, if b contains the unity element 1 of a, 
and if (relative to the nondegenerate symmetric bilinear form (x ,  y )  
defined on C by (3.60)) 23 is a nonisotropic subspace of 6 (that is, 
23 n 23* = 0), then there is a subalgebra ‘?I = 23 + 00 obtained by the 
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Cayley-Dickson process. For the involution x - r f  on 6 induces an 
involution on 23, since 6 = t(b)l - b is in 23 for all b in 23. Also 23 non- 
isotropic implies (5. = 23 I 23’ with 23’ nonisotropic (Jacobson [24], 
p. 151 ; Artin [2], p. 1 17). Hence there is a nonisotropic vector u in B’, 
n(u) = - p  # 0. Since t (v) = t ( v i )  = 2(u,I)= 0, we have 

v2 = ptl ( p  z O in F).  

Now 

(3.62) t((xy)z) = t(x(yz)) for all x, y, z in 6. 

For (x ,  y, z) = -(z,  y, x )  = (Z,y, 3) implies (xy)z + Z(Yf) = xbz) + 
(Zj)3. Hence 1123 c 23’ since (3.62) implies 

(ua, b) = +t((ua)6) = +t(v(a6)) = (u, bci) = 0 for all a, b in 113. 

Hence 23 I vB. Also 023 has the same dimension as 23 since b ub is (1-1). 
[Suppose ub = 0; then v(vb) = v2b = pb = 0, implying b = 0.1 Now 
t(v) = 0 implies ij = - u ;  hence v in d’ implies 

0 = 2(v, b) = t (v6) = ~6 + bij = ~6 - bu, 

or 
bv = v6 for all b in 23. 

We have seen before that v2 = pl and (3.40) imply (3.38). Hence 
2l = 23 I UB is the subalgebra specified. We have seen that, if 23 is non- 
isotropic, then so is 2l. 

Now let C and C’ have equivalent norm forms n(x) and n’(x’). Let 23 
(and 23’) be as above. If 23 and 23‘ are isomorphic under H,,  then the 
restrictions of n(x) and n’(x’) to 23 and 23’ are equivalent. Then by Witt’s 
theorem (Jacobson [24], p. 162; Artin [2], p. 121), since n(x) and n’(x’) 
are equivalent, the restrictions of n(x) and n’(x’) to 23’ and 23’’ are 
equivalent. Choose v in 23’ with n(v) # 0; correspondingly we have u’ in 
23” such that n’(u’) = n(u). Then a + ub -r aH, + u’(bH,) is an iso- 
morphism of 23 I 023 onto 23’ Iu’23’  by the construction above. Hence 
if we begin with 23-= F1, 23‘ = FI’, repetition of the process gives 
successively isomorphisms between 3 and 3’, and a’, 6 and 6’. 
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Remark. We have shown incidentally that, if Q is any quaternion sub- 
algebra containing 1 in a Cayley algebra (t of characteristic # 2, then Q 
may be used in the construction of a as a = Q + vQ. This remark 
reduces our previous proof of the simplicity of (t to the following: there 
is x # 0 in any nonzero ideal 2.3 of 6, and xis contained in some quaternion 
subalgebra Q of a. Then 1 E Q = QxQ E %I. 

We have already proved, as part of Lemma 3.16, the following Corol- 
lary without the restriction on the characteristic of F. We include it here 
in order to illustrate an elegant method of proof. 

Corollary 3.24. Any two Cayley algebras 6 and (t' with divisors of zero 
over F of characteristic # 2 are isomorphic. 

Proof. Show first that 6 has divisors of zero if and only if there is 
w 4 F1 such that wz = 1 .  For 1 - w # 0, 1 + w # 0 imply 

(1 - w)(l + w )  = 1 - wz = 0. 

Conversely, if 6 has divisors of zero, there exists x # 0 in 6 with n(x) = 0. 
Then x = a1 + u, u in (Fl)' = { y  I tQ = O} implies 

0 = n(x)l = x~ = (a1 + u)(d - u) = azl - uz, 

If a # 0, then w = a-lu satisfies w2 = 1 (w 4 Fl) .  If a =  0, then n(u) = 0 
so that u is an isotropic vector in the nonisotropic space (Fl)'. Hence 
n(x) is a universal form and there exists w in (Fl)' with n(w) = - 1 
(Jacobson [24], p. 154, Ex. 3), or w2 = r(w)w - n(w)l = I (w # F1). 

Now let el = +(l  - w), e,  = 1 - el = +(1 + w). Then e lz  = el, 
eZ2 = e,  , elez = e,  el = 0. Also n(eJ = 0 for i = 1,2. Hence every vector 
in e t a  is isotropic since n(eix) = n(ei)n(x) = 0. This means that eiC is a 
totally isotropic subspace ( e r a  c (el 6)'). Hence dim (ei (5) 5 + dim (t 
= 4 (Jacobson [24], p. 170; Artin [2], p. 122). But x = l x  = e lx  + e,  x 
for all x in 6, so (L: = e,C + e2 a. Hence dim ( e t a )  = 4, and n(x) has 
maximal Witt index = 4 = + dim a. Similarly n'(x') has maximal Witt 
index = 4. Hence n(x) and n'(x') are equivalent (Artin [2], p. 122). By 
Theorem 3.23, (t and 6' are isomorphic. 

The following celebrated theorem on quadratic forms permitting com- 
position has been developed through the work of many authors, in- 
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cluding Hurwitz [ l ] ,  Dickson [ I ] ,  Albert [2],  Kaplansky [ l ] ,  and 
Jacobson [ 141. Generalization to forms of degree n is given in Schafer [19j 
and McCrimmon [2, 41. 

Theorem 3.25 (Hurwitz). Let 2l be an algebra with 1 (of  possibly 
infinite dimension) over a field F of characteristic 22. A necessary and 
suficient condition for the existence of a nondegenerate quadratic form 
N(x) permitting composition on 2l is that ‘91 be one of the following: F l ;  
F @ F; a separable quadraticfield 3 over F; a quaternion algebra Q over F; 
a Cayley algebra 6 over F. Hence the possible dimensions for  2l are 
1,2,4,  8.  Furthermore, i f% = F1, then N(a1) = a 2 ;  otherwise N(x) is the 
norm form n(x) giuen by (3.35). 

ProoJ The algebras listed above are called composition algebras. We 
have already proved that any composition algebra 2l has a norm form 
n(x) satisfying the conditions. For the converse, we assume the existence 
of a nondegenerate quadratic form N(x)  on 2l satisfying 

(3.63) N(xy) = N(x)N(y) for all x,  y in 2l, 

and we consider the associated nondegenerate symmetric bilinear form 

( x ,  y )  = +[N(x + y )  - N(x)  - N(y)]  for all x ,  y in a. 
Then 

and 
N X )  = (x ,  4 for all x in 2l, 

(xy, xy) = (x ,  x)(y, y )  for all x,  y in 2l. 

Linearize this relative to x to obtain 

(xy, zy) = (x ,  z)N(y) for all x ,  y, z in 2l. 

Linearizing this relative to y, we have 

(3.64) (xy, zw) + (xw, zy) = 2(x, z)(y,  w) 

Since F has characteristic # 2, the multilinear identity (3.64) is equivalent 
to the basic assumption (3.63). Also (3.64) implies 

for all x,  y ,  z, w in 2l. 

(xy, xz) = N(x)(y, z)  for all x,  y, z in 2l. 
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Define a trace T(x) on % by 

T(x) = 2(x, 1) for all x in %. 

Note that N(1) = 1 by (3.63) since N(x) # 0 for some x in 8. Then 

N(a1) = a’, T(a1) = 2a for all a in F. 

Now (3.64) implies 

(3.65) (xy,  z) + (x ,  zy) = (x,z)T(y) for all x ,  y, z in % 

and 

(3.66) (xy, w) + (y, xw) = T(x)(y, w) 

Now (xz, z )  + (x ,  xz) = T(x)(x, z) by (3.66) and (x ,  xz) = N(x)(l, z). 
Hence (xz - T(x)x + N(x)l ,  z) = 0 for all z in %. Since (x ,  y) is non- 
degenerate, we have 

for all x, y, w in %. 

xz - T(x)x + ~ ( x ) l  = 0 for all x in %; 

that is, % is a quadratic algebra over Funless % = F1. By the uniqueness 
of n(x) in (3.35), we have the final conclusion of the theorem. 

Also (3.66) implies that 

(x(xy), z) = T(x)(xy, 4 - (xy,  xz) = ( ( W x  - I V ~ ~ ~ l l y ,  4 = (x2y, 4 
for all x ,  y, z in %. That is, xzy = x(xy) since (x, y )  is nondegenerate, 
implying that % is left alternative. Similarly, (3.65) implies that % is 
right alternative. 

If 2l is finite-dimensional, then Theorem 3.7 implies that % is semi- 
simple. For, if x in % is nilpotent, then T(x) = 0 [xh = 0 implies 
N(x”) = [ N(x)Ih = 0; so N(x)  = 0, whence x2 = T(x)x, and 0 = x” = 
[T(x)Ih-lx].  Hence, if x in 9.l is properly nilpotent, we have 

T(xy) = 0 for all y in %. 

But 
T(xy) = 2(XY, 1) = 2(x, 1)T(y) - 2x9 

= T(x)T(Y) - 2(x, y )  = -w, y )  

by (3.65), since x is nilpotent. Hence (x, y )  = 0 for all y in %, implying 
x = 0. Thus the radical of % is 0, and % is semisimple. What are the 
finite-dimensional semisimple quadratic alternative algebras % over F ?  
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If there is more than one simple summand, then 2l = F @ F. For simple 
algebras %, the center is either a separable quadratic extension of F 
(since the characteristic is 22 )  or F1. In the former case, % = 3; in the 
latter, % is central simple over F. Since 2l is alternative, we have precisely 
the composition algebras. 

Since 2l is assumed to be possibly infinite-dimensional, let b be a 
finite-dimensional subalgebra containing 1. If b is nonisotropic, with 
respect to (x ,  y), then (x ,  y) is nondegenerate on b, and all of the above 
applies to b. Furthermore, 2l = 23 I b* (we have previously given 
references for this result for finite-dimensional 2l; it follows easily from 
Chapter I and Theorem 3.7 of Artin [2] that the same result holds for 
finite-dimensional 8 in possibly infinite-dimensional %). As long as b 
is a proper subalgebra of 2l, we may carry out the iterative construction, 
beginning with b = F1, of 2'-dimensional subalgebras of 2l. Since % is 
alternative, the process cannot continue beyond the 8-dimensional stage. 
This completes the proof. 

8. DERIVATIONS; SIMPLE LIE ALGEBRAS OF TYPE G 

Cayley algebras are intimately associated with the exceptional simple 
Lie algebras (Jacobson [25], pp. 142-145), and therefore by standard 
theorems with the exceptional simple Lie groups. We begin by proving 
that the derivation algebra a(&) of any Cayley algebra C over F of 
characteristic 22 ,  3 is a 14-dimensional central simple Lie algebra (of 
type G) over F. For this purpose we employ the 28-dimensional or- 
thogonal Lie algebra o(8, n) of linear operators (on an S-dimensional 
space over F) which are skew relative to the norm form n(x) of C, and 
the special linear Lie algebra@'(V) of all linear operators of trace 0 on 
a 3-dimensional vector space Y over F. 

Let 2l be an alternative algebra over an arbitrary field F. Equations 
(3.2) imply that 

(3.67) 
and 

(3.68) [L , ,  L,] = -L[,,,, - 2[L,, R,] for all x, z in %. 

It follows from (3.68) that 

CR 9 R21 = R,x,2~ - 2CL 9 RzI for all x, z in 2l, 

CL Y R, - LI  = L,,,,, + 3CL Y R21 for all x, z in 2l. 
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We recall that a linear operator D on 8 is a derivation of 8 in case 

(xy)D = (xD)y + x(yD) for all x, y in 8; 

equivalently, 

[R, ,  D] = RyD for all y in 8, 

or 

[L,, D] = LxD for all x in 8. 

Hence R, - L, is a derivation of 8 if and only if 3[L,, R,] = 0 for all 
x, z in 8. Since y[L, , R,] = (x, y ,  z), we have 

Proposition 3.26. Let 0 be the nucleus of an alternative algebra 8 over 
F. Then Re - L a  is a derivation of 8 for all g in 0. Conversely, i f  the 
characteristic of F is # 3, and i f  Re - L, is a derivation of 8, then g is 
in 0. 

Equations (3.2) also imply that 

(3.69) RXRY + RyRx= Rxy+yx, LxLy + LyLx = Lxy+yx 

for all x, y in 8. [That is, R(9l) and L(9l) are special Jordan algebras.] 
In the associative algebra (F = @(a) we have the identity 

[A, [B, C]] = C(AB + BA) + (AB + BA)C 

- B(AC + CA) - (AC + CA)B 

for all A, B, C in@. It follows that 

CRY, CK, R z I l =  R,R,+yx + Rxy+yxRz - RxRyz+,, - Ryz+,,Rx 
- - Rz(xY)+z(Yx)+(xY)z+ ( Y x ) z - x ( Y z ) - x ( z Y ) - ( Y r ) x -  (z,)x 

or 

CRY Y C R X  9 RZ11 = R[y,[x.r],-2(x,y,z) for all x, y, z in 8 

since (x, Y ,  4 + (Y, x, z )  - b, 2, 4 - (z, Y ,  x )  + (x ,  z, Y )  - (z, x, y )  
= -2(x, y ,  z) in 8. For any x, z in a, define 
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(3.70) DX.2 = R [ x , z ,  - L[x,z, - 3CL 9 Rz1. 

Dx,z = C L X ,  L1 + C L X 9  RZI + CRX, Rz1. 

Adding (3.67) and (3.68), we have 

If the characteristic of F is f 2 ,  it follows that D,,, is a derivation of ‘91 
for all x, z in %. For (3.67) implies that 

2CRy 9 Dx,zl = 2CRy 9 R[x,zl - L[x,z] - 3CLx 3 RZ11 

= 3CRy 9 R[x,zl - 2CLX 9 Rzll - CRY Y R[x,z]1 - 2CR, 9 ~ [ x , z ] l  

= 3CRy ? CRX 9 RZ11 - ~ [ Y . [ X , Z I l  

= RZ[~,[x,zll-6(x.~,z) 

= 2R~Dx.. 

for all x, y, z in % since [L,, Rb] = [R,, La] by (3.2). Any sum 

(3.71) D = c Dx,,., 9 x i ,  zi  in a, 
is a derivation of %, if the characteristic of F is 22 .  The derivations in 
Proposition 3.26 and in (3.71) are inner by the definition in Chapter 11. 
We have seen that the inner derivations form an ideal of ID(%). Here we 
shall have occasion to use the explicit formula 

(3.72) [Dx,z 9 O1 = DxD,z + Dx,zD 

for all D in ID(%); x, z in %; 

over F of characteristic f 2  is 

in (3.70). 
The Lie multiplication algebra e(%) of any alternative algebra 2l 

Q(%) = R(%) + L(%) + [L(%), R(291. 

[R(%), [R(%), R(%u>ll E R(W, we have also [WW, [WW, L(%)ll c L(W.  

[ R W ,  [LWZ), R(WIl= “W, R(%Z)I+ RWZ) 

For, just as we could conclude above from the first part of (3.69) that 

Then (3.67) and (3.68) imply that 

and 
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In Chapter I1 we saw that 

ww = c E i i  with $1 = R(%Z) + WW, Eii = [bl, 81-11. 

wm = 81 + B, = R(W + LWI) + [UW, NW1. 
But here 5, c Sj, + $, for i 2 3, so that 

It follows that, if 2l contains 1, and if F is also of characteristic # 3, 
then any inner derivation of 2l is the sum of a derivation (3.71) and a 
derivation of the type in Proposition 3.26. By (3.70) any element of 
!i!(2l) has the form 

= R,  + Lh + c D.x,,zt. 

Then, if D is a derivation, 

O =  l D  = g + h + C [l,  [XI, z J ]  - 3 c ( x i ,  1, zi) = g  + h, 

so that 

D - c D W ,  = R, - LB 
is a derivation of 2l. By Proposition 3.26 we have g in the nucleus 8 
of 8, and 

D = R, - L, + D,,,z,, g in 0, x i ,  zi in %, 
i 

as desired. 

(3.73) Dxy,r + Dyr,x + Dzx,y = 0 for all x ,  y ,  z in 2l. 

Identity (2.4) implies 

We next prove that 

4% y ,  z )  + (a, x ,  y)z = (ax, y ,  4 - (a, xy, 4 + (a, x, Y Z ) ,  

-x(y,  z ,  a) - (x ,  y ,  z)a = -(xy, z, a) + (x,  yz, a) - (x, y ,  4, 

x(a, y ,  z )  + (x, a, y)z = (xu, y, 4 - (x,  ay, z )  + (x ,  a, YZ). 

Adding these, we have 

[a, (x ,  y ,  z)l = (ax + xu, y ,  z )  - 2(a, xy, 2)  

- (a ,  yz, x) - (za, x, Y )  - ( W Y  z, 4 
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in any alternative algebra 2l. Let 
obtained by cyclic permutation of x,  y ,  z. Then 

denote the sum of three terms 

3[a, (x ,  y ,  z)l = c [a, (4 y ,  41 

= 1 (ax + xu, y ,  z )  - 2 c (a, xy, z )  - c (a, xy, z )  

= 3 c (xy, a, z) ,  

- c (xu, y ,  z) - c (ax, y ,  4 

so that 

3(R(x,y,2, - L(x.y,r) - CL,, R,1 - CL,, Rxl - C L  R,I) = 0 

for all x,  y ,  z in 2l. Now 

(3.74) [xy, z ]  + [yz, x ]  + [zx, y ]  = 3(x, y ,  z )  

Hence 

for all x, y, z in N. 

k,,, + Dyz,x + LY = 3R(x,y,2) - 3L(x,y,,) - 3 L Y  R21 

- 3CLy,, R,1 - 3 C L ,  Ryl = 0, 

implying (3.73). 

Let 2l be a composition algebra over F of characteristic f2, t(x) and 
n(x) the trace and norm forms on 2l, and (x ,  y )  in (3.60) be the associated 
nondegenerate symmetric bilinear form. We have seen in (3.62) that 
t(xy) is a trace form on 2l. Now 2 l=  F1 I 210 where 210 = @I)* is the 
space of all elements of trace 0. If dim W 2 4, then No may also be 
characterized as 

a0 = cc [x, Yl I x,  y in a}. 
For z = 1 [x,  y ]  implies t(z) = 1 t ( [x ,  y ] )  = 0 while, conversely, any 
element of trace 0 in 2l = b + ub is a sum of commutators, since b in B 
implies 

b - 6 = b- '~, ~ b ] ,  u = [ U U I ,  fp; '~11, ~ ( b  - b) = [u, b] 

by (3.38). Let D be any derivation of 2l; then 

(3.75) WD E %[o. 
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For 2lD = 0 if dim 5 2, while in case dim % 2 4 we have 1 D = 0 and 
z = [x, y ]  in 210, implying Z D  = c [xD, y ]  + c [x, y D ]  is in a0. It 
follows that 

a = - x D  = ZD for all x in 2l, 

since x D  in !I&, implies x D  + 3 = 0, while (x + 2)D = t(x)l D = 0. It  
follows also that 

(xD,  y )  + (x, yD) = 0 for all x, y in 2l. 

For 

~ ( x D ,  y )  + 2(x, y D )  = t((xD)jj + ~(9)) = t((xD)jj + ~ ( j j D ) )  

= t((xjj)D) = 0. 

Since (x, y) is nondegenerate on 2l, for each T inCi(8) there is a unique 
adjoint T* in (F(2l) satisfying 

(xT, y )  = (x, yT*) 

T is skew, relative to n(x) and to (x, y), in case 

for all x, y in 2l; 

T * =  -T. 

Hence 

D* = - D for all D in a(%). 

Since n(x)  permits composition, we have already established (3.65) with 
T(y) replaced by t (y ) :  (xR, ,  z )  = (x ,  ZRJ for all x, y, z in 2l; that is, 

R,* = Ry for all y in 2l. 

Similarly, (3.66) is equivalent to 

L,* = Lx for all x in 2l. 

For elements of trace 0, we have 

R,* = -R,  for all s in 210 

and 

L,* = -L, for all t in 210. 
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Let (I; be a Cayley algebra over F. Since (I; is 8-dimensional, it is well 
known that the set o(8, n) of all skew elements of@ =@((I;) is an orthog- 
onal Lie algebra of dimension 4 - 8 (8 - 1) = 28 over F. Also we have 
seen that o(8, n)  contains all 

D + R , + L , ,  Din%(&);  s , t i n C o .  

Suppose that D + R, + L ,  = 0. Applying this to 1 in (I;, we have 
0 = 1 D + s + t ,  or t = -s. Then R, - L, = - D is a derivation of (I;. 
Hence, if we make the additional assumption that the characteristic of F 
is #3, Proposition 3.26 implies that s is in the nucleus F1 of (I;. That is, 
s is in FI n a,, so s = 0, implying t = 0 and D = 0. If we denote by 
Ro(&) (resp. Lo(&)) the set of all right (resp. left) multiplications of (I; 
corresponding to elements of trace 0, we have a vector space direct sum 
%((I;) + Ro((I;) + Lo(&) E o(8, n). Since (I;, is 7-dimensional, R,(&) and 
Lo(&) are also. Then dim o(8, n) = 28 implies dim %((I;) I 14. We shall 
have proved 

(3.76) 

when we establish dim %((I;) = 14. 
In the familiar classification of finite-dimensional simple Lie algebras 

over an algebraically closed field of characteristic 0 (Jacobson [25], pp. 
135-146), there is exactly one 14-dimensional algebra, the exceptional 
algebra G2. We say that a (central simple) Lie algebra f! over F of 
characteristic 0 is of type G in case, for the algebraic closure K of F, we 
have gK E G2. In Theorem 3.28 we shall see that G2 r a(&) for & the 
(split) Cayley algebra over K. For F of characteristic 22 ,  3 we extend 
the definition above, defining f! to be of type G in case, for the algebraic 
closure K of F, we have !GK E a(&) where & is the (split) Cayley algebra 
over K. 

o(8, n) = %((I;) + Ro((I;) + Lo(&) (direct sum) 

Lemma 3.27. Let 2I be a jinite-dimensional nonassociative algebra over 
an arbitrary j e l d  F satisfying 

(i) '$I is a vector space direct sum 2I = 6 + 2 where dim 6 > dim 2 ; 
(ii) 6 is a simple subalgebra of 2l; 

(iii) 62 = 2 2 26 (or 2G = 2 2 62). 

If23 is a proper ideal of a, then 23 c 2. 
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Prooj: Since 8 n 6 is an ideal of 6, we have either 8 n G = 6 or 
8 n G = 0 by (ii). In the first case 8 zG. But t h e n b  z 82 2G2 = 2 
by (iii), implying 8 z G + 2 = 2I, a contradiction. Hence 8 n G = 0. 
Let 6, be the image of B under the projection of 2l onto 6 relative to 
the direct sum decomposition 2I = 6 + 2, that is, 

Gg = {s € G  13 t € 2 ,  s +  t E B } .  

Then 6, is a right ideal of G. For s in G,, s’ in 5, imply there exists t in 2 
such that s + t is in 8, so 8 contains (s + t)s’ = ss’ + ts’ where ss‘ is 
in G, ts’ in 2 by (iii); hence ss’ is in 0, as desired. Similarly 6, is a left 
ideal of 8. Hence 6, = G or G, = 0. The first case leads to a contra- 
diction. For 6, = 6 implies that, for every s in G, there exists t in 2 such 
that s + t is in B. Let sl, . . . , s, be a basis for G over F. Then there exist 
t l ,  ... , t ,  in 2, satisfying si + t i  E 8. Hence there is a linear mapping U 
of 6 into 2 (extending si  U = t i )  which satisfies 

s + sU is in 8 for all s inG. 

Since dim 6 > dim 2 by (i), there exists s # 0 in 6 such that sU = 0. For 
this s we have 0 # s E 8 n 6 = 0, a contradiction. Hence G, = 0. That 
is, 8 c 2. 

Theorem 3.28 (Cartan-Jacobson). Let 6 be a Cayley algebra over F 
of characteristic # 2 ,  3. Then the derivation algebra D(6) of B is a 14- 
dimensional central simple Lie algebra (of type G) .  

Proof. Since D(QK = a(&,) for any extension K of F, it is sufficient to 
prove that dim a(&) = 14 and that 9(B) is simple in case 6 is the split 
Cayley algebra. We take B in the form given by Lemma 3.16. Denote 
by V (resp. W) the 3-dimensional space B12 (resp. a21) E a,. Since 
t(el) = t(e2) = 1, it follows from (3.60) and the proof of Lemma 3.16 that 

(3.77) uw = (u ,  w)e, ,  wu = ( u ,  w)el for all u in V, w in W, 

where 

(3.78) (u,  w )  = t(uw) = -2(u, w )  (u in V, w in W) 

is a nondegenerate bilinear form connecting V and W. Since b, c in V 
implies bc is in W by (3.18), we may consider the trilinear form 
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(3.79) (a, bc), a, 6, c in V ;  (u,  w )  in (3.78). 

Now (3.79) is an alternating trilinear form on the 3-dimensional space V: 
(b ,  a’) = (a ,  ab) = ((I, ba) = 0 for all a, b in V. For a’ = 0 by (3.20), 
and (a ,  ab) = r(a(ab)) = t(a2b) = 0, while (a ,  ba) = - (u ,  ab)  = 0 by 
(3.21). It follows that ( a ,  bc) is a scalar multiple of the determinant 
(Artin [I] ,  pp. 11-15): 

(a, bc) = E det(a; b; c), a, b, c column vectors in V. 

Also E # 0 since (u ,  w )  is nondegenerate: (a, bc) = 0 for all a, 6,  c in V 
implies bc = 0 for all 6,  c in V ;  then el, ,  ve, in a,, = V implies 
0 = e12(vez) = v(P,, e,) = -ve,, # 0, a contradiction. It is an elementary 
property of determinants of order n that, if F contains more than n 
elements and if T is any linear operator on the n-dimensional space V of 
column vectors, then 

n 

det(a, ; ...; aj  T ;  ...; a,) = det(a,; ... ; a,) trace T ,  a, in V .  
i= 1 

In particular, for any T of trace 0 the left-hand side is 0, so that 
det (a, ; . . . ; a,) is called (Lie) invariant under any Tin&’( V), the (nZ - 1)- 
dimensional subspace (Lie subalgebra) of all elements of trace 0 in&(V). 
For, if Tis the matrix corresponding to T, then 

A = (a,; a,; ... ;a,) implies A T =  (a,T; a,T; ...; a,T), 

and we may equate the coefficients of 1 in two expressions for 
det(A + 1AT) as follows: 

det(A + l A T )  = det(a, + l a ,  T ;  a2 + l a ,  T ;  ...; a, + la ,  T) 

1 det(a,; ...; ai T ;  ...; a,) (mod 1’) 

and 

det(A + 1 A T )  = (det A)det(l + AT) = det A(l + 3, trace ?’ + . . a )  

= det A + l(det A)(trace T) (mod 1’). 

In our situation there are more than three elements in F, so 

det(aT; 6 ;  c)  + det(a; bT; c )  + det(a; b; cT) = det(a; b; c) trace T 
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for all a, b, c in our 3-dimensional V, T in @( V).  Using E # 0, we have 

(aT, bc) + (a ,  (bT)c) + (a ,  b(cT)) = 0 

for all a, b, c in V, T in @’( V ) .  If T* denotes the adjoint of T with respect 
to the nondegenerate form (u ,  w) connecting V and W, we have 

(a, (bc)T*) + (a, (bT)c) + (a, ~ ( c T ) )  = 0, 

or 

(3.80) 

for all b, c in V, T in  @‘(V). By (3.77) we may interchange e, and e, to 
obtain the dual relationship 

(3.81) (bc)T + (bT*)c + b(cT*) = 0 

for all b, c in W, T in W( V),  since T E @’( V )  is equivalent to T* E @’( W ) .  

3, = { D  I D E %(a), elD = O}. 

(bc)T* + (6T)c + ~ ( c T )  = 0 

Let 

For any T in@’(V), define DT by 

(ae, + u + w + Pe,)D, = uT-  wT*; 

a, in F,u in V, win W.Then DT is in 3,. For, if x = ael + u + w + be2 
and y = ye, + u‘ + w’ + Se, (u’ in V, w’ in W), then 

xy = (ay + (u,  w’))el + (au’ + 6u + ww’) 
+ (yw + Pw’ + uu’) + (PS + (u’, w))ez .  

Hence 

(XDT)Y + x(YDT)= ((uT, w‘> - <u, w’T*))ei 

+ (6uT - (wT*)w’ + au’T - w(w’T*)) 

+ ( ( u T ) ~ ’  - ywT* + ~ ( u ’ T )  - Pw’T*) 

+ ( - ( u ’ ,  wT*) + (u‘T, w))e2 

= (au‘ + 6u + ww‘)T - ( y w  + /?w’ + uu’)T* 

= (xY) DT 
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by (3.80) and (3.81), so that DT is in a(&) for all T in (E’(V). Also 
el DT = 0, implying DT is in 3,. Since DT = 0 implies T = 0, we have 

dim a, 2 dim(E’(V) = 8. 

Now a(&) contains all derivations of the form 

+ De1.u + D e , , w  > b in a,, u in V ,  w in W ,  

where Dx,z is defined by (3.70). Suppose that D = b + D,,,, + D,,,, 
= 0. Then 0 = el D = el D,,,, + el D,,,, = [el, [el, u] ]  - 3(e1, el, u) + 
[el, [ e 2 ,  w ] ]  - 3(e,, el, w) = u - w, Hence 
D,,, ,  = D,,,,  = b = 0, and we have a vector space direct sum 
3, + 3, + B2 c a(&) where 

implying u = w = 0. 

3 1  = {De , , ,  I u E v>, 3 2  = CD,,,, I w E w. 
Since dim IDi = 3 (i = 1, 2), it follows that 8 + 6 I dim a, + 6 I 
dim a(&) I 14, implying dim a(&) = 14 and o(8, n) = a(&) + &(&) + 
Lo(&). Also 

(3.82) a(&) = 3, + ID1 + 3, (direct sum). 

It is well known (and easy to verify) that, since the characteristic of F 
is # 3, the Lie algebra @’( V) is simple. Also, since the associative envel- 
oping algebra of (E’( V )  is @( V), we have 

(3.83) V@’(V) = V. 

We use these facts to show that a(&) is simple. Now T +  DT gives an 
isomorphism between the Lie algebras @’( V )  and 3, ; hence 3, is simple. 
Since e,  D = (1 - e l ) D  = 0 for all D in a,, it follows from (3.72) that 

(3.84) [DeI.u Dl = Del,uD [Dez,w Dl = Dez,wD 

for all D in a,, u in I/, w in W .  Also u in V, D in 3, imply uD = 
(e,ue,)D = e,(uD)e, so that VDo E V ;  similarly, WDo E W. Hence 
(3.83) and (3.84), together with the duality between V and W, imply 

P o  , 3 1 1  = a,, 

[a,, 311 E 3 2  9 

[Do 9 a21 = 3 2 .  

[a2 9 3 2 1  E a,. 
We shall also use the relationships 

(3.85) 
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For u, u’ in V ,  we have 

uD,,,,. = [u, [el, u’]]  - 3(e1, u,  u‘) = uu’ - u’u - 3uu’ 

= -(uu’ + u’u) - uu’ = -uu‘ 

by (3.18) and (3.21), and 

el D,,,,,, = [el, [el, u’ l l  - 3(el, el ,  u’) = u’. 

Hence 

CDe1.u 9 De,,u,I = Du,,u - De,,uu, = Du*,u + D e z m i  

by (3.72). But (3.73) implies that 

De,,uu* = -Duu,,ez = Du’e2.u + Dezu.ul = Du’,u 3 

so that 

(3.86) [D,,,., D,,,.~] = 2Dez,,,~ for all u ,  u’ in V .  

This establishes the first part of (3.85). Symmetrically, we have the 
second part of (3.85). 

Let 8 be an ideal of a(&), 8 # a@). We may apply Lemma 3.27 
with 9I = a@), G = 53, of dimension 8, 2 = a, + ID, of dimension 6, 
[a,, al + a,] = ID1 + lDz, to see that 8 is contained in a, + Dz. Let 

D’ = De1.u“ + De2.w 

be any element of 8, and take any u’ # 0 in V. Then 

CD’s De,,u,I = [De,,u,*, De,,u*l + [Dez,w 9 De,.u*l 

is in 8 c Dl + a,, so that (3.85) implies [D,,,,, D,,,,.] is in 3, + a,. 
But 

e2Del,,,,= [e,, [el, u’l] - 3(e,, e2 ,  u’) = -u ’  

and 

WDe,,u, = CW, [el, ~ ’ 1 1  - 3(e1, W, u’) 

= [w, u’] = (u’ ,  w)(e2 - el) = (u ’ ,  w>(2e2 - 1) 

by (3.77). Hence (3.72) implies that 
- CDe2.w De,.u,I = -Dul,w + (u ’ ,  ~)De2.2eZ- 1 - -Dut,w 
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is in Do since 

el Du,,w = [ e l ,  Cu’, wll - 3(u’,  e l ,  w) 

= (u’ ,  w ) [ e l ,  el - e,] = 0. 

Hence D,,,,w is in Do n (Dl + a,) = 0. For every u in V, we have 

0 = uD,,,, = [u,  [u’, w ] ]  - 3 ( ~ ’ ,  U, W )  

= (u ’ ,  w)[u,  el - e,] + 3(u’, w, u )  = (u’ ,  w ) u  - 3(u,  w)u’, 

or 

(3 .87)  (u’ ,  w)u - 3(u,  w)u’ = 0 for all u in V 

Let u = u’ in (3.87).  Then -2(u‘ ,  w)u‘ = 0, or (u’, w) = 0 since u’ # 0. 
That is, (3 .87)  implies ( u ,  w) = 0 for all u in V. Since (u,  w) is non- 
degenerate, we have w = 0. That is, any element D’ of !B is in Dl, Sym- 
metrically, D‘ is in I D 2 .  Hence !B E Dl n 3, = 0. We have shown that 
any ideal of D(C) is either D(C) itself or 0; D(Q) is simple. 

Corollary 3.29. Every derivation D of a Cayley algebra Q of charac- 
teristic #2, 3 is inner: 

Proof. By (3 .72)  the derivations 1 D,i,zi form an ideal in the simple 
algebra D(Q). This ideal is #O, since it is sufficient to prove this over an 
algebraically closed field. If 6 is a split Cayley algebra, we have seen in 
the proof of Theorem 3.28 that elD, , , ,  = u # 0 for any u # 0 in V. 

We omit the proof of the fact that every central simple Lie algebra 2 
of type G over F(of characteristic 2 2 ,  3 )  is isomorphic to D(Q) for some 
Cayley algebra Q over F, and that D(6,) z D(Q2) if and only if 6, s Q, 
(Jacobson [ 3 ] ;  Barnes [ I ] ;  Seligman [ 3 ] ) .  

Corollary 3.30. Every derivation D of a jinite-dimensional separable 
alternative algebra 2l of characteristic # 2,  3 is inner: 

(3.88)  D = R, - L, + 1 D, g in 8;  xi ,  zi in 2l; 
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where 0 is the nucleus of %. If% is of characteristic 0, we m y  take g = 0 
in (3.88). 

Proof. As in the proof of Theorem 2.5, it is sufficient to prove this for 
(separable) simple algebras %. Since 81 contains 1,  the center K of % is 
a finite separable extension of F, % is central simple over K, and the 
multiplication center is K* = (R,  I k in K }  by Theorem 2.1. Since Kis a 
characteristic subalgebra, any derivation D of % induces a derivation 
on K, which is 0 by the elementary fact already quoted preceding Theorem 
2.5. Hence [R,, D ]  = RXD implies 
(3.89) [R,, D] = 0 for all k in K ;  D in ID(%). 

For k in K, D in ID(%), define a new k D  by k D  = R,D. Then (3.89) 
implies that k D  is in ID('%), that ID(%) is a vector space over K, and that 
k [ D ,  D'] = [kD,  D'] = [D, kD']  for all k in K; D, D' in ID(%). That is, 
ID('%) is an algebra over K. Equation (3.89) yields ( k x ) D  = k(xD)  for all 
k in K,  x in a, so that any derivation D of % over F is not merely an 
F-endomorphism of % but a K-endomorphism of %. That is, 
ID(% over K )  = ID(%) over K. If 8 over K is a Cayley algebra, then every 
derivation of % has the form D,,,,, by Corollary 3.29. If % is a central 
simple associative algebra over K, it is well known (Jacobson [2]) that 
for arbitrary characteristic every derivation is of the form Re - Le. 
Hence (3.88) holds. It remains to remark that, for any g in a central 
simple associative algebra % over K of characteristic 0, we have a in K 
and x i ,  zi  in % satisfying g = a1 + 
by (3.70). 

[ x i ,  z i ] ,  so that Re - L, = 

In Chapter IV we shall have occasion to use the following theorem. 

Theorem 3.31 (Principle of triality). Let (c be a Cayley algebra of 
characteristic # 2, 3 with norm n(x), and let o(8, n) be the orthogonal Lie 
algebra of all U in@@) which are skew relative to n(x). For every U in 
o(8, n)  there are unique U', U" in o(8, n)  satisfving 

(3.90) (xy)U = (xU')y + x(yU") for all x, y in 6. 

Proof. To show the existence of U' and U", it is sufficient by linearity 
and (3.76) to show this for D in ID@), R, in Ro((c), L, in Lo@). If U = D 
is  in ID@), we may take U' = U" = D. If U = R, , we may take U' = - R, , 
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U" = R, + L,. For (3.90) is equivalent to R,U - U'R, = RyU", which 
holds by (3.69). Similarly, if U = L,, we may take U' = R, + L,, 
U" = -Lt .  To show the uniqueness, it is sufficient to verify this for 
U = 0: if U', U" are in o(8, n),  then 

(3.91) (xU')y + x(yU") = 0 for all x, y in 6 

implies U ' =  U" = O .  Let y =  1 in (3.91); then x U ' = x R g  for g in 6. 
Also U' = R, in o(8, n) implies g is in C o .  Similarly, x = 1 in (3.91) 
implies yU" = yL,, , h in 6. Hence (3.91) becomes 

(xg)y + x(hy) = 0 for all x, y in 6. 

Putting x = y = 1, we have h = -9, (x, g,  y )  = 0, g is in F1 n C0 = 0. 
Hence U' = U" = 0. 

This theorem is sometimes called the " local " or " infinitesimal " 
principle of triality. The analogue for groups is proved in Jacobson 
[16,II]. Automorphisms of Cayley algebras are studied in Jacobson [14]. 

Let 2l be a subalgebra of an algebra 23. By a derivation g f 2 l  into 23 is 
meant a linear transformation D of 91 into b satisfying 

(xy)D = (xD)y + x(yD) for all x, y in 2l. 

A generalization of Corollary 3.30 states that, if 2l is a separable sub- 
algebra of a finite-dimensional alternative algebra 23 of characteristic 
#2,3,  then any derivation D of 2l into 23 may be extended to an inner 
derivation of 23. (Also characteristic 3 may be included in a fashion we 
shall neglect to mention.) This is equivalent to the analogue for alter- 
native algebras of the first Whitehead lemma for Lie algebras (Jacobson 

The first Whitehead lemma fur alternufive algebras (Taft [2] ; Harris [2]) 
may be stated as follows: Let 2l be a finite-dimensional separable alter- 
native algebra over F of characteristic # 2, 3, let !Ul be a finite-dimen- 
sional alternative bimodule for 8, and let b = 2l + !Ul be the split null 
extension. Letfbe a one-cocycle of 2l into %I; that is, a linear transfor- 
mation of 2l into !Ill satisfying 

P51, P. 77). 

f (ab)  = f ( a ) b  + af(b) for all a, b in 2l. 
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Then there exist g in the nucleus of 6, xi in aY and zi in !Ul, satisfying 

f(a) = [a, g] + a C D,,,,, for all a in aY 
where D,,,,, is defined in (3.70). If F is of characteristic 0, we may take 

The first Whitehead lemma for Lie algebras (of characteristic 0) is 
used in the proof of the Theorem of Malcev-Harish-Chandra (Jacobson 
[25], p. 92). By a strictly analogous proof we have the following theorem : 
Let '2l be a finite-dimensional alternative algebra of characteristic 0 with 
Wedderburn decomposition (3.49) : 

g = 0. 

% = G + W y  

and let 6 be a semisimple subalgebra of CLI. Then there exists a (nilpotent) 
derivation D of 9l in the radical of the multiplication algebra !Ul(9l) such 
that the automorphism G = exp D of 9l carries 6 onto a subalgebra 
of 6 (Schafer [S]). As a corollary we have the fact that, if CLI has Wedder- 
burn decompositions 9l= G + W = G1 + W, then 6 and G1 are con- 
jugate under an automorphism G = exp D of the type above. It would 
be interesting to have an extension of this corollary to arbitrary fields; 
the result is known in that generality for associative algebras (Malcev [l]). 

As a final theorem in this chapter we mention the following: Let CLI be 
a finite-dimensional alternative algebra of characteristic 0. Then '% is 
semisimple if and only if its derivation algebra a(%) is semisimple (or 0). 
The proof combines several concepts which we have developed separately 
in this chapter (Schafer [S]). 



IV 

JORDAN ALGEBRAS 

1. THE RADICAL; SEMISIMPLE ALGEBRAS 

In the Introduction we defined a (commutative) Jordan algebra J 
over F to be a commutative algebra in which the Jordan identity 

(4.1) (xy)x2 = x(yx’) for all x, y in J 

is satisfied. Linearization of the Jordan identity requires that we assume 
F has characteristic f2 ;  we make this assumption throughout Chapter 
IV. It follows from (4.1) and the identities (4.2), (4.3) below that any 
scalar extension JK of a Jordan algebra J is a Jordan algebra. Clearly 
any commutative associative algebra is a Jordan algebra. 

Replacing x in 

(x, y, x2) = 0 for all x, y in J 

by x + l z  ( A  in F) ,  the coefficient of A is 0 since F contains at least three 
distinct elements, and we have 

(4.2) 

Replacing x in (4.2) by x + Aw ( A  E F), we have similarly (after dividing 
by 2) the multilinear identity 

(4.3) (x, y, wz) + (w, y,  zx) + (z, y, xw)  = 0 for all w, x,  y ,  z in J. 

2(x, y ,  zx)  + (z, y, x 2 )  = 0 for all x, y, z in J. 

91 
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Recalling that La = R,, since J is commutative, we see that (4.3) is 
equivalent to 

(4.4) [R, , R,,1 + [R,, R,,] + [R, , R,,] = 0 

and to 

for all w, x, z in J 

(4.5) R, R,, - R, R ,  R, + R ,  R,, - Ry(,,) + R, R,, - R, R ,  R,  = 0 

for all x, y ,  z in J. Interchange x and y in (4.5) and subtract to obtain 

(4.6) [Rz [Rx 9 RJ1 = R(X.2, y) = Rz[R,,RY] for all x,  y ,  z in 3. 

Now (4.6) says that, for all x,  y in J, the operator [R, , R,] is a deriva- 
tion of J, since the defining condition for a derivation D of an arbitrary 
algebra 9l may be written as 

[R, ,  D ]  = RZD for all z in 9l. 

Also (4.6) implies that the Lie multiplication algebra 2(J) of J is 
2(J) = R ( J )  + [R(J), R(J) ] .  Hence the inner derivations of any Jordan 
algebra J with unity element 1 are exactly the operators 

D = c CR,,, Ry11, x i ,  Y ,  in 3; 
i 

for, if D = R, + 
1D = u + 1 ( x i ,  1, y l )  = U .  

associative. We define powers of x by x1 = x ,  xi+' = xxi, and prove 

(4.7) x i x i  = x i + i  for all x in J. 

For any x in J, write 6, = {R,}  u { R x z } .  Then the enveloping algebra 
Q,* is commutative, since the generators R,, R,z commute by (4.1). 
For i 2 2, we put y = x,  z = xi-1 in (4.5) to obtain 

(4.8) 

[R, , ,  Ryl]  in 2(J) is a derivation of 3, then 0 = 

Our first objective is to prove that any Jordan algebra J is power- 

R , ~ + I  = R,i-lRX2 - R,I-IR, ' -  R X 2 R , i - ~  + 2R,R,i. 

By induction on i we see that R,i is in 6,* for i = 3, 4, ... . Hence 

R,iR,I=R,jR,l  for i , j = 1 , 2 , 3  ,... I 
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Then, in a proof of (4.7) by induction on i, we can assume that xixi+' = 
It follows that 

as desired. In the course of the proof we have seen that all R,, are 
contained in the subalgebra generated by R, and RX2. 

These are the only identities which we shall use directly. However, 
other important identities may be expressed in terms of 

{abc} = (ub)c + (bc)a - (ac)b. 

If '$I is associative, then in '$I+ we have {aba} = 2(b a) a - b * u2 = 
aba, so that { a b ~ } ~  = uba2ba = {a{ba2b}a}. Hence 

{aba}2 = {a{ba2b}a} 

is satisfied in any special Jordan algebra. However, it has been proved 
that the free Jordan algebra with two generators is special (Shirshov 
[l];  Jacobson and Paige [I]). Therefore, this two-variable identity is 
true for arbitrary Jordan algebras. Also the identity 

{ {aba}c{ aba} } = {a{ b{ aca }b }a )  

is satisfied in any Jordan algebra (Macdonald [l] ;  Jacobson [20]). The 
class V of all homomorphic images of special Jordan algebras may 
be defined by identities (Cohn [3]); some identities which are valid 
in V, but which do not hold for all Jordan algebras, are known 
(Glennie [l]). 

We wish to prove the analogue for Jordan algebras of Theorem 3.2: 
any Jordan nilalgebra J of finite dimension over F(of characteristic 2 2 )  
is nilpotent. The proof, due to Albert, is considerably more complicated 
than that of Theorem 3.2 because the identities involved in Jordan 
algebras are more complicated. However, the proof is not unduly long, 
and we include it in detail to provide a contrast with the simpler situ- 
ation for alternative algebras. As in the proof of Theorem 3.2 we shall 
be concerned with a subalgebra b of J and elements x in J satisfying 
(3.11): x b *  E b. Since J is commutative, xb* E 23 is equivalent to 
Xb E b. 



94 N. Jordan Algebras 

Lemma 4.1. Let b be a subalgebra of a Jordan algebra J. I f x S  E b, 
then 

(i) x2b2 cb, 
(ii) (x2b)b E 8, 
(iii) (x%)~% c b. 

Proof. For nonempty subsets Ip, Q, % of J, we use the notation 
('$3, Q, 8) for the ussociator subspace spanned by the associators 
(p, q, r), p in '$3, q in Q, r in %. Then (4.2) and (4.3) imply 

(4.9) (x2, Q, '$1 = (Ip, Q, x2) E (x, Q, ~ ' $ 3 )  = (xV, Q, x) 

and 
(4.10) ('$3, Q, f12) c m, Q, '$3% 

x2b2 c (x, x, b2) + x(xb2) E (23, x, xb)  + x(xb) 

respectively. To prove (i), we compute 

c (b,x,b)  + x b  c b 
by (4.10). Then (4.9) and (i) imply (ii) as follows: 

(x2B)b E (xZ,b,!B) + x2bZ E (xb, b, x) 4- 23 E b. 

(x2b)2b c [(XZ, b, XZb) + x2(S(xZb))]S. 

(XZ, by x2b)b E (x(x%), 9, x)% = (X*(XS), 8, x)b 

c (x2b, 23, x)b E [((x%)S)x + (x2b)(Bx)]b 

E [bx  + (X2b)S]S E b 

[xZ(b(x2b))]B c (x223)S E 23 

For (iii) we begin with 

(4.1 1) 

Now (4.9) implies 

by (ii). Also 

by (ii). Hence (4.1 1) implies (iii). 

Lemma 4.1 tells us that, if z is in x2b, then zb G 23 and z2b  E %. 
In the proof of Theorem 4.3 we shall also have occasion to use the fact 
that, if zb G b and z2b c b, z in J, then zkb c b fork  = 1,2,3, ... . 
For we have seen that R, and Rz2 generate all Rzk.  It follows that 
2% E b for k = 1,2,3, ... , as desired. 
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Lemma 4.2. Let 23 be a finite-dimensional solvable subalgebra of a 
Jordan algebra 3 (of characteristic #2 ) .  Then 23* is nilpotent. 

Proof. If 23 # 0, there exist a proper (solvable) subalgebra C of 23 and 
an element w # C such that 23 = F w  + C and 23’ c C. For 23/23’ (# 0) 
hasa basisofcosets w + B’, w2 + B’, ... , w, + %’.Then6 = Fw, + . a .  

+ Fw, + 23’ is a subalgebra of 23. We use this fact to give a proof of the 
lemma by induction on the dimension of 23. The result is clearly true 
if 23 = 0, and we assume that, for the solvable subalgebra C above, 
a* is nilpotent: (C*)k = 0. Let 

$3 = b*C* + a*. 

Hx,y,z = R,  Rz, + R, Rz, + Rz Rx, - R y ( z x )  

Since 23’ c C, we have 

in $3 for all x, y, z in 23. Then (4.5) implies that 

R, Ry Rz + Rz Ry R x  = H x , y , z  

is in $3 for all x, y, z in 23. Every product of three right multiplications 
corresponding to elements of 23 = Fw + C may be expressed as a linear 
combination of products RaRb&, where each of a, b, c is either in C 
or equal to w. If c is in 6, then RaRbR, is in b*E* E $3. If c = w and a 
is in C, then 

Ra Rb Rc = Ha,b,c - Rc Rb Ra 

is in $3. Finally, if a = c = w, then 

2Ra Rb  Rc = Hlr,b,c $3, 

so Ra Rb R, is in 5. Hence R, R ,  R, is in $3 for all x, y, z in b, implying 
(S*)3 c $3 = B*C* + C*. Then 

( S * ) 4  c (23*)%* + B*C* = %*a*, 
which is the case i = 1 of 

(4.12) i = l , 2 , 3  ,.... 
Assuming (4.12), we have 

(,*)31+4 E (23*)4(C*)i E B*(C*)’+l, 

as desired. Then (a*)‘ = 0 implies (23*)3k+1 = 0, 23* is nilpotent. 



96 Iv. Jordan Algebras 

Theorem 4.3 (Albert). Any finite-dimensional Jordan nilalgebra J 
(of characteristic # 2) is nilpotent. 

Proof. We prove first by induction on the dimension of J that J is 
solvable. If J is generated by a single element, then the commutative 
associative algebra 3 is nilpotent (hence solvable). Therefore, in our 
inductive proof, we may take a maximal proper subalgebra 23 # 0 of J 
and know that 23 is solvable. By Lemma 4.2, b* is nilpotent, (23*)' = 0 
for some positive integer r. If 323 E 23, then 23 is an ideal of J, and 
3/23 is a nilalgebra of lower dimension than J. Hence 3/23 is solvable 
by the inductive hypothesis, and J is solvable by Proposition 2.2. We 
assume therefore that B does not contain 323. Then 

JB* $23, J(S*)l= 0 s 23, 

imply that there exists a smallest integer m 2 2 such that J(B*)" E 8. 
Then 23 does notcontain3(23*)"-',and thereexistsx ~ J ( 2 3 * ) ~ - ' ,  x # B, 
such that x23 E 23. If 23 contains ~'23, we can apply the observation 
which precedes Lemma 4.2 to z = x # b. Otherwise, 23 does not contain 
~'23, and there exists b in 23 such that y = x2b 4 23. By Lemma 4.1 we 
have y23 E 23 and y2b E 23. Here we may apply the same observation 
toz  = y # b. In bothcaseswehavez $23 withz% E %fork = 1,2,3, ... . 
Since 23 is a maximal proper subalgebra of J, the subalgebra of J 
generated by 23 and z is J itself. But zk23 c 23 for k = 1, 2, 3, . . . implies 
that 23 is an ideal of J, a contradiction. Hence J is solvable. By Theorem 
2.4 and Lemma 4.2, J is nilpotent. 

As in Chapter 111, this means that there is a unique maximal nil- 
potent (= solvable = nil) ideal % of any finite-dimensional Jordan 
algebra J which is called the radical of 3. Defining J to be semisimple 
in case % = 0, we have seen that J/% is semisimple. The proof that 
any semisimple Jordan algebra G is a direct sum 6 = G1 @ ... @ 6, 
of simple G, is quite complicated for arbitrary F; we shall use a trace 
argument to give a proof by DieudonnC's Theorem 2.6 for F of 
characteristic 0. 

As a consequence of Lemma 4.2, we have 

Proposition 4.4. Let J be a (possibly infinite-dimensional) Jordan 
algebra of characteristic 2 2 ,  and x be a nilpotent element of 3. Then 
R, is nilpotent. 
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Prooj Any nilpotent element x in J generates a finite-dimensional nil- 
potent subalgebra b of J. Lemma 4.2 implies that b* is nilpotent. 
Hence R, in b* is nilpotent. 

Let e be an idempotent in a Jordan algebra 3. Put i = 2 and x = e 
in (4.8) to obtain 

2Re3 - 3Re2 + Re = 0 ;  

that is, f (Re) = 0 where f (A) = (A - 1)(2A- 1)A. Hence the minimal 
polynomial for Re divides f (A), and the only possibilities for character- 
istic roots of Re are 1, +, 0 (1 must occur since e is a characteristic 
vector belonging to the characteristic root 1 : eRe = e2 = e # 0). Also 
the minimal polynomial for Re has simple roots. Hence 3 is the vector 
space direct sum 

(4.13) J = 31 + J1/2 + 309 
where 

Zi = {x i  I x,e  = ix i } ,  i = 1, f-, 0. 

Taking a basis for J adapted to the Peirce decomposition (4.13), we see 
that Re has for its matrix relative to this basis the diagonal matrix 
diag{l, 1, ... , 1, i,+, ... , +,O,  0, ... ,0} where the number of 1's is 
dim J1 > 0 and the number of f-'s is dim J1/2. Hence 

(4.14) trace Re = dim J1 + dim Jl / t .  

If F has characteristic 0, then trace Re # 0. 

Theorem 4.5 (Albert). The radical W of any finite-dimensional Jordan 
algebra 3 over F of characteristic 0 is the radical J 1  of the trace form 

(4.15) ( x ,  y )  = trace R,, for all x, y in J. 

Proof: 
from (4.6) that (x, y )  is a trace form: 

Without any assumption on the characteristic of F it follows 

( x y ,  z )  - ( x ,  y z )  = trace R(x,y ,r)  = trace [ R , ,  [R , ,  R , ] ]  = 0 

since the trace of any commutator is 0. Hence 3' is an ideal of J. If 
J were not a nilideal, then (by Proposition 3.3) J ' would contain an 
idempotent e (#  0) and, assuming characteristic 0, (e, e )  = trace Re # 0 
by (4.14), a contradiction. Hence J' is a nilideal and 3' c W. 
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Conversely, if x is in 'ill, then xy is in 'ill for every y in J, and R,, is nil- 
potent by Proposition 4.4. Hence (x, y )  = trace Rxy = 0 for all y in J ;  
that is, x is in 3'. Hence 'ill c J', 'ill = J'. 

Corollary 4.6. Any (jinite-dimensional) semisimple Jordan algebra J 
over F of characteristic 0 is (uniquely) expressible as a direct sum 
J = 6, 0 a e '  0 6, of simple ideals Gi . 

Proof: By Theorem 4.5 the (associative) trace form (x, y) = 
trace R,, is nondegenerate; hence hypothesis (i) in Theorem 2.6 is 
satisfied. Also any ideal 23 such that B2 = 0 is nilpotent; hence 23 = 0, 
establishing (ii). 

As mentioned above, Corollary 4.6 is actually true for F of charac- 
teristic # 2 (Albert [13]; Jacobson [23]). What remains then, as far as 
the structure of semisimple Jordan algebras is concerned, is a deter- 
mination of the central simple algebras. The first step in this is to show 
that every semisimple J (hence every simple J) has a unity element 1. 
Again the argument we use here is valid only for characteristic 0, where- 
as the theorem is true in general (Albert [13]; Jacobson [23]). 

We begin by returning to the Peirce decomposition (4.13) of any 
Jordan algebra J relative to an idempotent e .  The subspaces J1 and 
Jo are orthogonal subalgebras of J which are related to the subspace 
J1,2 as follows: 

(4.16) J 1 / 2  J 1 / 2  E 31 + 30 3 31 Jl/2 E 3 1 / 2  > JOJ1/2 = 3 1 / 2  ' 

For we may put x = e,  z = xi E J i ,  y = y j  E Jj in (4.2) to obtain 
2i(e,  y j  , xi) + (xi, y,, e)  = 0, or (1 - 2i)[(xi y j )e  - j (xi  y j ) ]  = 0, so that 

JiJjsJj if i # + .  

Hence 

312 c 31, 302 30, 3130 = 3031 c 30 n 31 = 0, 

so J, and Jo are orthogonal subalgebras, and also the last two inclusions 
in (4.16) hold. Put x = xlI2, z = yl/2, y = w = e in (4.3) and write 
xl/z yl12 = a = a, + alI2 + a, to obtain 

3(X, /2 ,  e, Y I / d  + (e, e,  a)  + +(Y1,2 3 e9 X1/2) = (e, e? a)  = 0. 
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Hence 

ea - e(ea) = a1 + f a l j 2  - e(al + f a l j 2 )  

= a l  + $alj2 - a l  - $all2 = 4alI2 = 0. 

Hence x,12y1j2  = a, + a, in J1 + so, establishing (4.16). 

(4.17) trace Rb = 0 for all b in slj2. 
For b in JIj2 implies 

Now 

trace Rb = 2 trace Re,, = 2(e, b) = 2(e2, b) = 2(e, eb) = (e, b) 

since (4.15) is a trace form, so trace R,  = 0. If x = x1 + x l j 2  + xo , 
y = y1 + y l j 2  + y o  in accordance with (4.13), we have 

X Y  = (XI Y l  + X l j 2  Y l / 2  + X O Y O )  + (x1 Y l j 2  + x1/2 Y1 + x1/2 Y o  + X O Y l j 2 )  

with the last term in parentheses in Jlj2 by (4.16). Hence (4.17) implies 
that 

(x, Y )  = trace Rxly1+x,,2y,,*+x0y0 * 

Now x l j 2  y1,2 = c = c1 + co (ci in Ji) implies 

trace R,, + trace R,, = trace R,  = ( x l j 2 ,  ylj2) = 2(exlj2, ylj2) 

= 2(e, x1 j2  ~ 1 / 2 )  = 2 trace Re(cl+co) 

= 2 trace R,, , 

so that trace R,, = trace Rco .  Hence 

(4.18) (x, y )  = trace R x l y l + r o ,  zo = 2c0 + x o y o  in Jo. 

Just as for alternative algebras, it is easy to see that any finite- 
dimensional Jordan algebra J which is not a nilalgebra contains an 
idempotent e with the property that there is no idempotent in the sub- 
algebra so given by the Peirce decomposition (4.13) relative to e ;  
equivalently, Jo is a nilalgebra. Such an idempotent in J is a principal 
idempotent. 

Theorem 4.7. Any semisimple Jordan algebra J # 0 of finite dimension 
over F of characteristic 0 has a unity element 1. 
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Proof. J has a principal idempotent e. Then Jo is a nilalgebra, so 
that ( x ,  y )  = trace Rxlyl  by (4.18) and Proposition 4.4. Hence x in 
JIl2 + Jo implies x1 = 0, ( x ,  y )  = 0 for all y in 3, so x is in J*. That is, 
Jl12 + Jo E J' = % = 0, or 3 = Jl, e = 1. 

If J contains 1 and el # 1, then e2 = 1 - el is an idempotent, and the 
Peirce decompositions relative to el and e2 coincide (with differing sub- 
scripts). We introduce a new notation: J l l  = (= J0.e2), J12 = 

e2 + ... + e, for pairwise orthogonal idempotents e i ,  we have the re- 
fined Peirce decomposition 

31/2,e1 ( = 3 1 / 2 , e J ,  3 2 2  = 30 ,e I  (= J1,eZ). More generally, if 1 = + 

(4.19) J = C Jij 
i s j  

of J as the vector space direct sum of subspaces 

3ii = Jl,er (1 I i I t ) ,  

3ij = 31/2,er n J1 /2 , e ,  (1 5 i < j  5 1 ) ;  

that is, 

(4.20) Jii = {X I x E 3, xei = XI, 
Jij = J j i  = { x  I x E 3, xe, = fx = x e j } ,  i # j .  

Multiplicative relationships among the Jij are consequences of (4.16) 
and the statement preceding it. 

2. CENTRAL SIMPLE JORDAN ALGEBRAS 

We recall that an idempotent e in J is called primitive in case e 
cannot be written as the sum e = u + v of orthogonal idempotents; 
that is, e is the only idempotent in sl. Also e is absolutely primitive in 
case it is primitive in any scalar extension JK of 3. A finite-dimensional 
central simple Jordan algebra J is called reduced in case 1 = el + ... + e, 
for pairwise orthogonal absolutely primitive idempotents ei  in J. In 
this case it can be shown that the subalgebras Jii in the Peirce decom- 
position (4.20) are 1-dimensional (Jii = Fei). If J is a finite-dimensional 
central simple algebra over F, there is a scalar extension JK which is 
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reduced (for example, take K to be the algebraic closure of F),  and it 
can be shown that the number t of pairwise orthogonal absolutely 
primitive idempotents e ,  in JK such that 1 = el + + e,  is unique; 
t is called the degree of J. 

We list without proof all (finite-dimensional) central simple Jordan 
algebras J of degree t over F of characteristic 2 2  (Albert [6] ,  [13]; 
Kalisch [I]; Jacobson and Jacobson [l]; Jacobson [13]). Recall from 
the Introduction that J is a specialJordan algebra in case J is isomorphic 
to a subalgebra of an algebra %' where % is associative and multiplica- 
tion in 21' is defined by 

(4.21) x y = +(xy + yx). 

We say that each algebra is of type A, B, C, D, or E listed below. 
A,. J r 21' with % any central simple associative algebra (neces- 

sarily of dimension t 2  over F) .  
A,,. Let '.u be any involutorial simple associative algebra over F, the 

involution being of the second kind (so that the center 3 of % is a 
quadratic extension of F and the involution induces a nontrivial auto- 
morphism on 3) (Albert [24], p. 153). Then J z &(%), the t2-dimen- 
sional subalgebra of self-adjoint elements in the 2t2-dimensional algebra 
21". If J is of type AI or AI,, and if K is the algebraic closure of F, 
then JK E K,' where K, is the algebra of all t x t matrices with elements 
in K .  

B, C .  Let % be any involutorial central simple associative algebra 
over F (so the involution is of the first kind). Then J z &(%), the sub- 
algebra of self-adjoint elements in %+. There are two types (B and C )  
which may be distinguished by passing to the algebraic closure K of F, 
so that is a total matrix algebra. In case B the (extended) involution 
on '21K is transposition ( a - r a ' )  so that % has dimension t2  and J has 
dimension +t(t + 1) over F. In case C the (extended) involution on '' so that 2I has dimension 4t2 and is a -+ g- la 'g  where g = 

J has dimension 2t2 - t over F. 
Let ( x ,  y )  be any nondegenerate symmetric bilinear form on a 

vector space 91 of dimension n 2 2. Then J is the vector space direct 
sum J = F1 + '%I, multiplication in the (n + 1)-dimensional algebra J 
being defined by xy = ( x ,  y)l for all x ,  y in !Illuz. Here t = 2 (dim J 2 3). 

( - 4  0 )  

D. 
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E. The algebra of all 3 x 3 matrices with elements in a Cayley 
algebra 6 over F has the standard involution x + 2' (conjugate transpose). 
The 27-dimensional subspace !5(C3) of self-adjoint elements 

(4.22) X =  ($ r", !), ti in F, a, b , c  in 6, 

is a (central simple) Jordan algebra of degree t = 3 under the multi- 
plication (4.21) where xy is the multiplication in 6, (which is not 
associative). Then J is any algebra such that some scalar extension 

A central simple Jordan algebra of degree 2 (that is, of type D) is a 
commutative quadratic algebra with 1 (a2 - t(a)a + n(a)l = 0) having 
nondegenerate norm form n(a), and conversely. For a = a1 + x, X E  !Ul, 
implies a2 - t(a)a + n(a)l = 0, where t(a) = 2a, n(a) = a' - (x ,  x), and 
n(a) is nondegenerate if and only if (x, y )  is. 

The algebras of types A, B, C are special Jordan algebras by defini- 
tion. An algebra of type D is a subalgebra of a', where 'ill is the 
(associative) Clifford algebra of (x, y )  (Artin [2], p. 186). But algebras of 
type E are not special (as we show below), and are therefore called 
exceptional central simple Jordan algebras. Exceptional Jordan division 
algebras exist over suitable fields F ;  but not, for example, over a finite 
field or the field of all real numbers (Albert [20]). If an exceptional 
central simple Jordan algebra J is not a division algebra, then it is 
reduced, and J is isomorphic to an algebra !5(C3, I-) of self-adjoint 
elements in 6, under a canonical involution x +  r-'X'r where r = 
diag{y,, y 2 ,  y 3 } ,  y i  # 0 in F. Isomorphism of reduced exceptional simple 
Jordan algebras is studied in Albert and Jacobson [l]. 

The unifying feature in the list of central simple Jordan algebras 
above is that, for t > 2, a reduced central simple Jordan algebra is 
isomorphic to the algebra B(ID,, r) defined as follows: ID is' a com- 
position algebra (that is, an alternative algebra of dimension 1, 2, 4, 
or 8 with unity element u and involution d --f a satisfying d + a E Fu, 
dd = n(d)u, n(d) nondegenerate on ID); ID, is the algebra of all t x t 
matrices with elements in ID; r = diag{y,, y2, ... , y, } ,  yi # 0 in F. 
Then x + r-'Z'r is a canonical involution in ID,, and the set $(a,, r) 
of all self-adjoint elements in ID, is a subalgebra of ID,' ; that is, we do 
not need 2I associative to define '$1' by (4.21). If ID is associative, then 

b t 3  

J K  b(63)K (= ! 5 ( ( 6 K ) 3 ) ) .  
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3, = 3 63 F, is associative, and J Z @(a,, r) is a special Jordan 
algebra. If 3 is not associative, then ,7 E @(D,,l-) is not a Jordan 
algebra unless t = 3. Hence we have J of type B if 3 = F1;  3 of type 
A if 3 = 3 (type AI if 3 = F 0 F;  type All if 3 is a quadratic field over 
F ) ;  J of type C if 3 = Q; J of type E if t = 3 and 3 = 6. The corres- 
ponding dimensions for J are clearly t + f t ( t  - I)(dim a); that is, 
+t(t + 1) for type B, t Z  for type A, 2tZ - t for type C, and 27 for type E. 

We have stated these results without proof, but it is interesting to have 
at least an indication of how this relationship between alternative and 
Jordan algebras emerges. Let J be a reduced central simple Jordan 
algebra of degree t > 2 over F. Then .\?ii = Fei (i = 1, . . . , t )  in the Peirce 
decomposition (4.19). Since JijJij E Jii + Jjj = Fei + Fej, we have 
x;j = 4aei + 48ej for all x i j  in Jij (i # j ) .  Then (xi2iei)xij = x$(eixi j )  
yields 2ctxij = (a  + /?)xij,  or tl = 8. That is, 

x$ = Wij(xij)(ei + e j )  for all x i j  in J i j ,  

where Nij (x i j )  is a quadratic form on Jij, which may be shown to be 
nondegenerate. For i, j ,  k distinct, the properties of the Peirce decom- 
position include 

J i j  J j k  E J k i  ( i , j ,  k distinct); 

put x = yjk, y = e,, z = x i j  in (4.2) to obtain 

Next put x = x i j ,  y = z = yjk in (4.2) to obtain 

( i , j ,  k distinct). Take t i j k  in s j k  with N j k ( t 4 j k )  # 0; it is convenient to 
normalize this choice so that 

Equation (4.24) and the nondegeneracy of Nij (x i j )  imply that the linear 
mapping x i j + x i j l ( j k  is (1-1) from Jij into s k i .  Hence dimsi, 5 
dim 3 k i  I dim 3 j k  I dim J i j  implies that the subspaces J i j  (i Z j )  all 



104 IV. JordanAlgebras 

have the same dimension and that xi, -+ x i j u j k  is a vector space isomor- 
phism between Ji, and (i , j ,  k distinct). Let d and d' be arbitrary 
elements in Jlz . Then ( ~ 3 1  d)(d'~23) is in 323 J31 E J12, so that 

d * d' = ( ~ 3 1  d)(d'u,3) for all d, d' in Jlz 

is a bilinear multiplication in J12. We write 3 for the algebra Jlz 
equipped with this multiplication, and N(d) for the nondegenerate 
quadratic form N12(d) on 3. Now u = UzJI(31 in Jlz is a unity element 
in 3, since 

* = (u31 d)((u23 u31)u23) = N23(u23)((u31 d)u31) 

= N23(U23)N31(u31)d= 

by (4.23), and similarly u * d = d for all d in 9. Also 

for all d, d' in 3 by (4.24); that is, N(d) permits composition. Hurwitz's 
Theorem 3.25 implies that 3 is a composition algebra, one of the alter- 
native algebras of dimension 1, 2, 4 or 8 studied in Chapter 111. 

Theorem 4.8 (Albert). Any central simple Jordan algebra J of type E 
is exceptional (that is, is not a special Jordan algebra). 

Proof. It is sufficient to prove that &(a3) is not special. For, if J were 
special, then J g J' E 8' with % associative implies JK = K@ J z 
K@ 3' G K@ %+ = (K@ '$I)+ = 21Kf so that &((CK)J z JK is special, 
a contradiction. 

Suppose that &(a3) is special. There is an associative algebra % (of 
possibly infinite dimension over F )  such that U is an isomorphism of 
&(a3) into '$3'. For i = 1,2, 3 define elements ei in % and 8-dimensional 
subspaces 

of % by 
Gi = {d,  IdEa} 

X U =  tiel + t 2 e 2  + t 3 e 3  + al + b, + c3 
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for x in (4.22); that is, for ti in F and a, b, c in B. (Note that our nota- 
tion is such that we will never use e for an element of 6.) Then 

6 = Fel + Fez + Fe3 + GI + 6, + 6, = !5(e3)U 

is a 27-dimensional subspace of %. G is a subalgebra of 'W. The map- 
ping V =  U-' defined on G (not on all of %) is an isomorphism of 6 
onto !jj(B3): 

(4.25) (XU yU)V = x * y for all x, y in !5(B3), 

Performing the multiplications in !jj(B,), we see that (4.25) yields 

(4.26) e; = ei (# 01, i =  1,2 ,3;  

(4.27) ei  * ej = 0, i#j; 

(4.28) ei - a, = 0, a i n C ,  i =  1,2 ,3;  

(4.29) e,  aj = f a j ,  a i n  B, i#j; 

(4.30) 

where (a, b) is the nondegenerate symmetric bilinear form (3.60) 
associated with n(a); and 

(4.31) 2ai * bj = (b&, a, b in a, i, j ,  k a cyclic permutation of 
1 ,  2, 3. 

a, - b,  = (a, b)(ej 4- e k ) ,  a, b in 6, i , j ,  k distinct, 

Now (4.26) and (4.27) imply that e ,  (i = 1,2, 3) are pairwise orthogonal 
idempotents. For % is associative, so e ie j  + ejei  = 0 for i # j  implies 

ei2ej + e ie j e i  = o = eiejei + eje,2, 

or eiej  = eje , ;  hence eiej = 0 for i # j. By an identical proof it follows 
from (4.28) that 

(4.32) eiai = aiei = 0, i = 1, 2,3. 

For i, j ,  k distinct, (4.29) implies eiaj  + ujei = aj = ekaj + alek; then 
faj  + aj f = 2uj for theidempotent f = e ,  + ek. Hence f 'aj + f a j f =  2&, 
so faj  f = f a j ,  and similarly faj  f = a,f; that is, fa, = aj f = uj:  

(4.33) (e,  + ek)aj = aj = aj(e, + ek), i, j, k distinct. 



106 IV. JoldaaAlgebras 

Also (4.29) implies elaj  = a,- a,el ,  so e,a,ei = ale, - ale: = 0 :  

(4.34) elajel  = 0, i # j .  

For any a in 6, define 
a' = el a ,  u3 in a, 

where u is the unity element of 6. Then 

(ab)' = e,(ab), u3 = el@, dz + li2 6 1 ) ~ 3  = el t iz 6, u3 

by (4.31) and (4.32). Also (4.31) implies a, u1 + ui a3 = ( ~ l l i ) ~  = CZ and 

(4.35) ~ 2 b 3  + b 3 ~ 2  = 61. 

Hence(ab)' = el(a3 ul -k ul a,)(& + b3 u Z ) U ~  = el a, ul(uz b3 + b3uz)u3 
by (4.32). Now 

b3u2 u3 = b3 uz(el + e3)u3 = 6 ,  u2 el u3 = (6, - u2 b3)e1 a3 = - u2 b3 el u3 

= -u,(el + e,)b3elu, = -u,e,b,e,u, = 0 

by (4.32)-(4.35). Also 

u1 uz u3 = ul uz(el + ez)b3 = u1 u2 el b3 = (u3 - u2 ul)el b3 = u3 el b,. 

Hence 

(ab)' = el a ,  ul u2 b3 24, = el a, 24, el b,  u3 = a'b'. 

Clearly the mapping a + a' is linear; hence it is a homomorphism of 
onto the subalgebra 6' of 'ill consisting of all a'. Since (r. is simple, the 

kernel of this homomorphism is either 0 or C; in the latter case 0 = u' = 
e, u3' = el(el + ez) = el # 0 by (4.30), and we have a contradiction. 
Hence a + a' is an isomorphism. But 6' is associative, whereas 6 is not. 
Hence $(a,) is an exceptional Jordan algebra. 

Just as for alternative algebras, a finite-dimensional Jordan algebra 
J is separable if and only if J = Gl @ *.. @ G, is semisimple with the 
center Ci of each simple component Gi being a separable extension of F. 

We state without proof the Wedderburn principal theorem for Jordan 
algebras which is analogous to Theorem 3.18 : Let J be a finite-dimen- 
sional Jordan algebra over F of characteristic 22 ,  and let '3 be its 
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radical. If J/W is separable, then 3: = G + 3 (direct sum) where B is 
a subalgebra of J, G z J/W. 

The proof, in Penico [l], of this theorem is valid for characteristic 2 2  
since there are no central simple Jordan algebras for characteristic 
p > 2 different from those at characteristic 0. 8’ is not in general an 
ideal of J, but it turns out that 3%’ + %’ is an ideal properly contained 
in W (if W # 0), so the usual inductive argument may be used to reduce 
the proof to the case W’ = 0. Here a lifting process by separate cases, 
similar to that in Lemmas 3.20 and 3.21, is employed. Some of Penico’s 
computations may be eliminated by a method sketched in Taft [l]. 
However, it would be desirable to have a proof, if only for characteristic 
0, which does not depend upon the classification of central simple 
Jordan algebras. The second Whitehead lemma for Jordan algebras of 
characteristic 2 2  is valid, since it is equivalent to the case W’ = 0 of 
the Wedderburn principal theorem. For its statement we require the 
notion of a Jordan bimodule, which is the analogue of an alternative 
bimodule. 

Let J be a Jordan algebra over F of characteristic 2 2 ,  and W be a 
vector space over F. Then W is a Jordan bimodule for J in case there are 
two bilinear compositions mu, am in ‘9l (m in W, a in J) satisfying 

mu = am for all a in 3, m in W, 

and 

(4.36) (a’, m, a) = (a2, b, m) + 2(ma, b, a) = 0 

for all a, b in J, m in W. Linearization of (4.36) gives 

(ab, m, c )  + (bc, m, a) + (ca, m, b) = 0, 

(ac, b, m) + (ma, b, c) + (mc, b, a) = 0 

for all a, b, c in 3, m in W. The vector space direct sum 3: + IDZ is 
made into a Jordan algebra (the split null extension or semidirect sum), 
by defining multiplication by 

(4.37) 

(a + mJb + m2) = ab + (ml b + am2) 

for all a, b in J, mi in fuz; W is an ideal of J + W, and W’ = 0. 
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The linear operators So (a in J) defined by 

S a : m + m a = a m  forall minIDZ 
satisfy 

(4.38) s a l  s a  = s a  S a l ,  SaZb - S b  SaZ + 2sa Sb s o  - 2sa sba  = 0 

for all a, b in 3, and the mapping a 3 So is called a representation of 3. 
Conversely, any linear mapping a + Sa of J into some (€(%It) which 
satisfies (4.38) yields a Jordan bimodule %R when compositions in %It 
are defined by ma = am = mS, (a in 3, m in m). The right multiplica- 
tions R, of J give rise to the regular representation of J. 

The second Whitehead lemma for Jordan algebras may be stated as 
follows : Let J be a finite-dimensional separable Jordan algebra of 
characteristic 2 2 ,  and let IDZ be a Jordan bimodule for J. Let f be a 
bilinear mapping of J into %It satisfying two conditions: 

f ( a ,  6) = f ( b ,  a) for all a, b in J 
and 

where 
F(a2, b, a) = -(f(a, a), b, a) for all a, b in 3 

F(u, b, C) = f (a, b)c + f (ab, C) - af(6, C) - f (~ ,  bc). 

Then there exists a linear mapping g of J into %It such that 

f ( a ,  b) = a&) + g(a)b - g(ab) for all a, b in J, 

That the second Whitehead lemma is equivalent to the case 9Z2 = 0 
of the Wedderburn principal theorem may be seen in exactly the same 
way that Proposition 3.22 was shown to be equivalent to the case 
912 = 0 of Theorem 3.18. 

3. DERIVATIONS; SIMPLE LIE ALGEBRAS OF TYPE F 

Since 1950 there has been considerable research activity on the rela- 
tionships among Cayley algebras and Cayley planes, exceptional central 
simple Jordan algebras, and the exceptional simple Lie algebras and 
groups. We have listed a number of these papers in the bibliography, 
but we do not try to duplicate the admirable chronology and the refer- 
ences which appear in Freudenthal [4]. 
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Let 6 be any Cayley algebra over F, and let J be the exceptional 
central simple Jordan algebra 3 = 9(C3). Write x in (4.22) as 

(4.39) 

(Ti in F; a, b, c in a). Then we have the Peirce decomposition 

(4.40) 

of J = sj(C,) where (4.20) implies 

x = <,el + t2e2 + 5,e3 + a ,  + b2 + c3 

J =  Fe, +Fez + Fe, +31 + J 2  + 3 3  

Jii =Jk = {dk I d in a}, i , j ,  k distinct, 

The multiplicative rules (4.26H4.3 1) hold. Commutativity, bilinearity, 
and the multiplicative rules (4.26)-(4.3 1)  characterize the multiplication 
in J = B(C3). We can without ambiguity drop the * in the products, 
writing xy for the product in J. As in the proof of Theorem 4.8, we 
denote by u the unity element in a, reserving the notation 1 for the unity 
element 1 = el + e2 + e3 in 3. 

(4.41) x3 - T(x)x2 + Q(x)x - N(x)l  = 0,  

where x2x = xx2( = x3)  since J is commutative, and x in (4.22) implies 
(4.41) where 

Any element x in J = &(a3) satisfies a cubic equation 

T(x), Q(x), N(x) in F, 

(4.42) T(x) = 51 + 5 2  + 5 3  9 

Q ( 4  = 51 5 2  + 5 2  5 3  + 5 3  51 - Na) - N b )  - Nc) 

= 3 [ ( w ) 2  - T(XZ)1, 

and 

(4.43) N(x)  = 5 1 5 2  5 3  - 51 44 - 5 2  n(b) - 5 3  44 + w4. 
If F has characteristic 2 3  (as well as #2), formula (4.43) may be 
written as 

N ( x )  = t[(T(x))3 - 3T(x)T(x2) + 2T(x3)]. 

Taking a basis for J adapted to the Peirce decomposition (4.40), we 
can compute the diagonal elements of a matrix for R,, x in (4.39), 
easily from (4.26) to (4.31), obtaining 

(4.44) trace R, = 9T(x) for all x in J. 
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Define 
(4.45) ( x ,  y )  = T(xy) for all x, y in 3. 

For x in (4.39) and 

y =  v l e i  + vze2 + v3e3 +.A + g 2  + h 3  (qi  in F; f , g ,  h in 6) 

we have 

(4.46) 
3 

i =  1 
(x, Y) = c t i v ,  + W , f )  + w, 9 )  + 2(c, 4, 

where ( , ) is the nondegenerate symmetric bilinear form (3.60) on 6. 
Clearly ( x ,  y )  is a symmetric bilinear form on J. Also ( x ,  y )  is non- 
degenerate: (x, y )  = 0 for all y in J implies t1 = t, = t3 = (a, f) = 
(b ,g)  = (c, h) = 0 ( i  = 1,2 ,3)  for allf,g, h in 6. Hence a = b = c = 0 
since ( , ) is nondegenerate on 6. That is, x = 0. Also (x, y )  is a trace 
form on J, as we can see easily from (4.44) if F has characteristic # 3 .  
For 

9(W, 2) - 9(x, vz> = 9mx,  Y ,  4) 
= trace R ( , , , ,  = trace[&, [R, , R,]] = 0 

for all x ,  y, z in J by (4.6). Assume that F has characteristic 2 3 .  Then 

(4.47) ( x ,  y ,  z )  = (xy,  r )  (= (x, yz)) for all x, y, z in J 

defines a symmetric trilinear form on J. A linear operator A on J is 
skew relative to (4.46) in case 

(4.48) (xA,  y )  + (x, y A )  = 0 for all x, y in J, 

and we write A ~ ~ ( 2 7 ,  q) where q(x) = T(xz).  Also ( x ,  y )  is said to be 
(Lie) invariant under A in case (4.48) holds. Note that (4.48) is equivalent 
to (xA ,  x) = 0 for all x in 3. Similarly, 

(4.49) for all x, y, z in 3 

is equivalent to (xA,  x 2 )  (= (xA ,  x, x ) )  = 0 for all x in 3; (x, y ,  z )  
is (Lie) invariant under A in case (4.49) holds. 

( x A ,  y ,  z )  + (x, y A ,  z )  + <x, y ,  z A )  = 0 
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We now prove that a linear operator D on J is a derivation of J if 
and only if D leaves both ( x , y )  and ( x , y , z )  invariant. Let Jo be 
the 26-dimensional subspace 

Jo = { x  in J I T(x) = 0 }  

of J. We have 

(4.50) JD E Jo for all D in D(J). 

For trace R,, = trace [R, , D ]  = 0 for all x in 3, D in B(J), implying 
T(xD) = 0 by (4.44). It follows that D is in o(27, q) for all D in B(J): 

(XD, Y >  + (4  YO> = N m Y  + x ( Y m  

= T ( ( x ~ ) D )  = 0 

for all x ,  y in 3. Also D in B(J) implies 

(xD, y, z )  + ( x ,  YD,  z>  + ( x ,  Y ,  zD> 

= T((XD)(YZ) + X((YD)Z + Y(ZD))) = mx(Yz) )D)  = 0 

for all x ,  y ,  z in J. Conversely, if D in (E(J) satisfies (4.48) and (4.49), 
then D* = - D and 

0 = ( ( X D ~ Y ,  z >  + (x(yD),  z> + ( X Y ,  zD> 

= ((XDlY + 4 Y D )  - (XY)D, z >  

for all x, y ,  z in J by (4.47). Since ( , ) is nondegenerate on J, we 
have (xD)y + x(yD) - (xy)D = 0, or D is in 9(J). 

Over an algebraically closed field of characteristic 0 there is exactly 
one 52-dimensional simple Lie algebra, the exceptional algebra F4 
(Jacobson [25], pp. 135-146). We say that a (central simple) Lie algebra 
2 over F of characteristic 0 is of type F in case, for the algebraic closure 
K of F, we have QK E F4. In Theorem 4.1 1 below we see that F4 E D(J) 
for J = 5j(C3). For F of characteristic #2 ,3  we extend the definition 
above, defining I! to be of type F in case, for the algebraic closure 
K of F, we have eK z D(J) where J = &(a,). 
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"heorem 4.9 (Chevalley-Schafer). Let J be an exceptional central 
simple Jordan algebra over F of characteristic #2,3. Then the derivation 
algebra a(J) of J is a 52-dimensional central simple Lie algebra (of 
type F)* 

Proof. Since a('& = a&) for any extension K of F, it is sufficient 
to prove that B(J) is 52-dimensional and simple for J = $(a,). Let 

(4.51) 

Then 

(4.52) 3,D E Ji  for all D in IDo (i = 1,2,3), 

since(4.28)impliesthatO = (e,a,)D = ei(aiD),oraiDisinJi + Fe, + Fe, 
for all a, in Ji and D in IDo (i,j, k distinct), while j a i D  = (ejar)D = 
ej(aiD) by (4.291, yielding a , D  in Ji + Jk .  This implies (4.52). For any 
D in IDo, let U ,  be the linear operator on 6 defined by 

(4.53) a, D = (aUJi for all a in 6 (ai in 3,). 
Then (4.30) implies 

3, = {D in a(J) le,D = e2D (= e,D) = O}. 

(a, bl)D = (a, b)(e, + ek)D = 0 = (a, D)b, + ai(bi D) 

= (aUiIibi + ai(bUJi = [(au,, b) + (a, bUJl(ej + ek), 

so that (aUi, b) + (a, bU,) = 0 for all a, b in 6; that is, U ,  is in o(8, n). 
The involution S : a + i = US of 6 satisfies S* = S = S-' .  For 

(US, b) = (ti, b) = i t ( @  = jt(6i) = (6, a) = (a, bS) 

for all a, b in 6. Then 

(s-'u,s)* = s*u,*s*-' = -s-'uls. 
Hence S-'U,S is in o(8,n) for U ,  in (4.53) ( i  = 1,2, 3). Let U =  
S-'Ul S ~ o ( 8 ,  n). Then U, and U, in (4.53) are the unique U2 = U', 
U,  = U" given by the principle of triality (Theorem 3.31). For (4.31) 
and (4.53) imply 

2 ( ~ i b j ) D  = 2 ( ~ i  D)b, + 2~i(bj D) = 2(~VJ,bj + ki(bUj)j 
= (~(uu~s)) ,  + ((bU,S)i)k = (6i)kD = ((6i)Vk)k 
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for any cyclic permutation i,j, k of 1,2,3. That is, 6(aU, S) + (bU, S)i = 
( b i ) ~ ~ ,  or 

(ab)S-'U,S = (aUi)b + a(bUj) for all a, b in a, 
for any cyclic permutation i , j , k of 1,2, 3. In particular, we have 

(ub)U = (ab)S-'u,S = (aU2)b + a(bU3), 

implying U,  = U', U3 = U" by the principle of triality. Conversely, if 
U is any element of 0(8,n),  the linear operator D, on J defined by 
e, D, = 0 ( i  = 1,2,3) and 

(4.54) u, = s-'us, u, = U', u3 = U" 

in (4.53) is in Do. For we need only check that 

( x D , ,  x) = 0 for all x in J 

( x D , ,  x2) = 0 for all x in 3, 
and 

where 
x D ,  = (aU1), + (bU,), + (cU,), , x in (4.39), 

with Ui given by (4.54). Now (4.46) implies that 

( x D , ,  x )  = 2(uU1, a) + 2(bU2, b) + 2(cU3, c) = 0 

since each Ui is in o(8, n). The component of x2 in Ji + Jz + J3 is 

( 5 2  + t&i + (E6)i + (ti + tJb2 + ( i f 1 2  + (ti + tJc3 + ( 6 4 3  , 
so 

(xDU, x2> = (52  + t3 ) (au1 ,  a) + 2(aU1, E6) + ((1 + c 3 ) ( b U 2 ,  b, 

+ 2(bu2, 52) + (tl + tZ)(cu3, c) + ~ ( c u , ,  65) 

= 2(iUS,  (bc)S) + 2(bU', Zz) + ~(cU",  Z) 
= 2(dU, bc) + t((bU')cu) + t((cU")ab) 

= -2(4 (bU')c) - 2(4 b(cU")) 

= -2(4 (6c)U) + t((bU')ca) + t(b(cU")a) 

+ 2((bU')c, i) + 2(b(cU"), i) = 0. 
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Hence Du is a derivation of J, and D ,  is in ID,. Now U + Du is an 
isomorphism of o(8, n) onto ID,. For it remains only to show that 

[DT, Du] = DIT,u, for all T ,  U in o(8, n). 

For a, in Ji, we have ai[DT, DuI = (4Ti  , UiIh = (@'" UIJi = at DIT,UI , 
since 
(4.55) [Ti, U,] = [T, v], ( i  = 1,2, 3) for all T, U in o(8, n). 
The case i = 1 of (4.55) is immediate from the first part of (4.54), while 
(ab)[T, v] = (a[T', U'])b + a(b[T", U"]) for all a, b in 6 implies [T, V]' = 
[T', V'],  [T, v]" = [T", U"] by the principle of triality. 

It is well known (and easy to prove) that the 28-dimensional (orthog- 
onal) Lie algebra o(8, n) is simple. Hence ID, is simple. Also, since the 
associative enveloping algebra of o(8, n) is @(a), we have 
(4.56) 6 o(8, n) = 6. 
We use these facts to show that ID(J) is simple. Let 

( i ,  j, k cyclic permutation of 1, 2, 3). Note that 
eiCRai Rej-ekl = 0, ej[Ra, Re,-,,] = - h i  

(4.57) 

by (4.26H4.29). Then dim ID, = 8, so that ID, + ID, + ID2 + ID, is a 
subspace of ID(J) of dimension I 52=28 + 8 + 8 +8. Then 
ID, + ID1 + ID, + 9, is a (52-dimensional) vector space direct sum. 
For any element D in this space may be written in the form 

ek[Ra, , Re,-er] = i a ,  ( i ,  j ,  k distinct) 

(4.58) D = b + CRa, 9 ~ e 2 - e J  + C ~ b 2  3 ~ e , - e , I  + C K ,  3 ~ e , - e ~  

with b in ID,; a, by c in 6. If D in (4.58) is 0, then 0 = el D = 3(b, - c,) 
by (4.57), implying b, = c3 E J2 n 3, = 0, so that b = c = 0. Similarly, 
0 = ez D = 3(c3 - al) implies a = 0. Hence 
(4.59) 
For, if D is any element of ID(J), then e, D = (e:)D = 2e,(e, D) implies 
e, D is in J, + Jk ( i , j ,  k distinct). Write 

e2 D = 3c3 + +sly 

= 0. Finally, 

ID(J) = ID, + ID, + ID, + ID3 (direct sum). 

 ID = 362 + +f3 , e3 D = +a, + f h 2  
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for a, b, c , f ,  g, h in C. Then 

0 = (el = (el D)e, + D )  =if3 +&,, 
so that f = -c .  Similarly, g = -a. Using 1D = 0, we have h = -b, 
implying 

(4.60) el D = f(b, - c3), 

for a, b, c in 6. For D in a(J) define b by (4.58) where a, b, c in (X 
are given by (4.60). We have e l b  = el D - f(b2 - c3) = 0 by the same 
computation as before. Similarly, e2 b = 0. Hence b is in ID,, and D 
is in 3, + 9, + 9, + a,, implying (4.59). Now 

(4.61) [a,, a , ]  = ID, (i = 1,  2, 3). 

For 

e2 D = f(c3 - al), e ,  D = +(al - b,) 

(4.62) [ i R x  9 R y l ,  D1 = [&D 3 R y l  + CRx 9 RyD1 

for all D in a(J) and x, y in 3 by the Jacobi identity. Hence D in ID, 
and a, in 3, imply 

CCRoi 9 R e j - e k l ,  01 = CRaiD 3 R e j - e k l  + CRm 9 R ( e j - e k ) D l  

= C&a"i), 9 R e j - e k l  

is in a,, so that [ID,, a , ]  G 9,. Then (4.56) implies (4.61) since U, 
ranges over o(8, n) as D ranges over a,. 

Also 

(4.63) [ai, a , ]  E a, (i = 1,2, 3) 

and 

(4.64) [ai, Bj] (= [aj,  a , ] )  c ak (i, j ,  k distinct). 
To prove (4.63) and (4.64), we first observe that 

(4.65) J k  ai 3j 7 J j  3, = J k  

for any cyclic permutation i, j, k of 1,2,3.  For 

b,[& 9 Re,-J = (ai bk 9 ei - e k )  = bk)ek - fai  bk = -a, bk E Jj 
by (4.31), (4.28), and (4.29), while similarly bj[R,, , R e , - e k ]  E & .  Also 

(a i ,  bi , e j  - ek) = (a, b)(ej + ek)(ej - ek) = (a, b)(ej - ek> 
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by (4.30) and (4.29), implying 

biCRa, 9 Re,-e,l = (a, b)(e, - 4, 
JiBi G Fe, + Fek. (4.66) 

Since (a, b) in (4.66) is nondegenerate, we see that 

(4.67) D i E a i  and JiDi=O imply D i = O .  

To prove (4.63), we suppose that D = b + Di + Dj + 0, (b E a,, 
D, E 3,) is in [a,, a,]. Then (4.65) implies that 3, D c Jj[a,, a,] G J,, 
so that 3, D, = 0 by (4.52), (4.65), and (4.66). Then (4.67) implies that 
0, = 0. Similarly, Dk = 0. Also 

Ji D 5 %[a, ail = (31 ai)ai E (Fej + Fe,)ai = 3r 
by (4.65), (4.66), and (4.57). Hence Ji Di = 0 by (4.52), (4.65), and (4.66). 
implying D, = 0 by (4.67). Thus D = b eno, implying (4.63). To prove 
(4.64), we suppose that D = b + Di + D, + D, (b E ID,, Dh E 3,) is in 
P i ,  9,l. Now 

31 Jitai ajl 5 (Fej + Fek)aj + G 3, 
in the same manner as above, implying Jib = Ji Di = 0. Similarly, 
3,b = 3, Dj = 0. Hence (4.67) implies D I  = D, = 0. Also Jk D c 
&[IDi, a,] E Fel + Fez + Fe, , so that we have Jkb = 0 in the same 
manner. Hence Jb = (Ji + Jz + 348 = 0, implying b = 0 and 
D = Dk E a,+. This establishes (4.64). 

Let b be an ideal of a(J). We apply Lemma 3.27 with 9l=  a(J), 
G = I b o , a n d 2 = ~ l + ~ z + l D 3 . W e h a v e d i m ~ , = 2 8 > 2 4 =  
dim (a, + a, + a,), and (iii) holds by (4.61). Lemma 3.27 im- 
plies that, if b # 9(J), then 

b E a1 + + 9 3 .  

Let D = D1 + Dz + D,, D ,  in ai, be any element of 23. If A, = 
[Ra,,  Re,-,,] isany element of a, (i = 1,2,3), then 23 contains [D,A, ]  = 

[Di ,  A,]  + [ D j ,  A,] + [Dk, Ail in [Di, Ail + ak + 3, by (4.64). 
Hence [Di, A,] is in 3, n (IDi + 3, + a,) = 0 by (4.63). For a fixed 
i, let Di = [R,,, Re,-,,] for some b in 6. For all c in 6, (4.66) implies 
that ci Al  = (a, c)(ej - ek) and ci D ,  = (b, c)(ej - ek), so that 
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0 = c i [ D i ,  Ail = (b, c)(ej - ek)Ai - (a, c)(e, - ek)Dj 

= -(6,  c)ai + (a, c)bi 

by (4.57). That is, 

(4.68) (a, c)b = (b, c)a for all a, c in 6. 

Choose a in 6 independent of b. Then (4.68) implies that (6, c) = 0 
foral lc in6.  Hence b = 0, bi = Oand D i  = 0. Since Di = Ofori = 1,2, 3, 
we have D = 0, implying !B = 0. That is, D(J) is simple. This completes 
the proof of Theorem 4.9. 

Corollary 4.10. Every derivation D of an exceptional central simple 
abebra J of characteristic 22 ,  3 is inner: 

Proof. By (4.62) the inner derivations C [ R , ,  , R,,] form an ideal in the 
simple algebra D(J). This ideal is f O  by (4.57). 

We omit the proof of the fact that every central simple Lie algebra of 
type F (over a field of characteristic 22, 3) is isomorphic to D(J) for 
some exceptional central simple Jordan algebra J, and that D(3) z D(3) 
if and only if J E$ (Tomber [l] ;  Barnes [l]; Seligman [ 3 ] ) .  

Jacobson’s Theorem 2.5 implies the analogue of Corollary 3.30 for 
Jordan algebras of characteristic 0: Every derivation D of a finite- 
dimensional semisimple Jordan algebra J of characteristic 0 is inner: 

D = 1 [R, ,  , R,,] ; xi, zi in J. 

In order to extend this to separable algebras over fields of characteristic 
2 2 ,  one needs to add the hypothesis that the characteristic of F does 
not divide the degree over its center of any special simple summand of 3. 
The generalization embodied in the first Whitehead lemma for Jordan 
algebras may be stated as follows (Harris [2]). Let J be a finite-dimen- 
sional separable Jordan algebra over F of characteristic # 2, such that 
the characteristic of F does not divide the degree over its center of any 
special simple summand of 3. Let !Dl be a Jordan bimodule for J, and 
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let 23 = J + 1Dz be the split null extension. Let f be a one-cocycle of 3 
into 1Dz; that is, a linear transformation of J into 1Dz satisfying 

f (ab)  = f ( a ) b  + af(b) for all a, b in J. 

Then there exist xi in J, zi in IDz satisfying 

The first Whitehead lemma is equivalent to the statement that, if J is 
a separable subalgebra of a finite-dimensional Jordan algebra 23 where 
the characteristic satisfies the conditions above, then any derivation of J 
into b may be extended to an inner derivation D = x [ R , , ,  R,,] of 8. 

Just as for alternative algebras, the first Whitehead lemma for Jordan 
algebras may be used to prove the following analogue of the Malcev- 
Harish-Chandra theorem for Lie algebras. Let J be a finite-dimensional 
Jordan algebra of characteristic 0 with Wedderburn decomposition 
J = 6 + %, and let 23 be a semisimple subalgebra of J. Then there exists 
a (nilpotent) derivation D of J in the radical of the multiplication algebra 
1Dz(J) such that the automorphism G = exp D of J carries 8 onto a 
subalgebra of 6. We have the corollary: If J has Wedderburn decom- 
positions J = G + 3 = GI + %, then G and GI are conjugate under 
an automorphism G = exp D of the type above (Jacobson [9]). 

4. SIMPLE LIE ALGEBRAS OF TYPE E6 

Over an algebraically closed field K of characteristic 0 there are five 
exceptional simple Lie algebras: the 1Cdimensional algebra G2 and the 
52-dimensional algebra F4 already discussed, and three others 
( E 6 ,  E7 , E8) of dimensions 78, 133, and 248, respectively. In Theorem 
4.12 we represent E6 in terms of J = fi(6,) as follows: & = a(J) + 
R,(J) where Ro(J) = {R, I x in S o } .  However, E6 is not the only 
78-dimensional simple Lie algebra over K; there are also the orthogonal 
Lie algebra o(13) and the symplectic Lie algebra ep(12) (denoted by B, 
and c6, respectively, in Jacobson [25], p. 141). To distinguish E6 from 
o(13) and ep(12) we use a fact, the proof of which lies outside of the 
scope of this book : these two latter 78-dimensional simple Lie algebras 
over K do not have irreducible representationsof degree27. [This follows 
from Chapters VII and VIII of Jacobson [25].] However, as we prove in 
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Lemma 4.1 1 below, the representation in (the 27-dimensional Jordan 
algebra) J of the 78-dimensional simple Lie algebra 9(J) + R,(J) 
over Kis  irreducible. Hence this Lie algebra over K is E6.  A Lie algebra 
2 over F of characteristic 0 is said to be of type E6 in case gK z Es 
where Kis the algebraic closure of F. Extending this definition to fields 
F of characteristic 22, 3, we say that 2 is of type E6 over F i n  case 
gK E D(J) + R,(J) where J = !jj(C3) over the algebraic closure Kof  F. 

Lemma 4.11. Let C be a Cayley abebra ouer F of characteristic 2 2 ,  3 
and J = $&). Then P(J) + R,(J) acts irreducibly in J. 

Proof. By the remarks following (4.6), we know that the Lie multi- 
plication algebra 2(J) is 2(J) = R(J) + [R(J), R(3)] .  Also [R,(J), 
9(3] c R,(J), since [R,, D ]  = R,,, and T(xD)  = trace R,, = 0. 
Hence the Lie enveloping algebra of R,(J) is D(J) + Ro(3). For any 
element x of J may be written as x = crl + x’, tl in F, x’ in 3,. Then 
Corollary 4.10 implies that D in 9(J) may be written as 

D = c CR,, 9 R2,1 = c CR,,, 9 R2,,1 

(4.69) WJ) = [Ro(3), R,(J)I. 

in CRO(J), R0(3)1. 
Hence 

Since J is (right) simple, J is irreducible relative to R(J). Hence J is 
irreducible relative to R,(J), and also relative to its Lie enveloping 
algebra D(3) + R,(J). 

Theorem 4.12 (Chevalley-Schafer). Let J be any finite-dimensional 
exceptional central simple Jordan algebra over F of characteristic # 2, 3,  
and 2 = 2(3) be the Lie multiplication algebra of J. Then 

(4.70) 2 = F l S @ 2 ’  

where the derived algebra 

2’ = D(J) + {R, I trace R, = 0 )  (direct sum) 

is  a 78-dimensional central simple Lie algebra (of type E6) over F. If 

(4.71) 2’ = D(J) + R,(J) (direct sum). 

3 = $(Ed, then 
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Proof. We have f? = R(J)  + [R(J),  R(J)] .  Also trace 1, = 27 # 0 
implies 1 , # 2’; hence F1 , @ 2’ E 2. For the remainder of the proof 
we may pass to a scalar extension, and may assume that J = !5(C3). 
Then Ro(J) = {R,  I trace R, = 0} by (4.44). Also Jo is the associator 
subspace rP of J spanned by all associators (x ,  yy z); x,  y, z in J. For 
(4.57) implies that ‘p 2 J1 + J2 -t J3. Also, if u is the unity element of 
6, then (4.30) and (4.29) imply that ‘p contains 

2(u,, u I ,  e,) = 2e, - (e, + ek) = e, - ek ( i ,  j ,  k distinct). 

Hence ‘p = Jo , and 

by (4.6). Hence 

!z = [RO(J)Y R0(3)1+ [RO(J), [RO(J), RO(311 = D(3) + R O ( 3  

Applying any element in 2’ to 1 in J, we see that (4.71) is a vector space 
direct sum (of dimension 78 = 52 + 26). Hence (4.70) holds. I t  remains 
only to show that D(J) + Ro(J) is simple. 

We apply Lemma 3.27 with G = D(J), Z = Ro(J).  We have shown 
(i) above; Theorem 4.9 implies (ii), and (iii) is given by (4.69) and 
(4.72). It follows that, if b is any proper ideal of (4.71), then b c Ro(J).  
Let R,(c in so) be any element of b. Then b contains [R,,  R,] for any 
w in 30. That is, for any z = a1 + w in J, we have [R,,  R,] = [R,, R,] 
in D(J) n b E 3(J) n Ro(J) = 0. Hence (c, y, z )  = 0 for all y ,  z in 3. 
That is, c is in the left nucleus of 3: L,, = L,L, for all y in 3. (Equiv- 
alently, L,R, =R,L, for all z in 3.) In a commutative algebra this is 
sufficient to guarantee that c is in the center of 3:  

R, = L, , R, R, = L, R,  = R,  L,  = R, R, = L ,  L,  = L,, = R,, 

for all y in 3, yielding (2.7). But the center of J is F1. Hence c is in 
Fl n 3o = 0, R, = 0 ,  23 = 0. That is, 2‘ in (4.71) is simple. 

We conclude this chapter with a remarkable theorem of Tits which 
combines alternative and Jordan algebras in a very illuminating char- 
acterization of the exceptional simple Lie algebras. To state the theorem 
in full generality one needs the concept of the “generic trace” (Jacobson 
[16, I ] )  of a Jordan algebra J of degree 3. However, by limiting 



4. Simple Lie Algebras of Type E6 121 

ourselves to central simple Jordan algebras, we may gloss over this by 
using, as in the particular case (4.44), the trace 

trace R, for all x in J 
3 

dim J 
T(x) = - 

for the central simple Jordan algebras J of degree 3 and dimension 6 
(type B), dimension 9 (type A), dimension 15 (type C) and dimension 27 
(type E). Division by 5 for type C is not necessary when using the actual 
generic trace. 

Let F be any field of characteristic 22, 3. Let 2l be a composition 
algebra over F, and denote by u the identity element of 2l. We know that 

ab = (a, 6)u + a * b for all a, b in 2l, 

where (a, b) = +t(a6) in F is defined by (3.60), and a * b = ab - (a, 6)u 
is in 210 = (Fu)' = {a in 'ill I t(a) = 0). Hence 

(4.73) ub = -(a, b)u + a * b for all a, b in ' i l lo.  

Similarly, if J is a central simple Jordan algebra of degree 3 over F 
with identity element e ,  then 

(4.74) xy = + ( x ,  y ) e  + x * y for all x, y in J 

where ( x ,  y )  = T(xy) in F is defined in terms of the generic trace T(x) 
on J, and x * y  = xy - +(x ,  y ) e  is in 3o = (Fe)' = { x  in JIT(x) = 0} 
since T(e) = 3. In each of these Jordan algebras, every x satisfies the 
cubic equation (4.41), and ( x ,  y )  is a nondegenerate trace form. The 
one-dimensional algebra J = Fe may also be included in (4.74) by 
taking Jo = 0. 

Let 

(4.75) f? = a(w + 'ill0 0 30 + D(3) 

be the vector space direct sum of the derivation algebras a(%) and 
a(3) and the tensor product 210 BF Jo . Then 2 is made into an algebra 
over F by defining a multiplication [ , ] in f? which is bilinear and anti- 
commutative, which agrees with the ordinary commutator in a(%) and 
a(3), and which satisfies 

(4.76) P ( W ,  am1 = 0, 
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(4.77) [a @ x ,  D] = a D  6 x 

for all D in a(%), a in 210, x in Jo , 
(4.78) [a 6 x, El = a 6 xE 

for all E in a(J), a in 210, x in Jo, 
and 

(4.79) Ca 8 X, b 6 Y ]  = &<X, y>D,,b + (a * b) @ (X * y )  

- (a ,  b)CR, 9 Ryl 

for all a, b in a0; x, y in So; where Da,b in a(%) is defined by (3.70). 
We have used 

&,,= -Da,b, b * a =  - a * b  forall a ,b in210,  

the fact that [R,, Ry] = - [Ry , R,] is in a(J), (3.75) and the obvious 
generalization of (4.50). We shall only begin the proof of 

Theorem 4.13 (Tits). The algebra f? in (4.75) is a Lie algebra. I f  K is 
the algebraic closure of F, then, corresponding to the four (alternative) 
composition algebras 2l over K and the jve  indicated Jordan algebras J 
over K (that is, Ke and the four central simple algebras $3(K3), $3(33), 
!+j(Q,), and $3(C3)), the Lie algebras gK are yiven in the table: 

where sI(n) denotes the special linear Lie algebra E'(V), dim V = n. 
Hence 2 is central simple, except for three cases: dim 2I = dim J = 1 ; 
dim 2I = 2, dim J = 1 ; dim 2l= 2, dim J = 9. 

Proof. We shall prove here only that f? is a Lie algebra, and that in 
each case the dimension of f? is that of the algebra indicated in the 
table (4.80). 
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Since a(’%) and a(3) are Lie algebras, and since the Jacobi identity 
is multilinear, in order to prove that 2 is a Lie algebra, it is sufficient to 
verify the Jacobi identity 

[ [A ,  BI, Cl + [ [B ,  Cl, A ]  + [ [C,  A],  Bl = 0 

in six cases: 

(4.81) A = D in a(’%); B = D‘ in a(’%); 
C = a @ x ,  a h a o ,  x inJ , ;  

(4.82) A = E in B(J); B = E’ in D(3); 
C = a @ x ,  a i n Z 0 ,  x inJ , ;  

(4.83) A = D in a(’%); B = a 6 x, 

C = b @ y ;  a,bin910;  x,yinJ,;  

(4.84) A = E in D(J); B = a @ x ,  

C = b @ y ;  a ,b in910;  x , y i n J O ;  

(4.85) A = D in a(%); B = E in a(J); 
C = a @ x ,  sin'%[,, x inJ , ;  

(4.86) A = u 6 X ,  B = b @ y ,  

C =  c @ z ;  a, b, c in a,-,; x , y ,  z in Jo. 
By (4.77) we have 

[[D,  D’I, a @ X I  + “D’, a 6 X I ,  01 + [[a 6 x ,  Dl, D’l 

= -a[D, D‘] @ x - uD‘ D @ x + uDD’ 6 x = 0, 

verifying the case (4.81). The case (4.82) follows similarly from (4.78). 
The multiplication rules (4.76)-(4.79) next imply 

“D, a 6 X I ,  b 6 YI + [ [a  C3 x ,  b 6 Y I ,  Dl + [[b C3 Y ,  Dl, a 6 XI 
= - 0 x ,  b 6 Y ]  + i$ (x, y)[Da, ,  5 01 + [(a * b) 6 ( x  * Y ) ,  DI 

- (a, b)[[R, ,  R,], Dl - [a C3 x ,  bD C3 Y ]  = 0 

by (3.72) and (4.62). For we have seen in Chapter I11 that D is skew 
with respect to (a, b) from which it follows also that (a*b)D = 
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aD * b + a * bD. We have verified case (4.83); similarly we have (4.84). 
Case (4.85) is given by 

= -uD €3 XE + U D  €3 X E  = 0. 

Now CCa @ X, b €3 Y I ,  C @ Z I  = i$(xY, z)Da b,c + (-&CD,b @ (X, J’)Z 
+ (a * b) * c €3 (x * y )  * z + (a, b)c €3 (x, z ,  y) )  - (ab, c)[R,, , Rz]  since 
(x * y, z )  = ( x y ,  z )  - +(x, y ) (e ,  z )  = ( x y ,  z )  when T(z) = 0, and 
similarly (a * 6, c) = (ab, c) for c in No. Use C to denote the sum of 
three terms obtained by cyclic permutation of a, b, c in No and x, y, z 
in Jo. The case (4.86) will be verified when we show 

and 

(4.87) -A C cD,,,~ €3 (x, .V>Z + C(a * b) * c €3 (X * Y )  * 

+ c (a, b)c 0 (x, z ,  Y )  = 0 

for all a, 6,  c in go; x, y, z in so. Since ( x ,  y) is a trace form on 3, 
we have ( x y ,  z )  = (yz, x) = (zx ,  y), so that 

by (3.79, since D , ,  = 0. Similarly (ab, c) = (bc, a) = (ca, b) for all 
a, b, c in go, implying that 

c (ab, c)CR,, 9 R21 = (ab, c )  c CR,, 9 R21 = 0 

by (4.4). Finally, 
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so that 

c (a ,  b)c 6 (x, 2, Y )  = 3 c (a, b)c 6 (2, X>Y -I- C (a,  b)c C3 ( z  * x) * y 
- 3 C (a ,  b)c 6 ( Y ,  Z>X - C (a, b)c C3 (Y * Z) * x 

= c {(b,  c)a - (c,  a)bl 6 {3<x, Y > Z  + (x * Y )  * 21, 

implying that (4.87) is equivalent to 

(4.88) c {-%cDa,b + (b ,  c)a - (c ,  a)b} 6 i(x, v > z  

+ C {(b,  C)U - (c, a)b + (a  * b) * C} 6 (X * Y )  * z = 0 

for all a, b, c in 2fo ;  x ,  y ,  z in so. Equation (3.74) implies the generaliza- 
tion 

[[a, bl, cl + “b, cl, a1 + “c, 01, bl = 6(a, b, 4 
of the Jacobi identity to alternative algebras. We use this as follows for 
a, 6, c in 210: b * a  = --a*  b implies [a, 61 = 2a * b, [[a, b],  c] = 
4(a * 6) * c, so that 

$(a, b, C) = (a * b) * c + (b * C) * u - b * (a * C) 

= (U * b) * c + (b, C, a) + (b, C)U 

- (c, a)b + ( ( 6 ~  a) - (b, c a ) ) ~ ,  

implying 

(4.89) (b, c)a - (c, a)b + (a * 6)  * c = +(a, b c) 

Then 

for all a, b c in No. 

CD,,b = [C, [a, b ] ]  - 3 ( ~ ,  C, b)  = - 4 ( ~  * b) * C + 3 ( ~ ,  b, C), 

implying that 

-&D,,b + (b ,  C)U - (c, a)b = (a * b)  * c - $(a, b, C) + (b ,  C)a - (C, a)b 

= -Ka, b, C) 

by (4.89). Hence (4.88) is equivalent to 

-a C ( 0 ,  b, C) 6 3(x, Y > Z  + + C (0 ,  b, C) 0 (X * Y )  * z = 0, 
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1 

4 
8 

(4.91) 2 

or, since (a, b, c) = (6, c, a) = (c, a, b), to 

(4.90) 

for all a, b, c in 910; x,  y ,  z in So. But (4.41) yields 
(a,  b, C) 8 C {2(x * y )  * z - +(x, Y>ZI = 0 

x3 - +T(x’)x - 3r(x3)e = 0 for all x in Jo.  

Linearization gives 

2 
2 C W Z  - c ( x ,  Y > Z  - 3 c (XY, z>e = 0. 

Now (xy)z = +(xy, z ) e  + $(x ,  y ) z  + ( x  * y )  * z, so this becomes 

C {2(x * Y )  * z - 3 ( x ,  Y > Z I  = 0 (x ,  Y ,  z in 30). 
We have proved (4.90), verifying case (4.86), and completing the proof 
that f? is a Lie algebra. 

We know that 

B(Ku) = B(3) = 0, B(Q) E [a, Q] Z 51(2), B(K) = Gz . 
Also B(Ke) = 0. Moreover, 

3(sj(K3))  = 4 3 )  = m), 3(sj(33)) = 51(3), 3(8(Q,)) = 5P(6) 

(Jacobson and Jacobson [l]), and B(!5(C3)) = F4 by Theorem 4.9. 
These known facts establish the validity of the first column and first 
row of table (4.80), and give us the numbers in the first column and 
first row of the corresponding table of dimensions for the algebras 
in (4.80) : 

1 1  6 9 15 21 

0 3 8 21 52 
0 8 16 35 I8 
3 21 35 66 133 

14 52 I8 133 248 
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Theorem 4.12 corresponds to E6 in the last column of (4.80). For 
3 = Ku + Ku, with o12 = u implies D(3) = 0, so = Kul. Then 
2 = Ku, 8 Jo + a(3) is isomorphic to E6 = Ro(3)  + a(3) under the 
linear transformation 

ul 8 x + E ++ R, + E ( x  in So, E in D(3)). 
For 

[ o 1 0  X, El = 01 8 xE* R,, = [R,, El, 
while 

[u1 8 x ,  01 8 Y1 = - n ( t d [ R x ,  RYI = [R,, Ryl * [Rx, 4 1  
by (4.79). 

In announcing this theorem Tits states that every “real form” of an 
exceptional simple Lie algebra G 2 ,  F4,  E 6 ,  E, , or E,  may be obtained 
by this construction (Tits [4]). The geometric significance of the “ magic 
square” consisting of the last four columns of the table is summarized 
in Freudenthal [4]. 



V 

POWER-ASSOCIATIVE ALGEBRAS 

1. THE PEIRCE DECOMPOSITION 

We recall that an algebra 2l over I; is called power-associatiue in case 
the subalgebra F[x]  generated by any element x of 81 is associative. 
We have seen that this is equivalent to defining, for any x in 2l, 

x1 = x, x'" = xx' for i = 1,2, 3, ..., 
and requiring 
(5.1) x'xi = xi+' for i ,  j = I ,  2,3,  ... . 
All algebras mentioned in the Introduction are power-associative 
(Lie algebras trivially, since x2 = 0 implies xi = 0 for i = 2, 3,  ...). We 
shall encounter in this chapter new examples of power-associative 
algebras. 

The most important tool in the study of noncommutative power- 
associative algebras 81 is the passage to the commutative algebra "+. 
Let F have characteristic 2 2  throughout Chapter V ;  we shall also 
require that I: contains at least four distinct elements. The algebra 'ill' 
is the same vector space as 2l over F, but multiplication in 2l' is defined by 

x * y = $(xu + yx)  for x, y in 3, 

where xy is the (nonassociative) product in 2l. If 2l is power-associative, 
then (as in the Introduction) powers in 2I and 2l' coincide, and it 
follows that 2l' is a commutative power-associative algebra. 

128 
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Let 2l be power-associative. Then (5.1) implies 

(5.2) x2x = xx2 for all x in PC 

and 

(5.3) x2x2 = x(xxz) for all x in 21. 

In terms of associators, we have 

(5.4) (x, x, x) = 0 for all x in % 

and 

(5 .5 )  (x, x, x2) = 0 for all x in %, 

Also (5.2) may be written in terms of a commutator as 

(5.6) [x’, x ]  = 0 for all x in a. 
Using the linearization process employed in Chapter IV, we obtain 
from (5.6), by way of the intermediate identity 

(5.7) 

the multilinear identity 

(5.8) [x ‘ y ,  z ]  + 
Similarly, if we assume that there are four distinct elements in F, (5 .5 )  
is equivalent to 

(5.9) 2(x, x, x y)  + (x, y ,  x2) + (y, x, x2) = 0 

2[x * y, x ]  + [x2, y ]  = 0 for all x,  y in a, 

z, x ]  + [z - x, y ]  = 0 for all x, y, z in 2l. 

for all x, y in %, 

to 

2(x, y, x * z) + 2(x, z, x a y)  + 2(y, x, x * z) + 2(x, x, y * z )  

(5.10) +2(z, x,  x y) + (y, z, x2) + (z, y, x2) = 0 

(x, y,  2 * w) + (z, y,  w * x) + ( w ,  y, x z )  

+(v, x, . w )  + (z, x, w . y)  + (w, x, y * z )  

+(z, w, x ‘ V )  + ( x ,  w , y  * z> + (y, w, z * x )  

+(w, z, x a y )  + (x, z, y * w) + (y, 2, w . x) = 0 

for all x, y, z in %, and finally to the multilinear identity 

(5.1 1) 
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for all x, y, z, w in 2l, where in each row of the formula (5.1 1) we have 
left one of the four elements x,  y, z, w fixed in the middle position of the 
associator and permuted the remaining three cyclically. 

We omit the proof of the fact that, if F has characteristic 0, then 
identities (5.2) and (5.3) are sufficient to ensure that an algebra is 
power-associative ; the proof involves inductions employing the multi- 
linear identities (5.8) and (5.11). We omit similarly a proof of the fact 
that, if F has characteristic 2 2 ,  3, 5, the single identity (5.3) in a com- 
mutative algebra implies power-associativity. One consequence of this 
latter fact is that in a number of proofs concerning power-associative 
algebras separate consideration has to be given to the characteristic 
3 or 5 case by bringing in associativity of fifth or sixth powers and an 
assumption that F contains at least 6 distinct elements. We shall omit 
these details, simply by assuming characteristic # 3, 5 upon occasion. 

An algebra 2l over F is called strictly power-associative in case every 
scalar extension 21K is power-associative. If 2l is a commutative power- 
associative algebra over F of characteristic #2, 3, 5, then 2l is strictly 
power-associative. The assumption of strict power-associativity is 
employed in the noncommutative case, and in the commutative case of 
characteristic 3 or 5, when one wishes to use the method of extension 
of the base field. 

Let 2l be a finite-dimensional power-associative algebra over F. 
Just as in the proofs of Propositions 2.2 and 2.3, one may argue that 2l 
has a unique maximal nilideal %, and that N/% has maximal nilideal 0. 
For if 2l is a power-associative algebra which contains a nilideal 8 such 
that a/% is a nilalgebra, then 2l is a nilalgebra. [If x is in 2l, then 
2 = P = 0 for some s, so that A? = y in 8 and x'" = (A?)' = y' = 0 for 
some r.]  Since any homomorphic image of a nilalgebra is a nilalgebra, 
it follows from the second isomorphism theorem that, if 8 and C are 
nilideals, then so is 23 + C. For (8 + a)/C S/(S n a) is a nilalgebra, 
so B + 6 is. This establishes the uniqueness of %. It follows as in the 
proof of Proposition 2.3 that 0 is the only nilideal of %/%. % is called 
the nilradical of 2l, and 2l is called semisimple in case % = 0. Of course 
any anticommutative algebra (for example, any Lie algebra) is a nil- 
algebra, and hence is its own nilradical. Hence this concept of semi- 
simplicity is trivial for anticommutative algebras. 

For the moment let 2l be a commutative power-associative algebra, 
and let e be an idempotent in 2l. Putting x = e in (5.9) and using 
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commutativity, we have y(2Re3 - 3R: + Re) = 0 for all y in 2l, or 
(5.12) 2Re3 - 3R: -I- Re = 0 

for any idempotent e in a commutative power-associative algebra W. 
As we have seen in the case of Jordan algebras in Chapter IV, this gives 
a Peirce decomposition 
(5.13) 

of 2l as a vector space direct sum of subspaces 21i defined by 
2l= % I +  2l[1/2 + 2 l O  

21i = {xi I x,e = ix,}, i = 1, f., 0; 2l commutative. 
Now if 2l is any power-associative algebra, the algebra 2l' is a com- 
mutative power-associative algebra. Hence we have the Peirce decom- 
position (5.13) where 

(5.14) 

Put x = e in (5.7) and let y = xi be in 21i as in (5.14) to obtain 
(2i - l)[xi, el = 0; that is, x,e = exi if i # f.. Hence (5.14) becomes 

(5.15) 

in the Peirce decomposition (5.13) of any power-associative algebra 91. 
As we have just seen, the properties of commutative power-associative 
algebras may be used (via a') to obtain properties of arbitrary power- 
associative algebras. 

Let 2l be a commutative power-associative algebra with Peirce 
decomposition (5.13) relative to an idempotent e. Then 211 and 210 are 
orthogonal subalgebras of 2l which are related to 211/2 as follows: 

91i = {xi I ex, + xie = 2ix,}, i = 1, 3, 0. 

21i = {xi I exi = xi e = ixi}, i = 1,O; 

% / 2  = b l / Z  I ex1/2 + x1/2 e = Xl/J 

% / 2  % / 2  = a1 + a0 9 

(5.16) 

Note that the last two inclusion relations of (5.16) are weaker than for 
Jordan algebras in (4.16). The proofs are similar to those in Chapter IV, 
and are given by putting x = e, y = y j  E 21j, z = x1 E 2l, in (5.10). We 
omit the details except to note that the characteristic 3 case of orthog- 
onality requires associativity of fifth powers. 
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For x in a,, win %,/,, we have wx = (wx),,, + (1~x10 in + NO 
(wx),,,  is a linear operator on 211,, which we denote by (5.16). Then w 

by S, : 

wS, = ( W X ) ~ / ,  for x in a,, w in alp. 
If !ij is the (associative) algebra of all linear operators on 2l1/,, then 
x + 2S, is a homomorphism of a, into the special Jordan algebra 8'. 
For x + S, is clearly linear and we verify 

(5.17) S,, = S, S, + S, S, for all x ,  y in 211 

as follows: put x E a,, z = e, y = w E 

(5.18) e[2(wx)x + wx'] + wxz - 4(wx)x = 0, 

since e(xw) = ~ ( x w ) , , ,  implies x[e(xw)] = f . ~ ( x w ) , ~ ,  = +x(wx). By 
taking the 2l1/, component in (5.18), we have 

in (5.10) to obtain 

sx2 = 2s; 

after dividing by 3. Linearizing, we have (5.17). Similarly, defining the 
linear operator T, on 2111, for any z in 210 by 

WT, = ( W Z ) , ~ ,  for z in 210, w in 

we have 

(5.19) T,, = T, T, + T, T, for all z, y in 910, 

and 

(5.20) S,T,=T,S, forall x i n a , ,  z i n g o .  

This is part of the basic machinery used in developing the structure 
theory for commutative power-associative algebras. All simple com- 
mutative strictly power-associative algebras of characteristic # 2 
which are not nilalgebras (that is, which are semisimple in the sense that 
the nilradical is 0) and which have degree >2 are Jordan algebras, 
whereas counterexamples of degree 2 and characteristic p > 0 are 
known ; all semisimple commutative power-associative algebras of 
characteristic 0 are Jordan algebras (Albert [13, 17, 191; Kokoris 
[I-31; Oehmke [3]). These results have been extended by the same 
technique to flexible power-associative algebras (the conclusion being 
that 2l' is Jordan) (Oehmke [ l ] ;  Kleinfeld and Kokoris [l]). 
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2. FINITE POWER-ASSOCIATIVE DIVISION RINGS 

We have already developed as much of the technique mentioned 
above as will be required in the proof of the following generalization 
of Wedderburn’s theorem that every finite associative division ring is a 
field (Artin [2], p. 37 ; Albert [24], p. 62). In Chapter IV it was mentioned 
that there are no exceptional Jordan division algebras over finite 
fields, so that any exceptional central simple Jordan algebra over 
a finite field is actually reduced (Albert [20]). We assume this result 
(as well as Wedderburn’s theorem) in the proof of: 

Theorem 5.1 (Albert). Let ID be a finite power-associative division 
ring of characteristic 2 2 ,  3, 5. Then ID is afield. 

For the proof we require two lemmas. Characteristics 3 and 5 could 
be included if we assumed strict power-associativity. 

Lemma 5.2. 
power-associative ulgebra %, then 

(5.21) (e, a, el) = 0 for all a in 2l. 

I f e  and e’ are orthogonal idempotents in a commutative 

Proof. Let 
21 = 2 l 1 +  alp + 2 l o  

be the Peirce decomposition (5.13) of 2l relative to the idempotent e.  
Relative to the idempotent e’ we have also a Peirce decomposition, 
where we shall write 21i’ for 21i,e, ( i  = 1, 4, 0). Then 

(5.22) 2l = 211’ + + 210’. 

Note that e is in 210’, while e’ is in 210. We begin by showing that 

(5.23) e’2lIl2 G 

Let w be in Since e’ is in 210, we have 

e’w = (e‘w), + ( e ’ ~ ) ~ / ~  = (e‘w), + wT,. , 
where 
(5.24) 
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by (5.19). If w = wl’  + wiI2  + w,’ with wi‘ in !Xi’, then w,’ = 2e’(e‘w) - 
e‘w is in a, by (5.24). Hence wl’ =e’wl’ E 2IO9ll = 0, and we have 

(5.25) w = wi12 + wo’ (wi’ in a:). 
Then $w = ew = ewlI2 + ew,’, where ewi12 E 210”21&z c 911f + 
and ew,’ E 9[,’2l0’ E PI,’. It follows that 

(5.26) $ 4 1 2  = 4 1 2  3 

so that wi l t  is in Q [ 1 / 2 .  Thus e‘w = f w i I 2  is in 
If a = a ,  + a, / z  + a, (ai  E ai) is any element of a, then 

and we have (5.23). 

(e,  a ,  4 = (e,  a , ,  e’) + (e, e’) + (e, a o ,  e’) 

= (eaIl,)e’ - e(alIz  e‘) = fal12e‘  - 3alI2 e’ = 0 

by (5.23). 

Lemma 5.3. Any jinite-dimensional power-associative division algebra 
a has an identity element 1.  

Proof. The division algebra 3 is without nilpotent elements #O. 
Hence 9 contains an idempotent e by Proposition 3.3. Let 

(5.27) a = a, + a1/2 + a, 

be the Peirce decomposition of a relative to e which is given by (5.13) 
and (5.15). Since eDo= 0 in the division algebra 9, we have ID, = 0. 
For any y in IDllz ,  we have y2 = y y in 3, + 3, = ID, by (5.16). Also 
2e - y = ey + ye  = y implies 

0 = 2(y, Y ,  e y )  + (y, e, y’) + (e, y, Y’) 

= dv4Y2  - Y(eYz) + (eYlY2 - eY3 

= y3 - y3 - ey3 = - eY3 

by (5.9). Then y = 0, since a is a division algebra. Thus 
9 = a,, e is the identity element in a. 

= 0, 

Proof of Theorem 5.1. We are assuming that a is a finite power- 
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associative division ring. We have seen in Chapter TI that this means that 
2, is a (finite-dimensional) division algebra over a (finite) field. Hence 
Lemma 5.3 implies that 9 has a unity element 1, so that 9 is an algebra 
over its center. Thus we may as well take 2, to be an algebra over its 
center F, a finite field. Hence F is  perfect (Zariski and Samuel [l], p. 65). 

Now 2,' is a Jordan algebra over F. For let x ,  y be any elements of 
2,'. If x is in F1, the Jordan identity 

(x . y )  . x2 = x . ( y  . xz) for all x ,  y in 3' 

holds trivially. Otherwise the (commutative associative) subalgebra 
F[x]  of 2,+ is a finite (necessarily separable) extension of F, so there is an 
extension K of F such that F[xIK = K @  K O  @ K ,  x is a linear 
combination x = el + r2 e2 + + t,, en of pairwise orthogonal 
idempotents ei in F[xIK c (2,')K with coefficients in K. In order to 
establish the Jordan identity in a', it is sufficient to establish 

(5.28) (ei y )  * (ej ek) = e,  . (e j  * ek)], 

F o r j  # k, this is obvious; for j = k, (5.28) reduces to Lemma 5.2. 
Now the radical of 2,' (consisting of nilpotent elements) is 0. Al- 

though our proof of Corollary 4.6 is valid only for characteristic 0, we 
remarked in Chapter IV that the conclusion is valid for characteristic 
2 2 .  Hence 2,' is a direct sum 6,  0 @ G, of r simple ideals G, ,  each 
with unity element e,. The existence of an idempotent e # 1 in 3' is 
sufficient to give zero divisors in 3, a contradiction, since the product 
e(1 - e) = 0 in 2,. Hence r = 1 and 2,' is a simple Jordan algebra over 
F. Let C be the center of 2,'. Then C is a finite separable extension of 
F, C = F[z], z in C (Zariski and Samuel [I], p. 84; Artin [l], p. 66). 
If D' = C = F[z] ,  then 2, = F[z] is a field, and the theorem is established. 
Hence we may assume that 2,' # C, so 2,' is a central simple Jordan 
algebra of degree t 2 2 over the finite field C and is of one of the types 
A-E listed in Chapter IV. We are assuming that any algebra of type 
E is known to be a reduced algebra. Then 2, contains an idempotent 
e ,  # 1, a contradiction. The other types are eliminated as follows. 

Wedderburn's theorem implies that, over any finite field, there are no 
associative central division algebras of dimension > 1. Hence, by 
Wedderburn's theorem on simple associative algebras, every associative 

i, j ,  k = 1, . . ., n. 
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central simple algebra over a finite field is a total matrix algebra. Thus 
we have the following possibilities : 

AI. 3' r C,', t 2 2. Then C,' contains an idempotent e l l  # 1, a 
contradiction. 

AII , 3' is the set Sj(3,) of self-adjoint elements in 3,, 3 a quadratic 
extension of C, where the involution may be taken to be a+g-'d'g 
with g a diagonal matrix. Hence Sj(3,) contains el # 1 ,  a Contradiction. 

B. 3' E Sj(C,), the involution being a +g-'a'g with g diagonal; 
hence Sj(C,) contains e l ,  # 1, a contradiction. 

C. 3' z Sj(Cz,), the involution being 

0 1 ,  . 
a g -  la'g, . = ( - I t  0 ) '  

Sj(C,,) contains the idempotent e, ,  + e,,,,,,, # 1, a contradiction. 
2 2. If dim 'ill = 2, we have 3' z Sj(C,) 

of type B above. Otherwise dim 'ill 2 3, and there are isotropic vectors 
x # 0 in 'ill satisfying xz = (x ,  x)l = 0, a contradiction (Artin [2], 

D. 3' = F1 + 'ill, dim 

p. 144). 

See McCrimmon [5 ]  for a proof of Theorem 5.1 which depends on 
the methods of Shirshov and Cohn mentioned on page 93, rather than 
on the classification of finite-dimensional central simple Jordan algebras. 

3. NONCOMMUTATIVE JORDAN ALGEBRAS 

When trace forms exist on finite-dimensional power-associative 
algebras, the results of imposing natural conditions on idempotent 
and nilpotent elements are indeed striking. 

Theorem 5.4 (Albert). Let 2l be a finite-dimensional power-associative 
algebra over F satisfying the following conditions: 

(i) there is an (associative) trace form (x ,  y )  defined on 2l; 
(ii) (e, e )  # 0 for  any idempotent e in 91; 

(iii) (x ,  y )  = 0 if x - y is nilpotent, x, y in 2l. 
Then the nilradical 92 of 2l coincides with the nilradical of a', and is the 
radical 211 of the trace form (x,  y) .  The semisimple power-associative 
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algebra G = %/% satisfies (i)-(iii) with (x,  y) nondegenerate. For any 
such G we have 

(a) G = G, @ ... @ G, for simple G, ; 
(b) G isflexible. 

(c) G+ is a semisimple Jordan algebra; 
(d) Gi+ is a simple (Jordan) algebra, i = 1, . . ., t. 

If F has characteristic # 5,  then 

Proof. By (i) we know from Chapter 11 that %' is an ideal of %. 
If there were an idempotent e in %', then (ii) would imply (e,  e)  # 0, a 
contradiction. Hence %' is a nilideal: 8' E %. Conversely, x in % 
implies x * y is in 9 for all y in PI, so that (x ,  y) = 0 for ally in % by (iii), 
or x is in %'. Hence % E 2l', % = %'. Any ideal of 91 is clearly an 
ideal of 21' ; hence any nilideal of % is a nilideal of %+, and % is con- 
tained in the nilradical g1 of %+. But x in %, implies x - y is in %, for 
all y in %+, or (x ,  y) = 0 by (iii) and we have 

Now (x ,  y )  induces a nondegenerate symmetric bilinear form (a, j j )  
on 91/%' = PI/% where R = x + %, etc. ; that is, (3,jj) = (x ,  y). Then 

E %' = 8. 

( Z j , P )  = ( x y , P )  = (xy,  z )  = (x ,  y z )  = (2, j j f ) ,  

so ( Z , j )  is a trace form. To show (ii) we take any idempotent C in PI/% 
and use the power-associativity of % to "lift" the idempotent to PI: 
F[e] is a subalgebra of % which is not a nilalgebra, so there is an 
idempotent u in F[e] E Fe + %, and ti = i. Then (2, i) = (ti, a) = (u, u) 
# O .  Suppose R - j = X y  is nilpotent. Then some power of x * y is in 
%, x . y is nilpotent, and (3, j j )  = (x ,  y) = 0, establishing (iii). 

Now let G satisfy (i)-(iii) with ( x , y )  nondegenerate. Then the nil- 
radical of G is 0, and the hypotheses of Theorem 2.6 apply. For if 
b2 = 0 for an ideal b of G, then b is a nilideal, b = 0. We have 
G = 6, @ @ 6, for simple 6, ; also we know that the 6, are not 
nilalgebras (for then they would be nilideals of G), but this will follow 
from (d). 

Now (5.7) implies that 

0 = ( 2 b  * y ,  X I  + b2, yl, z )  

= ((xy)x9 z )  + ((yx)x,  4 - (X(XY), z )  

-(x@x),  z )  + (x2y, z )  - @ X Z ,  z )  
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for all x, y, z in G. The properties of a trace form imply that 

(5.29) (xy + yx, xz - zx) = (XZ,  zy - yz). 

(xz + zx, xy - yx) = (XZ, yz - zy) = (xy + yx, zx - xz). 

Interchange z and y in (5.29) to obtain 

Add (xy + yx, xz + zx) to both sides of this to obtain (xy, xz + zx) = 
(xy + yx, zx). Then (xy, xz) = (yx, zx) so that 

(5.30) ((xy)x, z) = (x(yx), z) for all x, y ,  z in G. 

Since (x, y) is nondegenerate on 6, (xy)x = x(yx); that is, G is flexible. 
To prove (c) we note first that (x, y) is a trace form on G' : 

(5.31) (x y ,  z) = (x, y * z )  for all x, y, z in 0. 

Also it follows from (5.31), just as in formula (2.12), that 

(5.32) ( y s ,  sz * ' *  sh z) = (y ,  zsh sz s1) 
where Si are right multiplications of the commutative algebra G'. 
In the commutative power-associative algebra G' formula (5.9) 
becomes 

(5.33) 4xz ' (x * y )  - 2x [x * (x * y ) ]  - x * ( y  * XZ)  - y * x3 = 0. 

4(x2 . (x  ' y), z) - 2(x * [x * ( x  * y) ] ,  z) - (x * (y ' XZ), z) - (y * x3, z )  = 0 

(5.34) (y * z, x3) + 2(x * [x * (x * y ) ] ,  z) = 4(x * y ,  xz * z)  - ( y  * X Z ,  x ' 2). 

Applying the same procedure as above, for all z in G' we have 

by (5.33), or 

By (5.32) the left-hand side of (5.34) is unaltered by interchange of y 
and z. Hence 

4(x - y ,  xz * 2 )  - ( y  * x2, x * 2) = 4(x * z, x2 ' y )  - (z  * 2, x * y )  

so that, after dividing by 5, we have (x - y, x2 * z) = ( y  - xz, x - z). 
Hence ((x * y) - x2, z) = (x - ( y  * xz), z )  for all z in G, or (x - y) * xz = 
x - (y * xz), G' is a Jordan algebra. We know from Chapter IV that, 
since the nilradical of G' is 0, 6' is a direct sum of simple ideals, but it is 
conceivable that these are not the Gi' given by (a). To see that the sim- 
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ple components of 6' are the Gi+ given by (a), we need to establish (d). 
Let 2 be an ideal of Gi+ ; we need to show that 5 is an ideal of Gi . It 

follows from (a) that 2 is an ideal of G', and is therefore by (c) a direct 
sum of simple ideals of 6' each of which has a unity element. The sum 
of these pairwise orthogonal idempotents in 6' is the unity element e 
of 2. Now e is an idempotent in 6' (and G), and the Peirce decompo- 
sition (5.15) characterizes 2 as 

2 = Gl,e = { t  in 61 et = te = t } .  

Now 6,/Z,e = {s in GI es + se = s} = e * 61/2,e E 2 = since 2 is 
an ideal of 6'. Hence 6,/Z,e = 0, 6 = 61,e @ Go,, since 61,e and Go,e 
are orthogonal subalgebras. Hence 2 = 61,e is an ideal of 6. Then 
2 G Gi is an ideal of Gi. Hence the only ideals of Gi+ are 0 and Gi+. 
Since Gi+ cannot be a zero algebra, Gi+ is simple. 

We list without proof the central simple flexible algebras 2l over F 
which are such that 91' is a (central) simple Jordan algebra. These are 
the algebras which (over their centers) can appear as the simple com- 
ponents Gi in (a) above: 

1. 91 is a central simple (commutative) Jordan algebra. 
2. 2l is a quasiassociutioe central simple algebra. That is, there is a 

scalar extension 9lK, K a quadratic extension of F, such that 21K is 
isomorphic to an algebra B(1) defined as follows: 2? is a central simple 
associative algebra over K, I # 3 is a fixed element of K, and %(I) is the 
same vector space over K as 8 but multiplication in b(1) is defined by 

x * y = Ixy  + (1 - I )yx  for all x, y in 2? 

where xy is the (associative) product in 8. 
3. 91 is a flexible quadratic algebra over F with nondegenerate norm 

form. 
Note that, except for Lie algebras, all of the central simple algebras 

which we have mentioned in this book are listed here. Associative 
algebras are the case 1 = 1 (also 1 = 0) in 2; Cayley algebras are 
included in 3. 

We should remark that, if an algebra 21 contains 1, any trace form 
( x , y )  on 91 may be expressed in terms of a linear form T(x). That is, 
we write 
(5.35) T(x) = (1, x) for all x in 2l, 



140 V. Power-Associative Algebras 

and have 

(x ,  y )  = T(xy)  for all x,  y in % 

since ( x l ,  y) = (1, xy). The symmetry and the associativity of the 
trace form (x ,  y) are equivalent to the vanishing of T ( x )  on commutators 
and associators: 

T(xy) = T(yx) ,  T((xy)z) = T(x(yz)) for all x ,  y, z in a. 
If % is power-associative, hypotheses (ii) and (iii) of Theorem 5.4 
become 

T(e)  # 0 for any idempotent e in %, 

and 

(5.36) T(z) = 0 for any nilpotent z in '$1, 

the latter being evident as follows: (5.36) implies that, if x * y is nil- 
potent, then 

0 = T ( x  * Y )  = (1, x * v) = 40, xy) + 4(1, y x )  

= +(x, Y )  + Hy, x )  = (x ,  y )  

and, conversely, if z = 1 z is nilpotent, then (iii) implies T(z)  = (1, z )  
= 0. 

A natural generalization to noncommutative algebras of the class of 
(commutative) Jordan algebras is the class of algebras J satisfying the 
Jordan identity 

(5.37) (xy)x2 = x(yx2) for all x ,  y in J. 

As in Chapter IV, we can linearize (5.37) to obtain 

(5.38) (x ,  y,  w * z) + (w,  y,  z * x )  + (2, y,  x * w )  = 0 

for all w, x,  y, z in 3. If 3 contains 1, then w = 1 in (5.38) implies 

(5.39) 

that is, J isjpexible: 

(5.40) (xy)x = xdyx) for all x ,  y in 3. 

( x ,  y,  z )  + (z,  y, x )  = 0 for all x ,  y, z in J; 
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If a unity element 1 is adjoined to J as in Chapter 11, then a necessary 
and sufficient condition that the Jordan identity be satisfied in the 
algebra with 1 adjoined is that both the Jordan identity and the flexible 
law be satisfied in J. Hence we define a noncommutative Jordan algebra to 
be an algebra satisfying both (5.37) and (5.40). 

It is easy to see that a flexible algebra J is a noncommutative Jordan 
algebra if and only if any one of the following four statements is 
satisfied : 

(x2y)x = x2(yx)  for all x ,  y in 3; 

x2(xy) = x(x2y) for all x ,  y in 3; 

(yx)x2 = (yx2)x for all x, y in 3; 

J' is a (commutative) Jordan algebra. 

We leave these verifications as an exercise for the reader. We see from 
the last of these statements that any semisimple algebra (of character- 
istic # 5 )  satisfying the hypotheses of Theorem 5.4 is a noncommutative 
Jordan algebra. 

Since (5.38) and (5.39) are multilinear, any scalar extension JK of a 
noncommutative Jordan algebra is a noncommutative Jordan algebra. 
It may be verified directly that any noncommutative Jordan algebra is 
power-associative (hence strictly power-associative). 

Let J be any noncommutative Jordan algebra. Then J' is a (com- 
mutative) Jordan algebra, and we have seen in Chapter IV that a trace 
form on J' may be given in terms of right multiplications of J'. Our 
application of this to the situation here works more smoothly if there is 
a unity element 1 in 3, so (if necessary) we adjoin one to J to obtain a 
noncommutative Jordan algebra J1 with 1 and having J as a subalgebra 
(actually an ideal). Then by the proof of Theorem 4.5 we know that 

(5.41) (x, y )  = trace R:.,, = f trace (Rx., ,  + Lx.,,) for all x, y in J1 

is a trace form on J1' where R' indicates the right multiplication in 
JI' ; hence (5.31) holds for all x ,  y,  z in J1 where (x ,  y)  i s  the symmetric 
bilinear form (5.41). In terms of T ( x )  defined by (5.35), we see that 
(5.31) is equivalent to 

T((x - y)  z )  = T(x (y z)) for all x ,  y, z in J1, 
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Now (5.39) implies 

L,, - L, L, + R, R, - R,, = 0 
Interchanging x and y ,  and subtracting, we have 

for all x, y in J1. 

R[x.y, + L[,,,, = CR,, Ryl + CL,, L,1 for all x ,  Y in 31. 
Hence 

W x ,  Y l )  = (4 cx, Yl) = 3 trace(R[,,y, + L,x ,y , )  = 0. 

W y )  = v x  * Y )  = 3 m Y )  + f W x ) ,  

Then xy = x * y + +[x, y ]  implies 

or 
T(xy) = T(yx) = (x,  y )  for all x, y in J1 

since T(x * y) = (1, x y )  = ( x ,  y )  by (5.31). Now (x, y )  is a trace form 
on J1. For 

0 = ~ T [ ( x  y )  * z - x * ( y  z ) ]  

= T[(xy)z + b x ) z  + z(xy) + z b x )  - XQZ)  - x(zy) - (yz)x - (zy)x] 

= 2T[(xy)z - x b z )  - (zy)x + z b x ) ]  

= 4T[(xy)z - x(yz)] 

by (5.39), so T((xy)z) = T(x(yz)), or (xy,  z )  =(x, yz),  as desired. Then 
(5.41) induces a trace form on the subalgebra J of J1. 

Corollary 5.5. Modulo its nilradical, any finite-dimensional non- 
commutative Jordan algebra of characteristic 0 is (uniquely) expressible 
as a direct sum Gl @ @ 6, of simple ideals Gi .  Over their centers 
these G, are central simple algebras of the following types: (commutative) 
Jordan, quasiassociative, or flexible quadratic. 

Proof. In order to apply Theorem 5.4 there remains only the verifica- 
tion of hypotheses (ii) and (iii) for ( x , y )  in (5.41). But these are im- 
mediate consequences of (4.14) and Proposition 4.4. 

It was remarked in Chapter IV that, although proof was given only 
for commutative Jordan algebras of characteristic 0, the results were 
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valid for arbitrary characteristic (f2). The same statement cannot be 
made here. The trace argument in Theorem 5.4 can be modified to give 
the direct sum decomposition for semisimple algebras. But new central 
algebras occur for characteristicp ; central simple algebras which are not 
listed in Corollary 5.5 are necessarily of degree one (Oehmke [l]; 
Kokoris [4, 51). 

A finite-dimensional power-associative algebra 'ill with 1 over F is 
called a nodal algebra in case every element of 2I is of the form crl + z 
where u is in F and z is nilpotent, and 91 is not of the form 2I = F1 + 92 
for 92 a nil subalgebra of a. There are no such algebras which are al- 
ternative (of arbitrary characteristic), commutative Jordan (of char- 
acteristic f2) (Jacobson [13]; McCrimmon [l]) or noncommutative 
Jordan of characteristic 0. But nodal noncommutative Jordan algebras 
of characteristic p > 0 do exist. Any nodal algebra has a homomorphic 
image which is a simple nodal algebra. 

Let J be a nodal noncommutative Jordan algebra over F. Since the 
commutative Jordan algebra J' is not a nodal algebra, J' = F1 + !TI' 
where 92' is a nil subalgebra of 3'; that is, J = F1 + 92, where 92 is a 
subspace of J consisting of all nilpotent elements of 3, and x * y is in 
92 for all x ,  y in !TI. For any elements x ,  y in 92 we have 

(5.42) xy = A 1  + z, Iz in F, z in 92. 

There must exist x ,  y in 92 with A # 0 in (5.42). Now (5.42) implies 

y x =  -A1 + ( 2 x . y - z )  

and 
(xy)x = Ax + zx = x(yx) = -Ax + 2x(x * y) - xz, 

or 

Now 
x(x y)  = Ax + x . z. 

0 = (x ,  x ,  Y )  + ( Y ,  x, x) 

= xzy - x(A1 + 2) + ( - A 1  + 2x ' y  - z)x - yxz 

= 2 x 5  - 2Ax - 2x * 2 + 4(x * y )  * x - 2x(x * y)  - 2x2 * y 

implies 

(5.43) xzy = 21x + 2x * z - 2(x . y)  * x + xz * y. 
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Defining 
xiy=l l i l+z, ,  IZ,inF, ziin92, 

linearization of (5.43) gives 

(XI * x z ) y  = 1 1 x 2  + A2x1 + X I  22 + x2 ' 21 - (XI ' Y )  * x 2  

(5.44) -(x2 * Y )  * x 1  + (XI XZ) ' Y .  

Theorem 5.6 (Kokoris). Let J be a simple nodal noncommutative 
Jordan algebra over F. Then F has characteristic p ,  J' is the p"-dimen- 
sional (commutatiue) associative algebra 3' = F[1, xl, . . . x,,], x i p  = 0, 
n 2 2,  and multiplication in J is given by 

af. ag 
ax, ax, 

(5.45) fg = f - g  + c - -- c,,, c,, = - c j i ,  

where at least one of the cl j  (= - c,J has an inverse. 

ProoJ Since J = F1 + 92, every element a in J is of the form 
(5.46) a = a l  +x, a i n  F, xin92. 

Thus every associator relative to the multiplication in 3' is an associator 

[xl, x2, x3] = (xl x2) * x3 - x1 (x2 * x3), xi in 92. 

We shall first show that J' is associative by showing that the subspace 
'$3 spanned by all of these associators is 0. For any y in 92, (5.44) implies 
that (xl * x2)y is in 9Iy so 

[(XI * xZ) . ~ 3 1 y  = I 3  ~1 . XZ + (XI * ~ 2 )  * 2 3  

+ x3 * [11x, +&x, + x1 *z2  + x2 * z 1  

- (x1 * Y )  - x2 - (XZ ' Y )  ' X I  + (x1 * x2) * Yl 

-[(XI - x2) .rl * x3 
- (X3 * Y )  (Xi * Xz) + [(XI * x2) * X3I * Y 

by (5.44). Interchange subscripts 1 and 3, and subtract, to obtain 

1x1, Xz 3 X 3 b  = 1x1, X2 9 231 + [Xi, Zz 3 X3I 

+ [zi, X2 9 XgI - [Xi  * Y ,  Xz , X j I  - [Xi, X2 * Y ,  XsI 

+ [X3 * Y ,  Xz 9 X i I  + [Xi, XZ X3I * Y 
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so that we have the first inclusion in 

(5.47) 

The second part of (5.47) follows from np = -pn + 2p.n for p in 'p, 
n in 3. 

of subspaces Ci of J by 

'p92 E 'p + 'p * 92, 92'p c 'p + 'p.92. 

Define an ascending series (To c 6, c C2 c 

a, = 'p, ai+, = ai + ai * w. 
Note that all the (Xi are contained in 92 (actually in 92 . 92 - 92, since 'p 
is). We prove by induction on i that 

(5.48) El92 c ai+1, 92ai E (&+I. 

The case i =O of (5.48) is (5.47). We assume (5.48) and prove that 
as follows: by the assumption of the induction it is 

sufficient to show 
92 E 

(ai * 92)% E ai+1 + Ci+I * 92. 

Now the flexible law (5.39) is equivalent to 

(5.49) (x y)z = (yz) x + (yx)  z - ( y  -z)x for all x, y ,  z in 3. 

Put x in C i ,  y and z in 92 into (5.49) and use yz = p1 + w, p in F, w in 92, 
to see that each term of the right-hand side of (5.49) is in (Xi+, + a,,, * 92 
by the assumption (5.48) of the induction. We have established 
a,,, 92 E 6 i+2 .  Then, as above, 

926i+] E ( t i + l 9 2  + 6i+] * 92 c ai+, , 

and we have established (5.48). Since J is finite-dimensional, there is a 
positive integer k such that En+ = ak. Then an is an ideal of J. For 
6, J = Cn(Fl + 92) c ak by (5.48), and similarly 3% E En. The ideal 
(Ik, being contained in 3, is not 3. Hence an = 0, since J is simple. 
But 'p E an, so 'p = 0, 3' is associative. 
An ideal B of an algebra 2l is called a characteristic ideal (or 3-ideal) 

in case 23 is mapped into itself by every derivation of 9t. 91 is called 
3-simple if 0 and 91 are the only characteristic ideals of 91. 

We show next that the commutative associative algebra 3' is 
3-simple. Interchange x and y in (5.39) to obtain 

(5.50) (y, x, z )  + (z, x , y )  = 0 for all x , y ,  z in 3; 
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interchange y and z in (5.39) to obtain 

(5.51) 

adding (5.39) and (5.50), and subtracting (5.51), we obtain the identity 

(5.52) 

which is valid in any flexible algebra. This identity is equivalent to the 
statement that 

D =  R , -  L, for any z i n J  

is a derivation of 3'. If 8 is an ideal of J', then x * z is in b for all 
x in 8, z in 3. If, furthermore, b is characteristic, then [x, z ]  = XD is in 
8, since D = R, - L, is a derivation of 3'. Hence xz = x * z + * [ x ,  z ]  
and zx = x z - +[x,  z ]  are in 8 for all x in b, z in J; that is, 8 is an 
ideal of 3. Hence 3 simple implies that the commutative associative 
algebra 3' is 3-simple. 

It is a very interesting fact in the theory of commutative associative 
algebras that, if '% is a finite-dimensional 3-simple commutative 
associative algebra of the form '% = F1 + % where % is the radical of '%, 
then (except for the trivial case '% = F1 which may occur at character- 
istic 0, and which does not give a nodal algebra) F has character- 
istic p and 2l is the p"-dimensional algebra '% = F[1, x l ,  ..., xn],  xip = 0 
(Harper [l]). 

(x ,  z, y)  + (y, z, x )  = 0 for all x ,  y, z in 3; 

[x  y, z ]  = [x, z ]  - y + x * b, z ]  for all x ,  y, z in 3, 

Now any derivation D of such an algebra has the form 

PI a !  f - + f D = C  - * a , ,  a,in'%, 
1=1 ax, 

where the a, of course depend on the derivation D. Now f -+ v, g ]  is a 
derivation of 3' for any g in 3, so we have 

(5.53) 

To evaluate the ai(g), note that x i  D = [ x i ,  g ]  = a,(g) and 
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Then aj(xi)  = [ x i ,  xi] implies 

as 
= -cs, Xi1 = - c - .  [ X j ,  X i ]  

ax ,  

or 

by (5.53), so that fg = f g + +1f, g ]  implies (5.45) where cl j  = $[xi, x,]. 
If every cij were in a, then 9l would be a subalgebra of '$I, a contra- 
diction. Hence at least one of the cij is of the form (5.46) with a # 0, 
so it has an inverse, and n 2 2. 

Not every algebra described in the conclusion of Theorem 5.6 is 
simple (Kokoris [5]). However, all such algebras of dimension p z  are, 
and for every even n there are simple algebras of dimension p". There 
are relationships between the derivation algebras of nodal noncom- 
mutative Jordan algebras and (nonclassical) simple Lie algebras of 
characteristic p (Schafer [ 171). For a general discussion of Lie algebras 
of characteristic p, see Seligman [l,  31. 

Noncommutative Jordan algebras do not in general have Wedderburn 
decompositions (even in case 91z = 0). This may be seen from the ex- 
ample of the 5-dimensional noncommutative Jordan algebra J with 
basis e l l ,  elz , ezl, eZ2, z over F and multiplication table: 

The radical % of 3 is % = Fz. Also %' = 0, and 31% z F2 with basis 
P ,  1, P , 2 ,  F Z l ,  P z z  . Suppose there were a subalgebra 6 z J/%. Then G 
would have a usual matrix basis g1 1, g l 2 ,  g2,, g Z 2 ,  and there would be 
an automorphism H of 3/% such that Q i j  = i i j H ( i ,  j = 1,2). But any 
automorphism of 3/% is inner (Albert [24], p. 51). Thus there is an 
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invertible element Y = aPll + /3P12 + yP21 + 6P2, (A = a6 - fly # 0) in 
s/% such that Bi, = Y P i , j - ' .  It follows that 

gI1 = A-'(a6el1 - afle12 + y6e2, - Bye221 + 82, 

gI2 = A-'(-aye,, + a2elz - y2ezl + aye,,) + KZ, 
gzl = A-'(B6e11 - f12elz + a2eZl - /36e,,) + Izz, 
g22 = A-'(-/3yell + a/3e12 - y6e2, + ade,,) + pz. 

Equating coefficients of z in gll gIZ =g12, gZz g12 = gll Q,, = 0, 
g2, g21 = gzl, g21 g12 = gZ2 yields equations in a, fl, ..., p which 
force A = 0, a contradiction. 

Noncommutative Jordan algebras are a natural generalization of both 
types of algebras with which we have become most familiar: alternative 
and Jordan algebras. In the Introduction we indicated that numerous 
generalizations of familiar classes of algebras have been made. As the 
reader who consults some of the papers cited in the Bibliography will 
discover, not all of these algebras are power-associative. However, we 
conclude this chapter (and our book) with brief mention of another 
class of power-associative algebras. 

An algebra i?I over F is called right alternative in case the right al- 
ternative law 

yxz = bx)x for all x, y in i?I 

is satisfied. It is easy to see that any right alternative algebra 9l of 
characteristic # 2 is power-associative. Also it follows from the first 
part of (3.69) that i?I+ is a special Jordan algebra. By a modification of 
the technique used in Theorem 5.4, Albert has shown that the radical % 
( = maximal nilideal) of any finite-dimensional right alternative algebra 
i?I of characteristic # 2 coincides with the radical of a[+, that 9l/% is a 
direct sum of simple ideals, and that every semisimple right alternative 
algebra is actually alternative (Albert [9, 181). 
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Jordan, 102 
real, 48 
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Principle of triality, 88 
Properly nilpotent element, 37 

Q 
Quadratic algebra, 50 
Quadratic form permitting composition, 
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alternative algebra, 32, 40,44 
associative algebra, 6 
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power-associative algebra, 130 
trace form, 24 

Real division algebra, 48 
Reciprocal, 29 
Reduced Jordan algebra, 100 
Regular representation, 26, 67, 108 
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Tensor product, 12 
Tits’s theorem, 122 
Total matrix algebra, 6 
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Triality, principle of, 88 
Trilinear form, 83, 110 
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Whitehead lemma 
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Without zero divisors, 15 
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Witt’s theorem, 71 
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Zero algebra, 2 
Zero divisors, 15 
Zorn’s theorem on 
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