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PREFACE

This little book is an expanded version of the lectures on nonassocia-
tive algebras which I gave at an Advanced Subject Matter Institute in
Algebra, which was held at Oklahoma State University in the summer of
1961 under the sponsorship of the National Science Foundation.

I have had no desire to write a treatise on this subject. Instead I have
tried to present here in an elementary way some topics which have been
of interest to me, and which will be helpful to graduate students who are
encountering nonassociative algebras for the first time. Proofs are not
given of all of the results cited, but a number of the proofs which are
included illustrate techniques which are important for the study of non-
associative algebras.

Alternative algebras are presented in some detail. I have treated Jordan
algebras in a somewhat more cursory way, except for describing their
relationships to the exceptional simple Lie algebras. A considerably
deeper account of Jordan algebras will be found in the forthcoming book
by Jacobson.

I expect that any reader will be acquainted with the content of a
beginning course in abstract algebra and linear algebra. Portions of six
somewhat more advanced books are recommended for background
reading, and at appropriate places reference is made to these books for
results concerning quadratic forms, fields, associative algebras, and Lie
algebras. The books are:

Albert, A. A, “ Structure of Algebras,” Vol. 24. American Mathemat-
ical Society Colloquium Publications, New York, 1939;

Artin, Emil, “ Galois Theory,” No. 2, 2nd ed. Notre Dame Mathe-
matical Lectures, Notre Dame, 1948

vii
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Artin, Emil, “Geometric Algebra,” No. 3 (Interscience Tracts in
Pure and Applied Mathematics). Wiley (Interscience), London and
New York, 1957;

Jacobson, Nathan, * Lectures in Abstract Algebra,” Vol. II (Linear
Algebra). Van Nostrand, Princeton, New Jersey, 1953;

Jacobson, Nathan, “Lie Algebras,” No. 10 (Interscience Tracts in
Pure and Applied Mathematics). Wiley (Interscience), London and
New York, 1962;

Zariski, Oscar, and Samuel, Pierre, “ Commutative Algebra,” Vol. I.
Van Nostrand, Princeton, New Jersey, 1958.

References are also given to some of the research papers listed in
the bibliography at the end. It is my hope that this book will serve to
make more of the papers cited there accessible to the interested reader.

Completion of this manuscript was partially supported by National
Science Foundation Grant GP 2496. 1 am grateful for this support, and
happy to acknowledge it.

RICHARD D. SCHAFER

September, 1966



CONTENTS

Preface

L
IL

118

Introduction

Arbitrary Nonassociative Algebras .

1. Some Basic Concepts .

2. The Associative Multiplication Algebra 5m (Q[)
3. The Lie Multiplication Algebra £ ()

4. Trace Forms; Bimodules . .

Alternative Algebras .

Nilpotent Algebras .

The Peirce Decomposition

The Radical; Semisimple Algebras

Cayley Algebras ..

Simple Alternative Algebras .

The Wedderburn Principal Theorem

Norm Forms .
Derivations; Simple L1e Algebras of Typc G .

XN R L=

Jordan Algebras .
1. The Radical; Semxslmple Algebras
2. Central Simple Jordan Algebras

3. Derivations; Simple Lie Algebras of Type F .

4. Simple Lie Algebras of Type Eg

Power-Associative Algebras
1. The Peirce Decomposition

ix

vii

14
19
23

27
27
32
37

50
58
69
75

91
91
100
109
119

128
128



X Contents

2. Finite Power-Associative Division Rings
3. Noncommutative Jordan Algebras
Bibliography

Index

133
136
148

161



I
INTRODUCTION

By common consent a ring R is understood to be an additive abelian
group in which a multiplication is defined, satisfying

(1.1) (xy)z = x(yz) forall x,y,zinR
and
(1.2) (x+y)z=xz+yz, z(x+y)=zx+2zy forall x,y,zin4R,

while an algebra U over a field Fis a ring which is a vector space over
F with

(1.3) a(xy) = (ax)y = x(ap) forall ainF, x,yin 9,

so that the multiplication in U is bilinear. Throughout this book,
however, the associative law (1.1) will fail to hold in many of the
algebraic systems encountered. For this reason we shall use the terms
“ring” and ‘‘ algebra” for more general systems than customary.

We define a ring R to be an additive abelian group with a second law
of composition, multiplication, which satisfies the distributive laws (1.2).
We define an algebra W over a field F to be a vector space over F with a
bilinear multiplication, that is, a multiplication satisfying (1.2) and
(1.3). We shall use the name associative ring (or associative algebra)
for a ring (or algebra) in which the associative law (1.1) holds.

In the general literature, an algebra (in our sense) is commonly
referred to as a nonassociative algebra in order to emphasize that (1.1)
is not being assumed. Use of this term does not carry the connotation

1



2 Introduction

that (1.1) fails to hold, but only that (1.1) is not assumed to hold. If
(1.1) is actually not satisfied in an algebra (or ring), we say that the
algebra (or ring) is not associative, rather than nonassociative.

As we shall see in Chapter II, a number of basic concepts which are
familiar from the study of associative algebras do not involve associa-
tivity in any way, and so may fruitfully be employed in the study of
nonassociative algebras. For example, we say that two algebras U and
A’ over F are isomorphic in case there is a vector space isomorphism
x o x' between them with (xy)' = x’y’ for all x, y in .

Although we shall prove some theorems concerning rings and
infinite-dimensional algebras, we shall for the most part be concerned
with finite-dimensional algebras. If 2 is an algebra of dimension n over
F, let u,, ..., u, be a basis for % over F. Then the bilinear multiplication
in A is completely determined by the n® multiplication constants
7:;x Which appear in the products

(1.4) U u; =kzly,.jk U, Vijk in F.

We shall call the n* equations (1.4) a multiplication table, and shall
sometimes have occasion to arrange them in the familiar form of such
a table:

Uy . Uy . Uy
Uy

A P Z,,U;,,, ......
u:,. :

The multiplication table for a one-dimensional algebra U over F
is given by s = yu, (y = 71,,). There are two cases: y = 0 (from which
it follows that every product xy in 2 is 0, so that 2 is called a zero
algebra), and y # 0. In the latter case the element e = y~'u, serves as a
basis for 2 over F, and in the new multiplication table we have e? = e.
Then o< ae is an isomorphism between F and this one-dimensional
algebra A. We have seen incidentally that any one-dimensional algebra
is associative. There is much more variety, however, among the
algebras which can be encountered even for such a low dimension as
two.
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Other than associative algebras, the best-known examples of algebras
are the Lie algebras which arise in the study of Lie groups. A Lie
algebra £ over F is an algebra over F in which the multiplication is
anticommutative, that is,

x2=0  (implying xy = —yx),
and the Jacobi identity
)z + (2)x + (zx)y =0 forall x,y,zin @
is satisfied. If 2 is any associative algebra over F, then the commutator
(1.5) [x, y] =xy —yx
satisfies
[x,x]=0 and  [[x,y), z] + [y, 2], x] + [[z, x], y] = 0.

Thus the algebra A~ obtained by defining a new multiplication (1.5)
in the same vector space as U is a Lie algebra over F. Also any subspace
of A which is closed under commutation (1.5) gives a subalgebra of U~
hence a Lie algebra over F. For example, if A is the associative algebra
of all n x n matrices, then the set £ of all skew-symmetric matrices in A
is a Lie algebra of dimension 4n(n — 1). The Birkhoff-Witt theorem
states that any Lie algebra £ is isomorphic to a subalgebra of an
(infinite-dimensional) algebra A~ where A is associative (Jacobson
[25], pp. 159-162). In the general literature the notation [x, y], without
regard to (1.5), is frequently used, instead of xy, to denote the product
in an arbitrary Lie algebra.

In this book we shall not make any systematic study of Lie algebras.
A number of such accounts exist (principally for characteristic O,
where most of the known results lie); we shall refer, in particular, as
above to Jacobson [25]. Instead we shall be concerned upon occasion
with relationships between Lie algebras and other nonassociative
algebras which arise through such mechanisms as the derivation algebra.
Let % be any algebra over F. By a derivation of U is meant a linear
operator D on U satisfying

(xy)D = (xD)y + x(yD) forall x,yin A
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The set D(A) of all derivations of A is a subspace of the associative
algebra @ = G(A) of all linear operators on . Since the commutator
[D, D'] of two derivations D, D’ is a derivation of 2, D(Y) is a sub-
algebra of €7; that is, D(2) is a Lie algebra, called the derivation
algebra of N.

Just as one can introduce the commutator (1.5) as a new product
to obtain a Lie algebra A~ from an associative algebra A, so one can
introduce a symmetrized product

(1.6) x*y=xy+yx

in an associative algebra U to obtain a new algebra over F where the
vector space operations coincide with those in U but where multiplica-
tion is defined by the commutative product x * y. If one is content to
restrict attention to fields F of characteristic not two (as we shall be in
many places), there is a certain advantage in writing

1.7) x:y=3xy+yx)

to obtain an algebra A* from an associative algebra 2 by defining
products by (1.7) in the same vector space as 2. For 2* is isomorphic
under the mapping a — 1a to the algebra in which products are defined
by (1.6). At the same time, powers of any element x in A* coincide with
those in 2: clearly x - x = x?, whence it is easy to see by induction on
n that

x+x--x(nfactors) =(x- - x) (x %)
— xi . xn—i — %(xixn—i + xn—ixi) = x".

If U is associative, then the multiplication in A* is not only commu-
tative but also satisfies the identity

) xx)=x-[y-(x-x)] forall x,yin A*.

A (commutative) Jordan algebra J is an algebra over a field F in which
products are commutative:

Xy =yx forall x,yin 3,
and satisfy the Jordan identity

(xy)x? = x(yx?) forall x,yin3.
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Thus, if A is associative, then A* is a Jordan algebra. So is any sub-
algebra of A%, that is, any subspace of 2 which is closed under the
symmetrized product (1.7) and in which (1.7) is used as a new multi-
plication (for example, the set of all n x n symmetric matrices). An
algebra 3 over F is called a special Jordan algebra in case J is isomorphic
to a subalgebra of A" for some associative 2. We shall see that not all
Jordan algebras are special.

Jordan algebras were introduced in the early 1930’s by a physicist,
P. Jordan, in an attempt to generalize the formalism of quantum
mechanics. Little appears to have resulted in this direction, but un-
anticipated relationships between these algebras and Lie groups and the
foundations of geometry have been discovered.

The study of Jordan algebras which are not special depends upon
knowledge of a class of algebras which are more general, but in a
certain sense only slightly more general, than associative algebras.
These are the alternative algebras U defined by the identities

x?y =x(xy) forall x,yin¥A
and
yxt=(x)x forall x,yin¥,

known respectively as the left and right alternative laws. Clearly, any
associative algebra is alternative. The class of 8-dimensional Cayley
algebras (or Cayley-Dickson algebras, the prototype having been
discovered in 1845 by Cayley and later generalized by Dickson) is,
as we shall see, an important class of alternative algebras which are not
associative.

Let F have characteristic #2. Then the multiplication table for any
Cayley algebra € over F may be taken to be:

Uy U Us Ug Us U Uq Ug
Uy Uy Uy Uz Ug Usg Us Uq Ug
U U Mty —Ua — Halds —llg —Hals Ug il
Us Us Ua Hally a2l —Us —Usg —M2ls —Halg
Us Ua JLTE] Tl gl T Ug L) MHalle Hifals
Us Us Ues Uz Ug raly K3l Mals Hala
Ug Ug ks Ug iUz —H3lU2 T g MMy T p3ls g3l
U Uq —Ug P2ls —Malle  — palls H3la —Hapi3lly aflaly
Ug Ug — ity Halle  —Maflalls —pala g fsls —pafh3lly [y fafd3ly
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where u,, u,, ..., ug is a basis for € over F, and p,, y,, and u, are
nonzero elements of F.

To date these are the algebras (Lie, Jordan, and alternative) about
which most is known. Numerous generalizations have recently been
made, usually by studying classes of algebras defined by weaker identities.

The structure theories for associative and Lie algebras have served as
models for generalization and analogy. Let us recapitulate here some
well-known features of these theories.

Let F be an arbitrary field and U be a finite-dimensional associative
algebra over F. As one learns from, for example, Albert [24], there
is an ideal M, called the radical of A, which is the unique maximal
nilideal of A (that is, the maximal ideal consisting entirely of nil-
potent elements). Furthermore, 9 is nilpotent in the sense that there
is an integer ¢ with the property that any product z, z, -+ z, of ¢ elements
from N is zero; hence N is also the unique maximal nilpotent ideal
of A. Modulo this radical the algebra is semisimple; that is, the
residue class algebra /M has radical equal to zero. Moreover, any
semisimple associative algebra is uniquely expressible as a direct sum
S, @@ S, of simple two-sided ideals (where an algebra is simple
provided it has no proper ideals and is not a 1-dimensional algebra in
which all products are zero). A celebrated theorem of Wedderburn
states that any simple associative algebra & is the Kronecker product
D, =D ® F, of a division algebra D over F and the total matrix
algebra F, of dimension n?, where n is unique and D is uniquely
determined up to isomorphism. Hence (up to a determination of all
division algebras D over F) the structure of any semisimple associative
algebra over F is known.

Let A/N be separable (that is, the center of each simple component
is a separable field over F; this would always be the case if F were of
characteristic 0). Then W has a Wedderburn decomposition A = S + N
where © is a subalgebra of A isomorphic to A/N and S + N is a vector
space direct sum. Any derivation D of a separable algebra U is inner:
there exists x in U such that aD = ax — xa for all @ in A (Jacobson [2]).

This of course has been but the briefest of sketches of the associative
structure theory, and omits many important features. It is astonishing,
however, how closely the structure of Lie algebras of characteristic 0
parallels the associative theory up to this point (Jacobson [25]).
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Let F be a field of characteristic 0 and £ be a finite-dimensional Lie
algebra over F. Then the radical 9t of € is not the maximal nilideal
(since € itself is a nilalgebra, the square of every element being zero),
nor is it in general the maximal nilpotent ideal of £, It is an ideal between
these two. Define B! =B, B+ = (BD)2, Then B is solvable in
case there is an integer r such that B = 0, and the radical R of € is the
unique maximal solvable ideal of £. With this definition of radical, the
residue class algebra £/ is semisimple and is uniquely expressible as a
direct sum of simple two-sided ideals. If F is algebraically closed, the
classification of simple Lie algebras into four great classes and five
exceptional algebras is well known. This leads to a determination of the
simple Lie algebras over arbitrary F of characteristic 0 which by now is
almost complete, and in this sense we can say that all semisimple Lie
algebras over F are known.

Since F is of characteristic 0, there is no question of separability
involved. Any finite-dimensional Lie algebra £ over F has a Levi
decomposition £ =& + N where S is a subalgebra isomorphic to
2/N and S + N is a vector space direct sum. Any derivation D of a
semisimple algebra £ is inner: aD = ax for some x in £ (D = ad x).

Lest we be too taken up with the similarities between these two
theories, we should perhaps recall one of the important tools for the
study of associative algebras; namely, the Peirce decomposition relative
to an idempotent. Let e be an idempotent (e2 = e # 0) in an associative
algebra U over an arbitrary field F. Then U may be written as the vector
space direct sum W = A, + W,y + WAy, + Wy, of spaces A;;, which
consist of those elements x;; in U satisfying ex;; = ix;;, x;e = jx;;
(i,j =0, 1). The properties of this decomposition are essential to the
proofs of some of the associative theorems mentioned. On the other
hand, there are clearly no idempotents in Lie algebras, and the proofs
of the parallel theorems rely on other methods, notably on a trace
argument which breaks down for fields of characteristic p > 0.

We shall prove in Chapter III that each of these results about asso-
ciative algebras is a particular case of a corresponding generalization to
finite-dimensional alternative algebras. In Chapter 1V, although not all
of the proofs are included, we shall see that the analogues of these
theorems about associative and Lie algebras hold also for finite-
dimensional Jordan algebras of characteristic #2.
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For broader classes of nonassociative algebras the associative and
Lie theories do not serve as appropriate models; counterexamples to
these theorems exist. We shall see in Chapter II, however, some non-
trivial results which hold for completely arbitrary algebras.



II

ARBITRARY NONASSOCIATIVE
ALGEBRAS

1. SOME BASIC CONCEPTS

Let U be an algebra over a field F. (The reader may make the ap-
propriate modifications for a ring R.) The definitions of the terms
subalgebra, left ideal, right ideal, (two-sided) ideal B, homomorphism, ker-
nel of a homomorphism, residue class algebra /B (difference algebra
A-B), anti-isomorphism, which are familiar from a study of associative
algebras, do not involve associativity of multiplication and are thus
immediately applicable to algebras in general. So is the notation BE for
the subspace of 2 spanned by all products bc with 5in B, cin € (B, €
being arbitrary nonempty subsets of A); here we must of course dis-
tinguish between (AB)E and A(BC), etc.

We have the fundamental theorem of homomorphism for algebras:
If B is an ideal of U, then A/V is a homomorphic image of A under the
natural homomorphism

a—-ada=a+B, ain A, a+Bin A/B.

Conversely, if %' is a homomorphic image of U (under the homo-
morphism

2.1 a-a, ain W, g inA’),
9
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then A’ is isomorphic to /B where B is the kernel of the homo-
morphism.

If &' is a subalgebra (or ideal) of a homomorphic image ¥’ of U, then
the complete inverse image of €' under the homomorphism (2.1)—that
is, the set & = {se U |s" € S'}—is a subalgebra (or ideal) of W which
contains the kernel 8 of (2.1). If a class of algebras is defined by identi-
ties (as, for example, Lie, Jordan or alternative algebras), then any
subalgebra or any homomorphic image belongs to the same class.

We have the customary isomorphism theorems:

(i) If B, and B, are ideals of A such that B, contains B,, then
(UA/B,)/(B,/B,) and /B, are isomorphic.

(ii) If B is an ideal of A and & is a subalgebra of A, then B n Sis an
ideal of €, and (B + S)/B and S/(B N &) are isomorphic.

Suppose that B and € are ideals of an algebra U, and that as a vector
space U is the direct sum of Band C (A =B + €, B n € =0). Then A
is called the direct sum W =B @ € of B and € as algebras. The vector
space properties ensure that in a direct sum U =B P E the com-
ponents b, cof a=5 + ¢ (b in B, ¢ in €) are uniquely determined, and
that addition and multiplication by scalars are performed component-
wise. It is the assumption that B and @ are ideals in A =B H € that
gives componentwise multiplication as well:

(bl + cl)(bZ +62)=b1 b2+cl 02, bi in %, C[ il‘l G.

For b, ¢, is in both B and €, hence in B N € = 0. Similarly ¢, b, = 0.
(Although @ is commonly used to denote vector space direct sum, it
has been reserved here for direct sum of ideals; where appropriate the
notation L has been used for orthogonal direct sum relative to a sym-
metric bilinear form.)

Given any two algebras B, € over a field F, one can construct an
algebra ¥ over F such that U is the direct sum U =B’ @ ¢’ of ideals
B’, €' which are isomorphic respectively to B, €. The construction of U
is familiar: the elements of U are the ordered pairs (b, ¢) with b in B,
¢ in €; addition, multiplication by scalars, and multiplication are defined
componentwise:

(by, )+ (by, ¢2) =(by + by, ¢y + ¢3),
a(b, ¢) = (ab, ac),
(by, c1)(b2, €3) = (by by, ¢y Cy).
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Then U is an algebra over F, the sets B’ of all pairs (b, 0) with b in B and
¢’ of all pairs (0, ¢) with ¢ in € are ideals of U isomorphic respectively
toB and €, and A =B’ @ €. By the customary identification of B with
B’, € with €', we can then write A =B @ €, the direct sum of B and €
as algebras.

As in the case of vector spaces, the notion of direct sum extends to an
arbitrary (indexed) set of summands. In this book we shall have occasion
to use only finite direct sums W =B, @B, P - @ B,. Here A is the
direct sum of the vector spaces B,, and multiplication in A is given by

(by+by+ - +b)ey+ea+ - +e)=beg+byep+ -+ b,

for b;, c;in B,. The B, are ideals of A. Note that (in the case of a vector
space direct sum) the latter statement is equivalent to the fact that the
B, are subalgebras of U such that

$l$1=0 for i#j.

An element e (or f) in an algebra W over F is called a left (or right)
identity (sometimes unity element) in case ea = a (or af = a) for all a in
QL. If A contains both a left identity e and a right identity f, then e = f
(=¢f) is a (two-sided) identity 1. If A does not contain an identity
element 1, there is a standard construction for obtaining an algebra U,
which does contain 1, such that U, contains (an isomorphic copy of) U
as an ideal, and such that U, /A has dimension 1 over F. We take U, to
be the set of all ordered pairs («, @) with « in F, a in ; addition and
multiplication by scalars are defined componentwise; multiplication is
defined by

(2, a)(B, b) = (af, Pa + ab + ab), o, BinF, a,binA.

Then U, is an algebra over F with identity element 1 = (1, 0). The set
A’ of all pairs (0, @) in U, with g in A is an ideal of U, which is iso-
morphic to A. As a vector space U, is the direct sum of A’ and the
1-dimensional space F1 = {al |« in F}. Identifying 2’ with its isomorphic
image 2, we can write every element of U, uniquely in the form al + a
with a in F, a in U, in which case the multiplication becomes

(o1 + a)(B1 + b) = (af)1 + (Ba + ab + ab).

We say that we have adjoined an identity element to U to obtain U,.
(If A is associative, this familiar construction yields an associative
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algebra U, with 1. A similar statement is readily verifiable for (com-
mutative) Jordan algebras and for alternative algebras. It is of course
not true for Lie algebras, since 12 =1 #0.)

Let B and U be algebras over a field F. The Kronecker product
B @A (written B ® A if there is no ambiguity) is the tensor prod-
uct B @A of the vector spaces B, A (so that all elements are sums
Ih®a, b in B, a in ), multiplication being defined by distributivity
and

b, ®a )b, ®a,) = (b, b,) ® (a, a,), b;inB, a;in A,

If B contains 1, then the set of all 1 @ a in B ® A is a subalgebra of
B ® A which is isomorphic to A, and which we can identify with A
(similarly, if ¥ contains 1, then B ® A contains B as a subalgebra).
If 8 and A are finite-dimensional over F, then dim(B R ) =
(dim B)(dim A).

We shall on numerous occasions be concerned with the case where B
is taken to be a field (an arbitrary extension K of F). Then K does
contain 1, so Uy = K@U contains A (in the sense of isomorphism)
as a subalgebra over F. Moreover, U is readily seen to be an algebra
over K, which is called the scalar extension of U to an algebra over K.
The properties of a tensor product ensure that any basis for U over F
is a basis for A, over K. In case U is finite-dimensional over F, this
gives an easy representation for the elements of Uy . Let u,, ..., u, be
any basis for U over F. Then the elements of Wy are the linear combina-
tions

2.2 You, (=Y 4®u), «ink,

where the coefficients «; in (2.2) are uniquely determined. Addition and
multiplication by scalars are performed componentwise. For multi-
plication in A we use bilinearity and the multiplication table

2.3) u;u; = Z Vijk Yk > Yige in F.

The elements of A are obtained by restricting the «; in (2.2) to elements
of F.

For finite-dimensional ¥, the scalar extension U, (K an arbitrary
extension of F) may be defined in a noninvariant way (without recourse
to tensor products) by use of a basis as above. Let u;, ..., 4, be any basis
for A over F; multiplication in U is given by the multiplication table
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(2.3). Let %A, be an n-dimensional algebra over X with the same multi-
plication table (this is valid since the y,;;, being in F, are in K). What
remains to be verified is that a different choice of basis for WA over F
would yield an algebra isomorphic (over K) to this one. (A noninvariant
definition of the Kronecker product of two finite-dimensional algebras
A, B may be similarly given.)

For the classes of algebras mentioned in the Introduction (Jordan
algebras of characteristic #£2, and Lie and alternative algebras of arbi-
trary characteristic), one may verify that algebras remain in the same
class under scalar extension—a property which is not shared by classes
of algebras defined by more general identities (as, for example, in
Chapter V).

Just as the commutator [x, y] = xy — yx measures commutativity
(and lack of it) in an algebra U, the associator

(x, y, 2) = (xp)z — x(yz)

of any three elements may be introduced as a measure of associativity
(and lack of it) in . Thus the definitions of alternative and Jordan
algebras may be written as

xxy)= (0xx)=0 forall x,yin«A
and
[ yl=(,y,x*)=0 forall x,yin.

Note that the associator (x, y, z) is linear in each argument. One identity
which is sometimes useful and which holds in any algebra U is

(24)  al(x,p,2) + (a, x, p)z = (ax, y, z) — (@, xy, 2) + (a, x, yz)
for alla, x, y, zin U.
The nucleus ® of an algebra U is the set of elements g in A which
associate with every pair of elements x, y in U in the sense that
(g, x5, )=(x,9,9)=(x,»¢9 =0  foral x,yin?.
It is easy to verify that ® is an associative subalgebra of . ® is a sub-
space by the linearity of the associator in each argument, and
(91925 %, Y) =91(92, %, ¥) + (91,92, X)y

+(g91,92%, ) — (91,92, xy) =0,
etc., by (2.4).
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The center € of U is the set of all ¢ in A which commute and associate
with all elements; that is, the set of all ¢ in the nucleus ® with the
additional property that

xc=cx forall xin U.

This clearly generalizes the familiar notion of the center of an associative
algebra. Note that € is a commutative associative subalgebra of 21.

2. THE ASSOCIATIVE MULTIPLICATION ALGEBRA (%)

Let a be any element of an algebra 2 over F. The right multiplication
R, of A which is determined by a is defined by

R,: x> xa forall xin %,

Clearly R, is a linear operator on N. Also the set R() of all right
multiplications of U is a subspace of the associative algebra € of all
linear operators on U, since a — R, is a linear mapping of U into €.
(In the familiar case of an associative algebra, R() is a subalgebra of €,
but this is not true in general.) Similarly, the left multiplication L, defined
by

L,:x—>ax forall xin A

is a linear operator on U, the mapping a — L, is linear, and the set L()
of all left multiplications of  is a subspace of €.

We denote by MM(A), or simply I, the enveloping algebra of
R(A) u L(N); that is, the (associative) subalgebra of & generated by
right and left multiplications of . M(A) is the intersection of all
subalgebras of € which contain both R() and L(A). The elements of
M(A) are of the form Y S, --- S, where S, is either a right or a left
multiplication of UA. We call the associative algebra I = M(A) the
multiplication algebra of .

It is sometimes useful to have a notation for the enveloping algebra
of the right and left multiplications (of %) which correspond to the
elements of any subset B of UA; we shall write B* for this subalgebra of
W(A). That is, B* is the set of all Y S, --- S, where S, is either R,,, the
right multiplication of 2 determined by b, in B, or L,,. Clearly UA* =
MW, but note the difference between B* and M(B) in case B is a
proper subalgebra of 2U—they are associative algebras of operators on
different spaces (U and B, respectively).
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An algebra U over F is called simple in case 0 and U itself are the only
ideals of 2, and U is not a zero algebra (equivalently, in the presence of
the first assumption, 9 is not the zero algebra of dimension 1). Since an
ideal of U is an invariant subspace under M = PM(A), and conversely, it
follows that 2 is simple if and only if M # 0 is an irreducible set of
linear operators on A. Since A? (= AA) is an ideal of A, we have
A2 = A in case A is simple.

An algebra U over F is a division algebra in case N # 0 and the
equations

(2.5) ax=b, ya=b (@#0, binA)

have unique solutions x, y in % ; this is equivalent to saying that, for
any a# 0 in U, L, and R, have inverses L, ' and R;!. Any division
algebra is simple. For, if B 3 0 is merely a left ideal of 2, there is an
element ¢ #0 in B and A = Ua = B by (2.5), or B = A, also clearly
A2 # 0. [Any associative division algebra 2 has an identity 1, since
(2.5) implies that the nonzero elements form a multiplicative group.
In general, a division algebra need not contain an identity 1.] If 2 has
finite dimension n > 1 over F, then  is a division algebra if and only if
A is without zero divisors (x # 0 and y # 0in W imply xy # 0), inasmuch
as the finite-dimensionality ensures that L, (and similarly R,), being
(1-1) for a # 0, has an inverse.

In order to make the observation that any simple ring is actually an
algebra, so the study of simple rings reduces to that of (possibly infinite-
dimensional) simple algebras, we take for granted that the appropriate
definitions for rings are apparent, and we digress to consider any simple
ring R. The (associative) multiplication ring M = M(R) # 0 is irre-
ducible as a ring of endomorphisms of R. Thus by Schur’s lemma the
centralizer €’ of M in the ring € of all endomorphisms of R is an
associative division ring. Since M is generated by left and right multi-
plications of R, €' consists of those endomorphisms T in € satisfying
R,T=TR,, L, T=TL,, or

(2.6) )T = (xT)y = x(yT) for all x,yin R.
Hence S, Tin €' imply
(x)ST = (xST = (xS)OT) = (x(T))S = (x))TS,
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so that zST = zT'S for all z in RZ = R. That is, ST=TS for all S, T
in €; ¢ is a field which we call the multiplication centralizer of R.
Now the simple ring R may be regarded in a natural way as an algebra
over the field €’. Denote T in &’ by «, and write ax = x7 for any x in R.
Then R is a (left) vector space over ¢&'. Also (2.6) gives the defining
relations a(xy) = (ax)y = x(ay) for an algebra over €'. As an algebra
over &' (or any subfield F of €'), R is simple since any ideal of R as an
algebra is a fortiori an ideal of R as a ring.

Returning now to any simple algebra % over F, we recall that the
multiplication algebra (W) is irreducible as a set of linear operators
on the vector space U over F. But (Jacobson [24], p. 274) this means that
PM(A) is irreducible as a set of endomorphisms of the additive group of
A, so that A is a simple ring. That is, the notions of simple algebra and
simple ring coincide.

An algebra U over F is called central simple in case Wy is simple for
every extension K of F. Every central simple algebra is simple (take
K =F). It is proved in Jacobson [25], pp. 290-293, that any simple
algebra A (of arbitrary dimension), regarded as an algebra over its
multiplication centralizer €' (so that €’ = F), is central simple. It is also
proved there that, if the simple algebra U is finite-dimensional over €',
then M is the algebra of all linear operators on A over €'; hence &' is
the center of M in this case.

Theorem 2.1 (Jacobson). The center & of any simple algebra W over
F is either 0 or a field. In the latter case W contains 1, the multi-
plication centralizer € =Q* = {R,|ceQ}, and W is a central simple
algebra over G.

Proof. Note that ¢ is in the center of any algebra U if and only if
R,=L, and [L,R]=R.R,—R,=R,R.—R,=0
for all y in A or, more compactly,
27 R.,=L, RR,=RR =R, foral yin.
Hence (2.6) implies that
cT isin € forall ¢in€, Tin@'.
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For (2.6) may be written as

R,T=TR,=R,ry forall yin¥,
or, equivalently, as

L.T=L,=TL, for all xin U,
These imply

Ry =TR,=TL = L.,
together with

R.sR,=R,TR,=R.R,7 = R.(;1) = R(.1y,

and

R,R;=R,R.T=R.,R,T=R.TR,=R1R,.
That is, ¢T is in €. Note also that (2.7) implies
(2.8) L.R.=R. L, forall cinG, x in A,

Since R, R., = R,, ., (c; in €) by (2.7), the subalgebra €* of M(A) is
just €* = {R,.|c e &}, and the mapping ¢ — R, is a homomorphism of
€ onto €*. Also (2.7) and (2.8) imply that R, commutes with every
element of M so that €* = €'. Moreover, €* is an ideal of the (com-
mutative) field €' since TR, = R,y is in €* for all T'in €', ¢ in €. Hence
either €* =0 or €* = ¢,

Now €* = 0 implies R, = 0 for all ¢ in €; hence € = 0. For, if there
is ¢# 0 in €, then B = Fc # 0 is an ideal of U since BU = AB = 0.
Then B = A, A% =0, a contradiction.

In the remaining case €* = ¢, the identity operator 1y on 2 is in
€’ = €*. Hence there is an element e in € such that R, =L, = 1y, or
ae = ea = afor all ain U; A has a unity element 1 = e. Then ¢ —» R, is an
isomorphism between € and the field €'. 9 is an algebra over the field €,
and as such is central simple.

For any algebra U over F, one obtains a derived series of subalgebras
AW o AP > UD o ... by defining AP = A, AEHD = (AD)2, 9 is
called solvable in case A" = 0 for some integer r.
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Proposition 2.2. If an algebra U contains a solvable ideal B, and if
A = A/B is solvable, then W is solvable.

Proof. Since the natural mapping a>d=a+B (@in U, 4 in A/B)
is a homomorphism, it follows that A2 = N2 and that AD = AP, Then
AP =0 implies AV =0, or AY =B. But B =0 for some s, so
P+ = (AC)S = B = 0. Hence A is solvable.

Proposition 2.3. If Band € are solvable ideals of an algebra W, then
B + € is a solvable ideal of W. Hence, if W is finite-dimensional, N has
a unique maximal solvable ideal W. Moreover, the only solvable ideal of
A/N is 0.

Proof. B + Q is an ideal because B and € are ideals. By the second
isomorphism theorem (B 4+ €)/€ >~ B/(B N €). But B/(B N QC) is a
homomorphic image of the solvable algebra B, and is therefore clearly
solvable. Then B + € is solvable by Proposition 2.2. It follows that, if 2
is finite-dimensional, the solvable ideal of maximum dimension is
unique (and contains every solvable ideal of A). Let M be this maximal
solvable ideal, and ® be any solvable ideal of U = A/N. The complete
inverse image ® of ® under the natural homomorphism of 2 onto U is
an ideal of 2 such that /% = . Then G is solvable by Proposition
2.2, 50 ® = N. Hence 6/N =56 = 0.

An algebra U is called nilpotent in case there exists an integer ¢ such
that any product z, z, --- z, of ¢ elements in 2, no matter how associated,
is 0. This clearly generalizes the concept of nilpotence as defined for
associative algebras. Also any nilpotent algebra is solvable.

Theorem 2.4. An ideal B of an algebra W is nilpotent if and only if the
(associative) subalgebra B* of M(N) is nilpotent.

Proof. Suppose that every product of ¢ elements of B, no matter how
associated, is 0. Then the same is true for any product of more than ¢
elements of B. Let T =T, --- T, be any product of ¢ elements of B*.
Then T is a sum of terms each of which is a product of at least ¢ linear
operators S;, each §; being either L, or R, (b; in B). Since B is an
ideal of A, xS, is in B for every x in A. Hence xT is a sum of terms,
each of which is a product of at least ¢ elements in 8. Hence xT = 0 for
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all x in A, or T = 0, B* is nilpotent. For the converse we need only that
B is a subalgebra of A. We show by induction on n that any product of
at least 2" elements in B, no matter how associated, is of the form
bS, -+ S, with b in B, §; in B*. For n =1, we take any product of at
least 2 elements in B. There is a final multiplication which is performed.
Since B is a subalgebra, each of the two factors is in B : bb, = bR, =
bS,. Similarly in any product of at least 2"*! elements of B, no matter
how associated, there is a final multiplication which is performed. At
least one of the two factors is a product of at least 2” elements of B,
while the other factor b’ is in B. Hence by the assumption of the in-
duction we have either

bl(bsl v Sn) = bsl San’ = bSl ...S"+l
or
(bS,--S)b’ =bS, S, Ry = bS, - S, .1,

as desired. Hence, if any product S, --- S, of ¢ elements in B* is 0, any
product of 2' elements of B, no matter how associated, is 0. That is, B
is nilpotent.

3. THE LIE MULTIPLICATION ALGEBRA £()

We have seen how the (associative) multiplication algebra I(2A) may
be employed in studying an arbitrary algebra . The known theory of
Lie algebras may similarly be used in investigating nonassociative
algebras, not only through the derivation algebras mentioned in the
Introduction, but also through the Lie analogue of SR(A).

Let § be a subspace of € = € (V), the associative algebra of all linear
operators on some vector space V over F. By the Lie enveloping algebra
of § we mean the (Lie) subalgebra of €~ generated by $; that is, the
intersection of all subalgebras of €~ containing $. Defining £, in-
ductively by 9, = 9, 941 = [D1» D], we see that the Lie enveloping
algebra of 9 is

.§5i=51+52+53+"'

For

2.9 [9:, 9,1 9iv;  G=1,23,..),
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as may be seen from anticommutativity and the Jacobi identity. The
definition H;., = [9,, H;] gives the case i = 1. The Jacobi identity
implies that

(2.10) (%, B], €] = [[B, €], A] + [[C, A, B]

for subspaces U, B, €, of €. By induction on i, we assume (2.9)
for all j and have

(91415 9,1 = [[D1: 9:ls 9,1 € [[D45 9,1 911+ [[9;5 1), 9]
S [Di+j> D1l + [Dj415 DI
=[91 Di+j] + D1 Dj+1] E Divjer-

It follows from (2.9) that 2, §, is a Lie subalgebra of €~. Since the
Lie enveloping algebra of $ contains Y 2, $;, we have the desired
equality.

Let A be an algebra over F. We define the Lie multiplication algebra
£ = ) of A to be the Lie enveloping algebra of § = R(A) + L(A);
that is, € is the Lie algebra (subalgebra of € ) generated by the right and
left multiplications of . Clearly £ < M(A). Also the center 3 of £ is
contained in the center of M(A), for every element of 3 commutes with
every element of § (which generates IM(A)).

We recall that a derivation D of U is a linear operator on 2 satisfying

(xp)D = (xD)y + x(yD)  forall x,yin%.

This may be expressed in terms of right or left multiplications of U : D
in € is a derivation of U if and only if

[R,, D]=R,p forall yin¥U;
equivalently, D in € is a derivation if and only if
(L., Dl=L,, for all xin .
If A contains 1, then
1D=0 for all D in D(A),
since 1D = (11)D = (1D)1 + 1(1D) = 2(1 D).
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A subalgebra & of U is called characteristic in case SD(A) = S.
The center € of A is characteristic, for (2.7) implies that

Rp= [Rc’ D]=I[L,, D] =L.p,
RpR,=[R., DIR,=[R.R,, D] — R [R,, D]
= [RyRc’ D] - [Ry’ D]Rc = Ry[Rca D]

=R,R,,
and also
RpR,=[R,R,, D] - [R,, DIR. = [R,,, D] - R.R,;

= Ricjyp-c(30) = Ricpyy-

We shall call a derivation D of A inner in case D is in £ = &(A), the
Lie multiplication algebra of 2. The set I =2 n D(A) of all inner
derivations of U is an ideal of D(A), since [H, D(A)] = H where H =
R(N) + L(N). This is the case i =1 of [H;, D(A)] < H; which follows
from (2.10) by induction. Hence £ =) $; implies [€, D(A)] < &,
whence [J, DAY < & n D(A) = J. Similarly, we have [(A), D(A)]
c M(A).

Our definition of inner derivation for a nonassociative algebra
agrees with the usual definition for Lie algebras, and with that for
associative algebras having a left (or right) identity; for example, for
finite-dimensional semisimple associative algebras.

For, if % is a Lie algebra, then L, = — R, by anticommutativity,
while the Jacobi identity implies that [R,, R)] = R,,. Hence § = R(N)
and [R(2A), R(AW)] = R(N) so that, if A is a Lie algebra, we have
£ = R(A). Then Disin £ (and is an inner derivation of ) if and only if
D = R, (= ad x) for some x in . On the other hand, if U is associative,
then

R, R,=R,,, R.L,=L,R,, and L, L,=L,.
These imply that £ = R(A) + L(A). Hence D is in L if and only if
D =R, + L,.If Wcontains a left identity e, then L, = 1o and
0 = LeD =Lex+ye =Lx +LeLy =Lx +Ly’

so that D = R, — L, (which is a derivation of U for every x in ).
Guided by the known structure of finite-dimensional associative
algebras (of arbitrary characteristic) and Lie algebras of characteristic 0,
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we study finite-dimensional algebras 2 having the structure
A=C,0DE,

for simple ideals &; (i=1, ..., 7). It is easy to see that the &; are
uniquely determined by . In an arbitrary algebra 2, B is an ideal if
and only if B is a subspace of 2 which is invariant under the set
$ = R(A) + L(A), and therefore invariant under the associative algebra
P(A) and the Lie algebra () generated by 9. Hence, if a finite-
dimensional algebra A is A =S, @ --- ® S, for simple ideals S;, then
the set L(A) + R(A) (resp. JYA), L£A)) is completely reducible
(Jacobson [25], p. 46).

The simple components S; of A = S; @ --- @ S, are characteristic:
S, DWW, (i=1,..,1). For 2 = S, implies that x in S; may be
written as x =Y yz (y,z in &). Then xD =} yz2)D =Y (yD)z +
Y. y(zD) is in &, for all D in D(Y), since S; is an ideal of A.

We use the known result that every derivation of a finite-dimensional
semisimple Lie algebra of characteristic 0 is inner (Jacobson [25], p. 74)
to prove a (partial) generalization to arbitrary nonassociative algebras.
For the proof of Theorem 2.5 below we require the elementary fact that,
if a field K is a finite separable extension of F, then the only derivation
of K (over F) is 0 (Zariski and Samuel [1}, p. 124).

Theorem 2.5 (Jacobson). Let U be a (finite-dimensional algebra
which is a direct sum N =S, @ --- ® S, of simple ideals S, over F of
characteristic 0, and let W contain a left (or right) identity. Then every
derivation D of W is inner.

Proof. 1t is sufficient to prove this for simple algebras . For, if
A=CS,® ---@ES,, we have seen that each &, is characteristic. It
follows that D) =D(ES,)D - @ D(S,). Similarly, &A)=2, D
.- @ L, where £, is the Lie multiplication algebra of &;. It is easy to see
from the manner in which these decompositions of D() and L(A) are
obtained that every derivation of U is inner if and only if every deriva-
tion of S, is inner (i =1, ..., t).

Let D be a derivation of a simple algebra 2. We have remarked that
[D(A), DA)] = W(A). Hence the mapping

D:T-[T, D] forall TinPA)
is a derivation of M(2). The Lie multiplication algebra £ = (W) of A
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is completely reducible. Hence £=2"® 3 where £ =[2, L] is
semisimple and 3 is the center of € (Jacobson [25], p. 47). Since
[2, D(W)] < &, D induces derivations on £ and £'. We have remarked
before that finite-dimensionality implies that the multiplication cen-
tralizer of A is the center K of TM(A), whence K is a finite (separable)
extension of F. We have seen also that 3 < K. Since D induces
a derivation on K, we have 3D = KD = 0. Since £ is semisimple,
the derivation which D induces on £’ is inner. Since 3D = 0, this inner
derivation of £’ can be extended to an inner derivation of £ = 2' @ 3.
Now R(U) + L(A) € &, so there exists U € L satisfying

[R,, D]=R,D=[R,,U] forall gin¥A
and
[L,, D=L, D=[L,,U] forall ain.
If there is a left identity element e in U, then
aD =eR,, =¢[R,, D1 =¢[R,, U] = aU — (eU)a forall ain¥,
or

D=U—L9U in 2;

that is, D is inner. If there is a right identity in 2, it follows similarly
that D is inner.

Because of the hypothesis concerning a left (or right) identity,
Theorem 2.5 is not a true generalization of the Lie algebra case.
Theorem 2.5 does apply, however, to the algebras (alternative, Jordan,
etc.) considered in this book. It would be desirable to have either a proof
of Theorem 2.5 with the hypothesis concerning a left (or right) identity
deleted, or a counterexample.

4. TRACE FORMS; BIMODULES

A very important tool in the study of finite-dimensional Lie algebras
£ of characteristic O is the Killing form

(x,y) =trace R, R, [= trace(ad x)(ad y)] forall x,yin£.
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The Killing form of € is a symmetric bilinear form on £ which is
nondegenerate if and only if £ is semisimple (that is, the maximal
solvable ideal of € is 0). The Killing form of € is a trace form on £
according to the following definition.

A symmetric bilinear form (x, y) defined on an arbitrary algebra  is
called a trace form (associative or invariant symmetric bilinear form)
on A in case

2.11) (xy, z2) = (x, y2) forall x,y,zin %L
If B is any ideal of an algebra W on which such a bilinear form is
defined, then B+ = {y|(x, y) = 0 for all x in B} is also an ideal of A.
For x in B, y in B, ain A imply that xa and ax are in B, implying

(x,ay) = (xa,y»)=0 and  (x, ya) =(ya, x) =(y,ax) =0.
In particular, the radical %* of the trace form is an ideal of 2.

We also remark that it follows from (2.11) that
(xR,,z)=(x,zL,) and  (xL,,2) =(z, yx) = (2zp, x) = (x, ZR,)

so that, for right (or left) multiplications S; determined by b;, we have
(2.12) (xS; 83+ Sy, ) = (x, pSy" -+ $2'SY)

where S;’ is the left (or right) multiplication determined by b, . Hence, if
B is any subset of U,

(.13) (T, y)=(x,yT") forall x,yin?, TinB*

where T’ may be taken to be in B*.

Theorem 2.6 (Dieudonné). Let U be a finite-dimensional algebra
over F (of arbitrary characteristic) satisfying

(i) there is a nondegenerate (associative) trace form (x, y) defined
on A, and

(i) B2 # 0 for every ideal B # 0 of U.
Then W is (uniquely) expressible as a direct sum N =S, @ - ® G,
of simple ideals S;.

Proof. Let & (# 0) be a minimal ideal of . Since (x, y) is a trace
form, ' is an ideal of . Hence the intersection & N S* is either 0 or
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&, since & is minimal. We show that & totally isotropic (& = &') leads
to a contradiction.

For, since &% # 0 by (ii), we know that the ideal of 2 generated by
&2 must be the minimal ideal €. Thus € = &2 + G2 where M is the
multiplication algebra of . Any element s in € may be written in the
form s = Y (a;b,)T; for a;, b, in S, where either T; = T} is the identity
operator lg or T; is in M. For every y in A we have by (2.13) that

(s, )= Z((aibi)Ti, y)= Z (a;b;,yT/) = Z (a;, b,()T))=0

since b(yT;) is in & < &*. Then s = 0 since (x, y) is nondegenerate;
€ = 0, a contradiction.

Hence & n &' = 0; that is, S is nonisotropic. Hence A = S 1. &*
and &' is nonisotropic (Jacobson [24], p. 151; Artin [2], p. 117). That
is, A = S @ S*, the direct sum of ideals &, S, and the restriction of
(x, y) to & is a nondegenerate (associative) trace form defined on S*.
That is, (i) holds for S* as well as ™. Moreover, any ideal of the direct
summand & or & is an ideal of U; hence & is simple and (ii) holds for
&*. Induction on the dimension of 2 completes the proof.

We conclude this chapter on arbitrary nonassociative algebras by
defining the equivalent notions of bimodule and (bi)representation for
any class of nonassociative algebras over F.

Let % be a class of nonassociative algebras over F. If Wis in €, and if
9 is a vector space over F, let ma and am in M be two bilinear compo-
sitions for @ in A, m in M. Then the direct sum A + D of the vector
spaces 2 and M is turned into a nonassociative algebra over F (the
semidirect sum, or split null extension) by defining multiplication in
A + M by

(a, + m)a, + my) =a,a, + (m,a, + a;m,)

for all g; in U, m; in WM. If A + M is in ¥, then M is called a bimodule
for AWin &.

For example, if € is the class of all nonassociative algebras over F,
then no conditions other than the originally assumed bilinearity are
imposed on the compositions am and ma. If € is the class of all associa-
tive algebras, then the compositions in 9 must satisfy
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(ma)b = m(ab), (am)b = a(mb), (abym = a(bm)

for a, b in A, m in M, that is, M is what is familiarly known as a two-
sided A-module for the associative algebra 2.

If € is any class of nonassociative algebras defined by multilinear
identities I(a,, a,, ..., a,) = 0, then M is a bimodule for Win ¥ in case
all of the identities, obtained by replacing any single a; in U in the
identities I (a,,4a,, ..., a,) = 0 by m in M, are satisfied (Eilenberg [1]).
The defining identities for alternative and Jordan algebras may be
linearized (at a slight cost involving the characteristic of F). Bimodules
for alternative and Jordan algebras are then easily defined by this
procedure.

If M is a bimodule for A, then the mappings S,: m—ma and
T,: m—- am are linear operators on M, and a—> S,, a— T, are linear
mappings of U into the algebra (M) of all linear operators on M. A
pair (S, T) of linear mappings a —» S,, a— T, of U into some E(W) is
called a representation of W in € in case M, equipped with the composi-
tions ma = mS,, am =mT,, is a bimodule for A in ¥. Clearly the
concepts of a representation of U and of a bimodule for A are equiva-
lent.

Any algebra % in a class ¥ defined by muitilinear identities has the
regular representation (R, L) where M is A itself, and R, and L, are
right and left multiplications in . An important simplification is
possible if € contains only commutative (or anticommutative) algebras.
For then ma = am (or ma = —am) implies S, =T, (or S,= —T,), so
that effectively only one mapping S :a— S, is involved instead of the
pair (S, T). This simplification can be made for Jordan and Lie algebras
(for Lie algebras the notion of representation is the usual one).

These ideas have been used, in particular, to generalize the result in
Theorem 2.5 for alternative and Jordan algebras. We state these results
in Chapters III and IV.



III
ALTERNATIVE ALGEBRAS

1. NILPOTENT ALGEBRAS

As indicated in the Introduction, an alternative algebra % over Fis an
algebra in which

xty =x(xy), yx*=(x)x forall x,yin 9.

The left and right equations are known, respectively, as the left and right
alternative laws. They are equivalent, in terms of associators, to

xx,N=0,x,x)=0 forall x,yin A
or, in terms of left and right multiplications, to
3.1 L.=L2? R.=R? forall xin.

The associator (x,, x,, x;) “alternates in the sense that, for any per-
mutation ¢ of 1, 2,3 we have (x,, x,,, X3,) = (sgn 6)(x;, x,, x3). To
establish this it is sufficient to prove

xnz)=—(,x,2)=(,z x) forall x,y,zin .
Now
x+yx+p,2)=0xx2+xy2)+0x2)+0,2)
=(x»2)+0,x2)=0,
implying (x, y, z) = —(», x, z). Similarly, (y, z, x) = —(y, x, z).
27



28 HI. Alternative Algebras

The fact that the associator alternates is equivalent to
3.2) R.R,—R,,=L,, —L,.L,=L,R,—R,L,
=LL,~L,=RL,—LR,=R, —R,R,
for all x, y in . It follows from (3.1) and (3.2) that any scalar extension
A of an alternative algebra N is alternative.

Our identities on associators imply that in an alternative algebra

we have
(x,y,x)=0 forall x,yin U;
that is,

3.3) (xy)x = x(yx) forall x,yin 9,

or
LR, =RL, for all xin .

Identity (3.3) is called the flexible law. All of the algebras mentioned in
the Introduction (Lie, Jordan, and alternative) are flexible. The linearized
form of the flexible law is

x»2)+y,x)=0 forall x,y,zin 9.

We shall have occasion to use the Moufang identities

(34) (xax)y = x[a(xp)],
(3.5) Yxax) = [(yx)alx,
(3.6) (xy)ax) = x(ya)x

for all x, y, @ in an alternative algebra U, where we may write xax un-
ambiguously by (3.3). For

(xax)y — x[a(xy)] = (xa, x, y) + (x, a, xy)

= —(x,xa,y) — (x, xy, a)

= [x(xa)ly + x[(xa)y] — [x(xy)]a + x[(xy)a]
—(x*a)y — (x*y)a + x[(xa)y + (xy)a]
= =(x a,) — (%, y, @) — x*(ay) — x*(ya)

+ x[(xa)y + (xy)a]
= x[—x(ay) — x(ya) + (xa)y + (xy)a]
= x[(x, a, y) + (x, y, a)] =0,
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establishing (3.4). Identity (3.5) is the reciprocal relationship (obtained
by passing to the anti-isomorphic algebra, which is alternative since the
defining identities are reciprocal). Finally (3.4) implies
(xy)(ax) — x(ya)x = (x, y, ax) + x[p(ax) — (ya)x]
= —(x, ax, y) — x(y, a, x)
—(xax)y + x[(ax)y — (¥, a, x)]
= —xla(xy) — (ax)y + (y, 4, )]
= —x[—(a, X, y) + ()’, a, x)] =0.

The Moufang identity (3.5) is equivalent to
3.7 (v, xa, x) = =(y, x, a)x

for all x, y, a in U, since

(7, xa, x) = [y(xa)lx — y(xax) = [y(xa)]x — [(yx)alx = —(y, x, a)x.
The linearized form of (3.7) is
3.8) o, xa, z) + (y, za, x) = —(y, x, @)z — (y, z, A)x

for all x, , z, a in .

Theorem 3.1 (Artin). The subalgebra generated by any two elements of
an alternative algebra W is associative.

Proof. 1f x, y are any two elements of 2, we denote by p = p(x, y) any
nonassociative product z,z, --- z, (with some distribution of parentheses)
of ¢ factors z;, each of which is equal to either x or y. Also we denote the
degree ¢ of such a product by dp. It is sufficient for us to prove that
(p,q,r) =0 for all nonassociative products p = p(x, y), g =q(x, y),
r = r(x, y). We shall prove this by induction on n = 0p + dg + or. The
result is vacuous for n <3, and we assume (p,q,r) =0 whenever
dp + 0gq + or < n. Since dp < n, the induction hypothesis implies, by the
usual argument which yields the generalized associative law from the
associative law, that parentheses are not necessary in the product
p = p(x,y)=z,z, - z,, and we say that p begins with z,.

Now two of the products p, ¢, r must begin with the same letter, say x.
Since associators alternate in 2, we may assume that g and r begin with x.
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If 0g>1 and dr> 1, then ¢=xq', r=xr'" where o¢' = —1 + 0q,
or' = —1 4 oOr. Putting y = xr’, a =¢q', z = p in (3.8), we have

(P, g, 1) =(p, xq', xr') = —(xr’, xq', p)
= (xr', pq's X) + (xr', x,4')p + (xr', p, ¢')x
= —(pq’, xr',x)=(pq, x,r')x =0
by (3.7) and the assumption of the induction. If only one of the products
g, r has degree >1 (say ¢ = xq’), then (3.7) implies that
(p.g,r)=(p, g, x)= —(p, x,4)x =0

by the assumption of the induction. The easiest case dg = or = 1 is given
by the right alternative law:

(p,q,r)=(p,x,x)=0.

For more general theorems on associativity in alternative algebras, see
Bruck and Kleinfeld [1].

An algebra U over Fis called power-associative in case the subalgebra
F[x] of A generated by any element x in 9 is associative. Thisis equivalent
to defining powers of a single element x in U recursively by x' = x,
x'*! = xx', and requiring that

(39 xx)=x"*/  forall xin¥A (i,j=1,23,..).

Theorem 3.1 implies that any alternative algebra is power-associative.
We could have proved this directly by induction on i in (3.9). Theorem 3.1
also implies

(3.10) R/=R,, Li=L, forall xin®.

An element x in a power-associative algebra U is called nilpotent in
case there is an integer r such that x” = 0. An algebra (ideal) consisting
only of nilpotent elements is called a nilalgebra (nilideal).

Theorem 3.2. Any alternative nilalgebra W of finite dimension over F is
nilpotent.

Proof. Let B be a subalgebra of A which is maximal with respect to
the property that 8* is nilpotent. Such a maximal B exists, since the
subalgebra {0} has this property and U is finite-dimensional.
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Assume that B is a proper subalgebra of 2. Then there exists an
element x not in B such that

(3.11) xB* = B.

For 8* =0 implies that AB*" =0 = B, and there exists a smallest
integer m > 1 such that UB*™ <= B. If m = 1, take x in A but not in B;
if m > 1, take x in AB*" ! but not in B. Then (3.11) is satisfied. Let

(3.12) €= + Flx].

Then €* = (B + Fx)*. Put y =5 in (3.2) for any b in 23 Then (3.11)
implies that

RxRb=Rb| _RbRx’ Rbe=LbRX+RbRx_Rb2’
(313) LxRb = Rb Lx + Lbe - Lb; » Lbe = Lb; - Lbe

for b, in B. Equations (3.13) show that, in each product of right and left
multiplications in B* and (Fx)*, the multiplication R, or L, may be
systematically passed from the left to the right of R, or L, in a fashion
which, although it may change signs and introduce new terms, preserves
the number of factors from B*, and does not increase the number of
factors from (Fx)*. Hence any Tin €* = (8 + Fx)* may be written as a
linear combination of terms of the form

Rl', L RPLY, By, BRY', ByLP", B,RP’LM

for B; in B*, j; > 1, m; > 1. Then, if B* =0 and x/ =0, we have
T72i=1 = 0; for every term in the expansion of T7¢*/~1) contains either
an uninterrupted sequence of at least 2j — 1 factors from (Fx)* or at
least r factors B;. In the first case the term contains either a product
R7=R,=0o0raproduct L/ = L, =0by(3.10). In the latter case the
R, or L, may be systematically passed from the left to the right of B,
(as above) preserving the number of factors from B*, resulting in a sum
of terms each containing a product B, B, -:- B, = 0. Hence every element
T of the finite-dimensional associative algebra €* is nilpotent. Hence the
associative algebra €* is nilpotent (Albert [24], p. 23). But since B is
maximal with respect to the property of having B* nilpotent, this is a
contradiction. Hence B is not a proper subalgebra of . That is, B =
A and A* is nilpotent. Hence A is nilpotent by Theorem 2.4.

Any nilpotent algebra is solvable, and any solvable (power-associative)
algebra is a nilalgebra. By Theorem 3.2 the concepts of nilpotent algebra,
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solvable algebra, and nilalgebra coincide for finite-dimensional alterna-
tive algebras. Hence there is a unique maximal nilpotent ideal 3t (= solv-
able ideal = nilideal) in any finite-dimensional alternative algebra U ; we
call R the radical of A. We have seen that the radical of A/N is 0.

2. THE PEIRCE DECOMPOSITION

We say that U is semisimple in case the radical of U is 0, and prove
in Section 3 that any finite-dimensional semisimple alternative algebra
is the direct sum A =S, @ --- @S, of simple algebras S;. The proof
is dependent upon the properties of the Peirce decomposition relative to
a set of pairwise orthogonal idempotents e, ..., e, in .

An element e of an (arbitrary) algebra U is called an idempotent in
case e? = e #0.

Proposition 3.3. Any finite-dimensional power-associative algebra U,
which is not a nilalgebra, contains an idempotent e (#0).

Proof. U contains an element x which is not nilpotent. The subalgebra
F[x] of A generated by x is a finite-dimensional associative algebra which
is not a nilalgebra. Then F[x] contains an idempotent e (#0) (Albert
[24], p. 23), and therefore A does.

By (3.1) L, and R, are idempotent operators on 2 which commute by
the flexible law (they are * commuting projections”). It follows that 2
is the vector space direct sum
(3.14) Q[ = QI“ + wa + QIOI + 9[00,
where U;; (4, j = 0, 1) is the subspace of A defined by

A= {x;; | exy; = ixy, x;€ = jx;}, L,j=0,1

Just as in the case of associative algebras, the decomposition of any
element x in A according to the Peirce decomposition (3.14) is

x = exe + (ex — exe) + (xe — exe) + (x — ex — xe + exe).
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We derive a few of the properties of the Peirce decomposition relative
to a single idempotent e as follows. For i, j, k, I =0, 1, we have

e(x;; i) = —(e, x5, yi) + (exi)yu
= (xij, &, yi) + (€x; )y
= jXij Vi — KX Vi + iXi5 Y
=@ +j—Kk)XijYu>
and similarly (x;; y.)e = (kK + I = j)x;; Vi, SO

i Wpe © Wy, iLj,k=0,1;
and
QIUQI,'IEQIJ"', i,j=0, ].

In particular, U,, and Ay, are subalgebras of A. Also xy1y50 =
(ex11€)Yo0 = €[x;1(€yo0)] = 0 by (3.4), and similarly yoq x;; = 0. Hence
A,, and A,, are orthogonal subalgebras of A. Also U, W, = Uy,
Wy, W0 S oo, tc. The properties W, o Wyo S Woy, oy Woy & Wy are
weaker than in the associative case, where one can actually prove that
U0 Wyo = gy oy =0.

Idempotents e, ..., €, in an (arbitrary) algebra U are called pairwise
orthogonal in case e;e; = 0 for i # j. Note that any sume = e, + --- + ¢,
of pairwise orthogonal idempotents (¢ > 1) is an idempotent. Also
ee,=¢e=¢e;(i=1,...,0).

In an alternative algebra each associator (x, e;, ;) = 0. [If i = j, the
right alternative law implies this; if 7 # j, then

(%, €1, &) = (xey)e; = (xey)e;” = (x, e, €))e;
= —(x, ¢, e))e; = —((xej)e))e; = —x(e;e;e) =0
by (3.5).] Also (x, ¢;, e) = 0 for e above.
A more refined Peirce decomposition for an alternative algebra U than
the one given above is the following decomposition relative to a set

e, ..., e, of pairwise orthogonal idempotents in 2 : U is the vector space
direct sum

(3.15) QI=ZQIU (i,j=0,1,...,0),
where, using the Kronecker delta, we define

(3.16) QIij={x,-j|ekxu=5“x,~j, x,-je,‘= jkxij fOl’ k= 1,...,‘}
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(#,j=0,1, ..., ). The A;; are clearly subspaces of U. We prove first the
uniqueness of an expression

t
2 Xkt s Xy € Wy

ki=0

Fori,j=1,...,t, we have

eixej=

' e,x,‘,e_,=x“-.

[}

™~

Fori=1,...,t, we have

e‘x=
k

-

t
€ X = 'Zoxu

0
Then

t t
€;xe = Z Xy ; lglxu s

soe; X — e;xe = Xx;o, wheree = ¢; + --- + ¢,. Similarly, xe; — exe; = x,;
forj=1,...,¢ Finally,

Xgo = X —iz Xi5 — Z X0 — leol'

t t t
=x— 3 exe;— ) (ex—exe)— Y (xe; — exe))
=1 i=1 Jj=1

= x — exe — (ex — exe) — (xe — exe) = x — ex — xe + exe.

But these x;; arein %;; (i, j =0, 1, ..., #), so x in W is uniquely expressible
in the form x = Y x;;, x;; in A;;, and W is the vector space direct sum
(3.15). The expression

13

X = Z x”
i,j=0

t t t
=Y exe;+ 3 (e,x—exe) + Y, (xe; — exe))
1= =1 =1

+ (x — ex — xe + exe)

is a refinement of the decomposition of x relative to a single idempotent e.
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Proposition 3.4 (Properties of the Peirce decomposition for alternative
algebras).

(3.17) QIUQ[J-,‘QQI"‘ (i,j,k=0, 1,...,!);
(3.18) QIUQIquIJ‘ (i,j=0, 1,...,‘);
(3.19) AWy =0, Jj#k GHAKD

(U, j, k,1=0,1,...,8);

(3.20) x,=0 forall x;in®¥,; (i#)),
implying
(3.21) XiiYiy = —VijXij for all Xijs Yijin QIU i#));

(3.22) i Yo 2) =0 if (L,j, K)#(, 0,0, forall x;
in Wy, yuin Wy, 2z in Wy;
(3.23)  (xu» yijzjirty) =0 if i#j forall xu, t;in Wy, y,;
inWy;, zy; in Wy,
(3.24) xijyipziy = g zipxy; = Xy o i#j
Sorall x;;, yiy, z;;in Wy;;
(.25 xyyyzy) = (xyzidyy=zixyp) I P#]
Jor all x;, yi; in W5 255 in W5
and, reciprocally,
(3.26) Xifzayi) = @uxi)yi; = K yi)za Y P#]
Sor all x;;, y;;in Wy z; in Wy
(32N [xj;, )iz =0 if i#j  for all xj, t;; in Ay

Vijs Zij in Wyj;
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and, reciprocally,

(3.28)  (yyyziplxi, 11 =0 if i#j  forall xy, t;in Wy;
Yijs Zyyin Q[ij;

t
(3-29) (xi@)™ = (xa,)"" lkz,oxu Aiks
t
(3.30) (xiy a)™ = (xy; aji)m- lkzoxu ay + (x;; aij)(xij ap"" !
if i#j;
(3.31) e(x;a)"e; = (x;a))"  (5,j=0,1,...,1).

Proof of (3.17) and (3.18). We have
eh(xijykl) = (e, xij)ykl —(en, Xijs Yir)
= Oy Xij Y + (Xig5 €4 Vi)
= (Opi + O — On)Xij Vit
(eiyyien = xi{(Viaen) + (Xip5 Yias €4)
= 5mxijym - (x,j, €ns Vit
= (01— Oj + O)Xij V-

Proof of 3.19) if k £ 0 # I, k # 1 # j. When the associators in (3.8) are
expanded, we obtain the linearized form of (3.5):

Yl(xa)z] + yl(za)x] = [(yx)alz + [(yz)a]x.
Putting y = x;;, X = ,, a = ¥y, z = e, in this, we have
xij(ekyklel) + xij(elyklek) = [(xijek)ykl]el + [(xuet)J’u]ek,
so that x;;y,; = 0.
Proof of (3.20). By (3.18) x7 is in ;. Either i#0 or j#0. 1f i #0,
then
x} = x} e = x,[(x,¢) =0,

since i # j. Reciprocally, if j # 0, then x,zj =0.
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Proof of (3.23). We have
(eiis Yijziio ti) = (e yizidtis — (Xuis Yijs Zitis
= xu3(Vifzji i) — xi(Viys Zi» 1)

= XiVij»> Zji» ti) + (X0, yij, 23 ti)) = 0
by (3.17) and (3.22).

Proof of (3.29) by induction on m. By (3.19) we have
Xiid =Xy Z Aj = Z Xii Qi »
Tk %

giving the case m = 1. Assume (3.29). Then

(x a)"'“ = (x;@)"(x;a) = (x;a)" 1( Et: (xi au)(xi “))

k=0

j 0

t
= (xiiaii)m—l kz (xiiaik)(xiiaij
k=
t

= (xza)""! _go(xiiau)(xiiaij) = (x aii)mkzto(xiiaik)a

as desired, by (3.17), (3.19), and (3.20).

The proofs of the remaining cases of (3.19) and of (3.22), (3.24), (3.25),
(3.27), (3.30), and (3.31) are left as exercises for the reader.

3. THE RADICAL; SEMISIMPLE ALGEBRAS

An element z of an alternative algebra U is called properly nilpotent
(in A) in case za is nilpotent for all ain A. Note that z is properly nilpotent
if and only if az is nilpotent for all a in A. For (az)"*' = a(za)™z, etc.,
by Theorem 3.1. Also z properly nilpotent implies z is nilpotent (since
22 is).

We shall show that the radical (= maximal nilideal) R of any finite-
dimensional alternative algebra U is the set P of all properly nilpotent
elements of A. Clearly 9t = B, since z in 9t implies za is in N for all a
in A, whence za is nilpotent for all a in A. In the associative case, the
proof that 8 = M requires only a few lines (Albert [24], p. 24). The
proof, due to Zorn, of the generalization to alternative algebras employs
most of the properties of the Peirce decomposition listed above.
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In any algebra U with 1, an element x is said to have an inverse x™!
in case there is an x ™! in U satisfying xx~! = x~'x = 1. In an alternative
algebra, if x has an inverse, it is unique. Also(x, x~!, y) = 0. For we may
put a=x"', y=x, z=x"'y in (24) to obtain (x~!, x% x"y) +
(x, x7 !, x(x"'y)) = 0. Then the Moufang identity (3.4) implies that
(x, x~1, y) = 0. Suppose that x has another (right) inverse x': xx' = 1.
Then

X =1x=x"1x)x =x"xx)=x"1=x"".
If every nonzero element in an alternative algebra U with 1 has an inverse,
then U is a division algebra, and conversely. For the equations (2.5) have
unique solutions x = a~!b, y = ba™ 1.

Lemma 3.5. Let A be a finite-dimensional alternative algebra over F
with 1, and let 1 be the only idempotent in W. Then every element z of U
either has an inverse z~ ! in W or is properly nilpotent. The set B of properly
nilpotent elements of W is an ideal of U.

Proof. 1If zis not nilpotent, then z has an inverse in . For F[z] contains
an idempotent (= 1):

l=0gz"+ - +a,_,2, oinF,
$0

1 =z(agz" '+ - +a, ,1)=2y, yinFl+ Flz]c U

Then yz = 1, so y = z~'. But any nilpotent element z of U is properly
nilpotent. For a in U implies that za is nilpotent; if not, za has an inverse
(za)"'in A. Let z" =0, z" ! # 0. Then

0# 2" = 2" [(za)z) "] = [" " z)z) ! = (2"a)(za) ™! =0,

acontradiction. Let z be in ‘B. Then za ts nilpotent (and therefore properly
nilpotent) for every a in W. Hence za is in P. Similarly az is in P for all
a in . It remains to show that P is a subspace of . Clearly oz is in B
forallzin P, ain F. Let z, z' bein P. If z + 2z’ is not in P, then z + z’ has
aninverse y: (z + z')y = 1. Then z'y = 1 — zy has an inverse, since zy is
nilpotent [(1 —zy)™! =1+ zy + (zy)* + ---]. But z’ in P implies that
Z'y is nilpotent, a contradiction. Hence P is an ideal of U.
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An idempotent e in an (arbitrary) algebra U is called primitive in case
there do not exist orthogonal idempotents u, v in U (uv = vu = 0) such
that e = u + v. In a finite-dimensional algebra U, any idempotent e may
be written as a sum e = e, + --- + e, of pairwise orthogonal primitive
idempotents e; (+ = 1 in case e is primitive). For if e is not primitive, we
have e = u + v and, continuing if either « or v is not primitive, etc., we
have e =u; + :-- + 4, where the pairwise orthogonal idempotents
uy, ..., 4, span an r-dimensional subspace (commutative associative sub-
algebra) of A. Since r < dim A, the process terminates with pairwise
orthogonal primitive idempotents e;, e = e, + -+ + ¢,.

In any algebra U over F an idempotent e is called principal in case
there is no idempotent u in A which is orthogonal to e (u?> = u # 0,
ue = eu = 0). In a finite-dimensional alternative algebra U, this means
that e is a principal idempotent of U if and only if the subalgebra Uy, in
the Peirce decomposition (3.14) relative to e, is a nilalgebra.

Now any finite-dimensional alternative algebra % which is not a nil-
algebra contains a principal idempotent. For U contains an idempotent
e by Proposition 3.3. If e is not principal, there is an idempotent u in
Woo,€" = e + uisidempotent, and A, .. (the Ay, relative to e’) contains
properly U, .= U;,. For x;; in A, , implies

’
X11€" = Xyy(e + u) = Xy + XU =Xy,

and similarly e'x,, = x;, so that x,, is in ¥, .. Thatis, A;; , = Ay, ...
Butue W, ., ug¢N, . Thendim A, , < dim A,, .., and this process
of increasing dimensions must terminate, yielding a principal idempotent.

We note that, if u is any idempotent in a finite-dimensional alternative
algebra U, then there exist pairwise orthogonal primitive idempotents
€.y &y, in W (1 <r<t) such that u=e,+ --- +¢, while
e=¢e, + --- + e, is a principal idempotent in A.

In order to see that the set P of properly nilpotent elements in a
finite-dimensional alternative algebra U is the radical : of A, we use
the Peirce decomposition (3.15) of U relative to a set e,, ..., e, of pair-
wise orthogonal primitive idempotents e; such that e = ¢, + --- + ¢, is a
principal idempotent of U. Then Wy, is a nilalgebra, and e, is the unity
element for A; (i = 1, ..., t). Moreover, ¢, is the only idempotent in 2,
(i=1,...,1).For,ifuin A isidempotent, u # e;, thene; = u + (e; — u)
implies that e; is not primitive. Hence Lemma 3.5 may be applied to each
W, (i=1,...,1). By (3.29) any element x;; in U;; which is properly
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nilpotent in ;; is properly nilpotentin A (i =0, 1,...,¢). Fori,j=0,1,
ws by let

&) = {s;; € Uy, | all elements of s;; A,; are nilpotent},
and note that

&;; = {s;; € U;; | all elements of Ay, s,; are nilpotent}.

Lemma 3.6. With the notation above, each ©;; (i,j=0,1,...,1t) is a
subspace of W, and S;; = B, the set of properly nilpotent elements of U.

Proof. Since Uy, is anilalgebra, we have seen above thatSy = Uy < P.
Also we have G;=Uy; (j=1,...,1), and Uy; € P by (3.30). To see
that S, =W, =P (i=1,...,1), we use

(xi0 o)™ 1 = x10(a0i Xi0)™ ~2aq;

in (3.30). Thus we need only consider &;; with i # 0, j # 0. Suppose that
5y, 5i; are in &;;; then 5,0, and sj;a;; in U;; belong to the ideal of nil-
potent elements of A;;, and (as;; + Bsi)a;; is nilpotent for all a, f in F.
That is, as;; + fs;; is in S;;, and S; is a subspace of . Finally, (3.29)
and (3.30) imply that each s;;in®;; (i, j = 1, ..., #) is properly nilpotent.

Theorem 3.7 (Zorn). The radical (= maximalnilideal) of any finite-
dimensional alternative algebra W is the set P of all properly nilpotent
elements of W.

Proof. With the notation above, let & = ) &,;. Also denote by P the
subspace of U spanned by . Then@ < P by Lemma 3.6. We shall show
that & = P is an ideal of .

Suppose there exists x € B, x ¢S = ) S;;. Thenx = ) x;;, x;; € Ay,
with at least one x;; ¢ S;;. As indicated in the proof of Lemma 3.6, we
then have i # 0, j # O for this particular element x;;. If i = j, then by
Lemma 3.5 the element x;; = x;;¢; € Ay;, being not nilpotent, has an
inverse b;; with respect to e;: b, x;; = e;. If i # j, we have the same
equation

(3.32) bjix;;=e; for some by, in UA;;.

For there exists a;; in ¥; such that x;; a;; is not nilpotent. But then a;; x;;
in %; is not nilpotent and has an inverse z;; with respect to e¢;: z;/(a;; x;))
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= e;. By (3.22) we have (3.32) where in this case (i # j) b;; = z;;a;;. That
is, (3.32) holds for both i = jand i # j. Replacing i by j, j by i, x;; by b;;,
a by x in (3.31), we have
ejlbyix)"e; = (bj; x;))" = ¢]" = ¢; #0,
so that b;; x is not nilpotent, x ¢ P, a contradiction. Hence P = &. Since
S is a subspace, B =S; hence S = P.
To see that S is a right ideal of 2, we require

(333) 6”%‘”‘ Eeik (i,j, k == 0, 1, ceey t)
and

To prove (3.33), we consider first the case i = k, where s;; € S,;; implies
5;; U;; =S;;, theideal of nilpotent elements in A ;; ,implyingS,; A;; € S,;.
Next, if i # k, we use (3.22) to see that

S, WU, =6, UK Wy) €6, U, €6
by the result just established. But then x;; U,; consists of nilpotent ele-
ments for all x4 inS;; A, = Ay, establishing (3.33). To prove (3.34), we
use (3.24) to see that

(S;ApU; = (W; UNS,; € U;6,;, €65

iy = ] —
by the last statement before Lemma 3.6. Then x;; %;; consists of nil-
potent elements for all x;; in S,; A;; = A;;, implying (3.34). Then

j *hij = 2

euA=} eij)(z W) =) S; Uy +';_6ij A;c G,
i£j

so that S is a right ideal of A. Reciprocally, € is a left ideal of 2UA. We
have proved that & = % is an ideal of U.

Clearly the ideal P is independent of the particular choice of idem-
potents ey, ..., €, used above. Assume that B is not a nilideal. Then P
contains an idempotent u (# 0) by Proposition 3.3. We have noted that
there exist pairwise orthogonal primitive idempotents e, , ..., e,, ..., €,
in A such thatu = e, + --- + ¢, whilee = ¢, + --- + e, is principal. Then
u=e +- +e in P=6= Y&, implies e, in S,, is nilpotent, a
contradiction. Hence the nilideal § is contained in 3, and

NS PPN,
implying 9%t = B, as desired.
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Corollary 3.8, Let e be an idempotent in a finite-dimensional alternative
algebra W with radical M, and let (3.14) be the Peirce decomposition of N
relative to e. Then the radical of W;; is RN W, (i =0, 1).

Proof. By Theorem 3.7 the radical R, of W, consists of those elements
of A,, which are properly nilpotent in U;;. By (3.29) these elements are
properly nilpotent in A, implying N, = N~ A,;. Conversely, if
x;; € W,; is in M, then x;; is a fortiori in N;. Hence N; =N n A,;.

Corollary 3.9. Let e be a principal idempotent in a finite-dimensional
alternative algebra W, and let (3.14) be the Peirce decomposition of U rela-
tive to e. Then W o + Wy, + W is contained in the radical R of A.

Proof. Using the notation &;; from the proof of Theorem 3.7, we have
seen that

t t
Ay =.Zle"°’ Uoy = Zlgoj’ Wgo = Soo-
i= j=
Each of these subspaces is contained in § = RN.

Theorem 3.10. FEvery finite-dimensional semisimple alternative algebra
A # 0 has an identity element 1.

Proof. Since U is not a nilalgebra, U has a principal idempotent e.
Let (3.14) be the Peirce decomposition of U relative to e. By the Corollary
immediately above, W5 + Wy + oo & N =0, s0that A = A, = eWe.
That is, e = 1.

Corollary 3.11. Everyfinite-dimensional simple alternative algebra W has
an identity element 1. The center € of W is a field, and W is an (alternative
central simple) algebra of finite dimension over €.

Theorem 3.7 implies that every ideal B in a finite-dimensional semi-
simple alternative algebra U is semisimple, while Theorem 3.10 gives a
(1-1) correspondence between the idempotents in the center € of U and
the nonzero ideals B (= UAe) of A. For suppose that z in B is properly
nilpotent in B. Then a in A implies that aza is in B, so that z(aza) = (za)*
is nilpotent. That is, za is nilpotent for all a in U, implying that z is
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properly nilpotent in W. Hence z = 0, and B is semisimple by Theorem
3.7. If B # 0, let e be the identity element for B given by Theorem 3.10.
Then e 2 Be = B and eA 2 B = B. On the other hand, WUe and eN
are contained in the ideal B. Hence B = Ue = ¢W. For all ¢ in A, we
have

ae = e(ae) = (ea)e = ea,
and similarly (3.4) implies that, for all a, b in U, we have
(ae)b = (eae)b = e[a(eb)] = a(eb)

since a(eb) is in B, so that (a, e, b) = 0. Hence e is in €. Conversely, for
any idempotent e in €, the subspace B = e is a nonzero (semisimple)
ideal of A:

AB = A(We) = (AWe = Ue =B

and
BUA = (Ae)A = A(eW) = A(WUe) = AUB = B.

It follows that, for any ideal B # U, 0, there is a complementary ideal
B, such that W = B @ B,. For, if B = Ve, then ¢, =1 — e is an idem-
potent in &, and B, = e, is the required ideal. Since both B and B,
are semisimple, the decomposition may be repeated until simple ideals
are obtained. Finite-dimensionality insures that the process actually
terminates,

Theorem 3.12 (Zorn). A finite-dimensional alternative algebra W # 0
is semisimple if and only if W=C, @ --- @S, for simple ideals S,
Gi=1,..,1).

Proof. We have shown the ““only if” part above. Conversely, if
A=, @ - DS,, then any nonzero ideal B of A is the direct sum of
certain of the &;, and 62 =G, (i=1,..., {) implies B> = B # 0. But
then each algebra B in the derived series for B is B # 0,50 B cannot be
solvable. That is, the radical M of U is 0, and the proof is complete.

If e, is the identity element forS; (i=1,...,1),then 1 =¢; + - + ¢,
is a sum of pairwise orthogonal idempotents e; which are primitive in
the center € of U (but not necessarily primitive in A). Also€ =¢, @ -
@ €, where €; is the center of S; (i =1, ..., t). By Theorem 3.12 and



44 III. Alternative Algebras

Corollary 3.11, the structure of finite-dimensional semisimple alternative
algebras is reduced to that of central simple algebras. In Theorem 3.17
we show that these are either associative or (8-dimensional) Cayley
algebras.

If we were content to have Theorem 3.12 only for characteristic 0, we
could have given a much shorter proof by applying Dieudonné’s Theorem
2.6. For we have

Proposition 3.13. The radical R of any finite-dimensional alternative
algebra W over F of characteristic O is the radical W* of the trace form

(x, y) = trace R,R, .

Proof. Clearly (x, y) is a symmetric bilinear form on . Identities (3.2)
imply that

RyR,—R,Ry.=[R,,L)]R, + R,[R,,L,] = [R,R;,L,]
so that

(xy, z) — (x, yz) = trace R, R, — trace R, R,, =0

for all x, y, zin U. Hence A" is an ideal. If there were an idempotent
e in A+, then

0 = (e, e) = trace R, = trace R, = dim (U;, + Wy,) #0

for characteristic 0 by (3.14), a contradiction. Hence the nilideal A* = N.
If x is in N, then xy is nilpotent for all y in A, R,, is nilpotent by (3.10),
and

(x, y) = trace R, R, = trace R, + trace[L,, R,] =0.

That is, x is in A+, and we have | = AL, N = A+,

Hence A (of characteristic 0) is semisimple if and only if (x, y) is
nondegenerate. Therefore Theorem 2.6 yields the complicated *“ only if
part of Theorem 3.12 for F of characteristic O.

4. CAYLEY ALGEBRAS

We wish to define the class of Cayley algebras mentioned in the Intro-
duction. We construct these algebras in the following manner. The
procedure works slightly more smoothly if we assume that F has
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characteristic #2. However, such an assumption would limit the entire
remaining structure theory of alternative algebras to fields F of charac-
teristic #2. Since this restriction is unnecessary, we define Cayley
algebras over an arbitrary field F, and prove the relevant facts at some
cost in elegance. For some theorems, on which the structure theory does
not depend, we shall later assume characteristic #2.

An involution (involutorial antiautomorphism) of an algebra A is a
linear operator x —x on U satisfying

Xy = y=X, X=x forall x, yin .
Here we are concerned with an involution satisfying

x+ XeFl, x%(= Xx)eFl for all xin 2.

Clearly this implies
(3.35) x? — H(x)x + n(x)1 =0, t(x), n(x)in F,
with

(3.36) x + x=1t(x)]1, xX (= %x) = n(x)1 forall xin 2.

Since x — * is linear, the trace t(x) is linear. We call n(x) the norm of x.
Since 1 = 1, we have #(al) = 2, n(al) = o for all « in F.

Let B be an algebra with 1 having dimension n over F such that B
has an involution b — b satisfying (3.36). By the Cayley- Dickson process
we construct an algebra 2 of dimension 2n over F with the same properties
and having B as subalgebra (with 1 in B) as follows: A consists of all
ordered pairs x = (b,, b,), b; in B, addition and multiplication by scalars
defined componentwise, and multiplication defined by

(by, by)(bs, by) = (byby + uby by, by, + by by)

for all b;in B and some u # 0 in F. Then 1 = (1, 0) is a unity element for
A B’ = {(b, 0) | b € B} is a subalgebra of W isomorphic to B, v = (0, 1)
is an element of A such that v = ul and W is the vector space direct sum
A =B’ + vB’ of the n-dimensional vector spaces B', vB'. If we identify
B’ with B, the elements of A are of the form

(3.37) x=b,+ vb, (b; in B uniquely determined by x),
and multiplication is given by

(3.38) (by + vby)(by + vhy) = (bybs + by by) + v(byby + by by)



46 III. Alternative Algebras

for all b; in B and some u # 0 in F. Defining
X = bl - Dbz s

we have Xy = j% since b— b is an involution of B; hence x — % is an
involution of U. Also

x+ % =1x)1, xX(= %x) = n(x)1
where, for x in (3.37), we have
(3.39) t(x) = tb,),  n(x) =n(b,) — un(by).

When is 2 alternative? Since U is its own reciprocal algebra, it is
sufficient to verify the left alternative law, which is equivalent to
(x, %, y) = 0 since

(x, X, y) = (x1 t(x)l -X, )= _(x$ X, y)
Now

(x, % y) = n(x)y — (by + v0,)[(bibsy — pby by) + v(byby — b3 by)]
= n(x)y — [b(b1b3) — uby(baby) + p(b15)b, — u(b3 b,)b,)
—0lby(bybs) — by(b3 by) + (byb3)bs — p(bs by)b,)
= n(x)y — [n(by) — pun(b;)1(b; + vb,)
— p(by, by, by) — v(by, by, b))
= —u(by, by, b)) — v(by, by, by)

by a trivial extension of Artin’s Theorem 3.1. Hence U is alternative if
and only if B is associative.

We shall have occasion to use the fact that, if U is an alternative
algebra with 1 and B is a subalgebra with an involution b — b satisfying
(3.36), and if v in A has the property

(3.40) bv=vh forall binB

and satisfies v* = ul (u in F), then multiplication in 8 + 8 is given by
(3.38). To substantiate this, we need only verify that

a(vb) = v(ab),
(va)b = v(ba),
(va)(vb) = pba
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for all @, b in B. Now
0= (v, 4, b) + (4, v, b) = (va)b — v(db) + (dv)b — d(vb)
= (vd)b — v(ab) + (va)b — a(vb) = [t(a)l — alvb — v(ab)
= a(vb) — v(db).
Similarly,
0 =(4, b, v) + (4, v, b) = (@b)v — a(bv) + (av)b — a(vh)
= v(ba) + (av)[b — t(b)1] = v(ba) — (va)b.

Finally,
(va)(vb) = (va)(bv) = v(ab)v = v*(bd) = pubd

by the Moufang identity (3.6).

Let the 2-dimensional algebra 3 over F be either 3=F@ F or a
separable quadratic field 3 = F(s) over F. In both cases, 3 = F1 + Fs
where s2 = s+ al, 4« + 1 # 0. In the latter case, X*> — X — « is irre-
ducible in F[X]. (If the characteristic of Fis #2, then v, = s — 11 satisfies
v,2 = u;1, where u; = (4o + 1)/4 # 0in both cases, and y, is a nonsquare
in F ifand only if X2 — X — aisirreducible.) There is a unique involution,
distinct from the identity operator, on 3. It satisfies (3.36). Hence we
can use an iterative process (beginning with 8 = 3) to obtain by the
above construction algebras of dimension 2° over F; these depend com-
pletely uponaand the t — | nonzeroscalars i, , ..., u, used in the successive
steps. (If the characteristic of F is #2, we obtain identical results by
beginning with F1 on which the identity operator is an involution satis-
fying (3.36). Here the 2'-dimensional algebras depend completely on the
nonzero scalars gy, gy, ..., ;)

The 4-dimensional algebras Q = 3 + v, 3 obtained in this fashion are
associative central simple algebras (called guaternion algebras) over F.
Any RQ which is not a division algebra is (by Wedderburn’s theorem on
simple associative algebras) isomorphic to the algebra of all 2 x 2
matrices with elements in F.

We are concerned with the 8-dimensional algebras € =Q + v, Q
which are called Cayley algebras over F. Since any {Q is associative,
Cayley algebras are alternative. However, no Cayley algebra is associa-
tive. For Q is not commutative and there exist ¢, ¢, in Q such that

{91, 92 # 0; hence
(3,92, 91) = (v392)0: — v3(9291) = v3l91, 921 # 0.
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Thus this iterative process of constructing alternative algebras stops
after three steps. A multiplication table for any € of characteristic #2 is
given on page 5.

A Cayley algebra € is a division algebra if and only if n(x) # 0 for
every x # 0 in €. For x # 0, n(x) = 0 imply x% = n(x)1 = 0, € has zero
divisors. Conversely, if n(x) # 0, then %(xy) = (¥x)y = n(x)y for all y
implies

1 1

—— L - = -1 I e— =
n(x) xLx lca Lx n(x) Lx

and, similarly,

hence, if n(x) # 0 for all x # 0, € is a division algebra.

Remark. 1f Fis the field of all real numbers, the norm formn(x) = Y. «;
for x = Y a;u; clearly has the property above. Also there are alternative
algebras F1, 3, Q, € with this norm form (take p; = —1 at each step).
Hence there are real alternative division algebras of dimensions 1, 2, 4, 8.
In 1958 it was proved that finite-dimensional real division algebras can
have only these dimensions (Bott and Milnor {1]). It is not true, however,
that the only finite-dimensional real division algebras are the four listed
above; they are the only alternative ones. See Bruck [1] and Osborn [1]
for other examples of finite-dimensional real division algebras (neces-
sarily of these specified dimensions, of course).

Over any field F there is a Cayley algebra with divisors of zero (take
u =1 so v? = 1). This Cayley algebra over F, which we shall prove in
Lemma 3.16 is unique, is called the split Cayley algebra over F.

F1 is both the nucleus and center of any Cayley algebra. Also any
Cayley algebra is simple (hence central simple over F); this is obvious
for Cayley division algebras, but not for the split Cayley algebra. If B
is any nonzero ideal of € = Q + vQ, there is x=a + vb#£0in B (a, b
in Q). If a = 0, then Q(vx)Q is a nonzero ideal of the simple algebra Q,

1eQ =Q@wx)Q =B,
and 8 = C. If a #0, then
1eQaQ c QxQ + Qwb)Q =B + vQ,
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implying [ —vh is in B for some # in Q. Now 3 = F1 + Fs with
s =s+4+al,s05—p5s=—pl +(1 +pB) s#0 for all B in F. Then B
contains

(1 —ovh)s+ [vs)L —vh) =5 — un(h)s =g #0

in Q, and 1 € Qg0 < B, so B = € in this case also.

Consider an algebra 9 with 1 (of possibly infinite dimension) over an
arbitrary field F. Assume that for each x in U we have
x% = t(x)x +n(x)1 =0,  #x), n(x)in F,
that is, (3.35) holds in ¥, but no further properties are assumed. If x is
not in F1, the scalars #(x), n(x) are uniquely determined. Put
Hal) =2a, n(xl)=a? forall «ainF,

so that the trace t(x) and the norm n(x) are unique in (3.35) for all x in .
Now (3.35) implies #{ax) = at(x) for all ¢ in F, x in . If F contains more
than two elements, then the trace #(x) is linear (whereas an 8-element
Boolean algebra with 1 satisfies (3.35), but has elements a, b such that
Ha + b) =1 # t(a) + #(b)). We wish to show that the trace is additive:

(3.41) x+y)=tx)+«y) forall x,yinU.

It is easy to see that (3.35) implies (3.41) if y = 1, fin F. It follows that
(3.41) is satisfied if x, y, 1 are linearly dependent. Therefore we can
assume x, y, | are linearly independent, and compute

0 = (ax + fy)* — tlax + By)(ax + By) + n(ex + By)1
= afl(x + y)* — t0x +)(x + y) + n(x +)1]
for all «, B in F, as a linear combination of x, y, 1 to obtain
afar(x) — Br(x) — tlax + By) + Br(x + y)] =0,

and

BIBH(Y) — ar(y) — t(ax + By) + ar(x + )] =0.
If x#0 and § # 0, we may divide by these scalars, and subtract, to
obtain

(x = B)le(x) + #(y) — t(x + »)] =0.

Hence, if 0, «, B are distinct in F, we have (3.41). In order to facilitate
the passage to scalar extensions, we wish to have a linear trace. We are
led therefore to the following definition.
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Let ¥ # F1 be an algebra with 1 over F such that for each x in & we
have

x2 = tx)x+n(x)1 =0,  #x), n(x) in F;

in addition, if F is the field of two elements, the trace #(x) (uniquely
defined by setting #(x1) = 2) is required to be linear. Then U is called a
quadratic algebra over F. If W is a quadratic algebra, then so is any scalar
extension U, . This may easily be seen by using a basis for & and the
linearity of the trace on U.

Conversely, if % is an algebra with 1 over Fsuch that Wy is a quadratic
algebra over K, then A is a quadratic algebra. For x in ¥, we have (3.35)
with #(x), n(x) in K. We need to show that #(x) and n(x) are in F. Writing
uy = 1, we let {u;} be a basis for U over F. Then

uuy = Z Vit Vijr in F.
Also {u;} is a basis for Wy over K. For h # 0, we have
s> = Huphuy, — n(U)uo = 3, Yk Y
implying #(u,) =y is in F (h#0). Then x =0ty + I 4o Xuly
implies
(x) =209 + Y 0t(1)
is in F, since the trace is linear on Ay . Then #(x) is linear on A. Also
x* =) a0yt = 1(X) Y, 0wy — n(x)ug
implies that
n(x) = Hx)ao — Y %0 Vijo

isin F.

All of the algebras (# F1) which are constructed by the Cayley—
Dickson process are quadratic algebras over an arbitrary field F.

5. SIMPLE ALTERNATIVE ALGEBRAS

We assume now that U is a finite-dimensional simple alternative
algebra over an arbitrary field F. Then 2 contains 1. If 1 is a primitive
idempotent in U, then Lemma 3.5 implies that U is a division algebra.
More generally, we may consider, as in the proofs of Lemma 3.6 and
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Theorem 3.7, the Peirce decomposition of U relative to pairwise orthog-
onal idempotents ey, ..., e, such that 1 =¢; + -+ + ¢,. It follows from
Corollary 3.8 that ;; is semisimple (i = 1, ..., ¢). Applying Lemma 3.5
to A;;, we see that UA;, is a division algebra (i=1,...,1). If t > 1, it
follows from Lemma 3.14 that ; is associative (a ‘“ skew field ).

Lemma 3.14. Let U be a finite-dimensional simple alternative algebra
with idempotent e # 1. Let (3.14) be the Peirce decomposition of W relative
to e. Then ele =W, Wy, is associative.

Proof. U,y Wy, (resp. o, W, o) is an ideal of A, (resp. Woo) by (3.17)
and (3.22). Hence

B =W Uy + Wjo + oy + oy Wyo

is an ideal of A by (3.17)«(3.19). If B =0, then A = A, ® Wy, with
Ay #0, oo #0, a contradiction. Hence B = A, and eWe =N, =
U, Ao, Also (3.23) implies that A, , WAy, is associative.

Lemma 3.15. Let U be a finite-dimensional simple alternative algebra,
and let 1 =e, + -+ + e, for pairwise orthogonal idempotents e; (i =
1,..., ). If t = 3, then W is associative.

Proof. Let (3.15) be the Peirce decomposition relative to ey,..., e,.
For any i = 2, ..., t, we wish to show first that
Q'Ifi=9‘[i21=0 (i=2,...,t)-

Let e = ¢; + e; # 1 since ¢ > 3. Lemma 3.14 implies that eWe = A,, +
A,; + Ay + A, is associative. But this is the Peirce decomposition of
ee relative to e;, and we have U2, = A} = 0. It follows from (3.19) that

(£o) = (5) -0

Consider now the Peirce decomposition (3.14) relative to the idempotent
e,. (There is no ambiguity about the notation U, ,.) It follows from (3.17),
(3.19) and the fact that associators alternate that  is associative in case
A, and UA,,, are associative and A3, = AZ, = 0. But

t t
Wo=3Y Uy, Wpy=YU;, Uyp=
j=2 i=2
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Hence A3, = A3, = 0. We already know that 2,, is associative and,
applying Lemma 3.14 to the case e =e, + -+ +¢,, we have Uy
associative. Hence U is associative.

Lemma 3.16. Let U be a finite-dimensional simple alternative algebra
over (an arbitrary field) F satisfying:

() l=e, +e, for(orthogonal) primitive idempotents e;
(i) U, (=e,Ue)="Fe, (i=1,2)
(iii) W is not associative.

Then U is the unique split Cayley algebra over F: U = Q + vQ where
Q = F,, the algebra of all 2 x 2 matrices over F, and multiplication in U
is defined by (3.38) with p = 1.

Proof. Let B be any semisimple subalgebra of % which contains e,
and e, . (Note that % is such a subalgebra B.) Let
% = %11 + %12 + %21 + %22

be the Peirce decomposition (3.15) of B relative to ey, e, . Then B, € U,;.
Also (ii) implies
B =Fel +$12 +9321 + Fez.

Now x,, in B,,, y,, in B,, imply x,, y,, is in By, = Fe,, so that
X12V21 = (X125, V21081 forall x;,in By, »,;in By,

where {x, > is a bilinear form connecting B,, and B,,. (By the paren-
thetical remark above there is a bilinear form connecting %, , and %,
which induces {x, y)>.) It follows from the flexible law that

VarXiz = {X12, Y21)€2 forall x;,inBy,, ¥, inB,,.

For this certainly holds if y,;, = 0. Taking y,, # 0, we have y,;x;, = ae,,
o € F, since y,,x,, is in B,, = Fe,. Then

Uyy1 = 083 Y21 = Y21X12 V21 = {X125 V210V 215

implyinga = {x,,,y,,). Nowtheleft radical of {x, y>is0: (x5 ,¥,1> =0
for all y,, in B,, implies x,, = 0. For, if x,, # 0, then (3.32) implies the
existence of b,, in B,, satisfying
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(3.42) X120y =, by %y, = e,,

and we have e; = xy, b,y = {x;,, b,;)e; =0, a contradiction. Similarly,
for any x,; # 0 in B,,, we have b,, in B,, satisfying

biy X2 = ey, X21b15 = €3,

implying that the right radical of (x, y) is 0. Hence {x, y) is nondegener-
ate and dim B,, = dim B,; (Jacobson [24], p. 141; Artin [2], p. 21). In
particular, dim U, , = dim ¥Uj,.

If B # A, then k = dimB,, < dim A, ,, since

242 =dim®B < dim A =2 +2dimA,,.

Hence there exists f;; € Wy, f12 € By, . Letuy, ..., 1 be a basis for B, .
Since {x, y)> is nondegenerate, there is a dual basis wy, ..., w, for B,,
satisfying

(3.43) <u", wj> = 6‘1 (l,] = 1, ooy k)
(Jacobson [24], p. 142; Artin [2], p. 18). Now the element

G2 =tia = ¥, iz Wi
is in A, ,, but g;, is not in By, . Then
(3.44) (G2, WD =0 (=1,...,k).
Since (3.42) holds (in particular) for %, we have g,, in U;; satisfying
912921 = €1 921912 = ¢€3.
Let

hyy = g3, —,~=il<“f’ gadw;  in Uy,
Then
Gizha1 =€,  hugia=e;
by (3.44). Also
(3.45) by ) =0 (i=1,...,k)
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by (3.43). Let v = gy, + h,,. Then v is not in B since g,, is not in B, .
Also

v =1.

FOl’ Uz = (912 + h21)2 =€ + €y = 1 by (3.20).
Assume that B has an involution b — b satisfying (3.36). [For example,
Fe, @ Fe, is a semisimple subalgebra B with involution

b=ae, + fe, = b= fe, + ae,
satisfying (3.36).] Any b in B may be written in the form
b=oe + Y oau+ 3 Bjw;+ Pey; o, B0, ByinF.
It follows from (3.35) and (3.20) that

ﬂ‘=—ui’ W‘=—w,- (i=1,...,k).

Also (3.35) implies

Hence
5 =ﬁe1 - Zaiu‘— Zﬂjo+de2.
It follows from (3.21), (3.44), and (3.45) that

bv=oag, + Y ou; g1z + Y, Biwihay + By,

= Bhyy — Y gzt — 3, Bihay Wi+ agy,
= vb.

That is, (3.40) holds for all b in 8. Hence we have (3.38) with u =1,
and B + vB is a homomorphic image in U of the (2n)-dimensional
algebra constructed by the Cayley—Dickson process from the algebra B
of dimension n =2 + 2k. Beginning with the 2-dimensional algebra
Fe, @ Fe, , the process does not terminate until we have B = U. By (iii)
U # Fe, @ Fe, . The case k = 0 gives a homomorphic image in U of the
(simple) algebra F, of all 2 x 2 matrices over F. Since the homomorphic
image is #0, the homomorphism is a monomorphism, and 2 contains
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Q = F,. By (iii) A # Q. The case k = 1 gives a homomorphic image in
A of the (simple) Cayley algebra described in the conclusion of this
lemma; hence U contains a Cayley subalgebra €. If U # €, we have
shown (in the case k = 3) the existence of v ¢ € satisfying (3.38) with
u=1forallb;in €. Choose b, (i = 1, 2, 3)in € such that (b,, b,, b5) # 0.
We have shown earlier that (3.38) implies

(bl + vbz N b1 + sz s b3) = —‘v(bl, b3 ’ bz)-

Hence

0 = v[v(by, b3, by)] = —(by, by, b3) #0,

a contradiction. That is, W = €, as desired.

We have shown that any A satisfying (i)—(iii) is the unique Cayley
algebra described in the conclusion. Since e e, =0, this is a Cay-
ley algebra with divisors of zero. To prove that there is only one Cayley
algebra with divisors of zero over an arbitrary field F, we need only
observe that conditions (i)-(iii} are satisfied in any such algebra .
Clearly (iii) is true. Write 1 = ¢, + --- + ¢, for pairwise orthogonal
primitive idempotents e; in U. Then (i) holds, since we have seen (pre-
ceding Lemma 3.14) that W is a division algebra if # = 1, and is associative
by Lemma 3.15 if # > 3. Let K be the algebraic closure of F. Then 1 is
the identity element for Wy . Since the Cayley algebra U is central simple,
A is simple. In particular, the radical of U is 0. It follows from Corollary
3.8 that therefore the radical of (Wy);; = (U, )k is 0 (i = 1, 2). We have
seen (as a consequence of Lemma 3.14) that, since ¢t > 1, each U, is
associative. Hence (U;;)x is a direct sum of simple associative algebras
over K. Since K is algebraically closed, these are (by Wedderburn’s
theorem) total matrix algebras over K. If there is more than one summand
in (A;;)k, or if that summand is not Ke;, then 1 = e, + e, is expressible
as a sum of more than two pairwise orthogonal idempotents in 2y,
and Ay is associative by Lemma 3.15, A (<= A) is associative, a contra-
diction. Hence (U;,)x = Ke; (i = 1, 2), implying (ii). That is, over an
arbitrary field F there is one and (up to isomorphism) only one split
Cayley algebra.

One can easily construct over an arbitrary field F an explicit iso-
morphism between Zorn’s ““ vector matrix algebra” (Jacobson [25], p.
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142) and the split Cayley algebra given in Lemma 3.16.

Theorem 3.17 (Zorn). The finite-dimensional central simple alterna-
tive algebras over F are the 8-dimensional Cayley algebras over F and the
(mn)*-dimensional algebras , = D ® F,, D a central associative division
algebra of degree m over F.

Proof. By Wedderburn’s theorem on finite-dimensional simple associa-
tive algebras it remains only to prove that any finite-dimensional central
simple alternative algebra 2 which is not associative is a Cayley algebra.
Writing 1 = e, + --- + e, for pairwise orthogonal primitive idempotents
e;in A, we have t < 2 by Lemma 3.15. If t =1, we know that WA is a
division algebra. Let K be the algebraic closure of F. The decomposition
of 1 above as a sum of pairwise orthogonal idempotents in ¥« may be
refined to one in g: 1 =e," + --- 4+ ¢.. Then ¢’ < 2 since W is simple
but not associative. If ¢’ = 1, then W, = (W), is a finite-dimensional
alternative division algebra over K. But then any x in U, generates a
subfield K(x) of Wy, where K(x) is of finite degree over the algebraically
closed field K. Hence K(x) = K, x is in K. That is, Wy = K1, A = Fl, a
contradiction. Hence ¢’ = 2. That is, there are two possible situations:
(a) W is a division algebra, but 1 = ¢, + e, for primitive idempotents e;
in Uy, and (b) 1 = ¢, + e, for primitive idempotents e; in A which
remain primitive in Wy (such e; are called absolutely primitive). In case
(b) we have the situation which was considered in the final paragraph of
the proof of Lemma 3.16: A is the split Cayley algebra over F. In case (a)
the algebra U satisfies the conditions for case (b): Uy is the split Cayley
algebra over K. In particular, Wy is a quadratic algebra over K. It remains
to show that this implies in (a) that the division algebra U is a Cayley
algebra.

Since U is a quadratic algebra over K, we have seen that U is a
quadratic algebra over F. Now 9 is not commutative, since the Cayley
algebra Uy is not. Take any pair x, y of elements in ¥ which do not
commute. By Artin’s Theorem 3.1 they generate an associative, but not
commutative, subaigebra Q of . Since Q contains no zero divisors,
finite-dimensionality ensures that Q is a division subalgebra of . Also
1 is in Q. Since Q < W is a quadratic algebra over F, it is known that Q
is a quaternion division algebra (Albert [24], p. 146). It remains only to
show the existence of v € U, v ¢ Q, satisfying
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(3.46) v?P=ul, p#0inF,

and (3.40) for all b in Q.
Now Q=3 +1v,3, 3 =F(s), s> =5+ al, 4o + 1 # 0. Hence Q has
a basis 1, s, v,, v,5 over F and multiplication table:

' 1 s v, v,8

1 1 § v, v,8
s s al+s Uy — U8 —av,
v, v, v,S Hal S
v,S vaS  ava+0y8  pal—pps  —paal

Since Q # A, there exists fe A, /¢ Q. Let
v=f+ M1+ A5+ A0, + 440,58

with 2;in F. Then vis not in Q. We seek 2, in F for which (3.46) and (3.40)
are satisfied. By (3.35) we see that (3.46) is equivalent to #(v) =0, or

(3.47) 24 + Ay = — (),

since u # 0 in the division algebra . Now the involution in % induces
x = % = H(x)1 — x in A, which is therefore an involution in A. Assuming
t(v) = 0, we have ¥ = —v so that

1(bv)l = bv + bv = bv + 0b = bv — vb,

implying that (3.40) is equivalent to #(bv) = 0 for all b in Q; that is, to
t(v) = t(sv) = Hv,v) = 1((v, S)v) = 0. Hence we seek A; in F satisfying
(3.47) and

A+ (1 4+ 204, = —1(sf),
2uy A3 + py Ay = =102 f),
Ha Ay — 20p; Ay = —H(v29)f).

Since the determinant of the four equations is — u,2(1 + 4a)? # 0, the
desired 4; in F exist. Hence U is a Cayley division algebra in case (a)
above.

The proof that any simple alternative ring, which is not a nilring and
which is not associative, is a Cayley algebra over its center appears in
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Kleinfeld [2]. Of geometric significance is the case of division rings, the
easier proof for which (assuming characteristic #2) is given in Kleinfeld
[9].

The norm n(x) on any involutorial alternative algebra U satisfying
(3.36) permits composition in the sense that

(3.48) n(xy) = n(x)n(y) for all x,yin .

For
n(y)l = (xy)(xy) = xyyx = n(y)xx = n(x)n(y)1

by Artin’s Theorem 3.1.
We remark that a necessary and sufficient condition that a Cayley
algebra € = Q + vQ be a division algebra is that we have

n(x) = n(b,) — un(b,) #0  forall x=b, +vh, #0 (b, in Q).

A necessary condition is clearly that Q be a quaternion division algebra.
Then (3.48) implies that € is a division algebra if and only if Q is a
division algebra and u is not the norm n(b) of an element b in 2; that is,
u (= p3) is not represented by the quadratic form

X2+ X, X, — aXp? — py X3® — 1y Xy Xy + opy X2

For characteristic #2, we may change the basis for Q to see that € is a
division algebra if and only if Q is a division algebra and p(= u,) is not
represented by the quadratic form X2 — u, X,% — p, X532 + pouy, X2
Quite trivially, there are no finite Cayley division algebras since, by
Wedderburn’s theorem on finite associative diviston rings (Artin [2], p.
37; Albert [24], p. 62), there are no finite quaternion division algebras.

6. THE WEDDERBURN PRINCIPAL THEOREM

A finite-dimensional algebra U over F is called separable in case, for
every extension K of F, the algebra Uy is a direct sum of simple ideals.
Foralternative algebras thisisequivalent tosayingthatq =S, @ --- ® S,
is semisimple with the center €; of each simple component &; being a
separable extension of F (i =1, ..., ¢).
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The following theorem generalizes to alternative algebras the well-
known Wedderburn principal theorem for associative algebras. We shall
not repeat the portions of the proof which merely repeat the associative
case (Albert [24], p. 47). We first prove three lemmas which will be used
in the proof of

Theorem 3.18 (Wedderburn principal theorem for alternative alge-
bras). Let W be a finite-dimensional alternative algebra over F with
radical M. If W/ is separable, then

(3.49) A=+ N (direct sum),
where € is a subalgebra of W, S =~ A/N.

Throughout the proof we shall write [x] for the residue class
[x] = x + N of x modulo N, x in A.

Lemma 3.19. Let ¥ be a finite-dimensional alternative algebra with 1
over F and with radical ®t. If [u,], ..., [4,] are pairwise orthogonal idem-
potents in /N, then they may be “ lifted” to pairwise orthogonal idem-
potents ey, ..., e, in W satisfying le;]=w] G=1,....0. If [1]=[u,] +
o+ (], then 1 = ¢, + -+ +e,.

Proof. 1f [u] is idempotent in A/N, then any representative u of [u] is
not nilpotent. Since the subalgebra of U generated by u is not nilpotent,
9l contains an idempotent e = Y «;%', «; in F, and [e] = B[u] for B in F.
Since e is not in N, we have

[e1#0 and  [e] = [e}* = [u]* = p*[u] = Ble],

implying f=1, [e]=[u]. This is the case +=1. We assume that
e,...,e,_, are pairwise orthogonal idempotents of U satisfying
le}=[)(@=1,...,t—1). Thene = e; + --- + e,_, is idempotent, and
in the Peirce decomposition (3.14) of U relative to e we have Uy = fUS
where f =1 — e. Correspondingly we have, in the Peirce decomposition
of A/N relative to [e], (AW R)go = LSWA/N)[f]. Since [u,] is in (W/M)ge
=[fNA/R)[f], we may take u, in fUf = W,,. By Corollary 3.8, the
radical of Uyg is | N Wy = NS, Hence

[u] € [SIA/IMLS] = (Uoo + MY/R = Wgo/(9 N Aoo)
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implies that we may apply the case t =1 to ¥y, to see that the residue
class u, + fRSfin Wy0/(M N Uy) may be lifted to an idempotent e, in
Wy, satisfying e, + fRf = u, + fRNf, and therefore [e,] = [u,]. Since ¢, is
in Wyo, we have e, ..., e, pairwise orthogonal. If [1] = [,] + -+ + [1,],
then 1 — (e, + - +e¢,) is in N. But 1 — (e, + -+ + ¢,) is either 0 or
idempotent. Hence I = ¢, + -« + ¢,.

Lemma 3.20. Let U be a finite-dimensional alternative algebra with 1
over F. Let R be the radical of W, and assume N* = 0. If F, is a total
matrix subalgebra of W/N which contains the identity element [1] of AU/N,
then U contains a total matrix algebra M of degree t with identity element 1,
and F, is the image of M under the natural homomorphism x — [x] of U
onto U/N.

Proof. Let F, have basal elements [u;;] (i, j = 1, ..., t) with the familiar
multiplication table
[ulj][ukl] = 5jk[“it]-

We wish to lift these elements to (clearly linearly independent) elements
e;; of A with the same multiplication table. By Lemma 3.19 there exist
pairwise orthogonal idempotents ey, ..., e, in U such that [e;;] = [u;;]
(i=1,...,t)and 1 =¢;; + -+ + ¢,,. Let (3.15) be the corresponding
Peirce decomposition of U. We select representatives u;; (resp. u;) of
[4;,] (resp. [u;]) as follows. We may take u;; = e;;. Since

(1] = [ewllui e, ],

we may also take uil in mil (i = 2’ veey t)’ and Similarly take ulj ln QII]
(G=2,...,1). It follows that

U Uy =eq +2z (=2,...,1)
where z; is in | N A, by (3.17). Write
ey;=1(eyy — zuy;, ey =uy G,j=2,...,0.
Then e, ; is in Uy A, ; = Ay ; and e;y is in Ay Also

(3.50) eljeil =€y (j= 1,...,t)-
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Fore?, = e;; and, if j # 1, we have
€;€n = [(eys — Zj)“1j]“j1 =(ey; — j)(uljujl)
=(ey1 —z))leyy +2;) =eyy
by (3.22), since z; is in Uy, and z;? is in N? = 0. Define
(3.51) e;=e;e; (i#j;, ,j=2,...,0
in A, A, ; = Aj;. We have
[eij] = [eu][eu] = [u;)(les, — j][“u])
= [un]([“u][ulj]) = [uij]'
Now (3.51) holds for i, j =1, ..., t. Fori = 1 orj = 1 this is trivial. Also
(ener)® = eilleyieier] = eseq;

by Artin’s Theorem 3.1; since [e; e,;] = [u;;] = [e;;] we may apply the
last sentence of Lemma 3.19 to ;; to obtain e;; = e;;e,,. It follows from
(3.19) and (3.20) that

(352) e,'jek, = 0 fOI‘ _] ¢ k
To see that
(353) e,-jejk=8,~k (l,_],k= 1,...,[),

we linearize the Moufang identity (3.6) to obtain
(xy)az) + (zy)az) = x[(ya)z] + z[(ya)x]

for all x, y,a,z in A. Putting x =e;;, y =€, a = ej;, Z = ey in this
identity we have

€ij€i = (eilelj)(ejlelk)
= —(egrey)ejein) + eillejei)en] + elen;e)en]
= —0p101:€11 + €€y + 041y 44
=€y

by (3.51), (3.52), and (3.50). It follows from (3.52) and (3.53) that the
subalgebra M of A with basis {e;;} (,j=1,...,1) is a total matrix
algebra, completing the proof.
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Lemma 3.21. Let U be a finite-dimensional alternative algebra with 1
over F. Let M be the radical of N, and assume N? = 0. If /N is a split
Cayley algebra, then W contains a subalgebra € = U/N.

Proof. We may take /N in the form A/N = F, + [w]F, of Lemma 3.16,
[w]? = [1], multiplication given by (3.38) with the obvious changes in
notation. By Lemma 3.20, U contains a total matrix algebra Q = F,
such that Q contains 1 and the matric basis {e;;} of Q yields the matric

basis {[e;;]} of F,. Note that m = [b] for b in Q. We have already
observed that
€1 = e, €1, = —€3, €y = —€y, € =¢eq.

In order to prove the lemma, it is sufficient to show the existence of
v ¢ Q satisfying v* = 1 and bv = vb for all b in Q.
Write

Lfij] = [wlley] for i#j (4,j=1,2).
Using the Peirce decomposition of U relative to e; = ¢4, €; = e,,, We
may take f;; in %;; (i # j), for
le)(LfidleyD) = [ead(Iwlle;1?) = Wi e;] = wlley] = L3l
Now
[eji][fij] = [eji]([w][eij]) = - [w]([eﬂ][ejj]) =0,
implying that
Write
hij =fij - eiJ-C~.
Then h;; is in U5, [A;] = [f;], and
ejihi;=hie; =0 #j; Lj=12).
For
ejihij = Cj - ej,'(e,'jcl-) = Cj - (ejieij)(:j = 0
by (3.22). Also
€;iCi= eij(ejifij) = (eijeji)fij - (eij’ €;; .f.',')

= fi+ Uiys i €) = fiy + (fije;0ei5 — fi5 = (fiyeie;
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so that
hijeji =fijej|' = [(fijeji)eij]ejl =0
by (3.22). Now
[hij][hji] = [fu][f;;] = [eii][éjj = [es]
implies that
hijhi=e; +a;, a,inNNYA, (i#j, i,j=1,2).
Then a;2 = 0 since M? =0, and
(ei—a)e;+a)=e;=(e;+a)e;—a) (i=12)
Write
P12 = (exy — aphy,, P2y = hyy.
Then p;; is in A;;, [py;] = [f;;], and we shall prove
DijPji = €y (i#j;, L,j=12).

For
P12P21 = [(err — ahyzlhyy = (61 — ay)(hy2 hzy)
= (€1 — ay)ey; +ay) = ey
But
aih; = (hijh;; — ey = hih; i) — hy;
= hifej; +a) = by = hy;a;,
so that
P12 =hyy —aihy; = hyy — hyya, = hyy(e;; —ay)
and

P21P12 = hylhia(ez; — ay)] = (hy1hy2)(ex; — a;) = €55,
Also (3.22) implies that
e;;pyi=pjie;;=0 (i#J;, ,j=12).
Finally write

V=p13 + P21
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Then [v] = [f,] + [f21] = [w], implying v ¢ Q. Also

v =(Pra+pu) =6 +epn=1
by (3.20). Writing
b =daey; + Pey; + yeyq + ey,
we have

b =dey; — Pey; — ey, + aeyy,
bv =apy, + Bey; piz + V€21P21 + P2y
= apy; — BP12 €12 — YP21€21 + Opyy = Vb

by (3.21), completing the proof of the lemma.

Proofof Theorem3.18. Itsufficesto prove the existencein A of S 2 A/N.
Since the theorem is trivial unless M # 0, and since N is solvable, we
have proper inclusions in the derived series

R=RND >N 5 ... 5RO =0,
Also N2 (=ND) is an ideal of A. For ain A and x, y in N imply
a(xy) = (ax)y — (a, x, y) = (ax)y — (, @, X)
= (ax)y — (ya)x + y(ax)

is in M2 since N is an ideal ; hence N2 is a left ideal of A. Reciprocally, N>
is a right ideal of A. The same inductive argument based on the dimension
of A which is used for associative algebras suffices to reduce the proof
of the theorem to the case 9% = 0.

We have shown in Lemmas 3.20 and 3.21 that the theorem is true for A
containing 1, with 2 = 0, and A/N either a total matrix algebra or a
split Cayley algebra. We now reduce the case 2 = 0 to one of these
two situations. If 9 has no identity element, adjoin 1 to U to obtain
A, = F1 + U. Then ¥, is alternative. Since N is a nilpotent ideal of A,
we have M= N,, the radical of A,. Conversely, a; in N; implies
a,=al+a,0inF,ainW,and0 =a,' =o'l + b, bin A. Hence a = 0,
N, = A. Hence N, is a nilpotent ideal of A, N, = N. If we can obtain a
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Wedderburn decomposition W, =S, + N of A, we have A =S + N
where © =&, N A = A/N as desired.

We assume henceforth that U contains 1, and now reduce the proof
of the theorem to the case where U/MNissimple. Let AN =B, @ - § B,
for simple ideals B,. By Lemma 3.19 we can lift the identity elements of
the B, to pairwise orthogonal idempotents e; in A satisfying
1 =€, + -+ + ¢,. In the corresponding Peirce decomposition (3.15) the
radical of U;; is M, =N A,; (i=1,...,¢) by Corollary 3.8. Now
W,:/N; = B, If we have Wedderburn decompositions N,; =S; + N;,
S; = B;, then (since the subalgebras U;; of A are pairwise orthogonal)
the sum of the subalgebras ; of U is the direct sum

=6 OG,xAMN.

Let K be the algebraic closure of F. Since A/MN is separable,
(W/ M), = Uy /Nk is a direct sum of total matrix algebras K, and split
Cayley algebras. Then Ry is the radical of U (since it is a nilpotent ideal
containing the radical). By the result in the preceding paragraph, we
may assume that (/M) has only one simple component. Then, by
Lemma 3.20 or 3.21, A, contains a subalgebra B = (A/MN)x. The re-
maining steps are those of the associative proof, since no form of
associativity is used there.

Theorem 3.18 is the analogue for alternative algebras of Levi’s theorem
for Lie algebras of characteristic 0 (Jacobson [25], p. 91). Levi’s theorem
is proved, not by the structure lifting which involves an examination of
the individual split simple algebras as above, but by use of the second
Whitehead lemma for Lie algebras (Jacobson [25], p. 89). The associ-
ative case of Theorem 3.18 for characteristic 0 has a similar proof
(Hochschild [1]). The second Whitehead lemma for alternative algebras
(of arbitrary characteristic) is valid, since it is equivalent to the case
N2 = 0 of Theorem 3.18. It would be interesting to have a proof (if only
for characteristic 0) which does not involve an examination of individual
cases. In order to state the second Whitehead lemma for alternative
algebras, it is necessary to introduce alternative bimodules, which we
shall do in the fashion indicated at the end of Chapter II.

Let U be an alternative algebra over an arbitrary field F, and M be a
vector space over F. Then M is an alternative bimodule for A in case
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there are two bilinear compositions ma, am in M (a in A, m in M)
satisfying

(3.54) (a,a,m=(maa)=0 forall ain A, min I,

and

(3.55) (a,m, b) = —(m, a,b), (b,a,m)= —(b,m,a)

for all a, bin U, m in M, where the associator is defined as in Chapter II,
except that one argument is in 9. If F has characteristic #2, then (3.54)
and (3.55) together are equivalent to

(a,m,b) = —(m, a,b) =(b,a, m) = —(b, m, a)

for all @, b in A, m in M. The vector space direct sum A + M is made
into an algebra, called the split null extension or semidirect sum, by
defining multiplication by

(a+ m)(b+ my)=ab + (mb + am,)

for all g, b in U, m, in M. Having M an alternative bimodule for A is
equivalent to having % + M an alternative algebra, since the alternative
law (x, x, )=, x, x)=0in A+M, x=a+m;, y=b+m,, is
equivalent to the alternative law in %, (3.54), and (3.55). Clearly M is
an ideal of A + M, and M2 = 0.

Let M be an alternative bimodule for the alternative algebra A, and
consider the linear operators S,, T, (a in ) defined by

m - mS, = ma, m—mT, =am forall min M.
By (3.54) and (3.55) we have
(3.56) T.=T2 S =S, foral ain?
and
(357 [T,S51==S5+Ss, T~ TT=—-[T,5.]

for all @, b in A. A pair (S, T) of linear mappings a— S,, a — T, of an
alternative algebra 2 over F into the algebra (M) of all linear operators
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on some vector space M over F is called a (bi)representation of A acting
in M in case (3.56) and (3.57) are satisfied. Thus every alternative
bimodule for U is associated with a representation. The converse is also
true. For, if (S, T) is a representation of  acting in M, then M is an
alternative bimodule for U relative to the two compositions

ma = mS,, am = mT, (ain A, min M).

Every alternative algebra U over F has a representation; namely, the
regular representation (R, L) where R, and L, are the right and left multi-
plications of U corresponding to @ in U. In this case W itself is the alter-
native bimodule. More generally, if 2 is any subalgebra of an alternative
algebra B over F, and if M is an ideal of B, then the regular representation
of B induces a representation of W acting in M. If (S, T) is any represen-
tation of an alternative algebra 2 acting in MM, then (S, T') is induced by
the regular representation of the split null extension U + M.

We shall defer statement of the first Whitehead lemma for alternative
algebras until later in this chapter because derivations of alternative
algebras are involved, with a restriction imposed upon the characteristic
of F. However, for an arbitrary field F we have

Proposition 3.22 (Second Whitehead lemma for alternative algebras).
Let N be a finite-dimensional separable alternative algebra, and let M be
a finite-dimensional alternative bimodule for W. Let f be a bilinear mapping
of W into M satisfying

(3.58) F(a,a,b)=F(b,a,a)=0 forall a,bin N,
where

F(a, b, ¢) = fla, b)c + f(ab, ¢) — af (b, ¢) — f(a, bc).
Then there exists a linear mapping g of W into M such that

(3.59) f(a, b) = ag(b) + g(a)b — g(ab) forall a,bin N,

Proof. The second Whitehead lemma for alternative algebras is equiva-
lent to the case 2 = 0 of the Wedderburn principal theorem which we
have already proved.
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We first give a proof of Proposition 3.22. Let B = A + M be the

vector space direct sum of U and M. Define a multiplication x * y in
B by

(a+my) *(b+ my)=ab+ f(a, b) + am, + m;b
for a, b in Y, m; in M. Writing
%y, 2)x=(x*y)*xz—x%(y*rz) for x,p,zin%,

we see, since M2 = 0, that all such associators with more than one argu-
ment in M are 0, while for g, bin A, m in WM, we have

(a; b; m)* = (aa ba m)y (aa m, b)# = (ar m, b)a (m, a, b)* = (m, a, b)
Also
(a,b,c)y=(a,b,c)+ Fla, b, c) for a, b, cin AU.

Hence the alternative law in B is implied by the alternative law in U,
(3.54), (3.55), and (3.58).

Now B/ ~ U is separable, so that I is the radical of B. The case
M? = 0 of the Wedderburn principal theorem implies that

B=C+M (direct sum)

where @ is a subalgebra of B. We may write any element a of
A =B =S + M uniquely in the form

a=s(a) +ga), sa)inS, gla)in M.
The mapping a — g(a) is obviously linear. Now & contains
s(a) » s(b) = (a — g(@)) » (b — g(b))
= ab + f(a, b) — ag(b) — g(a)b
= s(ab) + g(ab) + f(a, b) — ag(b) — g(a)b

for all @, b in . Since B =S + M is a direct sum, we have (3.59) as
desired.

Conversely, assuming Proposition 3.22, we can prove the case it? =0
of Theorem 3.18. For, if U is an alternative algebra with radical 9, there
is a subspace T of A such that

A=T+N  (direct sum).
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Thus there is a vector space isomorphism a — a* between UA/N and T
(a in /R, a* in T) such that (ab)* — a*b* is in N for all a, b in A/N.
Write

f(a, b) = (ab)* — a*b*.
Since N =0, N is an alternative bimodule for A/ when we define
ma = ma*, am=a*m for ain A/N, min N
Also fis a bilinear mapping of U/ into N satisfying (3.58). For compute
F(a, b, ¢) = (ab)*c* — (a*b*)c* + ((ab)c)* — (ab)*c*
— a*(bo)* + a*(b*c*) — (a(be))* + a*(bc)*
=(a, b, 0)* — (a*, b*, c*).

Then (3.58) follows from the alternative law in 2. Since /9t is separable,
the second Whitehead lemma guarantees the existence of a linear
mapping a — g(a) of A/N into N satisfying

(ab)* — a*b* = a*g(b) + g(a)b* — g(ab) for all a, b in A/N.
Setting a’ = a* + g(a) in A, we have
a'b’ = a*b* + a*g(b) + g(a)b* = (ab)y* + g(ab) = (ab)',

so that @ — 4’ is an isomorphism of the algebra A/ into W, completing
the proof.

7. NORM FORMS

We assume that the characteristic of F is #2 to develop now some
properties of Cayley algebras which depend on the nondegeneracy of
the norm form n(x). All of the algebras A = B + vV constructed from
F1 by iteration of the Cayley—Dickson process have nondegenerate norm
forms, as may be seen inductively as follows.

Assume that the norm on B is a nondegenerate quadratic form; that
is, the associated symmetric bilinear form

(3.60) (a, b) = }[n(a + b) — n(a) — n(b)] = 4t(ab)
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is nondegenerate [if (a, b)) = 0 for all b in B, then a = 0]. Then the norm
n(x) = n(b,) — pun(b,) on N given by (3.39), x = b, + vh,, is nonde-
generate. For y = b; + vb, implies that

(x, ¥) = 3[n(x + y) = n(x) — n(y)]
= }[n(b, + b3) — un(b, + b,) — n(b,) + pn(b,) — n(bs) + un(b,)]
= (by, by) — u(b,, bs).

Hence (x, y) = 0 for all y = by + vb, implies (by, b3) = u(b,, b,) for all
b,, b, in B. Then b, = 0 implies (b, b3) =0 for all b; in B, orb, =0
since n(b) is nondegenerate on B; similarly by = 0 implies (b,, b,) =0
(since u # 0) for all b, in B, or b, = 0. That is, x = 0; r(x) is nonde-
generate on 2. (At the first step in the induction, a? is clearly nonde-
generate on F1.)

Theorem 3.23 (Jacobson). Two Cayley algebras € and &' of charac-
teristic #2 are isomorphic if and only if their corresponding norm forms
n(x) and n'(x") are equivalent (that is, there is a linear mapping x — xH of
€ into €' such that

(3.61) n'(xH) = n(x) forall xin@;

H is necessarily (1-1) since n(x) is nondegenerate).

Proof. Suppose € and @ are isomorphic, the isomorphism being H.
Then (3.35) implies (xH)? ~ t(x)(xH) + n(x)1’ = 0 where 1' = 1H is the
unity element of €'. But also (xH)?> — t'(xH)(xH) + n'(xH)l’ = 0.
Hence

[t'(xH) — (X))(xH) + [n(x) — n'(xH)]1' = 0.

If x¢Fl, then xH ¢ F1' and n(x) =n'(xH). On the other hand,
n(xl) = a® = n'(x1’), and we have (3.61) for all x in G.

For the converse we need to establish the fact that, if B is a proper
subalgebra of a Cayley algebra €, if B contains the unity element 1 of €,
and if (relative to the nondegenerate symmetric bilinear form (x, y)
defined on € by (3.60)) B is a nonisotropic subspace of € (that is,
B n Bt = 0), then there is a subalgebra A =B + vB obtained by the
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Cayley-Dickson process. For the involution x —» % on € induces an
involution on B, since b = #(b)1 — b is in B for all b in B. Also B non-
isotropic implies € = B L B+ with B* nonisotropic (Jacobson [24],
p. 151; Artin [2], p. 117). Hence there is a nonisotropic vector v in B+,
n(v) = —p # 0. Since #(v) = t(v]) = 2(v,1)= 0, we have

v’=pul  (u#0in F).
Now
(3.62) (xy)z) = t(x(yz)) forall x,y,zin@.

For (x,»,2)= —(z, 5, x) = (2, j, X¥) implies (xy)z + Z(F%) = x(yz) +
(zy)%. Hence vB < B* since (3.62) implies

(va, b) = 31((va)b) = }1(v(ab)) = (v, ba) =0  for all a, b in B.

Hence B 1L v8B. Also vB has the same dimension as B since b — vbis (1-1).
[Suppose vb =0; then v(vb) = v*b = ub =0, implying b =0.] Now
(v) = 0 implies ¥ = —v; hence v in BL implies

0 = 2(v, b) = t(vh) = vh + bv = vbh — by,
or
bv=vh forall bin®B.

We have seen before that v? = ul and (3.40) imply (3.38). Hence
A =B L vB is the subalgebra specified. We have seen that, if B is non-
isotropic, then so is .

Now let € and €' have equivalent norm forms n(x) and n’(x’). Let B
(and B’) be as above. If B and B’ are isomorphic under H,, then the
restrictions of #(x) and »'(x’) to B and B’ are equivalent. Then by Witt’s
theorem (Jacobson [24], p. 162; Artin [2], p. 121), since n(x) and »n'(x’)
are equivalent, the restrictions of n(x) and r'(x’) to B and B'L are
equivalent. Choose v in B* with n(v) # 0; correspondingly we have v’ in
B'* such that n'(v') = n(v). Then a + vb —»aH, + v'(bH,) is an iso-
morphism of B 1L »B onto B’ L v"B’ by the construction above. Hence
if we begin with B.= F1, B’ = FI’, repetition of the process gives
successively isomorphisms between 3 and 3', Q and Q’, € and ¢'.
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Remark. We have shown incidentally that, if Q is any quaternion sub-
algebra containing 1 in a Cayley algebra € of characteristic # 2, then Q
may be used in the construction of € as € = Q + vQ. This remark
reduces our previous proof of the simplicity of € to the following: there
is x # Oinany nonzero ideal B of €, and x is contained in some quaternion
subalgebra Q of €. Then 1 € Q = QxQ = B.

We have already proved, as part of Lemma 3.16, the following Corol-
lary without the restriction on the characteristic of F. We include it here
in order to illustrate an elegant method of proof.

Corollary 3.24. Any two Cayley algebras € and &' with divisors of zero
over F of characteristic #2 are isomorphic.

Proof. Show first that € has divisors of zero if and only if there is
w ¢ F1 such that w* = 1. For 1 —w #0, 1 + w # 0 imply

A-w(l+w)y=1—-w?=0.

Conversely, if € has divisors of zero, there exists x # 0 in € with n(x) = 0.
Then x = al + u, u in (F1)* = {y | {(y) = 0} implies

0 =n()1 = xx = (al + w)(al — u) = «®1 — u*.

If @ # 0, then w = o™ 'y satisfies w? = 1 (w ¢ F1). If « = 0, then n(u) = 0
so that u is an isotropic vector in the nonisotropic space (F1)*. Hence
n(x) is a universal form and there exists w in (F1)* with n(w) = —1
(Jacobson [24), p. 154, Ex. 3), or w? = t(w)w — n(w)l =1 (w ¢ FI).

Now let e, =341—-w), e=1—¢; =3(1 +w). Then e’=e,,
et =e,,e.e, =e,e, =0. Alson(e;) = 0fori = 1, 2. Hence every vector
in e; € is isotropic since n(e; x) = n(e)n(x) = 0. This means that e, is a
totally isotropic subspace (e;€ < (e; €)*). Hence dim (¢;€) < 4 dim €
= 4 (Jacobson [24], p. 170; Artin [2], p. 122). Butx =1lx=¢,x + €, x
for all x in €, so € =¢,€ + ¢,C. Hence dim (¢;€) = 4, and n(x) has
maximal Witt index = 4 = 4 dim €. Similarly n'(x") has maximal Witt
index = 4. Hence n(x) and n'(x’) are equivalent (Artin [2], p. 122). By
Theorem 3.23, € and ¢’ are isomorphic.

The following celebrated theorem on quadratic forms permitting com-
position has been developed through the work of many authors, in-
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cluding Hurwitz [1], Dickson [1], Albert [2], Kaplansky [1], and
Jacobson [14]. Generalization to forms of degree n is given in Schafer [19]
and McCrimmon [2, 4].

Theorem 3.25 (Hurwitz). Let U be an algebra with 1 (of possibly
infinite dimension) over a field F of characteristic #2. A necessary and
sufficient condition for the existence of a nondegenerate quadratic form
N(x) permitting composition on W is that A be one of the following: F1;
F @ F; a separable quadratic field 3 over F; a quaternion algebra Q over F;
a Cayley algebra € over F. Hence the possible dimensions for U are
1,2, 4, 8. Furthermore, if W = F1, then N(x1) = a?; otherwise N(x) is the
norm form n(x) given by (3.35).

Proof. The algebras listed above are called composition algebras. We
have already proved that any composition algebra % has a norm form
n(x) satisfying the conditions. For the converse, we assume the existence
of a nondegenerate quadratic form N(x) on U satisfying

(3.63) N(xp) = N(x)N(») forall x,yin¥,
and we consider the associated nondegenerate symmetric bilinear form
(x, ) = 3[N(x + y) — N(x) - NO)] forall x,yin .

Then
N(x) = (x, x) forall xin ¥,

and
(xy, xy) = (x, x}(y,y)  forall x,yin¥.

Linearize this relative to x to obtain

(xy, zy) = (x, 2)N(p) forall x,y,zin .
Linearizing this relative to y, we have
(3.64) (xy, zw) + (xw, zy) = 2(x, z)(y, W) forall x,y,z,win .

Since F has characteristic #2, the multilinear identity (3.64) is equivalent
to the basic assumption (3.63). Also (3.64) implies

(xy, x2) = N(x)(y, 2) forall x,y,zin .
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Define a trace T(x) on U by
T(x) =2(x, 1) forall xin 2.
Note that N(1) = 1 by (3.63) since N(x) # 0 for some x in %. Then
N@l)=a?, T(@l)=2« forall ainF.
Now (3.64) implies
(3.65) (xy,. 2) + (x, zy) = (x,2)T(y) forall x,y,zin ¥«
and
(3.66) (xy,w)+ (U, xw)=T(x)(y,w) forall x,y,winU.
Now (x2, z) + (x, x2) = T(x)(x, z) by (3.66) and (x, xz) = N(x)X(1, 2).
Hence (x* — T(x)x + N(x)1, z) = 0 for all z in A. Since (x, y) is non-
degenerate, we have
xX2—T(x)x+Nx)1 =0 forall xin¥;

that is, 2 is a quadratic algebra over Funless & = F1. By the uniqueness
of n(x) in (3.35), we have the final conclusion of the theorem.
Also (3.66) implies that

(x(xy), 2) = TENxy, 2) — (xp, x2) = (TCIx — Ny, 2) = (x’y, 2)

for all x, y, z in U. That is, x2y = x(xy) since (x, ) is nondegenerate,
implying that 2 is left alternative. Similarly, (3.65) implies that U is
right alternative.

If U is finite-dimensional, then Theorem 3.7 implies that U is semi-
simple. For, if x in  is nilpotent, then 7(x)=0 [x"=0 implies
NG = [N(X)] =0; so N(x) =0, whence x*> = T(x)x, and 0 =x" =
[T(x)]*~'x). Hence, if x in U is properly nilpotent, we have

T(xy)=0 for all yin .
But
T(xy) = 2xy, 1) = 2(x, DT(y) — 2(x, y)
=TX)TQ) — 2%, y) = —2x, »)

by (3.65), since x is nilpotent. Hence (x, y) = 0 for all y in ¥, implying
x = 0. Thus the radical of ¥ is 0, and U is semisimple. What are the
finite-dimensional semisimple quadratic alternative algebras % over F?
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If there is more than one simple summand, then % = F@ F. For simple
algebras U, the center is either a separable quadratic extension of F
(since the characteristic is #2) or F1. In the former case, A = 3; in the
latter, % is central simple over F. Since U is alternative, we have precisely
the composition algebras.

Since U is assumed to be possibly infinite-dimensional, let B be a
finite-dimensional subalgebra containing 1. If B is nonisotropic, with
respect to (x, »), then (x, y) is nondegenerate on B, and all of the above
applies to 8. Furthermore, %A =B L B (we have previously given
references for this result for finite-dimensional 2; it follows easily from
Chapter I and Theorem 3.7 of Artin [2] that the same result holds for
finite-dimensional B in possibly infinite-dimensional ). As long as 8
is a proper subalgebra of U, we may carry out the iterative construction,
beginning with B = F1, of 2*-dimensional subalgebras of . Since U is
alternative, the process cannot continue beyond the 8-dimensional stage.
This completes the proof.

8. DERIVATIONS; SIMPLE LIE ALGEBRAS OF TYPE G

Cayley algebras are intimately associated with the exceptional simple
Lie algebras (Jacobson [25], pp. 142-145), and therefore by standard
theorems with the exceptional simple Lie groups. We begin by proving
that the derivation algebra D(€) of any Cayley algebra € over F of
characteristic #2, 3 is a 14-dimensional central simple Lie algebra (of
type G) over F. For this purpose we employ the 28-dimensional or-
thogonal Lie algebra o(8, n) of linear operators (on an 8-dimensional
space over F) which are skew relative to the norm form n(x) of €, and
the special linear Lie algebra ' (¥) of all linear operators of trace 0 on
a 3-dimensional vector space V over F.

Let A be an alternative algebra over an arbitrary field F. Equations
(3.2) imply that

3.67) [R,, R,] =Ry, .; —2[L,, R,] forall x,zin %A,
and
(3.68) [L,,L]}=—L.—2[L:,R,] forall x,zin .
It follows from (3.68) that

[L,,R,—L,] =L, .;+3[Ls,R,] forall x,zin .
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We recall that a linear operator D on U is a derivation of U in case
(xy)D =(xD)y + x(yD) forall x,yin;
equivalently,
[R,,D]=R,, forall yin,
or
[L,,D]=L,, forall xin%.
Hence R, — L, is a derivation of U if and only if 3[L,, R,] =0 for all

x, z in . Since y[L,, R,] = (x, y, z), we have

Proposition 3.26. Let ® be the nucleus of an alternative algebra N over
F. Then R, — L, is a derivation of U for all g in ®. Conversely, if the
characteristic of F is #3, and if R, — L, is a derivation of W, then g is
in ®.

Equations (3.2) also imply that
(3.69) R,R,+R,R, =R,y s, L,L,+L, L, =L,

for all x, y in . [That is, R(A) and L(A) are special Jordan algebras.]
In the associative algebra € = €(A) we have the identity

[4, [B, C]] = C(AB + BA) + (AB + BA)C
— B(AC + CA4) — (AC + CA)B
for all 4, B, Cin€. It follows that
[Ry, [Rs, R, J]1 =R, Ryyiyx + Ryysyu R, — R Ry 0y — Ry iy R,
= Rz(xy) +2(yx)+ (xp)z + (yx)z = x(y2) = %(zy) ~ (¥2)x — (z¥)x
or

[R, s [Rx, Rz]] = R[y,[x,z]]—Z(x,y.z) for all X, ¥, 2 in QI

since (x’ Vs z) + (y9 X, Z) - ()’, z, x) - (z’ Vs X) + (x: Z, y) - (zs X, y)
= —2(x, y, z) in A. For any x, z in U, define
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(370) Dx,z = R[x,z] - L[x,z] - 3[Lx’ Rz]'
Adding (3.67) and (3.68), we have
D,.=(L.,L]1+[L,,R]+[R;,R]

If the characteristic of Fis #2, it follows that D, , is a derivation of 2
for all x, z in . For (3.67) implies that

2[Ry ’ Dx,z] = 2[Ry’ R[x,z] - L[x,z] - 3[Lx ’ Rz]]
= 3[Ry » R[x,z] - 2[Lx » Rz]] - [Ry s R[x,z]] - 2[Ry s L[x,z]]
= 3[Ry ’ [Rx’ Rz]] - R[y,[x,z]]

= Rapy, 15,21 6(x.3.2)
=2R

)‘Dx,:

for all x, y, z in U since [L,, R,] = [R,, L;] by (3.2). Any sum
3.71) D=)D,,,,, X, z;in U,

is a derivation of U, if the characteristic of Fis #2. The derivations in
Proposition 3.26 and in (3.71) are inner by the definition in Chapter IL.
We have seen that the inner derivations form an ideal of D(U). Here we
shall have occasion to use the explicit formula

(372) [Dx,z s D] = DxD,z + Dx,zD

for all D in D(A); x, z in A; D, , in (3.70).
The Lie multiplication algebra Q() of any alternative algebra A
over F of characteristic #2 is

) = RY) + L(AW) + [L(A), R(W)).

For, just as we could conclude above from the first part of (3.69) that
[R(A), [R(A), RA)]] = R(A), we have also [L(W), [L(W), LIW)]] = L(A).
Then (3.67) and (3.68) imply that

[RQAD), [L(W), RQA]] = [R(A), R(AW)] + R(A)
and
(L), [LW), RAD]] = [LA), LEA)] + L(AW).
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In Chapter II we saw that
W=YH with $,=RW+LA), $;=I[H, Hi-1l
But here §;, < H; + 9, for i = 3, so that
LW = H, + H: = RAW) + L) + [LA), RAW)].

It follows that, if 2 contains 1, and if F is also of characteristic # 3,
then any inner derivation of U is the sum of a derivation (3.71) and a
derivation of the type in Proposition 3.26. By (3.70) any element of
£(A) has the form

D=R,+L,+) D,,,,-
Then, if D is a derivation,
0=1D=g+h+3Y [, [x,2]1-3Y (x,1,z)=g+h,
so that
D-¥D,.=R,—L,

is a derivation of 2. By Proposition 3.26 we have g in the nucleus &
of U, and

D=R,—L9+Zlim, gin®, x;,zin¥,

as desired.
We next prove that

(3.73) D,,.+D,,.+D,,,=0 forall x,y,zin W
Identity (2.4) implies

a(x1 Vs Z) + (a’ Xy y)z = (ax, Vs Z) - (a’ XY, Z) + (a’ X yZ),

—x(y, Z, a) - (x9 Y, z)a —(Xy, z, a) + (x’ yz, a) - (X, Vs za),

x(a9 s Z) + (x’ a, y)z (xa, Y Z) - (x9 ay, Z) + (x! a, yz)
Adding these, we have
[a, (x, y, 2)] = (ax + xa, y, z) — 2a, xV, Z)

—(a, yz, x) — (za, x, y) — (ay, 2, X)
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in any alternative algebra 9. Let ) denote the sum of three terms
obtained by cyclic permutation of x, y, z. Then

3la, (v, y, D] = ) [a, (x, », 2)]
=Y (ax+xa,p,2)—2Y (a,xy,2) — Y. (a, x, 2)
— Y (xa,y,2) = Y (ax, ,2)
=3) (xy,4,2),
so that
3(Reuger = Lisisy = [Lays R = [Lyus R, = [Log, RT) =0
for all x, y, z in A. Now
(3.74) [xy, z] + [yz, x] + [zx, y] = 3(x, ¥, 2) forall x,y,zin 2.
Hence
D,,.+ Dy, o+ Dyry = 3Ry y.z) = 3Ly, — 3[Lyy, R.]
-3[L,;, R,] - 3[L,;, R,] =0,
implying (3.73).

Let A be a composition algebra over F of characteristic #2, #(x) and
n(x) the trace and norm forms on ¥, and (x, y) in (3.60) be the associated
nondegenerate symmetric bilinear form. We have seen in (3.62) that
1(xy) is a trace form on A. Now A = F1 L A, where A, = (F1)* is the
space of all elements of trace 0. If dim U > 4, then A, may also be
characterized as

Ao ={} [x,»]|x,yin AL

For z= ) [x, y] implies #z) = Y «[x, y]) = 0 while, conversely, any
element of trace 0 in A =B + vB is a sum of commutators, since b in B
implies

b - B = [ﬂ_lva Ub], v= [Ul)l, %#l_lvl]’ v(b - B) = [v’ b]
by (3.38). Let D be any derivation of U; then
3.75 AD = A,
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For AD =0 if dim < 2, while in case dim W > 4 we have 1D =0 and
z=Y [x,y]in Yo, implying zD = Y [xD, y] + Y, [x, yD] is in Ay It
follows that

xD=—-xD=x%D forall xin%,

since xD in A, implies xD + XD =0, while (x + ¥)D = #x)ID=0. It
follows also that

(D, ») + (x,yD)=0 forall x,yin 2.
For
2(xD, y) + 2x, yD) = {(xD)y + x(yD)) = ((xD)y + x(yD))
= t({(xy)D) = 0.

Since (x, ) is nondegenerate on 9, for each 7T in €(A) there is a unique
adjoint T* in G(N) satisfying

(xT, y) = (x, yT*) forall x,yin ¥,
T is skew, relative to n(x) and to (x, y), in case
T*= -T.
Hence
D¥=-D for all D in D(A).

Since n(x) permits composition, we have already established (3.65) with
T(y) replaced by #(y): (xR,, z) = (x, zR;) for all x, y, z in U; that is,

R*=R; forall yin .
Similarly, (3.66) is equivalent to

L*=1L; forall xin .
For elements of trace 0, we have

R*=—R, forall sinA,
and

L*=—L, forall tin%,.
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Let € be a Cayley algebra over F. Since € is 8-dimensional, it is well
known that the set o(8, #) of all skew elements of € =E(C) is an orthog-
onal Lie algebra of dimension 1-8-(8 — 1) = 28 over F. Also we have
seen that o(8, n) contains all

D+R,+L, DinDE); s tinGC,.

Suppose that D+ R, + L, =0. Applying this to 1 in €, we have
0=1D+s+1 or t=—s. Then R, — L,= — D is a derivation of €.
Hence, if we make the additional assumption that the characteristic of F
is #3, Proposition 3.26 implies that s is in the nucleus F1 of €. That is,
sisin F1 n Y,, so s =0, implying t =0 and D = 0. If we denote by
Ry(€) (resp. Ly(€)) the set of all right (resp. left) multiplications of €
corresponding to elements of trace 0, we have a vector space direct sum
D(E) + R(€) + L(€) <= o(8, n). Since ¢, is 7-dimensional, Ry(€) and
Lo(®) are also. Then dim o(8, n) = 28 implies dim D(F) < 14. We shall
have proved

(3.76) 0(8, n) = D(E) + Ry(€) + Lo(€) (direct sum)

when we establish dim D(€) = 14.

In the familiar classification of finite-dimensional simple Lie algebras
over an algebraically closed field of characteristic O (Jacobson [25], pp.
135-146), there is exactly one 14-dimensional algebra, the exceptional
algebra G,. We say that a (central simple) Lie algebra £ over F of
characteristic 0 is of type G in case, for the algebraic closure K of F, we
have 2 = G,. In Theorem 3.28 we shall see that G, =~ D(€) for € the
(split) Cayley algebra over K. For F of characteristic #2, 3 we extend
the definition above, defining £ to be of type G in case, for the algebraic
closure K of F, we have £, =~ D(€) where & is the (split) Cayley algebra
over K.

Lemma 3.27. Let U be a finite-dimensional nonassociative algebra over
an arbitrary field F satisfying

(i) U isavector space direct sum A =S + T wheredimS > dim I;
(i) S is a simple subalgebra of U,
(iii) ST=T2TS (or TG =T 2 CI).

If B is a proper ideal of N, then B < X.
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Proof. Since B NS is an ideal of S, we have either BN S = or
B N S =0 by (ii). In the first case B 2S. Butthen B2 BI=>GEIT =3I
by (iii), implying B 2 & + T = U, a contradiction. Hence B n & =0.
Let @4 be the image of B under the projection of U onto & relative to
the direct sum decomposition A =S + T, that is,

Cy={se€S|3teT,s+1teB}

Then Sy is a right ideal of €. For s inSg, s’ inS, imply there exists 7 in T
such that s + 7 is in B, so B contains (s + t)s’ = ss’ + t5' where ss’ is
inS, 15’ in T by (iii); hence ss’ is in Sy as desired. Similarly Sg is a left
ideal of B. Hence Sy =& or Sy = 0. The first case leads to a contra-
diction. For &4 = & implies that, for every s in &, there exists ¢ in T such
that s + tisin B. Let sy, ..., 5, be a basis for © over F. Then there exist
ty, ..., t, in I, satisfying s; + ¢, € B. Hence there is a linear mapping U
of & into T (extending s; U = t;) which satisfies

s+sU isin B forall sin@.

Since dim € > dim T by (i), there exists s # 0 in© such that sU = 0. For
this s we have 0 # s € B n € =0, a contradiction. Hence Sy = 0. That
is, BcT.

Theorem 3.28 (Cartan-Jacobson). Let € be a Cayley algebra over F
of characteristic #2, 3. Then the derivation algebra D(F) of € is a 14-
dimensional central simple Lie algebra (of type G).

Proof. Since D(Q)x = D(€y) for any extension K of F, it is sufficient to
prove that dim D(€) = 14 and that D(C) is simple in case € is the split
Cayley algebra. We take € in the form given by Lemma 3.16. Denote
by V (resp. W) the 3-dimensional space €,, (resp. €,,) = €,. Since
t(e,) = t(e,) = 1, it follows from (3.60) and the proof of Lemma 3.16 that

GBI uw = {u, wye,, wu = {u, we, forall win V, win W,
where
(3.78) {u, wy = Huw) = —2(u, w) (uinV, win W)

is a nondegenerate bilinear form connecting ¥ and W. Since b, cin V
implies be is in W by (3.18), we may consider the trilinear form
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3.79) {a, bc), a,b,cin V, {u, wy in (3.78).

Now (3.79) is an alternating trilinear form on the 3-dimensional space V:
b, a*> = {a, ab) = {a, ba) = 0 for all @, b in V. For a* =0 by (3.20),
and {(a, ab) = t(a(ab)) = K(a*b) = 0, while <a, ba) = —<{a, ab) =0 by
(3.21). It follows that {a, bc) is a scalar multiple of the determinant
(Artin [1], pp. 11-15):

{a, bc) = e det(a; b; c), a, b, ¢ column vectors in V.

Also ¢ # 0 since (u, w) is nondegenerate: {a, bc) =0foralla, b,cin ¥V
implies bc =0 for all b,¢ in V; then e,,, ve, in €, = ¥V implies
0 = ¢,,(ve;) = v(é;, €,) = —ve,, # 0, acontradiction. It is an elementary
property of determinants of order » that, if F contains more than n
elements and if T is any linear operator on the n-dimensional space V of
column vectors, then

Zdet(al, waT; ... a,)=det(a,;...;a,) trace T, a;inV,

In particular, for any T of trace 0 the left-hand side is 0, so that
det (a,;...; a,) is called (Lie) invariant under any T in€'(V), the (n? — 1)-
dimensional subspace (Lie subalgebra) of all elements of trace 0 in (V).
For, if T'is the matrix corresponding to 7, then

A=(a;;a,;...;a,) implies AT =(a,T;a,T;...;a,T),

and we may equate the coefficients of 1 in two expressions for
det(4 + AAT) as follows:

det(A + AAT) =det(a, + Aa, T;a, + 4a, T; ...; a, + 2a, T)
=det A + ,1[ Y det(ay;...;a;T;...; a,,)] (mod A?)
i=1

and
det(A + AAT) = (det A)det(I + AT) = det A(1 + Atrace T + --+)
= det A + A(det A)(trace T) (mod A2).

In our situation there are more than three elements in F, so

det(aT; b; ¢) + det(a; bT; ¢) + det(a; b; ¢T) = det(a; b; ¢) trace T
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for all a, b, ¢ in our 3-dimensional V, T in &(V). Using ¢ # 0, we have
{aT, bc) + <a, (bT)c) + {a, b(cT)) =0

foralla, b, cin V, T in €'(V). If T* denotes the adjoint of T with respect
to the nondegenerate form {u, w) connecting ¥ and W, we have

a, (be)T*) + <a, (bT)c> + <a, b(cT)) =0,
or
(3.80) (bAT* + (bT)c + b(cT) = 0

for all b, c in ¥, T in €'(V). By (3.77) we may interchange ¢, and e, to
obtain the dual relationship

(3.81) 0T + (bT*)c + b(cT*) =0

forallb, cin W, T in®'(V), since T € €'(V) is equivalent to T* € ¢'(W).
Let

Do={D| DeDW), e, D=0}
For any T in €'(V), define Dy by
(xe; + u+ w+ Pey) Dy = uT — wT™*;

o, fin FuinV, win W.Then Dy isin Dy. For, if x = ae; + u + w + fe,
and y =ye, + «' + w' + de, (' in ¥V, w' in W), then

xy = (ay + {u, whle, + (au’ + du + ww')
+ (yw + Bw' + uu’) + (B6 + (v, w))e, .
Hence
(xDr)y + x(yDg) = ((uT, w') — Cu, w'T*))ey

+ (6uT — (WT*W + au'T — w(w'T*))
+ ((uT)u' — ywT* + u(u'T) — pw'T*)
+ (=<', wT*) + W'T, we,

= (o' + ou + ww')T — (yw + Bw' + w')T*

= (xy)Dr
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by (3.80) and (3.81), so that Dy is in D(E) for all T in €'(V). Also
ey Dy =0, implying Dy is in D, . Since Dy = 0 implies T = 0, we have

dim D, > dim&(¥) = 8.

Now D(€) contains ali derivations of the form
b+p,,+D.,,, DinDy, uinV, winW,

where D, is defined by (3.70). Suppose that D = D+pD,,+ D,,.
=0. Then 0=¢D=¢D,, ,+eD,,,=le, e, ul] — ey, e, u) +
le., [ez, w]] — 3(e;, e, Ww)=u—w, implying wu=w=0. Hence
D,.=D,,=D=0 and we have a vector space direct sum
Do+ D, + D, € D(E) where

Dl={Del,ulueV}’ DZ={D22,WIWEW}'

Since dim®D;=3( =1, 2), it follows that 8 + 6 < dim Dy + 6 <
dim D(€) < 14, implying dim D(E) = 14 and o(8, n) = D(C) + Ry(€) +
L,(®). Also

(3.82) PE)=D,+D,+ D, (direct sum).

It is well known (and easy to verify) that, since the characteristic of F
is #3, the Lie algebra €'(V) is simple. Also, since the associative envel-
oping algebra of €'(V) is €(V), we have

(3.83) VE (V)= V.

We use these facts to show that D(Q) is simple. Now T — Dy gives an
isomorphism between the Lie algebras €'(¥) and D, ; hence D, issimple.
Since e, D = (1 — e,)D =0 for all D in Dy, it follows from (3.72) that

(384) [Del.u’ D] = De.,uD’ [Dez,w’ D] = Dez,wD

forall D in Dy, uin V,win W. Alsou in ¥, D in D, imply uD =
(e ue,) D = e,(uD)e, so that VD, = V; similarly, WD, < W. Hence
(3.83) and (3.84), together with the duality between ¥V and W, imply

[bOr Dl]'—_ Dla [bo, 32]=D2'
We shall also use the relationships
(3.85) D, DD, [0, D] D
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For u, u’ in V, we have
uD,, , = [u, [eg, '] — 3(ey, u, u’) = uv’ — u'u — 3uu’
= —(uu +u'u)—uu = —uu’
by (3.18) and (3.21), and
e;D,, . =ley, [ey, u']]—3(ey, 4, u') =",
Hence
[Deiu> Doy = Dy — Dy = Diru + Doy
by (3.72). But (3.73) implies that
D.,uwr = —Dusiey = Dureyu + Deyuw = Dy s

so that
(3.86) [D.us Doy w] =2D,, forall u,u' inV.

This establishes the first part of (3.85). Symmetrically, we have the
second part of (3.85).

Let B be an ideal of D(F), B # D(€). We may apply Lemma 3.27
with A = D(E), @ = B, of dimension 8, T = D, + D, of dimension 6,
D6, D, + D,] =7, +D,, to see that B is containedin D; + D, . Let

D" =D, + D,
be any element of B, and take any «’ # 0 in V. Then
[D” De:,u'] = [Del,u" > De;,u’] + [Dez,w: De,,u’]

isin =D, +D,, so that (3.85) implies [D,,,,, D, ,]isin D, + D,.
But

e;D,, ., =[ex,[e,u']] — ey, e5,u)=—v
and
wD,, v = [w, [ey, u]] — 3(ey, w, u')
=[w,u']=(u', wie; — &) = (u', wi(2e; — 1)
by (3.77). Hence (3.72) implies that
[Des s Doyl = =Dy + KW', WoDg, 20,1 = =Dy
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is in D, since
ey D, =1[e;, [u,w]] -3’ e, w)
= u',wHle;, e, —e;] =0.
Hence D, , is in Dy N (D, + D,) =0. For every u in ¥, we have
O0=uD, ,=[u, [u,w]]—3,uw

= (u', wilu, e; —e;] + 3(u’, w, u) = u', wiu — 3{u, wiu’,
or
(3.87) 'y wiu—3{u, wiu' =0 forall win V.

Let u = ' in (3.87). Then —2{u', whu' =0, or {u', w) = O since &’ # 0.
That is, (3.87) implies (u, w) =0 for all u in V. Since {u, w) is non-
degenerate, we have w = 0. That is, any element D’ of B is in D,. Sym-
metrically, D’ is in D,. Hence 8 = D, n D, = 0. We have shown that
any ideal of D(C) is either D(C) itself or 0; D(E) is simple.

Corollary 3.29. Every derivation D of a Cayley algebra & of charac-
teristic #2, 3 is inner:

D=YD,, for x,zinG@.

Proof. By (3.72) the derivations Y D, . form an ideal in the simple
algebra D(C). This ideal is #0, since it is sufficient to prove this over an
algebraically closed field. If € is a split Cayley algebra, we have seen in
the proof of Theorem 3.28 that e, D,, , =u # O for any ¥ 0 in V.

We omit the proof of the fact that every central simple Lie algebra £
of type G over F (of characteristic #2, 3) is isomorphic to D(€) for some
Cayley algebra € over F, and that D(€,) = D(E,) if and only if €, = €,
(Jacobson [3]; Barnes [1]; Seligman [3]).

Corollary 3.30. Every derivation D of a finite-dimensional separable
alternative algebra W of characteristic #2, 3 is inner:

(388 D=R,—L,+YD,., gin®; x,zinUA;
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where ® is the nucleus of W. If Wis of characteristic 0, we may take g =0
in (3.88).

Proof. As in the proof of Theorem 2.5, it is sufficient to prove this for
(separable) simple algebras . Since A contains 1, the center K of A is
a finite separable extension of F, U is central simple over X, and the
multiplication center is K* = {R, |k in K} by Theorem 2.1. Since Kis a
characteristic subalgebra, any derivation D of U induces a derivation
on K, which is 0 by the elementary fact already quoted preceding Theorem
2.5. Hence [R,, D] = R, implies

(3.89) {Ry, D] =0 forall kin K; D in D).

For k in K, D in D(A), define a new kD by kD = R, D. Then (3.89)
implies that kD is in D(A), that D(A) is a vector space over K, and that
k[D, D'] = [kD, D') = [D, kD'} for all k in K; D, D' in D(). That is,
D() is an algebra over K. Equation (3.89) yields (kx) D = k(x D) for all
k in K, x in U, so that any derivation D of U over F is not merely an
F-endomorphism of A but a K-endomorphism of . That is,
D(Aover K) = D(A) over K.If A over Kis a Cayley algebra, then every
derivation of U has the form )’ D, ., by Corollary 3.29. If U is a central
simple associative algebra over KX, it is well known (Jacobson [2]) that
for arbitrary characteristic every derivation is of the form R, —L,.
Hence (3.88) holds. It remains to remark that, for any g in a central
simple associative algebra U over K of characteristic 0, we have a in K
and x;, z,in U satisfying g = al + 3 [x;,z],sothat R, —L,= ) D, .,
by (3.70).

In Chapter IV we shall have occasion to use the following theorem.

Theorem 3.31 (Principle of triality). Let € be a Cayley algebra of
characteristic #2, 3 with norm n(x), and let o(8, n) be the orthogonal Lie
algebra of all U in€(Q) which are skew relative to n(x). For every U in
o(8, n) there are unique U’, U" in o(8, n) satisfying

(3.90) U = (xU)y + x(yU") forall x,yin@.
Proof. To show the existence of U’ and U”, it is sufficient by linearity

and (3.76) to show this for D in D(€), R,in Ry(C), L, in Ly(€). If U= D
isin D(€), wemaytake U' = U" = D.If U = R;, wemaytake U’ = — R,,
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U" = R, + L,. For (3.90) is equivalent to R,U — U'R, = Ry, which
holds by (3.69). Similarly, if U=L,, we may take U’ =R, + L,,
U" = —L,. To show the uniqueness, it is sufficient to verify this for
U=0:if U’, U" are in o(8, n), then

3.91) xU)y+x(pU) =0 forall x,yin@

implies U’ = U"=0. Let y =1 in (3.91); then xU’'= xR, for g in €.
Also U’ = R, in o(8, n) implies g is in €,. Similarly, x =1 in (3.91)
implies yU" = yL,, h in €. Hence (3.91) becomes

(xq)y + x(hy) =0 forall x,yin(.

Putting x =y =1, we have h= —g, (x,9,) =0, gisin F1 nE, =0.
Hence U'=U"=0.

This theorem is sometimes called the “local” or *infinitesimal”
principle of triality. The analogue for groups is proved in Jacobson
(16, 1I]. Automorphisms of Cayley algebras are studied in Jacobson [14].

Let A be a subalgebra of an algebra B. By a derivation of W into B is
meant a linear transformation D of U into B satisfying

(xy)D = (xD)y + x(yD) forall x,yin 2.

A generalization of Corollary 3.30 states that, if U is a separable sub-
algebra of a finite-dimensional alternative algebra B of characteristic
#2, 3, then any derivation D of ¥ into B may be extended to an inner
derivation of B. (Also characteristic 3 may be included in a fashion we
shall neglect to mention.} This is equivalent to the analogue for alter-
native algebras of the first Whitehead lemma for Lie algebras (Jacobson
[25], p. 77).

The first Whitehead lemma for alternative algebras (Taft [2]; Harris [2])
may be stated as follows: Let U be a finite-dimensional separable alter-
native algebra over F of characteristic #2, 3, let MM be a finite-dimen-
sional alternative bimodule for U, and let B = A + M be the split null
extension. Let /' be a one-cocycle of U into M ; that is, a linear transfor-
mation of A into M satisfying

Sf(ab) = f(a)b + af (b) forall a,bin .
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Then there exist g in the nucleus of B, x; in U, and z, in M, satisfying
f(@y={a,gl+a) D,, forall ain,

where D, ,, is defined in (3.70). If F is of characteristic 0, we may take
g=0.

The first Whitehead lemma for Lie algebras (of characteristic 0) is
used inthe proof of the Theorem of Malcev-Harish-Chandra (Jacobson
[25], p. 92). By a strictly analogous proof we have the following theorem:
Let A be a finite-dimensional alternative algebra of characteristic 0 with
Wedderburn decomposition (3.49):

A=C+ N,

and let B be a semisimple subalgebra of . Then there exists a (nilpotent)
derivation D of U in the radical of the multiplication algebra IR(A) such
that the automorphism G = exp D of U carries B onto a subalgebra
of & (Schafer [8]). As a corollary we have the fact that, if % has Wedder-
burn decompositions A= + R =&, + N, then & and S, are con-
jugate under an automorphism G = exp D of the type above. It would
be interesting to have an extension of this corollary to arbitrary fields;
the result is known in that generality for associative algebras (Malcev [1]).

As a final theorem in this chapter we mention the following: Let U be
a finite-dimensional alternative algebra of characteristic 0. Then U is
semisimple if and only if its derivation algebra D() is semisimple (or 0).
The proof combines several concepts which we have developed separately
in this chapter (Schafer [8]).



IV
JORDAN ALGEBRAS

1. THE RADICAL; SEMISIMPLE ALGEBRAS

In the Introduction we defined a (commutative) Jordan algebra J
over F to be a commutative algebra in which the Jordan identity

@.1) (xy)x? = x(yx*) forall x,yin Sy

is satisfied. Linearization of the Jordan identity requires that we assume
F has characteristic #2; we make this assumption throughout Chapter
IV. It follows from (4.1) and the identities (4.2), (4.3) below that any
scalar extension Jg of a Jordan algebra J isa Jordan algebra. Clearly
any commutative associative algebra is a Jordan algebra.

Replacing x in

(x,9,x)=0 forall x,yin3

by x + Az (4 in F), the coefficient of 4 is O since F contains at least three
distinct elements, and we have

4.2) 2x, y,2x) + (z, ¥, x})=0 forall x,y zinJ.

Replacing x in (4.2) by x + Aw (1 € F), we have similarly (after dividing
by 2) the multilinear identity

43 (x,y,w)+ W,y 2x)+ (2, y,xw) =0 forall w,x,y,zinJ.
91
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Recalling that L, = R, since J is commutative, we see that (4.3) is
equivalent to

44 [R,R,]1+I[R,,R]+[R,,R,]=0 forall w,x,zinJ
and to

45) R,R,,— R,R,R.+ R,R,; — R,z + RuR,y —R,R,R, =0
for all x, y, z in J. Interchange x and y in (4.5) and subtract to obtain

(4.6) [R,, [Rx, Ry]] = ‘R(X,Z, » = RZ[Rx,Ry] fOI‘ all x, y, Z in 3-

Now (4.6) says that, for all x, y in J, the operator [R,, R,]is a deriva-
tion of J, since the defining condition for a derivation D of an arbitrary
algebra U may be written as

(R,,Dl]=R,, forall zin%.

Also (4.6) implies that the Lie multiplication algebra £(J) of J is
2I) = R(3) + [R(T), R(J)]. Hence the inner derivations of any Jordan
algebra J with unity element 1 are exactly the operators

D=21[Rany;]s Xis Vi in 3;

for, if D=R,+ Y [R,,,R,] in &) is a derivation of J, then 0 =
D=a+Y (x,L,y)=a

Our first objective is to prove that any Jordan algebra J is power-
associative. We define powers of x by x! = x, ¥ *! = xx, and prove

4.7 x'x)=x'*/  forall xinJ.

For any x in J, write G, = {R,} U {R,.}. Then the enveloping algebra
®,* is commutative, since the generators R,, R,. commute by (4.1).
For i > 2, we put y =x,z=x'"! in (4.5) to obtain

4.8) Ry+s1=Ryu-1R, 2 — in-lez - szth—l + 2R, R,:.

By induction on i we see that R, is in ®,* for i =3, 4,... . Hence

Rlexj=ijin for i,j=1,2, 3 ...
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Then, in a proof of (4.7) by induction on i, we can assume that xix/*! =
x**i*1 1t follows that

xt e = (xx)x! = xR R,; = xR Ry = x/* Ixi = x! i+

as desired. In the course of the proof we have seen that all R, are
contained in the subalgebra generated by R, and R,..

These are the only identities which we shall use directly. However,
other important identities may be expressed in terms of

{abc} = (ab)c + (bc)a — (ac)b.

If A is associative, then in A+ we have {aba} =2(b-a)-a—b-a® =
aba, so that {aba}? = aba’ba = {a{ba®b}a}. Hence

{aba}? = {a{ba*b}a}

is satisfied in any special Jordan algebra. However, it has been proved
that the free Jordan algebra with two generators is special (Shirshov
[1]; Jacobson and Paige [1]). Therefore, this two-variable identity is
true for arbitrary Jordan algebras. Also the identity

{{aba}c{aba}} = {a{b{aca}b}a}

is satisfied in any Jordan algebra (Macdonald [1]; Jacobson [20]). The
class € of all homomorphic images of special Jordan algebras may
be defined by identities (Cohn [3]); some identities which are valid
in %, but which do not hold for all Jordan algebras, are known
(Glennie [1]).

We wish to prove the analogue for Jordan algebras of Theorem 3.2:
any Jordan nilalgebra J of finite dimension over F (of characteristic #2)
is nilpotent. The proof, due to Albert, is considerably more complicated
than that of Theorem 3.2 because the identities involved in Jordan
algebras are more complicated. However, the proof is not unduly long,
and we include it in detail to provide a contrast with the simpler situ-
ation for alternative algebras. As in the proof of Theorem 3.2 we shall
be concerned with a subalgebra B of I and elements x in J satisfying
(3.11): xB* = B. Since J is commutative, xB* = B is equivalent to
xB c B.
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Lemma 4.1, Let B be a subalgebra of a Jordan algebra 3. If xB < B,
then
(i) x*B?2c W,
(i) (x*B)Bc B,
(iii) (x*B)*B < B.

Proof. For nonempty subsets P, Q, R of J, we use the notation
(B, Q, R) for the associator subspace spanned by the associators
(p,q,r),pin P, g in Q, r in R. Then (4.2) and (4.3) imply

4.9) (49, P) =B, 0, %) (xQxP) = (xP, Q, x)
and
(4.10) (B, Q, R) = (R, Q, BPR),
respectively. To prove (i), we compute
x2B2 < (x, x, B?) + x(xB%) = (B, x, xB) + x(xB)
(@B, x,B)+xB=BY
by (4.10). Then (4.9) and (i) imply (ii) as follows:
(BB (x%,B,B)+ x?B = (xB,B,x) + BB
For (iii) we begin with
4.11) (x2B)*B < [(x%, B, x*B) + x*(B(x2B))]B.
Now (4.9) implies
(x%, B, x2B)B = (x(x*B), B, x)B = (xX(xB), B, x)B
s (x?8, B, x)B < [(x2B)B)x + (x*B)(Bx)]B

S[Bx+ (x*B)BIB<B
by (ii). Also
[x3(B(x’B)IB < (x*B)B = B

by (ii). Hence (4.11) implies (iii).

Lemma 4.1 tells us that, if z is in x?®, then z8 = B and 2?8 < B.
In the proof of Theorem 4.3 we shall also have occasion to use the fact
that, if 2B B and 22B< B, zin J, thenZ*B =B fork=1,2,3,....
For we have seen that R, and R,. generate all R,.. It follows that
Z*BcBfork=1,2,3,..., as desired.
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Lemma 4.2. Let B be a finite-dimensional solvable subalgebra of a
Jordan algebra 3 (of characteristic #2). Then B* is nilpotent.

Proof. 1f B # 0, there exist a proper (solvable) subalgebra € of B and
an element w ¢ € such that 8 = Fw 4+ € and 8% = €. For B/8% (#0)
has a basis of cosets w + B4, w, + B2, ..., w,, + B2 Then € = Fw, +---
+ Fw,, + B2 is a subalgebra of B. We use this fact to give a proof of the
lemma by induction on the dimension of B. The result is clearly true
if 8 =0, and we assume that, for the solvable subalgebra € above,
€* is nilpotent: (€*)* = 0. Let
H = B*C* + ¢~
Since B2 = €, we have
Hx,y,z = Rx Rzy + Ry sz + Rz ny - Ry(zx)
in § for all x, y, z in B. Then (4.5) implies that
R,R,R, +R,R,R,=H,,

is in § for all x, y, z in B. Every product of three right multiplications
corresponding to elements of 8 = Fw + € may be expressed as a linear
combination of products R, R, R, where each of a, b, ¢ is either in €
or equal to w. If ¢ is in €, then R, R, R is in B*C* < 9. [fc=wanda
is in €, then
Ra Rb Rc = Ha.b.c - Rc R, Ra
is in 9. Finally, if a = ¢ = w, then
2Ra Rb Rc = Ha,b,c € 5;

so R,R, R, isin . Hence R, R, R, is in § for all x, y, z in B, implying
(B*)® € H = B*E* + €*. Then

(B*)4 c (g*)Zg* + %*G* — g*c*’
which is the case /i =1 of
(4.12) (B*)3*+! < BXE*), i=1,273,...
Assuming (4.12), we have

($*)31+4 c (%*)4(€*Y c %*(G*)l‘f‘ l’
as desired. Then (€*)* = 0 implies (B*)3**! = 0, B* is nilpotent.
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Theorem 4.3 (Albert). Any finite-dimensional Jordan nilalgebra J
(of characteristic #2) is nilpotent.

Proof. We prove first by induction on the dimension of J that J is
solvable. If J is generated by a single element, then the commutative
associative algebra J is nilpotent (hence solvable). Therefore, in our
inductive proof, we may take a maximal proper subalgebra B # 0 of J
and know that B is solvable. By Lemma 4.2, B* is nilpotent, (8*)" =0
for some positive integer r. If IB = B, then B is an ideal of J, and
3J/B is a nilalgebra of lower dimension than J. Hence J/® is solvable
by the inductive hypothesis, and J is solvable by Proposition 2.2. We
assume therefore that B does not contain JB. Then

IB*¢£WB,  JBY) =0<13B,

imply that there exists a smallest integer m > 2 such that J(B*)" < B.
Then B does not contain J(B*)™ !, and there exists x € J(B*)" !, x ¢ B,
such that xB = B. If B contains x?B, we can apply the observation
which precedes Lemma 4.2 to z = x ¢ B. Otherwise, 8 does not contain
x*B, and there exists b in B such that y = x2b ¢ B. By Lemma 4.1 we
have yB € B and y?B = B. Here we may apply the same observation
toz = y ¢ B. In bothcases we have z ¢ B withz*8 = Bfork = 1,2,3,....
Since B is a maximal proper subalgebra of J, the subalgebra of J
generated by B and z is J itself. But z*8 < B fork = 1, 2, 3, ... implies
that B is an ideal of J, a contradiction. Hence J is solvable. By Theorem
2.4 and Lemma 4.2, J is nilpotent.

As in Chapter III, this means that there is a unique maximal nil-
potent (= solvable = nil) ideal M| of any finite-dimensional Jordan
algebra J which is called the radical of J. Defining J to be semisimple
in case 9, =0, we have seen that J/N is semisimple. The proof that
any semisimple Jordan algebra & is a direct sum € =6, @ --- @ S,
of simple &, is quite complicated for arbitrary F; we shall use a trace
argument to give a proof by Dieudonné’s Theorem 2.6 for F of
characteristic 0.

As a consequence of Lemma 4.2, we have

Proposition 4.4. Let I be a (possibly infinite-dimensional) Jordan
algebra of characteristic #2, and x be a nilpotent element of J. Then
R, is nilpotent.
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Proof. Any nilpotent element x in J generates a finite-dimensional nil-
potent subalgebra B of J. Lemma 4.2 implies that B* is nilpotent.
Hence R, in B* is nilpotent.

Let e be an idempotent in a Jordan algebra J. Put i=2 and x=e¢

in (4.8) to obtain
2R, —3R2+ R, =0;

that is, f(R,) =0 where f(1) = (A — 1)(24 — 1)A. Hence the minimal
polynomial for R, divides f(4), and the only possibilities for character-
istic roots of R, are 1, 4,0 (I must occur since e is a characteristic
vector belonging to the characteristic root 1:eR, = e = e # 0). Also
the minimal polynomial for R, has simple roots. Hence J is the vector
space direct sum

(4.13) I=3J1+ 312+ Jo>

where
3= {xi|x;e = ix;}, i=1,4,0.

Taking a basis for J adapted to the Peirce decomposition (4.13), we see
that R, has for its matrix relative to this basis the diagonal matrix
diag{l, 1,...,1,4,4,...,4,0,0,...,0} where the number of I's is
dim J; > 0 and the number of 4’s is dim J,,,. Hence

4.19 trace R, = dim J; + 3 dim J,,.
If F has characteristic 0, then trace R, # 0.
Theorem 4.5 (Albert). The radical M of any finite-dimensional Jordan
algebra 3 over F of characteristic 0 is the radical J* of the trace form
(4.15) (x, y)=trace R,,  forall x,yinJ.
Proof. Without any assumption on the characteristic of F it follows
from (4.6) that (x, y) is a trace form:

(xy, z) — (x, yz) = trace R, , ., = trace [R,, [R,, R,]] =0

since the trace of any commutator is 0. Hence J* is an ideal of J. If
S+ were not a nilideal, then (by Proposition 3.3) 3+ would contain an
idempotent e (# 0) and, assuming characteristic 0, (e, e) = trace R, # 0
by (4.14), a contradiction. Hence J* is a nilideal and J* < N.
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Conversely, if x is in 9, then xy isin 9 for every y in J, and R, is nil-
potent by Proposition 4.4. Hence (x, y) = trace R, =0 for all y in J;
that is, x is in J*. Hence < I+, =3 *.

Corollary 4.6. Any (finite-dimensional) semisimple Jordan algebra J
over F of characteristic 0 is (uniquely) expressible as a direct sum
I=6, D @ S of simple ideals S;.

Proof. By Theorem 4.5 the (associative) trace form (x,y)=
trace R,, is nondegenerate; hence hypothesis (i) in Theorem 2.6 is
satisfied. Also any ideal B such that B2 = 0 is nilpotent; hence B = 0,
establishing (ii).

As mentioned above, Corollary 4.6 is actually true for F of charac-
teristic # 2 (Albert [13]; Jacobson [23]). What remains then, as far as
the structure of semisimple Jordan algebras is concerned, is a deter-
mination of the central simple algebras. The first step in this is to show
that every semisimple J (hence every simple J) has a unity element 1.
Again the argument we use here is valid only for characteristic 0, where-
as the theorem is true in general (Albert [13]; Jacobson [23]).

We begin by returning to the Peirce decomposition (4.13) of any
Jordan algebra J relative to an idempotent e. The subspaces J, and
3o are orthogonal subalgebras of J which are related to the subspace
31,2 as follows:

(4.16)  312312S 31 + Jo> J1312€ 342> J031/2 € 312

For we may put x=e, z=x;€3J;, y=y;€3; in (42) to obtain
2i(e, y;, x;) + (x;, yj, €) = 0, 0r (1 = 20)[(x; y)e — j(x; ;)] = O, so that

J3:i3; €3 if i#41.
Hence
RTER= T 3o € Jo, J1JI0=T0I1 EJo N I =0,

s0 3, and I, are orthogonal subalgebras, and also the last two inclusions
in (4.16) hold. Put x =x;,, 2=yy;2, y=w=e in (4.3) and write
x1/2y1/2 =dad= al + (11/2 + a() tO Obtaln

Jz("l/z » € }’1/2) + (e, e,a) + %(h/z, e, x1/2) =(e,e,a)=0.
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Hence
ea — e(ea) = a; + 3a,,, —e(a; + a,),)
=a,+3a,—a,—%ay,=4a,,=0.

Hence x,,, y1,2 = a; + ao in J; + T, establishing (4.16).
Now

4.17) trace R, =0 forall bin 3.
For b in J,,, implies
trace R, = 2 trace R,, = 2(e, b) = 2(e?, b) = 2(e, eb) = (e, b)

since (4.15) is a trace form, so trace R, =0. If x = x; + x,, + X,
¥ = »1 + Y12 + Yo in accordance with (4.13), we have

xy = (X1 Y1 + X172 V172 + X0 Yo) + (X1 Y12 + X172 V1 + X172 Y0 + X0 V1/2)

with the last term in parentheses in J;,, by (4.16). Hence (4.17) implies
that
(x, y) = trace Rx1y1+xuzy1/z+xoyo'

Now xy,; y1;2 =€ = ¢; + ¢ (¢; in ;) implies
trace R, + trace R, = trace R, = (X2, ¥12) = 2(eX1,2, ¥1/2)
= 2e, X1/2 Y1/2) = 2 trace Ry, +¢o

= 2trace R

Cc1
so that trace R, = trace R,,. Hence
(4.18) (x,y) =trace R, ; 4., Zog=2co + XgYo INJg.

Just as for alternative algebras, it is easy to see that any finite-
dimensional Jordan algebra J which is not a nilalgebra contains an
idempotent e with the property that there is no idempotent in the sub-
algebra J, given by the Peirce decomposition (4.13) relative to e;
equivalently, J, is a nilalgebra. Such an idempotent in J is a principal
idempotent.

Theorem 4.7. Any semisimple Jordan algebra J # 0 of finite dimension
over F of characteristic 0 has a unity element 1.
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Proof. I has a principal idempotent e. Then J, is a nilalgebra, so
that (x, y) = trace R, y; by (4.18) and Proposition 4.4. Hence x in
31,2 + Jo implies x; =0, (x, ») =0 for all yin I, so x is in J*. That is,
31/2+3093l=m=0,0r3=31,e= L.

If I contains 1 and ¢; # 1, then e, = 1 — e, is an idempotent, and the
Peirce decompositions relative to e, and e, coincide (with differing sub-
scripts). We introduce a new notation: J;; = J;,., (= Jo.e,)» J1z2 =
J12,e0 (=312, J22 = Jo,e, (= J1,e,). More generally, if 1 =¢, +
e, + --» + ¢, for pairwise orthogonal idempotents e;, we have the re-
fined Peirce decomposition

4.19) 3=Y 3,
isj

of ¥ as the vector space direct sum of subspaces

Ji= 3., (1<i<y,

Jii =26 N Jnj2e, A=Li<jSH)
that is,
(420) 3:’3 = {x I x€e3, xXe; = x},

J=Ju=1{xIx€3J, xe=14x=xe}, i#].

Muitiplicative relationships among the J;; are consequences of (4.16)
and the statement preceding it.

2. CENTRAL SIMPLE JORDAN ALGEBRAS

We recall that an idempotent e in J is called primitive in case e
cannot be written as the sum e = u + v of orthogonal idempotents;
that is, e is the only idempotent in J,. Also e is absolutely primitive in
case it is primitive in any scalar extension Jx of J. A finite-dimensional
central simple Jordan algebra J is called reduced incase | = ey + -+ + ¢,
for pairwise orthogonal absolutely primitive idempotents e; in J. In
this case it can be shown that the subalgebras J;; in the Peirce decom-
position (4.20) are 1-dimensional (J;; = Fe;). If J is a finite-dimensional
central simple algebra over F, there is a scalar extension Jx which is
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reduced (for example, take K to be the algebraic closure of F), and it
can be shown that the number ¢ of pairwise orthogonal absolutely
primitive idempotents e; in J, such that 1 = e, + --- + ¢, is unique;
t is called the degree of J.

We list without proof all (finite-dimensional) central simple Jordan
algebras I of degree t over F of characteristic #2 (Albert [6], [13];
Kalisch [1]; Jacobson and Jacobson [1]; Jacobson [13]). Recall from
the Introduction that J is a special Jordan algebra in case J is isomorphic
to a subalgebra of an algebra A* where A is associative and multiplica-
tion in A™ is defined by

4.21) x - y=Hxy+ yx).

We say that each algebra is of type A, B, C, D, or E listed below.

A, 3= A" with A any central simple associative algebra (neces-
sarily of dimension ¢* over F).

Ay, Let U be any involutorial simple associative algebra over F, the
involution being of the second kind (so that the center 3 of U is a
quadratic extension of F and the involution induces a nontrivial auto-
morphism on 3) (Albert [24], p. 153). Then J =~ $H(A), the ¢2-dimen-
sional subalgebra of self-adjoint elements in the 2¢2-dimensional algebra
A*. If I is of type A, or Ay, and if K is the algebraic closure of F,
then 3, = K,* where K, is the algebra of all 1 x # matrices with elements
in K.

B, C. Let U be any involutorial central simple associative algebra
over F (so the involution is of the first kind). Then J = H(), the sub-
algebra of self-adjoint elements in A", There are two types (B and C)
which may be distinguished by passing to the algebraic closure K of F,
so that Uy is a total matrix algebra. In case B the (extended) involution
on Ay is transposition (a — a’) so that A has dimension #2 and J has
dimension }¢(f + 1) over F. In case C the (extended) involution on Ug
isa—g 'a'g where g = (_? })‘) so that 2 has dimension 4¢> and

t
% has dimension 2¢% — ¢ over F.

D. Let (x, y) be any nondegenerate symmetric bilinear form on a
vector space M of dimension #n > 2. Then J is the vector space direct
sum J = F1 + M, multiplication in the (n + 1)-dimensional algebra J
being defined by xy = (x, y)1 for all x, y in M. Here t =2 (dim J > 3).
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E. The algebra €; of all 3 x 3 matrices with elements in a Cayley
algebra € over F has the standard involution x — X’ (conjugate transpose).
The 27-dimensional subspace H(C,) of self-adjoint elements

& ¢ b
4.22) x=|¢ ¢ al, ¢&inF abcinG,
b a &

is a (central simple) Jordan algebra of degree f = 3 under the multi-
plication (4.21) where xy is the multiplication in €; (which is not
associative). Then J is any algebra such that some scalar extension
Ik = H(€;3)x (= H((E€k),)).

A central simple Jordan algebra of degree 2 (that is, of type D) is a
commutative quadratic algebra with 1 (a®> — t(a)a + n(a)l = 0) having
nondegenerate norm form s(a), and conversely. For a = al + x, xe M,
implies @ — t(a)a + n(a)l = 0, where #(a) = 22, n(a) = a* — (x, x), and
n(a) is nondegenerate if and only if (x, y) is.

The algebras of types A, B, C are special Jordan algebras by defini-
tion. An algebra of type D is a subalgebra of A*, where U is the
(associative) Clifford algebra of (x, y) (Artin [2], p. 186). But algebras of
type E are not special (as we show below), and are therefore called
exceptional central simple Jordan algebras. Exceptional Jordan division
algebras exist over suitable fields F; but not, for example, over a finite
field or the field of all real numbers (Albert [20]). If an exceptional
central simple Jordan algebra J is not a division algebra, then it is
reduced, and J is isomorphic to an algebra $(€;,T) of self-adjoint
elements in €, under a canonical involution x —» T '#'T where T =
diag{y, 72,73}, ¥: # 0 in F. Isomorphism of reduced exceptional simple
Jordan algebras is studied in Albert and Jacobson [1].

The unifying feature in the list of central simple Jordan algebras
above is that, for ¢ > 2, a reduced central simple Jordan algebra is
isomorphic to the algebra $(D,,I") defined as follows: D is a com-
position algebra (that is, an alternative algebra of dimension 1, 2, 4,
or 8 with unity element u and involution d — d satisfying d + d € Fu,
dd = n(d)u, n(d) nondegenerate on D); D, is the algebra of all ¢ x ¢
matrices with elements in ®; T = diag{y,, y2,---» %}, 7;#0 in F.
Then x » ' "1%'T is a canonical involution in D,, and the set $(D,, ')
of all self-adjoint elements in D, is a subalgebra of D,*; that is, we do
not need U associative to define A* by (4.21). If D is associative, then
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D, =D®pF is associative, and I = H(D,, I is a special Jordan
algebra. If D is not associative, then I = $(D,,I") is not a Jordan
algebra unless ¢ = 3. Hence we have J of type B if D = F1; J of type
Aif D=3 (type A if 3 = F@ F; type A, if 3 is a quadratic field over
F); Jof type Cif D=Q; Jof type E if t =3 and D = €. The corres-
ponding dimensions for J are clearly ¢+ 4#(t — 1)(dim D); that is,
31(t + 1) for type B, £ for type A, 2t* — ¢ for type C, and 27 for type E.

We have stated these results without proof, butit is interesting to have
at least an indication of how this relationship between alternative and
Jordan algebras emerges. Let 3 be a reduced central simple Jordan
algebra of degree t > 2 over F. Then J;; = Fe; (i =1, ..., ¢) in the Peirce
decomposition (4.19). Since J;3;; € Jii + J; = Fe; + Fe;, we have
x}; = 4ae; + 4Be; for all x;; in Jy; (i #j). Then (x7e)x;; = x%(e; xy)
yields 2ax;; = (¢ + B)x;;, or a« = f. That is,

xilj =4N;i(x;;)e; + e)) forall x;;in 3,

where N,{(x;;) is a quadratic form on J;;, which may be shown to be
nondegenerate. For i, j, k distinct, the properties of the Peirce decom-
position include

Ji I E Ik (s k distinct);
put x = yu, y = e;, z = x;; in (4.2) to obtain
(4.23)  (x; v = Na(Vpdxi; forall x;;in J;;, yu in Jy.
Next put x = x;;, y = z = yj in (4.2) to obtain
(4.24) Nki(xijyjk) = Nij(xij)Njk()’jk) for all Xij in 3;’;', Yik in Sjk

(i, J, k distinct). Take uy in Jy with Nyu(uy) #0; it is convenient to
normalize this choice so that

Ni3(uz3)N34(usy) = 1.

Equation (4.24) and the nondegeneracy of N,;(x;;) imply that the linear
mapping x;; = x;;uy is (I-1) from J;; into J,;. Hence dimJ,; <
dim J,; < dim 3, < dim J;; implies that the subspaces J;; (i # ) all
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have the same dimension and that x;; — x,;uy, is a vector space isomor-
phism between J;; and J; (7, j, k distinct). Let d and d’ be arbitrary
elements in J,,. Then (u3, d)(d'u,5) is in J,333; E J12, 50 that

d * d’ = (u31 d)(d'u23) for all d, dl in 312

is a bilinear multiplication in J,,. We write D for the algebra J,,
equipped with this multiplication, and N(d) for the nondegenerate
quadratic form N;,(d) on D. Now u = u,; 43, in J;, is a unity element
in D, since

d» u = (u3y d)((uy3 u31)u33) = N33(t423) (431 d)u3)
= N;3(uy3)N3,(u3)d=d
by (4.23), and similarly u * d = d for all d in D. Also
N(d*d') = Ny;((431d)(d'u;3)) = Nay(u3y d)N;3y(d'us3)
= N31(43)N12(d)Ny2(d")N;3(u23) = N(d)N(d")

for all d, d’ in D by (4.24); that is, N(d) permits composition. Hurwitz’s
Theorem 3.25 implies that D is a composition algebra, one of the alter-
native algebras of dimension 1, 2, 4 or 8 studied in Chapter III.

Theorem 4.8 (Albert). Any central simple Jordan algebra J of type E
is exceptional (that is, is not a special Jordan algebra).

Proof. 1t is sufficient to prove that $(€,) is not special. For, if J were
special, then J =~ J' < At with A associative implies Jy = KQ J =
K@JI K@U =(KQ@UW* = Ut so that H((Cx),) = I is special,
a contradiction.

Suppose that H(€,) is special. There is an associative algebra U (of
possibly infinite dimension over F) such that U is an isomorphism of
$H(€,) into A*. For i = 1, 2, 3 define elements ¢, in A and 8-dimensional
subspaces

S, ={d|deC}
of A by
xU= flel + 6232+ é3e3+al +b2+03
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for x in (4.22); that is, for &, in F and a, b, ¢ in €. (Note that our nota-
tion is such that we will never use e for an element of €.) Then

S =F€1 +F€2 +Feg + 61 + 62 + 63 =5(€3)U

is a 27-dimensional subspace of . & is a subalgebra of A*. The map-
ping ¥V = U™! defined on & (not on all of A) is an isomorphism of S
onto H(¢,):

(4.25) xU-yU)W=x-y forall x,yin $H(E,).

Performing the multiplications in $(€;), we see that (4.25) yields

(4.26) el=e (#0), i=1,2,3;

427) e e =0, i#],

(4.28) e;,-a;, =0, ain€C, i=1,2,3;
4.29) e -a; =1a;, ain€, i#j;

430) a,- b =(ab)e;+e), abin€, ijkdistinct,

where (a, b) is the nondegenerate symmetric bilinear form (3.60)
associated with n(a); and

(4.31) 2a;-b;=ay, abin€, ij, k a cyclic permutation of
1, 2, 3.

Now (4.26) and (4.27) imply that e; (i = 1, 2, 3) are pairwise orthogonal
idempotents. For U is associative, so e;e; + e;e; =0 for i # j implies

eizej + eiejei =0= e,-ejei + eje,-z,

or e;e; = e;e;; hence e;e; =0 for i # j. By an identical proof it follows
from (4.28) that

(4.32) ea, =ae; =0, i=123.

For i, j, k distinct, (4.29) implies e;a; + a;e; = a; = e;a; + a;¢;; then
fa; + a; f = 2a;for theidempotent f = ¢; + e,. Hence f%a; + fa, f = 2fa;,
so fa; f = fa;, and similarly fa; f = a; f; that is, fa; = a; f = a;:

(4.33) (e; + ea; = a;=aye; + ¢,), i, j, k distinct.
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Also (4.29) implies e;a; = a,— a;¢e;, s0 e;a;¢; = aje; ~ ae? =0:
(4.39) e;a;¢, =0, i#j.
For any a in €, define
a =e azu, in A,
where u is the unity element of €. Then
(ab) = e,(ab)3us = ey(b, d; + @, by)u; = e, 3, by u;
by (4.31) and (4.32). Also (4.31) implies a, ¥, + u; a; = (4d), = d, and
(4.35) Uyby + byu, =b,.

Henoe(ab)’ = el(a3 Uy + Uy a3)(u2b3 + b3 ul)u3 =ey4; ul(uz b3 + bguz)u:,
by (4.32). Now

byuyuy = byuy(e; + es)us = byuze uy = (b, — uyb3)e,uy = —u,bye u;
= —uy(e; + ez)bze u; = —u,e;bie,uy =0
by (4.32)-(4.35). Also
Uy Uy Uy = uyUy(ey + e)by = uyuse by = (U3 — uyuy)e; by = uye, by,
Hence
(ab) = e asu uybsuy = e azuse byuy =a'd’.

Clearly the mapping @ — @' is linear; hence it is a homomorphism of
€ onto the subalgebra €' of U consisting of all a’. Since € is simple, the
kernel of this homomorphism is either O or €; in the latter case 0 = 4’ =
e us> =e(e, +e;) =e; #0 by (4.30), and we have a contradiction.
Hence a — a’ is an isomorphism. But €' is associative, whereas € is not.
Hence $(€,) is an exceptional Jordan algebra.

Just as for alternative algebras, a finite-dimensional Jordan algebra
3 is separable if and only if J = &; @ -+ @ &, is semisimple with the
center €; of each simple component &, being a separable extension of F.

We state without proof the Wedderburn principal theorem for Jordan
algebras which is analogous to Theorem 3.18: Let J be a finite-dimen-
sional Jordan algebra over F of characteristic #2, and let 9 be its
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radical. If J/MN is separable, then J = S + N (direct sum) where S is
a subalgebra of J, © = J/N.

The proof, in Penico [1], of this theorem is valid for characteristic #2
since there are no central simple Jordan algebras for characteristic
p > 2 different from those at characteristic 0. Rt? is not in general an
ideal of 3, but it turns out that N> + N2 is an ideal properly contained
in N (f N # 0), so the usual inductive argument may be used to reduce
the proof to the case M* = 0. Here a lifting process by separate cases,
similar to that in Lemmas 3.20 and 3.21, is employed. Some of Penico’s
computations may be eliminated by a method sketched in Taft [1].
However, it would be desirable to have a proof, if only for characteristic
0, which does not depend upon the classification of central simple
Jordan algebras. The second Whitehead lemma for Jordan algebras of
characteristic #2 is valid, since it is equivalent to the case 02 =0 of
the Wedderburn principal theorem. For its statement we require the
notion of a Jordan bimodule, which is the analogue of an alternative
bimodule.

Let X be a Jordan algebra over F of characteristic #2, and i be a
vector space over F. Then M is a Jordan bimodule for J in case there are
two bilinear compositions ma, eam in M (m in M, a in J) satisfying

ma = am forall ainJ, min M,

and

(4.36) (@* m, a) = (a%, b, m) + 2(ma, b,a) =0

for all @, b in J, m in M. Linearization of (4.36) gives

437 (ab, m, ¢) + (bc, m, a) + (ca, m,b) =0,
’ (ac, b,m) + (ma, b, c) + (mc,b,a) =0

for all a, b, ¢ in I, m in M. The vector space direct sum J + M is
made into a Jordan algebra (the split null extension or semidirect sum),
by defining multiplication by

(@+m)b+my)=ab+ (mbd+am,)

for all @, bin S, m; in M; M is an ideal of J + M, and M? = 0.
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The linear operators S, (g in J) defined by

S,:m—-ma=am forall min M
satisfy

(4.38) S,;S5,=5,S.2,  Sup— SySs +25,5,5, — 25,8, =0

for all a, b in 3, and the mapping a — S, is called a representation of J.
Conversely, any linear mapping a— S, of J into some E(0t) which
satisfies (4.38) yields a Jordan bimodule M when compositions in M
are defined by ma = am = mS, (a in J, m in M). The right multiplica-
tions R, of J give rise to the regular representation of J.

The second Whitehead lemma for Jordan algebras may be stated as
follows: Let 3 be a finite-dimensional separable Jordan algebra of
characteristic #2, and let MM be a Jordan bimodule for J. Let fbe a
bilinear mapping of J into M satisfying two conditions:

f(a, b)) =f(b, a) forall a,6in 3
and
F(a? b,a)= —(f(a,a),b,a) forall a,binJ
where
F(a, b, ¢) = f(a, b)c + f(ab, ¢) — af (b, ¢) — f(a, bc).
Then there exists a linear mapping g of J into M such that
Sf(a, b) = ag(b) + g(a)b — g(ab) forall a,bin 3.

That the second Whitehead lemma is equivalent to the case Rt? =0
of the Wedderburn principal theorem may be seen in exactly the same
way that Proposition 3.22 was shown to be equivalent to the case
NZ? = 0 of Theorem 3.18.

3. DERIVATIONS; SIMPLE LIE ALGEBRAS OF TYPE F

Since 1950 there has been considerable research activity on the rela-
tionships among Cayley algebras and Cayley planes, exceptional central
simple Jordan algebras, and the exceptional simple Lie algebras and
groups. We have listed a number of these papers in the bibliography,
but we do not try to duplicate the admirable chronology and the refer-
ences which appear in Freudenthal [4].
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Let € be any Cayley algebra over F, and let J be the exceptional
central simple Jordan algebra J = $(C;). Write x in (4.22) as

(4.39) x=Cey+8e+8es+a+by+ o
(&;in F; a, b, ¢ in €). Then we have the Peirce decomposition
(4.40) J=Fe  +Fe,+ Fey +3, + 3+ 3
of I = H(€,) where (4.20) implies
3y =3x={d|din §}, i, j, k distinct.

The multiplicative rules (4.26)—(4.31) hold. Commutativity, bilinearity,
and the multiplicative rules (4.26)—(4.31) characterize the multiplication
in J = $(€,). We can without ambiguity drop the - in the products,
writing xy for the product in J. As in the proof of Theorem 4.8, we
denote by u the unity element in &, reserving the notation 1 for the unity
element 1 = e, + e, +e;in J.
Any element x in J = H(C;) satisfies a cubic equation
4.41) x® —T@)x*+ Q(x)x — N(x)1 =0,  T(x), O(x), N(x) in F,

where x2x = xx?(= x°) since J is commutative, and x in (4.22) implies
(4.41) where

(442) T =&+ &+ ¢,
Q) =&, &+ &283 + &34 — n(@) — n(b) — n(c)
= [(T)* — T(xY),
and
(443) N =& &85 — &in(@) — &, n(b) — E3n(e) + Habo).

If F has characteristic #3 (as well as #2), formula (4.43) may be
written as

Nx) = 3[(T(x))* = 3T(R)T(x?) + 2T(x*)].

Taking a basis for J adapted to the Peirce decomposition (4.40), we
can compute the diagonal elements of a matrix for R,, x in (4.39),
easily from (4.26) to (4.31), obtaining

(4.44) trace R, = 9T(x) forall xin J.
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Define
(4.45) {6, y>=Txy forall x,yinJ.
For x in (4.39) and
y=mei+me+mes+fi+g,+hs  (ninF; f,9,hin€)

we have

3
(4.46) %= ;IC: i+ 2a, f) + 2b, 9) + 2c, h),

where ( , ) is the nondegenerate symmetric bilinear form (3.60) on €.
Clearly {x, y> is a symmetric bilinear form on J. Also {x, y) is non-
degenerate: {x,y)> =0 for all y in J implies & =&, =¢3=(a, f) =
b,g)=(@c,hH=0@(=1,2,3)forall f,9,hin €. Hence a=b=c=0
since (, ) is nondegenerate on €. That is, x = 0. Also {x, y) is a trace
form on J, as we can see easily from (4.44) if F has characteristic #3.
For

9(xy, 25 = 9<x, yz) = 9T((x, y, 2))
= trace R, ., = trace[R,, [R,, R,]] =0
for all x, y, z in J by (4.6). Assume that F has characteristic #3. Then
447 <y z>=<xp,zy (= {x,yz)) forall x,y,zinJy

defines a symmetric trilinear form on J. A linear operator 4 on J is
skew relative to (4.46) in case

(4.48) (x4, y) + {x, Ay =0 forall x,ying3,

and we write 4 €0(27, g) where g(x) = T(x?). Also {x, y) is said to be
(Lie) invariant under A in case (4.48) holds. Note that (4.48) is equivalent
to {xA, x> =0 for all x in J. Similarly,

(449) <(xA,y,z)+ (x,y4,2> + {x,y,24>=0 forall x,y,zinJ

is equivalent to {xA4, x*) (= (x4, x, x)) =0 for all x in J; {x, y,z)
is (Lie) invariant under A4 in case (4.49) holds.
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We now prove that a linear operator D on J is a derivation of  if
and only if D leaves both {x, y> and {x, y, z) invariant. Let 3, be
the 26-dimensional subspace

Jo = {xin J | T(x) = 0}
of 3. We have
(4.50) IDcI, forall Din D).

For trace R, = trace [R,, D] =0 for all x in J, D in D(J), implying
T(xD) =0 by (4.44). 1t follows that D is in 0(27, ¢) for all D in D(3):

xD, y> + {x, yD) = T((xD)y + x(y D))
=T((x»)D)=0
for all x, y in 3. Also D in D(J) implies
(xD, y,2) + {x, yD, z) + {x,y,zD)
= T((xD)(yz) + x((yD)z + y(zD)))= T((x(yz))D) = 0

for all x, y, z in 3. Conversely, if D in €(3J) satisfies (4.48) and (4.49),
then D* = — D and

0= <(xD)y’ 2> + (x(yD), Z> + <XJ’, ZD>
= {(xD)y + x(yD) — (xy)D, z

for all x,y,z in 3 by (4.47). Since ( , > is nondegenerate on J, we
have (xD)y + x(yD) — (xy)D =0, or D is in D(J).

Over an algebraically closed field of characteristic O there is exactly
one 52-dimensional simple Lie algebra, the exceptional algebra F,
(Jacobson [25], pp. 135-146). We say that a (central simple) Lie algebra
{ over F of characteristic 0 is of zype F in case, for the algebraic closure
K of F, we have 8, = F,. In Theorem 4.11 below we see that F, = D(J)
for I = H(€,). For F of characteristic #2, 3 we extend the definition
above, defining € to be of rype F in case, for the algebraic closure
K of F, we have 9y & D(3) where J = H(C;).



112 IV. Jordan Algebras

Theorem 4.9 (Chevalley-Schafer). Let J be an exceptional central
simple Jordan algebra over F of characteristic #2, 3. Then the derivation
algebra D(J) of J is a 52-dimensional central simple Lie algebra (of

type F).

Proof. Since D(J)x = D(Jx) for any extension K of F, it is sufficient
to prove that D(J) is 52-dimensional and simple for J = $(C;). Let

4.51) Do={Din D) |e;,D =¢,D (=ey,D) =0}.
Then
(4.52) 3D J, forall Din D, (i=1223),

since (4.28) implies that0 = (e;a,)D = e;(a, D),ora, Disin J; + Fe; + Fe,
for all g; in J; and D in D, (i, j, k distinct), while 3a; D = (e;a;)D =
ej(a; D) by (4.29), yielding a; D in J; + J,. This implies (4.52). For any
D in Dy, let U, be the linear operator on € defined by

4.53) a,D=(U); foral ain€® (g;inJ).
Then (4.30) implies
(@;b)D = (a, b)(e; + €)D = 0 = (a; D)b; + a(b; D)
=(aU);b; + a,(bU)); = [(aU;, b) + (a, bU)](e; + ey,

so that (aU,, b) + (a, bU,) =0 for all q, b in §; that is, U, is in o(8, n).
The involution S : @ > d@ = aS of € satisfies $* =S =S"*. For

(aS, b) = (4, b) = 31(ab) = 31(bd) = (b, a) = (a, bS)
for all @, b in €. Then
(S7U,S)* = S*U S* ' = —S1U,S.

Hence S™'U,S is in o(8,n) for U, in (4.53) (i=1,2,3). Let U=
S~'U,Seo(8,n). Then U, and U, in (4.53) are the unique U, = U’,
U, = U" given by the principle of triality (Theorem 3.31). For (4.31)
and (4.53) imply

2(a;bj)D = Z(a,' D)bj + Za,'(bj D) = 2(an)ibj + 2at(bUJ)j

= (baU, ). + ((bU;8)a), = (ba), D = (ba)Uy),
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for any cyclic permutation , j, k of 1,2, 3. That is, b(aU, S) + (bU, S)a =
bayu,, or

(ab)S™ U, S = (aUpb + a(bU; for all a,binC,
for any cyclic permutation i, j, k of 1, 2, 3. In particular, we have
(ab)U = (ab)S U, S = (aU,)b + a(bU,),

implying U, = U’, U, = U" by the principle of triality. Conversely, if
U is any element of o(8, n), the linear operator Dy on J defined by
eiDU = 0 (i = 1, 2, 3) and

(4.54) U, =S"1US, Uu,=U, Uy=U"
in (4.53) is in Dy . For we need only check that
{xDy,x>=10 forall xinJ
and
{xDy,x*»=0 forall xin3,
where
xDy = (aUy), + (bU,), + (cUs);,  xin (4.39),
with U, given by (4.54). Now (4.46) implies that
{xDy, x) =2(aUy, a) + 2(bU,, b) + 2(cU;,¢) =0
since each U; is in o(8, n). The component of x* in 3, + J, + 35 is
(& + &ay + (D) + (& + E3)b; + (@), + (&, + Er)es + (ba)s,
80
{xDy, x*) = (& + £3)(aU,, a) + 2aUy, b) + (&, + &)U, b)
+2(bU,, a¢) + (&1 + ¢2)(cUs, ¢) + 2cUs, ba)
= 2(aUS, (bc)S) + 2(bU’, ca) + 2(cU”, ab)
= 2(aU, bec) + t((bU")ca) + t((cU")ab)
= —2(d, (ba)U) + t((bU")ca) + t(b(cU")a)
= —2(a, (bU')c) — 2(4, b(cU"))
+ 2((bU")c, @) + 2(b(cU"), a) = 0.
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Hence Dy is a derivation of J, and Dy is in Dy. Now U— Dy is an
isomorphism of o(8, #) onto ;. For it remains only to show that

[Dr, Dyl = Dirun forall T, U in o(8, n).
For a,in J;, wehave a,[Dr, Dy} = (a[T;, U})); = @[T, U]); = q, Dyr,u1»
since
@55 [1,U)=(T, U] (i=1213) forall T, Uin o8, n).

The case i = 1 of (4.55) is immediate from the first part of (4.54), while
(@b)[T, Ul = @[T, U')b + a(b[T", U")) for all @, bin € implies [T, U] =
[T, U}, [T, U]" = [T", U"} by the principle of triality.

It is well known (and easy to prove) that the 28-dimensional (orthog-
onal) Lie algebra o(8, n) is simple. Hence D, is simple. Also, since the
associative enveloping algebra of o(8, n) is €(€), we have

(4.56) Co(8,n) =C.
We use these facts to show that D(3) is simple. Let
D, ={[R.,» R,,-.lla; €3}
(i, j, k cyclic permutation of 1, 2, 3). Note that
elR,,, R!j—ek] =0, ¢)[R,,, R.,-e]= —3a;,

el[Ros Re,-e] =4%a, (i, J, k distinct)

by (4.26)(4.29). Then dim D; =8, so that Do+ D, + D, + Dy is a
subspace of D(J) of dimension <52=28+8+8+8. Then
Do+ Dy + D, + D, is a (52-dimensional) vector space direct sum.
For any element D in this space may be written in the form

(4'58) D = D + [Ra1 s Re;—e;] + [sz b Reg—el] + [RCJ ’ Rel-ez]

with Din ®g;a, b, cin €. If D in (4.58) is 0, then 0 = ¢, D = 4(b, — c;)
by (4.57), implying b, = ¢;€ J, N J; =0, so that b = ¢ = 0. Similarly,
0 =¢, D = ¥(c; — a,) implies a = 0. Hence D = 0. Finally,

4.59) DR =D+ D;+ D, + D, (direct sum).

For, if D is any element of D(3), then e; D = (¢;2) D = 2e,(e; D) implies
e;Disin J; + 3, (i, ), k distinct). Write

eyD=14b, +1f;, e; D =}c; + gy, e3 D = 1a, + b,

(4.57)
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fora, b,c,f, g, h in €. Then
0 =(eye,)D = (e D)e, + ey(e; D) =115 +}es,
so that f= —c. Similarly, g = —a. Using 1D =0, we have h = —b,
implying
(4.60) e, D = (b, — c3), e;D=Hc; —ay), es D =Ha, — b))

for a, b, ¢ in €. For D in D(3) define D by (4.58) where a, b, ¢ in €
are given by (4.60). We have ¢,D = e, D — }(b, — ¢;) = 0 by the same
computation as before. Similarly, e, D = 0. Hence D is in ®,, and D
isin Dy + D, + D, + D;, implying (4.59). Now

(4.61) [, Dol =D (i=1,2,3).
For
(462) [[Rx’ Ry]’ D] = [RxD9 -Ry] + [Rx9 RyD]

for all D in D(J) and x, y in J by the Jacobi identity. Hence D in D,
and g, in J, imply

[[Rax ’ Rej—ek]’ D] = [RaiDa Re,-ek] + [Rai ’ R(EJ_Ek)D]
= [R(aul)l ’ RBJ_Ek]

is in D,, so that [D,, D] = D;. Then (4.56) implies (4.61) since U,
ranges over o(8, n) as D ranges over Dg.
Also

(4.63) [P, D]eD, (=1,2,3)
and
(4.64) D5, D] (=[D;,D]DsD, @, j, k distinct).
To prove (4.63) and (4.64), we first observe that
(4.65) D, cJ;,,  JDicy
for any cyclic permutation i, j, k of 1, 2, 3. For
bR, R,,- o] =(a;, by, e; — e) = —(a;be, — Ya,b, = —a; b, € J;
by (4.31), (4.28), and (4.29), while similarly b;[R,,, R, -, }€3J;. Also
@;, by, e; — ) = (a, b)(e; + e,)(e; — &) = (a, b)e; — &)
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by (4.30) and (4.29), implying

bi[Rai s Rc,—ek] = (a’ b)(ej - ek)’

(4.66) 3,D, < Fe, + Fe,.

Since (a, b) in (4.66) is nondegenerate, we see that
(4.67) D‘ € D‘ and SlDi =0 imply Di =0.

To prove (4.63), we suppose that D=D+ D, + D;+ D, (DeD,,
D,e D) isin [D;, D,]. Then (4.65) implies that J; D = J;[D;, D] £ J;,
so that J; D; =0 by (4.52), (4.65), and (4.66). Then (4.67) implies that
D; = 0. Similarly, D; = 0. Also

Ji DD, DI @iD)D s (Fey + Fe)D 3y

by (4.65), (4.66), and (4.57). Hence 3; D; = 0 by (4.52), (4.65), and (4.66),
implying D, = 0 by (4.67). Thus D = DeD,, implying (4.63). To prove
(4.64), we suppose that D= D + D, + D;+ D, (De Dy, D,e D)) is in
[Di, D;]. Now

31D € 3[D;, D] = (Fe; + Fe )D; + [y Dy = J;

in the same manner as above, implying J; D = §; D; = 0. Similarly,
3D =3;D,=0. Hence (4.67) implies D;=D;=0. Also J,Dc
JuDi, D) € Fey + Fe, + Fes, so that we have J, D =0 in the same
manner. Hence JID = (3, + I, + J3)D =0, implying B =0 and
D = D, eD,. This establishes (4.64).

Let B be an ideal of D(J). We apply Lemma 3.27 with A = (),
€=2p,and T =D, + D, + D;. We have dm D, = 28 > 24 =
dim (D; + D, + D;), and (iii) holds by (4.61). Lemma 3.27 im-
plies that, if B # D(J), then

BeD +D,+D;.

Let D=D; + D, + D3, D; in D;, be any element of B. If 4,=
[R,s R,,-.]isany element of D, (i = 1, 2, 3), then B contains [D, 4] =
[Dy, A+ [D;, A)+[Dy, 4] in [D;, 4]+ D, +D; by (4.64).
Hence [D;, 4j) is in Dy N (D; + D; + D) =0 by (4.63). For a fixed
i, let D;=[R,,, R,,_,] for some b in €. For all ¢ in €, (4.66) implies
that ¢; 4, = (a, c)(e; — ¢,) and ¢; D, = (b, c)(e; — ¢), so that
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0=c[D;, 4] = (b, C)(ej —e)d; —(a, C)(ej —e)D;
= —(b, da; + (a, c)b;
by (4.57). That is,
(4.68) (a,c)b=(b,c)a forall a,cinC,

Choose a in € independent of b. Then (4.68) implies that (b, ¢) =0
forallcin €. Hence b = 0,bh; = 0and D; = 0. Since D, =0fori=1, 2, 3,
we have D =0, implying B = 0. That is, D(J) is simple. This completes
the proof of Theorem 4.9.

Corollary 4.10. Every derivation D of an exceptional central simple
algebra 3 of characteristic #2, 3 is inner:

D=Z[Rx‘9Rz,]; Xiy 25 in 3.

Proof. By (4.62) the inner derivations ) [R,,, R, ] form an ideal in the
simple algebra D(3J). This ideal is #0 by (4.57).

We omit the proof of the fact that every central simple Lie algebra of
type F (over a field of characteristic #2, 3) is isomorphic to D(3J) for
some exceptional central simple Jordan algebra ), and that D(3) = DJ)
if and only if 3 =3 (Tomber [1}; Barnes [1]; Seligman [3]).

Jacobson’s Theorem 2.5 implies the analogue of Corollary 3.30 for
Jordan algebras of characteristic 0: Every derivation D of a finite-
dimensional semisimple Jordan algebra J of characteristic O is inner:

D=2[Rx" Rz‘]; x,-,zi in 3,

In order to extend this to separable algebras over fields of characteristic
#2, one needs to add the hypothesis that the characteristic of F does
not divide the degree over its center of any special simple summand of J.
The generalization embodied in the first Whitehead lemma for Jordan
algebras may be stated as follows (Harris [2]). Let J be a finite-dimen-
sional separable Jordan algebra over F of characteristic # 2, such that
the characteristic of F does not divide the degree over its center of any
special simple summand of J. Let IM be a Jordan bimodule for J, and
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let B = J + M be the split null extension. Let f be a one-cocycle of J
into M; that is, a linear transformation of J into M satisfying

flab) = fla)b+af(b) forall a,binJ.
Then there exist x; in J, z; in Pt satisfying
f@) =Y(x;,a,2) forall ains.

The first Whitehead lemma is equivalent to the statement that, if J is
a separable subalgebra of a finite-dimensional Jordan algebra 8 where
the characteristic satisfies the conditions above, then any derivation of 3
into B may be extended to an inner derivation D = Y[R, , R, ] of B.

Just as for alternative algebras, the first Whitehead lemma for Jordan
algebras may be used to prove the following analogue of the Malcev-
Harish-Chandra theorem for Lie algebras. Let J be a finite-dimensional
Jordan algebra of characteristic 0 with Wedderburn decomposition
3 =& + N, and let B be a semisimple subalgebra of J. Then there exists
a (nilpotent) derivation D of J in the radical of the multiplication algebra
M(3) such that the automorphism G =exp D of J carries B onto a
subalgebra of &. We have the corollary: If J has Wedderburn decom-
positions J =S + N = S; + N, then S and S, are conjugate under
an automorphism G = exp D of the type above (Jacobson [9]).

4. SIMPLE LIE ALGEBRAS OF TYPE E,

Over an algebraically closed field K of characteristic O there are five
exceptional simple Lie algebras: the 14-dimensional algebra G, and the
52-dimensional algebra F, already discussed, and three others
(Es, E;, Eg) of dimensions 78, 133, and 248, respectively. In Theorem
4.12 we represent Eg in terms of J = H(€,) as follows: E; = D(J) +
R(3J) where Ry(J)= {R,|x in Jo}. However, E, is not the only
78-dimensional simple Lie algebra over K; there are also the orthogonal
Lie algebra o(13) and the symplectic Lie algebra sp(12) (denoted by B
and Cg, respectively, in Jacobson [25], p. 141). To distinguish E¢ from
o(13) and sp(12) we use a fact, the proof of which lies outside of the
scope of this book: these two latter 78-dimensional simple Lie algebras
over K donot have irreducible representations of degree 27. [This follows
from Chapters VII and VIII of Jacobson [25].] However, as we prove in
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Lemma 4.11 below, the representation in (the 27-dimensional Jordan
algebra) J of the 78-dimensional simple Lie algebra D(J) + Ry(3J)
over K is irreducible. Hence this Lie algebra over K is E4. A Lie algebra
£ over F of characteristic 0 is said to be of type Eg in case 8, = E,
where K is the algebraic closure of F. Extending this definition to fields
F of characteristic #2, 3, we say that £ is of zype E¢ over F in case
2y = D(I) + Ry(J) where I = H(E,) over the algebraic closure X of F.

Lemma 4.11. Let € be a Cayley algebra over F of characteristic #2, 3
and 3 = H(€;). Then D(J) + R(J) acts irreducibly in 3.

Proof. By the remarks following (4.6), we know that the Lie multi-

plication algebra (3) is £(J) = R(J) + [R(T), R(J)]. Also [Ry(3J),
D(I)] € Ry(3), since [R,, D]=R,, and T(xD) =1 trace R, =0.
Hence the Lie enveloping algebra of Ry(J) is D(J) + Ry(J). For any
element x of 3 may be written as x = al + x’, « in F, x" in J,. Then
Corollary 4.10 implies that D in D(J) may be written as

D= Z [R.n ] Rz‘] = Z [Rx" s Rz"] iﬂ [RO(S)’ RO(S)]
Hence
(4.69) D) = [Ro(J), Ry(J)]-

Since J is (right) simple, J is irreducible relative to R(J). Hence J is
irreducible relative to Ry(3J), and also relative to its Lie enveloping
algebra D(J) + Ry(3J).

Theorem 4.12 (Chevalley-Schafer). Let J be any finite-dimensional
exceptional central simple Jordan algebra over F of characteristic #2, 3,
and 8 = Q(3) be the Lie multiplication algebra of J. Then

(4.70) L=Fl;0¢
where the derived algebra
2 = D(J) + {R, | trace R, =0} (direct sum)

is a 78-dimensional central simple Lie algebra (of type E¢) over F. If
J = 9(Cs), then

@.71) 2 =D + Ry(J) (direct sum).
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Proof. We have £ = R(J)+[R(J), R(J)]. Also trace 14 =27#0
implies 14¢ £'; hence F13@ £’ < £. For the remainder of the proof
we may pass to a scalar extension, and may assume that J = H(C,).
Then Ry(3J) = {R,|trace R, =0} by (4.44). Also J, is the associator
subspace P of J spanned by all associators (x, y, z); x,y,z in J. For
(4.57) implies that P = I, + I, + J;- Also, if u is the unity element of
@, then (4.30) and (4.29) imply that P contains

2u;, u,e) =2¢;—(e;+e)=e —¢ (i, j, k distinct).

Hence P = 3J,, and

4.72) [Ro(3), [Ro(3I), Ro(I)]] = Ro(J)
by (4.6). Hence

£ = [Ro(I)s Ro(I)] + [Ro(3)s [Re(3I), Ro(J)]] = D(J) + Ro(J)-

Applying any element in £ to 1 in J, we see that (4.71) is a vector space
direct sum (of dimension 78 = 52 + 26). Hence (4.70) holds. It remains
only to show that D(J) + Ry(3J) is simple.

We apply Lemma 3.27 with & = D(J), T = Ry(J). We have shown
(i) above; Theorem 4.9 implies (ii), and (iii) is given by (4.69) and
(4.72). It follows that, if B is any proper ideal of (4.71), then B < Ry(3J).
Let R (¢ in J,) be any element of B. Then B contains [R,, R, ] for any
win J,. That is, for any z = al + w in J, we have [R,, R,] = [R,, R,]
in D(F) N B = D(J) n Ry(J) =0. Hence (¢, y,z) =0 for all y,zin J.
That is, ¢ is in the left nucleus of J: L,, = L,L, for all y in J. (Equiv-
alently, L.R, =R,L, for all z in J.) In a commutative algebra this is
sufficient to guarantee that c is in the center of J:

R, =L, R.R,=L.R,=R,L.=R,R.=L,L.=L,=R,

for all y in J, yielding (2.7). But the center of J is F1. Hence ¢ is in
FIn3J,=0,R. =0, B=0. That is, 2" in (4.71) is simple.

We conclude this chapter with a remarkable theorem of Tits which
combines alternative and Jordan algebras in a very illuminating char-
acterization of the exceptional simple Lie algebras. To state the theorem
in full generality one needs the concept of the ** generic trace” (Jacobson
[16,I]) of a Jordan algebra I of degree 3. However, by limiting
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ourselves to central simple Jordan algebras, we may gloss over this by
using, as in the particular case (4.44), the trace

T(x) =

dirfl 3 trace R, forall xinJ
for the central simple Jordan algebras J of degree 3 and dimension 6
(type B), dimension 9 (type A), dimension 15 (type C) and dimension 27
(type E). Division by S for type C is not necessary when using the actual
generic trace.

Let F be any field of characteristic #2, 3. Let U be a composition
algebra over F, and denote by u the identity element of W. We know that

ab=(@,bu+ax*b forall abin,

where (a, b) = 3t(ab) in F is defined by (3.60), and a * b = ab — (a, b)u
is in A, = (Fu)* = {a in A |1(a) = 0}. Hence

“4.73) ab=—(a,bu+ax*b forall a,bin¥U,.

Similarly, if J is a central simple Jordan algebra of degree 3 over F
with identity element e, then

4.74) xy=x,yre+xxy forall x,yinJy

where {x, y> = T(xy) in F is defined in terms of the generic trace 7T(x)
on §,and x#*y=xy — ¥x, ydeisin J, = (Fe)* = {xin J|T(x) =0}
since 7(e) = 3. In each of these Jordan algebras, every x satisfies the
cubic equation (4.41), and {x, y) is a nondegenerate trace form. The
one-dimensional algebra J = Fe may also be included in (4.74) by
taking 3, = 0.

Let

4.75) =W+ A ®Fp + D)

be the vector space direct sum of the derivation algebras D(U) and
D(J) and the tensor product A, ® I, . Then L is made into an algebra
over F by defining a multiplication [ , ]in £ which is bilinear and anti-
commutative, which agrees with the ordinary commutator in D() and
D(3), and which satisfies

(4.76) (D), DQ)] =0,
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4.77) [a®x, D]=aD®x

forall Din D(A), ainWU,, xin Iy,
(4.78) [a®x, E]=a®xE

forall Ein D(J), ainW,, xinJ,,
and
479 [a®x,b®yl=17{x, y)D,p + (@ * D)@ (x * y)

—(a, b)[R,, R,]
for all @, b in Ay; x, y in J,; where D, ;, in D(W) is defined by (3.70).
We have used
Dy,=—-D,,, bxa=—axb forall a,bin%U,,

the fact that [R,, R,] = —[R,, R,] is in D(J), (3.75) and the obvious
generalization of (4.50). We shall only begin the proof of

Theorem 4.13 (Tits). The algebra  in (4.75) is a Lie algebra. If K is
the algebraic closure of F, then, corresponding to the four (alternative)
composition algebras W over K and the five indicated Jordan algebras J
over K (that is, Ke and the four central simple algebras $(Ks), $(33),
9(Q,), and H(C,)), the Lie algebras Ly are given in the table:

Ke H(K;) H(33) H(Q3) 9H(E;)
Ku 0 sl(2) sl(3) sp(6) F,
(4.80) 3 0 si(3) sl(3) @ sl(3) sl(6) E,
’ Q s1(2) sp(6) sl(6) 0(12) E,
¢ Gz F4 E6 E7 E3

where sl(n) denotes the special linear Lie algebra €'(V), dim V =n.
Hence 8 is central simple, except for three cases: dim A =dimJ=1;
dmUA=2,dimJ=1;dimA=2,dim JF=9.

Proof. We shall prove here only that € is a Lie algebra, and that in
each case the dimension of € is that of the algebra indicated in the
table (4.80).
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Since D(A) and D(J) are Lie algebras, and since the Jacobi identity
is multilinear, in order to prove that £ is a Lie algebra, it is sufficient to
verify the Jacobi identity

l{4, B, CI1+ [[B, C], 41+ [[C, 4], B} =0
in six cases:
(4.81) A=Din DNA); B= D in DA);
C=a®x, ainU,, xinJ,;
4.82) A=FEin J); B=E in DJ);
C=a®x, ainU,, xin J,;
(483) A=Din DYU); B=a®x,
C=b®y; a,binWy; x,yinJ,;
484) A=EinDJ); B=a®ux,
C=b®y; a,binWy; x,yinJ,;
(4.85) A=Din DA); B=Ein DR);
C=a®x, ainW,, xinJ,;
(486) A=a®x, B=b6®y,
C=c®z; abcinWy; x,7,zin3J,.
By (4.77) we have
([D, D'}, a®x] + [[D, a® x], D] + [[a® x, D], D']
= —a[D,D')®x —aD'D®x+ aDD' ® x =0,

verifying the case (4.81). The case (4.82) follows similarly from (4.78).
The multiplication rules (4.76)-(4.79) next imply

([D,a®x,6®@y]+[[a®x,b@ ], D] + [[6® y, D], a® x]
=—~[aD®x, b® y] + 75<x, y>[D,,, D] + [(@* b)) ® (x * y), D]
~(a,b)l[R,,R,)], D] - [a® x,bD® y] =0

by (3.72) and (4.62). For we have seen in Chapter III that D is skew
with respect to (a, b)) from which it follows also that (axb)D =
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aD x b+ a» bD. We have verified case (4.83); similarly we have (4.84).
Case (4.85) is given by

[[D, E], a® x] + [[E, a® x], D] + [[a ® x, D], E]
=—-aD@®xE+aD®xE=0.
Now [[a® x, b® y], ¢ @ z] = 15<x; 2)D4up,c + (—15¢Dap ® {x, y>z
+(@xb)*c®(x*y)*z+(a,b)c®(x, 2, y)) — (ab, )[Ry, R,.] since
x#y, z) ={xy, z) — Kx, y)<e, z) = (xy,z) when T(z)=0, and
similarly (a * b, ¢) = (ab, ¢) for ¢ in W,. Use ) to denote the sum of

three terms obtained by cyclic permutation of a, b, ¢ in Wy and x, y, z
in Jo. The case (4.86) will be verified when we show

Y. <%y, 2)Dgup. =0,
Y. (ab, O[R,,, R] =0,
and
(487) =52 Db ®<x, ydz+)(@*b)*»cQ@(xxy)*z
+) (@, b)ec®(x,z,y)=0

for all a, b, ¢ in y; x,y,z in J,. Since {x, y) is a trace form on 5,
we have (xy, z> = (yz, x> = {zx, y>, so that

Z <xy’ Z>Dacb,c = <xy’ Z> Z Dab,c =0

by (3.73), since D,.=0. Similarly (ab, ¢) = (bc, a) = (ca, b) for all
a, b, ¢ in Y, implying that

Z (ab’ C)[ny, Rz] = (ab’ C) Z [ny’ R;]=0
by (4.4). Finally,
(x, 2, ) =3(xz, y) — (x, zpd)e + Kx, zpy + (x v 2) » y

— Kz, pdx—x*(z*y),
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so that
2.(a,b)c®(x,2,)=4Y (@, )@z, x)y + Y (@, b)c®(z*x) » y
—1X@b)e@.z2x —Y (@, b)e@(y*z)*x
=2 {(b, c)a — (c, a)b} ® {¥<x, y>z + (x * y) * 2},
implying that (4.87) is equivalent to
(4.88) ). {—%cD,p + (b, 0)a — (c, a)b} ® ¥Kx, y)z
+Y {(b,c)a—(c,a)b+(axb)*c}@(x*y)xz=0

for all @, b, ¢ in Ay; x, ¥, zin T, . Equation (3.74) implies the generaliza-
tion
[[a, b, c] + [[b, c], a] + {[c, al, b] = 6(a, b, c)

of the Jacobi identity to alternative algebras. We use this as follows for
a, b, ¢c in Uy: bxa= —axb implies [a, b]=2axb, [[a, b], c]=
4(a * b) * ¢, so that

3a,b,e)=(@*b)xc+(b*xc)rxa—bx(axc)
=(@xb)*c+(b,¢c,a)+ (b, c)a
— (¢, a)b + ((bc, a) — (b, ca))u,

implying
(4.89) (b,c)a—(c,a)b+(axb)xc=4%@a,bc) forall a,bcinA,.
Then

eD,, = [c,[a, b]] — 3(a, ¢, b) = —4(a » b) * c + 3(a, b, 0),
implying that
—4eD,, + (b,c)a — (c,a)b =(a* b) * ¢ — }a, b, ¢) + (b, c)a — (¢, a)b

= —4(a, b, ¢)

by (4.89). Hence (4.88) is equivalent to

—3Y@a,b, 0@ Kx, y>z+1) (4, b, )@ (x*xy) xz=0,
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or, since (a, b, ¢) = (b, ¢, a) = (c, a, b), to
(4.90) (@, b, ) ®Y {2(x * y) » z — }(x, ypz} =0
for all a, b, ¢ in Uy,; x, y, z in J,. But (4.41) yields

x3 —4T(x)x — 4T(x*)e=0  forall xin J,.

Linearization gives
2
2200z~ X lxpdz =3 X (xy 2)e =0,

Now (xy)z = +{xy, zde + ${x, y>z + (x * y) * z, so this becomes
Y2(xxprz— K x 2} =0 (x,3,zin Jp)

We have proved (4.90), verifying case (4.86), and completing the proof
that L is a Lie algebra.
We know that

D(Ku) = D(J) =0, D) = [Q, Q] = s1(2), DE) =G,.
Also D(Ke) = 0. Moreover,
D(H(K3)) = 0(3) = s1(2), D(H(33)) = sl(3), D(H(Ry)) = sp(6)

(Jacobson and Jacobson [1]), and D(H(E,)) = F, by Theorem 4.9.
These known facts establish the validity of the first column and first
row of table (4.80), and give us the numbers in the first column and
first row of the corresponding table of dimensions for the algebras
in (4.80):

. 1 6 9 15 27
1 0 3 8 21 52
(4.91) 2 0 8 16 35 78
4 3 21 35 66 133
8 14 52 78 133 248

But thenthe other dimensions in (4.91) follow directly from the formula
dim £ = dim D(A) + (-1 + dim W)(—1 + dim J) + dimD(J)

where in each row (resp. column) the number in the first column (resp.
row) is dim D(A) (resp. dim D(J)).
We note that the representation of E, over K which is given in
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Theorem 4.12 corresponds to Eg in the last column of (4.80). For
3=Ku+ Kv, with v,;2=u implies D(3)=0, 3o,=Kv,. Then
2 = Kv, ® 3o + D(J) is isomorphic to Eg = Ry(J) + D(J) under the
linear transformation
n®x+EesR +E (xin3J,, Ein D(J)).
For
[, ®x, E]=v, ® xE & R, ; =[R,, E],
while
[vl ® X, vl ® y] = '—n(vl)[Rx, Ry] = [Rxl Ry] A [R:u Ry]

by (4.79).

In announcing this theorem Tits states that every “real form™ of an
exceptional simple Lie algebra G,, F,, E¢, E,, or E3 may be obtained
by this construction (Tits [4]). The geometric significance of the * magic
square”’ consisting of the last four columns of the table is summarized
in Freudenthal [4].



A/
POWER-ASSOCIATIVE ALGEBRAS

1. THE PEIRCE DECOMPOSITION

We recall that an algebra U over F is called power-associative in case
the subalgebra F[x] generated by any element x of U is associative.
We have seen that this is equivalent to defining, for any x in ¥,

i

xt=x, Xtl=xx! for i=123,..,

and requiring
(CR)) xixi = x*4 for i,j=1,23, ...

All algebras mentioned in the Introduction are power-associative
(Lie algebras trivially, since x> = 0 implies x' =0 for i = 2, 3, ...). We
shall encounter in this chapter new examples of power-associative
algebras.

The most important tool in the study of noncommutative power-
associative algebras 2 is the passage to the commutative algebra A*.
Let F have characteristic #2 throughout Chapter V; we shall also
require that F contains at least four distinct elements. The algebra 2*
is the same vector space as %W over F, but multiplication in A* is defined by

x'y=¥xy+yx) for x,yind,

where xy is the (nonassociative) product in U. If ¥ is power-associative,
then (as in the Introduction) powers in €A and A™* coincide, and it
follows that A" is a commutative power-associative algebra.

128
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Let U be power-associative. Then (5.1) implies

(5.2) x’x=xx* forall xin®
and
.3) x2x? = x(xx*)  forall xin .

In terms of associators, we have

54 (x, x,x)=0 forall xin U
and
(5.5 (x,x,x)=0  forall xin%.

Also (5.2) may be written in terms of a commutator as
(5.6) [x*,x]=0 forall xin%.

Using the linearization process employed in Chapter IV, we obtain
from (5.6), by way of the intermediate identity

(5.7 2[x -y, x]+ [x%,y]=0 foral x,yin¥,
the multilinear identity
58 [x-y,zl+ly-z,x]+[z-x,y]=0 forall x,y,zin 9.

Similarly, if we assume that there are four distinct elements in F, (5.5)
is equivalent to

(5.9 206, xx P+ xyxN+0xx)=0 forall x,yin¥,
to
206, 9, X 2)+ 2%, 2, x -V + 2y, x, x - 2) + 2x, x, ¥ - 2)
(5.10) +2z, x5, x - Y+, z,x)+ (2, ¥, x) =0
for all x, y, z in U, and finally to the multilinear identity
xyzowy+(@E@y,w-x)+wy x-2)

+, x, 2w+ x,w- )+ W, x,y°2)

+zwx )+ xwy 2)+Gwzx)
(5.11) +w, z,x N+ x,zy w+ @ z,w-x)=0
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for all x, y, z, w in ¥, where in each row of the formula (5.11) we have
left one of the four elements x, y, z, w fixed in the middle position of the
associator and permuted the remaining three cyclically.

We omit the proof of the fact that, if F has characteristic 0, then
identities (5.2) and (5.3) are sufficient to ensure that an algebra is
power-associative; the proof involves inductions employing the multi-
linear identities (5.8) and (5.11). We omit similarly a proof of the fact
that, if F has characteristic #2, 3, 5, the single identity (5.3) in a com-
mutative algebra implies power-associativity. One consequence of this
latter fact is that in a number of proofs concerning power-associative
algebras separate consideration has to be given to the characteristic
3 or 5 case by bringing in associativity of fifth or sixth powers and an
assumption that F contains at least 6 distinct elements. We shall omit
these details, simply by assuming characteristic #3, 5 upon occasion.

An algebra U over F is called strictly power-associative in case every
scalar extension Ay is power-associative. If A is a commutative power-
associative algebra over F of characteristic 2, 3, 5, then U is strictly
power-associative. The assumption of strict power-associativity is
employed in the noncommutative case, and in the commutative case of
characteristic 3 or 5, when one wishes to use the method of extension
of the base field.

Let U be a finite-dimensional power-associative algebra over F.
Just as in the proofs of Propositions 2.2 and 2.3, one may argue that U
has a unique maximal nilideal N, and that /N has maximal nilideal 0.
For if W is a power-associative algebra which contains a nilideal B such
that /B is a nilalgebra, then U is a nilalgebra. [If x is in A, then
x* = % =0 for some s, so that x* = y in B and x = (x°)" = y" = 0 for
some r.] Since any homomorphic image of a nilalgebra is a nilalgebra,
it follows from the second isomorphism theorem that, if B and € are
nilideals, then so is B + €. For (B + €)/C = B/(B n €) is a nilalgebra,
so B + @ is. This establishes the uniqueness of N. It follows as in the
proof of Proposition 2.3 that 0 is the only nilideal of /. 9N is called
the nilradical of A, and W is called semisimple in case | = 0. Of course
any anticommutative algebra (for example, any Lie algebra) is a nil-
algebra, and hence is its own nilradical. Hence this concept of semi-
simplicity is trivial for anticommutative algebras.

For the moment let A be a commutative power-associative algebra,
and let e be an idempotent in . Putting x =e in (5.9) and using
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commutativity, we have y(2R,> —3R,2 + R,) =0 for all y in U, or
(5.12) 2R —-3R*+R,=0
for any idempotent e in a commutative power-associative algebra .

As we have seen in the case of Jordan algebras in Chapter 1V, this gives
a Peirce decomposition

(5.13) A=A+ + U
of A as a vector space direct sum of subspaces U; defined by
U, = {x;| x;e =ix;}, i=1,14,0; Ucommutative.
Now if U is any power-associative algebra, the algebra %* is a com-

mutative power-associative algebra. Hence we have the Peirce decom-
position (5.13) where

(5.14) A; = {x;| ex; + x;e = 2ix;}, i=140.

Put x=e in (5.7) and let y = x; be in A, as in (5.14) to obtain
(2i — D[x;, ] = 0; that is, x,e = ex; if i # . Hence (5.14) becomes
(5.15) W, = {x;|ex; = x;e = ix;}, i=1,0;

Wy ={xy2lexys + Xy 0e =%}

in the Peirce decomposition (5.13) of any power-associative algebra 2.
As we have just seen, the properties of commutative power-associative
algebras may be used (via A™*) to obtain properties of arbitrary power-
associative algebras.

Let U be a commutative power-associative algebra with Peirce
decomposition (5.13) relative to an idempotent e. Then U, and A, are
orthogonal subalgebras of U which are related to U, as follows:

Wy )y Wy )y U+ U,
(5.16) Wy Wy € Wypy + YU

Note that the last two inclusion relations of (5.16) are weaker than for
Jordan algebras in (4.16). The proofs are similar to those in Chapter IV,
and are given by putting x =e, y =y;€¥;, z=x, € U, in (5.10). We
omit the details except to note that the characteristic 3 case of orthog-
onality requires associativity of fifth powers.
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For xin A, win A, ,,, we have wx = (wx),,2 + (Wx)o in Uy, + Uy
by (5.16). Then w — (wx),, is a linear operator on U, ;, which we denote
by S, :

wS,=(wx);, for xin®%A, winA,,;.

If $ is the (associative) algebra of all linear operators on %,,,, then
x — 28, is a homomorphism of U, into the special Jordan algebra $*.
For x — S, is clearly linear and we verify

¢.17 Syy=8,8,+8,8, forall x,yin¥«,
as follows: put xe %, z =¢, y = we A, , in (5.10) to obtain
(5.18) e[2(wx)x + wx?] + wx? — 4(wx)x =0,

since e(xw) = 4(xw);, implies x[e(xw)] = x(xw),,, = $x(wx). By
taking the 2, , component in (5.18), we have

S,: = 28,2

after dividing by 3. Linearizing, we have (5.17). Similarly, defining the
linear operator T, on U, for any z in U, by

wT, = (wz)”z for zin¥™Y,, win Qll/z s

we have

(5.19) T,,=T,T,+T,T, forall z yin%,,
and

(5.20) S, T,=T,S, forall xin,, zin A,.

This is part of the basic machinery used in developing the structure
theory for commutative power-associative algebras. All simple com-
mutative strictly power-associative algebras of characteristic #2
which are not nilalgebras (that is, which are semisimple in the sense that
the nilradical is 0) and which have degree >2 are Jordan algebras,
whereas counterexamples of degree 2 and characteristic p > 0 are
known; all semisimple commutative power-associative algebras of
characteristic 0 are Jordan algebras (Albert [13, 17, 19]; Kokoris
[1-3]; Oehmke {3]). These results have been extended by the same
technique to flexible power-associative algebras (the conclusion being
that A* is Jordan) (Oehmke [1); Kleinfeld and Kokoris [1]).
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2. FINITE POWER-ASSOCIATIVE DIVISION RINGS

We have already developed as much of the technique mentioned
above as will be required in the proof of the following generalization
of Wedderburn’s theorem that every finite associative division ring is a
field (Artin [2], p. 37; Albert [24], p. 62).In Chapter IV it was mentioned
that there are no exceptional Jordan division algebras over finite
fields, so that any exceptional central simple Jordan algebra over
a finite field is actually reduced (Albert [20]). We assume this result
(as well as Wedderburn’s theorem) in the proof of:

Theorem 5.1 (Albert). Let D be a finite power-associative division
ring of characteristic #2, 3, 5. Then D is a field.

For the proof we require two lemmas. Characteristics 3 and 5 could
be included if we assumed strict power-associativity.

Lemma 5.2. If e and €' are orthogonal idempotents in a commutative
power-associative algebra W, then

(5.21) (e,a,e')=0 forall ain .

Proof. Let
QI= Q'Il + 911/2 + Q[o

be the Peirce decomposition (5.13) of U relative to the idempotent e.
Relative to the idempotent ¢’ we have also a Peirce decomposition,
where we shall write ¥, for U, . (i =1, 4, 0). Then

(5.22) W=A,"+ Ay + A’
Note that e is in UA,’, while ¢’ is in A,. We begin by showing that
(5.23) e, Uy
Let w be in U, ,,. Since ¢’ is in Ay, we have
e'w=(e'w), +(e'w)y, = (ew); + wT,.,

where
(5.24) T, =2T2
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by (5.19). Ifw = w," + w};, + wy’ with w;" in U/, then w,’ = 2¢’(e’'w) —
e'wis in U, by (5.24). Hence w,” =¢'w," € A, A, = 0, and we have

(5.25) w=w,+wy  (w in 9.

Then hw =ew =ew);, +ewy’, where ew,eUyA;, <A’ + Ajjs
and ew,” € W, AUy’ <Ay’ It follows that

(5.26) %W'l/z = ewlx/z s

so that wy, isin ;. Thus e'w = 1w, isin A, ,,, and we have (5.23).
Ifa=a, +a,,; + ao (a;€ W,) is any element of A, then

(e9 a, el) = (e’ a, e,) + (e’ Ay, el) + (es o e)

= (eal/z)e' —e(a;e) = %‘11/2 e — %al/z e'=0

by (5.23).

Lemma 5.3. Any finite-dimensional power-associative division algebra
D has an identity element 1.

Proof. The division algebra D is without nilpotent elements 0.
Hence D contains an idempotent ¢ by Proposition 3.3. Let

(5.27) D = bl + D1/2+b0

be the Peirce decomposition of D relative to e which is given by (5.13)
and (5.15). Since ¢Dy= 0 in the division algebra D, we have D, = 0.
For any y in D,,,, we have y> = y - y in D, + D, = D, by (5.16). Also
2e -y = ey + ye = y implies
0=2y,y,e )+ ey)+(eyy)

= (ve)y” — Hey’) + (ey)y* — ey

=y} =P — ey = —ep?
by (5.9). Then y =0, since D is a division algebra. Thus D,,, =0,
D = D, e is the identity element in D.

Proof of Theorem 5.1. We are assuming that D is a finite power-
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associative division ring. We have seen in Chapter II that this means that
D is a (finite-dimensional) division algebra over a (finite) field. Hence
Lemma 5.3 implies that D has a unity element 1, so that D is an algebra
over its center. Thus we may as well take D to be an algebra over its
center F, a finite field. Hence F is perfect (Zariski and Samuel [1], p. 65).

Now D* is a Jordan algebra over F. For let x, y be any elements of
D*. If x is in F1, the Jordan identity

(x ) x*=x-(y-x¥) forall x,yinD*

holds trivially. Otherwise the (commutative associative) subalgebra
F[x] of D™ is a finite (necessarily separable) extension of F, so there is an
extension K of F such that Fix];,= K@ K@ - DK, x is a linear
combination x=¢,e, + &6, + - + &, e, of pairwise orthogonal
idempotents ¢; in F[x]x € (D*), with coefficients in K. In order to
establish the Jordan identity in D*, it is sufficient to establish

(5.28) (e; y)-(ej-e)=e; [y (e;- el Ljk=1,..,n

For j # k, this is obvious; for j = k, (5.28) reduces to Lemma 5.2.
Now the radical of D* (consisting of nilpotent elements) is 0. Al-
though our proof of Corollary 4.6 is valid only for characteristic 0, we
remarked in Chapter IV that the conclusion is valid for characteristic
#2. Hence D is a direct sum S, @ --- @ &, of r simple ideals S, each
with unity element e;. The existence of an idempotent e # 1 in D* is
sufficient to give zero divisors in D, a contradiction, since the product
e(1 —e)=0in D. Hence r = 1 and D™ is a simple Jordan algebra over
F. Let C be the center of D*. Then C is a finite separable extension of
F, C = F[z], z in C (Zariski and Samuel [1], p. 84; Artin [1], p. 66).
IfD* = C = F[z), then® = F[z]isafield, and the theorem is established.
Hence we may assume that D* # C, so D" is a central simple Jordan
algebra of degree ¢ > 2 over the finite field C and is of one of the types
A-E listed in Chapter IV. We are assuming that any algebra of type
E is known to be a reduced algebra. Then D contains an idempotent
e, # 1, a contradiction. The other types are eliminated as follows.
Wedderburn’s theorem implies that, over any finite field, there are no
associative central division algebras of dimension >1. Hence, by
Wedderburn’s theorem on simple associative algebras, every associative
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central simple algebra over a finite field is a total matrix algebra. Thus
we have the following possibilities:

A;. D" =C*, t>2 Then C,* contains an idempotente,, # 1, a
contradiction.

Ay. DY isthe set H(3,) of self-adjoint elements in 3,, 3 a quadratic
extension of C, where the involution may be taken to be a—» g~ 'd'g
with g a diagonal matrix. Hence $(3,) contains e, $# 1, a contradiction.

B. D* = $(C), the involution being a » g~'a’g with g diagonal;
hence H(C,) contains e, # 1, a contradiction.
C. D* = §(C,,), the involution being

=17 0 ll .
a=glag,  g=(_; )

$(C;,) contains the idempotent e, + e, .+, # 1, a contradiction.

D. D*=F1+MdimM > 2.Ifdim M = 2, wehave D* = $(C,)
of type B above. Otherwise dim M > 3, and there are isotropic vectors
x#0 in M satisfying x*> = (x, x)] =0, a contradiction (Artin [2],
p. 144).

See McCrimmon [5] for a proof of Theorem 5.1 which depends on
the methods of Shirshov and Cohn mentioned on page 93, rather than
on the classification of finite-dimensional central simple Jordan algebras.

3. NONCOMMUTATIVE JORDAN ALGEBRAS

When trace forms exist on finite-dimensional power-associative
algebras, the results of imposing natural conditions on idempotent
and nilpotent elements are indeed striking.

Theorem 5.4 (Albert). Let U be a finite-dimensional power-associative
algebra over F satisfying the following conditions:
(i) there is an (associative) trace form (x, y) defined on
(i) (e, e) # O for any idempotent e in U ;
(iii) (x, y)=0if x - y is nilpotent, x, y in N,
Then the nilradical R of W coincides with the nilradical of N7, and is the
radical W* of the trace form (x, y). The semisimple power-associative
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algebra S = UIN satisfies (i)-(iii) with (x, y) nondegenerate. For any
such & we have

(a) €S=C, @ @S, for simple S, ;

(b) € is flexible.
If F has characteristic #5, then

() &% is a semisimple Jordan algebra;

(d) S,* is a simple (Jordan) algebra, i =1, ..., t.

Proof. By (i) we know from Chapter 1I that UA* is an ideal of A.
If there were an idempotent e in A*, then (ii) would imply (e, €) # 0, a
contradiction. Hence A" is a nilideal: A+ = N. Conversely, x in N
implies x - yisin N for all y in 2, so that (x, y) = 0for all y in N by (iii),
or x is in A*. Hence M < A+, N = A*. Any ideal of U is clearly an
ideal of A*; hence any nilideal of A is a nilideal of A*, and N is con-
tained in the nilradical M, of A*. But x in N, implies x - y is in N, for
all y in A*, or (x, y) = 0 by (iii) and we have N, < A* = R.

Now (x, y) induces a nondegenerate symmetric bilinear form (x, )
on A/AL = A/N where % = x + N, etc.; that is, (%, y) = (x, ). Then

(%p, 7)= (x_ys Z-) = (xy, 2) = (x, J’Z) = (%, y2),

so (¥, ) is a trace form. To show (ii) we take any idempotent & in /N
and use the power-associativity of U to “lift” the idempotent to A:
Fle] is a subalgebra of A which is not a nilalgebra, so there is an
idempotent u in Fle] < Fe + N, and i = é. Then (¢, &) = (4, @) = (u, u)
#0. Suppose X - j = x -y is nilpotent. Then some power of x - y is in
N, x - y is nilpotent, and (%, ) = (x, y) = 0, establishing (iii).

Now let & satisfy (i)-(iii) with (x, y) nondegenerate. Then the nil-
radical of & is 0, and the hypotheses of Theorem 2.6 apply. For if
B2 =0 for an ideal B of S, then B is a nilideal, B =0. We have
S=6,® - PGE, for simple S,; also we know that the &, are not
nilalgebras (for then they would be nilideals of &), but this will follow
from (d).

Now (5.7) implies that

0=Q[x-y x]+ [x% 3], 2)
= ((xy)x, 2) + (yx)x, 2) — (x(xy), 2)
—(X()’x)a Z) + (xz}’, Z) - (,WCZ: Z)
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for all x, y, z in €. The properties of a trace form imply that
(5.29) (xy + yx, xz — zx) = (x2, zy — y2).
Interchange z and y in (5.29) to obtain

(xz + zx, xy — yx) = (x%, yz — zy) = (xy + yx, zx — x2).

Add (xy + yx, xz + zx) to both sides of this to obtain (xy, xz + zx) =
(xy + yx, zx). Then (xy, xz) = (yx, zx) so that

(5.30) (xy)x, 2) = (x(¥x), 2) forall x,y,zin&.

Since (x, y) is nondegenerate on €, (xy)x = x(yx); that is, & is flexible.
To prove (c) we note first that (x, y) is a trace form on S*:

(5.31) x-y32)=(x,y 2 forall x,y,zin@&.
Also it follows from (5.31), just as in formula (2.12), that
(5.32) (S 828y, 2) = (y, 285, 5, 8))

where S, are right multiplications of the commutative algebra S*.
In the commutative power-associative algebra &* formula (5.9)
becomes

(533) AP (xy)-2x-[x-(xP]-x--x)-—y-x*=0.

Applying the same procedure as above, for all z in &% we have
40 (x-y), ) =2x [x (xY, D)—x- (- x), 2) = (- x% 2)=0
by (5.33), or

(539) (2,0 +20x [x (x P 2)=4x p,x* 2) = (y-x* x 2).
By (5.32) the left-hand side of (5.34) is unaltered by interchange of y
and z. Hence

4oy, x )= xtx 2)=4x-2,x7 ) —(z* x* x )

so that, after dividing by 5, we have (x -y, x2-z)=(y-x% x - 2).
Hence (x-y) - x%,2)=(x-(y-x?),z) for all zin S, or (x-y) - x* =
x-(y-x?), " is a Jordan algebra. We know from Chapter IV that,
since the nilradical of 8* is 0, ™ isa direct sum of simple ideals, but it is
conceivable that these are not the ;" given by (a). To see that the sim-



3. Noncommutative Jordan Algebras 139

ple components of G are the ;" given by (a), we need to establish (d).

Let T be an ideal of €, ; we need to show that ¥ is an ideal of €;. It
follows from (a) that ¥ is an ideal of &%, and is therefore by (c) a direct
sum of simple ideals of &* each of which has a unity element. The sum
of these pairwise orthogonal idempotents in S is the unity element e
of T. Now e is an idempotent in &* (and &), and the Peirce decompo-
sition (5.15) characterizes T as

T=6,,={tinSlet=te=1}.

Now &, . ={sinCles+se=s}=¢-6,,,cT=G,, since T is
an ideal of €*. Hence €,,,,=0,8=8,,® &, since S, , and S,
are orthogonal subalgebras. Hence T = &, , is an ideal of &. Then
I = &, is an ideal of &,. Hence the only ideals of &;* are 0 and &;*.
Since &;* cannot be a zero algebra, S,* is simple.

We list without proof the central simple flexible algebras A over F
which are such that A" is a (central) simple Jordan algebra. These are
the algebras which (over their centers) can appear as the simple com-
ponents &, in (a) above:

1. QA is a central simple (commutative) Jordan algebra.

2. W is a quasiassociative central simple algebra. That is, there is a
scalar extension g, K a quadratic extension of F, such that Uy is
isomorphic to an algebra B(1) defined as follows: B is a central simple
associative algebra over K, 4 # 4 is a fixed element of K, and B(4) is the
same vector space over K as 8 but multiplication in B(4) is defined by

xxy=Axy+ (1 = yx forall x,yin®B

where xy is the (associative) product in B.

3. U is a flexible quadratic algebra over F with nondegenerate norm
form.

Note that, except for Lie algebras, all of the central simple algebras
which we have mentioned in this book are listed here. Associative
algebras are the case =1 (also A =0) in 2; Cayley algebras are
included in 3.

We should remark that, if an algebra U contains 1, any trace form
(x, y) on A may be expressed in terms of a linear form T(x). That is,
we write

(5.35) T(x) = (1, x) forall xin¥,
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and have
(x,y) =T(xy) forall x,yin¥U

since (x1,y) = (1, xy). The symmetry and the associativity of the
trace form (x, y) are equivalent to the vanishing of T(x) on commutators
and associators:

T(xy) = T(yx), T((xy)z) = T(x(yz)) forall x,y, zin.

If A is power-associative, hypotheses (ii) and (iii) of Theorem 5.4
become

T(e)*#0  for any idempotent e in ¥,
and
(5.36) T(z)=0  for any nilpotent z in A,

the latter being evident as follows: (5.36) implies that, if x - y is nil-
potent, then

0=T(x-y)=(1,x"y) =1, xy) + }1, yx)
=3x, ) + 3y, x) = (x,))
and, conversely, if z =1z is nilpotent, then (iii) implies T(z) = (1, z)

=0,

A natural generalization to noncommutative algebras of the class of
(commutative) Jordan algebras is the class of algebras J satisfying the
Jordan identity

(5.37) (ep)x? = x(yx*)  forall x,yinS.

As in Chapter IV, we can linearize (5.37) to obtain

(5.38) w2+ wy,zx)+Ey,x w=0

for all w, x, y, z in J. If J contains 1, then w = 1 in (5.38) implies
(5.39) 3,2+ (z,y,x)=0 forall x,y,2zinJ;

that is, J is flexible:

(5.40) (xy)x = x(yx) forall x,yingJ.
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If a unity element 1 is adjoined to J as in Chapter II, then a necessary
and sufficient condition that the Jordan identity be satisfied in the
algebra with 1 adjoined is that both the Jordan identity and the flexible
law be satisfied in . Hence we define a noncommutative Jordan algebra to
be an algebra satisfying both (5.37) and (5.40).

It is easy to see that a flexible algebra J is a noncommutative Jordan
algebra if and only if any one of the following four statements is
satisfied :

(*y)x = x*(yx) forall x,yin3;
x3(xy) = x(x%y) forall x,yinJ;
(yx)x® = (yx*)x  forall x,yinJ;
3* is a (commutative) Jordan algebra.

We leave these verifications as an exercise for the reader. We see from
the last of these statements that any semisimple algebra (of character-
istic #5) satisfying the hypotheses of Theorem 5.4 is a noncommutative
Jordan algebra.

Since (5.38) and (5.39) are multilinear, any scalar extension Jx of a
noncommutative Jordan algebra is a noncommutative Jordan algebra.
It may be verified directly that any noncommutative Jordan algebra is
power-associative (hence strictly power-associative).

Let I be any noncommutative Jordan algebra. Then J* is a (com-
mutative) Jordan algebra, and we have seen in Chapter IV that a trace
form on J* may be given in terms of right multiplications of J*. Our
application of this to the situation here works more smoothly if there is
a unity element 1 in 3, so (if necessary) we adjoin one to J to obtain a
noncommutative Jordan algebra J, with 1 and having J as a subalgebra
(actually an ideal). Then by the proof of Theorem 4.5 we know that

(5.41) (x, y)=trace R}., =} trace(R,.,+ L,.,) forall x,yin3,
y y y.

is a trace form on §,* where R* indicates the right multiplication in
3, *; hence (5.31) holds for all x, y, zin J, where (x, y) is the symmetric
bilinear form (5.41). In terms of T(x) defined by (5.35), we see that
(5.31) is equivalent to

T(x-y)-2)=T(x-(y 2) forall x,y,zin3;.
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Now (5.39) implies
L,—L,L,+R,R,—R,,=0 forall x,yinJ,.
Interchanging x and y, and subtracting, we have
Ry + Ly = [R:, R+ Ly, L]  forall x,yin3;.
Hence
T([x, y]) = (1, [x, y]) = } trace(Ryy ;3 + Liy,,) = 0.
Then xy = x * y + 3[x, y] implies
T(xy) = T(x - y) =1T(xy) + $T(yx),
or
T(xy)=T(yx)=(x,y) forall x,yin3,
since T(x - y) = (1, x - y) = (x, y) by (5.31). Now (x, y) is a trace form
on J,. For
0=4T[(x y) z—x(y" 2)]

= T[(xy)z + (yx)z + 2(xy) + z(yx) — x(yz) — x(zy) — (yz)x — (2y)x]

= 2T(xy)z — x(y2) — (zy)x + z(yx)]

= 4T((xy)z — x(y2)]

by (5.39), so T((xy)z) = T(x(yz)), or (xy, z) =(x, yz), as desired. Then
(5.41) induces a trace form on the subalgebra J of J;.

Corollary 5.5. Modulo its nilradical, any finite-dimensional non-
commutative Jordan algebra of characteristic O is (uniquely) expressible
as a direct sum S, ® -+ ® S, of simple ideals ;. Over their centers
these &, are central simple algebras of the following types: (commutative)
Jordan, quasiassociative, or flexible quadratic.

Proof. In order to apply Theorem 5.4 there remains only the verifica-
tion of hypotheses (ii) and (iii) for (x, y) in (5.41). But these are im-
mediate consequences of (4.14) and Proposition 4.4.

It was remarked in Chapter IV that, although proof was given only
for commutative Jordan algebras of characteristic 0, the results were
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valid for arbitrary characteristic (#2). The same statement cannot be
made here. The trace argument in Theorem 5.4 can be modified to give
the direct sum decomposition for semisimple algebras. But new central
algebras occur for characteristic p; central simple algebras which are not
listed in Corollary 5.5 are necessarily of degree one (Oehmke [1];
Kokoris [4, 5]).

A finite-dimensional power-associative algebra U with 1 over F is
called a nodal algebra in case every element of U is of the form al + z
where a is in F and z is nilpotent, and A is not of the form A = F1 + N
for N a nil subalgebra of A. There are no such algebras which are al-
ternative (of arbitrary characteristic), commutative Jordan (of char-
acteristic #¥2) (Jacobson [13]; McCrimmon [!]) or noncommutative
Jordan of characteristic 0. But nodal noncommutative Jordan algebras
of characteristic » > 0 do exist. Any nodal algebra has a homomorphic
image which is a simple nodal algebra.

Let J be a nodal noncommutative Jordan algebra over F. Since the
commutative Jordan algebra 37 is not a nodal algebra, I* = F1 + N+
where Nt* is a nil subalgebra of J*; that is, J = F1 + N, where N is a
subspace of J consisting of all nilpotent elements of I, and x - y is in
N for all x, y in N. For any elements x, y in N we have

(5.42) xy=Al+ 2z, AinF, zinR.
There must exist x, y in % with 4 # 0 in (5.42). Now (5.42) implies
yx=—-A+@2x-y—-2)

and
(xp)x = Ax + zx = x(yx) = —Ax + 2x(x - y) — xz,
or
x(x-y)=Ax+x-2z
Now
0=(x,x,5)+ (» x, x)
=x2y = x(Al +2) + (=41 + 2x -+ y — 2)x — yx>
=2y —2x—2x-z+4x-p) x—2x(x-y)—2x>y
implies

(5.43) Xy =2x+2x-z=2x"y) x+x2-y.
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Defining
x,y=Ml+2z, AinF, z;in®R,
linearization of (5.43) gives
(ep Xy =2y X3+ Apxy + X" 23+ X302y — (X7 p) " X,
(5.44) —(x3°¥) X1+ (%10 x3) * y.
Theorem 5.6 (Kokoris). Let J be a simple nodal noncommutative
Jordan algebra over F. Then F has characteristic p, 3" is the p"-dimen-

sional (commutative) associative algebra J* = F[1, x,, ..., x,}, X, =0,
n 2 2, and multiplication in J is given by

n 0
45y fg=fgry L. 28

c_-c . c =—c..
Li=1 6x, 5x_, i 4 A

where at least one of the c;; (= —c;;) has an inverse.

Proof. Since J = F1 + R, every element a in J is of the form
(5.46) a=ual + x, ain F, xin9N.
Thus every associator relative to the multiplication in J* is an associator
[x1s X2, x3] = (% X3) - X3 — xy * (X2 * X3), x;in N
We shall first show that J* is associative by showing that the subspace
P spanned by all of these associators is 0. For any y in R, (5.44) implies
that (x; * x,)y is in N, so
[(xy © x2) - x3ly = A3 %y » X5 + (%1 " X3) * 23
+x3 A x4+ %+ %, 2, + %50 24
— () x =00 Y) X+ (%0 x2) 1 Y]
=[xy x2) -yl - x5
= (x5 ) Oy r x) + [(xg - x3) - X3] -y
by (5.44). Interchange subscripts 1 and 3, and subtract, to obtain

[xy, X2, X531y = [x15 X3, 23] + [%4, 22, X3]
+ [z, X2, %3] = [x1 -y, X2, X3] — [x15 X3 - ¥, x3]

+ x5 0 ¥, Xz, ]+ [xy, x5, X351
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so that we have the first inclusion in
(5.47) PRP+P- N, NP P+ P-N.

The second part of (5.47) follows from np = —pn + 2p-n for p in B,
nin k.
Define an ascending series €, < €, € €, <--- of subspaces €, of J by

€=, € =C+¢ N

Note that all the €, are contained in N (actually in R - N - N, since P
is). We prove by induction on i that

(5.48) CENcC,yy, NE, =¢,,,.

The case i =0 of (5.48) is (5.47). We assume (5.48) and prove that
€ N, as follows: by the assumption of the induction it is
sufficient to show

@€ -MMNcE,, +C, - N
Now the flexible law (5.39) is equivalent to
549 (x-yz=@pz2) x+(x)-z—(y-2)x forall x,y,zin3J.

Put xin €,, y and zin N into (5.49) and use yz = ul + w, uin F, win N,
to see that each term of the right-hand side of (5.49)isin€;,, + ;. - N
by the assumption (5.48) of the induction. We have established
C,., N, ,. Then, as above,

NC €€y N+ Cy, NeE,y,,

and we have established (5.48). Since  is finite-dimensional, there is a
positive integer £ such that €, ., = €,. Then G, is an ideal of J. For
€. 3 =C(F1 + N) < ¢, by (5.48), and similarly JC, = §,. The ideal
€, , being contained in N, is not J. Hence ¢, =0, since J is simple.
But B = §,, so P=0, I* is associative.

An ideal B of an algebra U is called a characteristic ideal (or D-ideal)
in case B is mapped into itself by every derivation of . A is called
D-simple if 0 and A are the only characteristic ideals of 2.

We show next that the commutative associative algebra J* is
D-simple. Interchange x and y in (5.39) to obtain

(5.50) 0, x,2)+(z,x,y)=0 forall x,y,zinJ;
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interchange y and z in (5.39) to obtain
(5.51) z)+0,2,x)=0 forall x,y,zin3;
adding (5.39) and (5.50), and subtracting (5.51), we obtain the identity

(5.52) [x-yzl=[xz]-y+x- [y 2] forall x,y,zin3,

which is valid in any flexible algebra. This identity is equivalent to the
statement that

D=R,—L, forany zinJ

is a derivation of 3*. If B is an ideal of J*, then x - z is in B for all
x in B, zin J. If, furthermore, B is characteristic, then [x, z] = xD is in
B, since D = R, — L, is a derivation of J*. Hence xz = x - z + 4[x, 2]
and zx = x * z — §[x, z] are in B for all x in B, z in J; that is, B is an
ideal of J. Hence J simple implies that the commutative associative
algebra I+ is D-simple.

It is a very interesting fact in the theory of commutative associative
algebras that, if A is a finite-dimensional D-simple commutative
associative algebra of the form ¥ = F1 + R where R is the radical of U,
then (except for the trivial case A = F1 which may occur at character-
istic 0, and which does not give a nodal algebra) F has character-
istic p and U is the p"-dimensional algebra A = F[1, x,, ..., x,], x> =0
(Harper [1)).

Now any derivation D of such an algebra has the form

f—»fD:Za—’a,, aiinQI,

where the a; of course depend on the derivation D. Now f— [f, g] is a
derivation of * for any g in 5, so we have

n g
(5.53) a1=Y ZLoaie  alin.

i=1 ax‘

To evaluate the ay(g), note that x; D = [x,, g] = a(g) and

% 0
[9:x1= 3, 50" afx)
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Then a/x)) = [x;, x,] implies

alg) = —[g x] = —i -+ 3]

or

n 0
- L, o5 b

by (5.53), so that fg = - g + [/, g] implies (5.45) where ¢;; = 4[x,, x;].
If every c;; were in 9N, then N would be a subalgebra of A, a contra-
diction. Hence at least one of the c;; is of the form (5.46) with a # 0,
so0 it has an inverse, and n > 2.

Not every algebra described in the conclusion of Theorem 5.6 is
simple (Kokoris [5]). However, all such algebras of dimension p? are,
and for every even n there are simple algebras of dimension p". There
are relationships between the derivation algebras of nodal noncom-
mutative Jordan algebras and (nonclassical) simple Lie algebras of
characteristic p (Schafer [17]). For a general discussion of Lie algebras
of characteristic p, see Seligman [1, 3].

Noncommutative Jordan algebras do not in general have Wedderburn
decompositions (even in case N> = 0). This may be seen from the ex-
ample of the 5-dimensional noncommutative Jordan algebra J with
basis ey, €15, €51, €25, z over F and multiplication table:

€11 €12 €21 €22 z
€11 €11 €12 z 0 0
€y2 0 0 €1y €2 0
€1 e — 2 €, 0 z 0
€22 0 0 ey — 2 (2%} z
F4 z 0 0 0 0

The radical R of J is N = Fz. Also N? =0, and J/N =~ F, with basis
&,1, €5, €, &;,. Suppose there were a subalgebra & =~ J/N. Then S
would have a usual matrix basis g, 9,2, 921> 922 » and there would be
an automorphism H of J/M such that §;; = é;; H (i, j = 1, 2). But any
automorphism of J/M is inner (Albert [24], p. 51). Thus there is an
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invertible element j = aé,; + fé;, + y&,, + 8é,, (A =0ad — fy #0) in
3/ such that §,; = yé,; 7. It follows that

911 = A7 (adey, — afey, + ydey, — Brey,) + ez,
912 = A7 (—ayey, + o?ey; — yPey + ayeys) + Kz,
921 = A7Y(Bde,, — BPe,; + 5%ey, — Bleyy) + Az,
922 = A7 (—Pye,; + afle,, — yoe,, + adey;) + pz.

Equating coefficients of z in g, 912 =912, 922912 =911921=0,
922 921 =921, 921912 =922 Yyields equations in «, f,...,u which
force A =0, a contradiction.

Noncommutative Jordan algebras are a natural generalization of both
types of algebras with which we have become most familiar: alternative
and Jordan algebras. In the Introduction we indicated that numerous
generalizations of familiar classes of algebras have been made. As the
reader who consults some of the papers cited in the Bibliography will
discover, not all of these algebras are power-associative. However, we
conclude this chapter (and our book) with brief mention of another
class of power-associative algebras.

An algebra U over F is called right alternative in case the right al-
ternative law

yxt=(x)x forall x,yin¥

is satisfied. It is easy to see that any right alternative algebra U of
characteristic #2 is power-associative. Also it follows from the first
part of (3.69) that A" is a special Jordan algebra. By a modification of
the technique used in Theorem 5.4, Albert has shown that the radical 9t
(= maximal nilideal) of any finite-dimensional right alternative algebra
A of characteristic # 2 coincides with the radical of A™, that A/N is a
direct sum of simple ideals, and that every semisimple right alternative
algebra is actually alternative (Albert [9, 18]).
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Absolutely primitive idempotent, 56, 100
Adjoin an identity element, 11, 64, 141
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Albert’s theorem on
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finite power-associative division rings,
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nilpotent Jordan algebras, 96
power-associative algebras with trace
form, 136
radical of a Jordan algebra, 97
Algebra, 1
Alternative algebra
Artin’s theorem, 29
Cayley algebra, 5, 47
central simple algebras, 44, 56
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derivation algebra, 75, 90
division algebra, 38
inner derivation, 77, 78, 87
nilpotent algebra, 30
Peirce decomposition, 32, 33, 35
properly nilpotent element, 37
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right, 148
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Wedderburn principal theorem, 59
Whitehead lemmas, 67, 89
Zorn’s theorems, 40, 43, 56
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Alternative

left, S, 27

right, 5, 27
Alternative bimodule, 65
Alternative law, 5, 27
Antiautomorphism, involutorial, 45
Anticommutative, 3
Anti-isomorphism, 9
Artin’s theorem, 29
Associative

algebra, 1

law, 1

ring, 1
Associator, 13
Associator subspace, 94, 120

B
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matric, 60
Bilinear form, 24
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Jordan, 107

Birkhoff-Witt theorem, 3

C

Canonical involution, 102
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definition, 47
derivation algebra, 75, 82
division algebra, 48, 58
inner derivation, 87
isomorphism, 70
multiplication table, 5
split, 48, 52, 55, 72
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algebra, 5
process, 45, 50
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Central simple algebra
alternative, 44, 56
definition, 16
Jordan, 101
noncommutative Jordan, 139, 142, 144
Centralizer, multiplication, 16
Characteristic ideal, 145
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Chevalley-Schafer theorem on
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Lie algebra F,, 112
Clifford algebra, 102
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131-133
Commutator, 3
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Completely reducible, 22
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quadratic form permitting, 58, 73
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P-ideal, 145
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representation of Lie algebra, 118
total matrix algebra, 60
Derivation, 3
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Derivation of ¥ into B, 89
Derived series, 17
Dieudonné’s theorem, 24
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Distributive laws, 1
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alternative, 38
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definition, 15

Jordan, 102

real, 48
Divisors of zero, 15

E

Enveloping algebra
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Lie, 19
Exceptional Jordan algebra £(€;), 102,
104, 109
Exceptional simple Lie algebras, 75, 81,
108, 111, 118, 122, 127
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First kind, involution of, 101
First Whitehead lemma for
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Free Jordan algebra, 93
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G
Generic trace, 120
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Homomorphism
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right, 9
two-sided, 9
Idempotent
absolutely primitive, 56, 100
definition, 32
lifting of, 59, 137
primitive, 39, 100
principal, 39, 99
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Identities, linearization of, 27, 91, 129
Identities, Moufang, 28
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left, 11
right, 11
Identity element, 11, 42, 99, 134
adjoin an, 11, 64, 141
Inner derivation
alternative algebra, 77, 78, 87
associative algebra, 6, 21
definition, 21
Jordan algebra, 92, 117
Lie algebra, 7, 21
Inverse, 38
Involution
canonical, 102
definition, 45
of first kind, 101
of second kind, 101
standard, 102

163

Irreducible set of linear operators, 15,
16, 119

Isomorphic, 2

Isomorphism of Cayley algebras, 70

Isomorphism theorems, 10

Isotropic, totally, 25

Isotropic vector, 72

J

Jacobi identity, 3
Jacobson’s theorem on
center of a simple algebra, 16
inner derivations, 22
isomorphic Cayley algebras, 70
Jordan algebra
Albert’s theorems, 96, 97, 104
central simple algebras, 101
Chevalley-Schafer theorems, 112, 119
definition, 4, 91
division algebra, 102
exceptional simple algebra $(€,), 102,
104, 117
identities, 91-93
inner derivation, 92, 117
nilpotent algebra, 96
Peirce decomposition, 97
radical, 96
reduced, 100
semisimple algebras, 96
special, 5, 76, 101, 132
Tits’s theorem, 122
Wedderburn principal theorem, 106
Whitehead lemmas, 108, 117
Jordan bimodule, 107
Jordan identity, 4, 91

K

Kernel of a homomorphism, 9
Killing form, 23

Kokoris’s theorem, 144
Kronecker product, 6, 12

L
Left
alternative, 5, 27
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Left (Contd.)
ideal, 9
identity, 11
multiplication, 14
nucleus, 120
radical of a bilinear form, 52
Levi’s theorem, 7, 65
Lie algebra, 3
Lie algebras of characteristic p, 147
Lie enveloping algebra, 19
Lie invariant, 83, 110
Lie multiplication algebra
alternative algebra, 77
associative algebra, 21
definition, 20
Jordan algebra, 92
Lie algebra, 21
Lifting of idempotents, 59, 137
Linearization of identities, 27, 91, 129

M

Magic square, 122, 127
Malcev-Harish-Chandra,
90, 118

Matric basis, 60
Moufang identities, 28
Multiplication

bilinear, 1

left, 14

right, 14
Multiplication algebra

associative, 14

Lie, 20
Multiplication centralizer, 16
Multiplication constants, 2
Multiplication table

definition, 2

for Cayley algebra, 5

theorem of,

N

Natural homomorphism, 9

Nilalgebra, 30

Nilideal, 30

Nilpotent algebra
alternative, 30

Index

Nilpotent algebra (Contd.)
associative, 6
definition, 18
Jordan, 96
Nilpotent element
definition, 30
properly, 37
Nilpotent ideal, 18
Nodal algebra, 143
Nonassociative algebra, 1
Noncommutative Jordan algebra
definition, 141
Kokoris’s theorem, 144
nodal algebra, 143
characteristic 0, 142
Nondegenerate quadratic form, 69, 73
Nonisotropic subspace, 70
Norm, 45, 49, 69
Not associative, 2
Nucleus, 13
Nucleus, left, 120

0]

One-cocycle, 89, 118
Orthogonal
direct sum, 10
idempotents, 33, 133
Lie algebra o(8, n), 75, 81, 88, 114
subalgebras, 33

P

Pairwise orthogonal idempotents, 33
Peirce decomposition
alternative, 32, 33, 35
associative, 7
commutative power-associative, 131
Jordan, 97
power-associative, 131
Permits composition, 58, 73
Power-associative algebra
Albert’s theorems, 133, 136
alternative, 30
commutative, 131-133
definition, 30, 128
finite division ring, 133
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Power-associative algebra (Contd.)
Jordan, 92
nilradical, 130, 136
noncommutative Jordan, 141
semisimple, 130
strictly, 130
with trace form, 136
Primitive idempotent, 39, 100
Principal idempotent, 39, 99
Principle of triality, 88
Properly nilpotent element, 37

Q
Quadratic algebra, 50 )
Quadratic form permitting composition,
58,73
Quasi-associative algebra, 139
Quaternion algebra, 47

R

Radical of
alternative algebra, 32, 40, 44
associative algebra, 6
Jordan algebra, 96
Lie algebra, 7
power-associative algebra, 130
trace form, 24
Real division algebra, 48
Reciprocal, 29
Reduced Jordan algebra, 100
Regular representation, 26, 67, 108
Representation, 26, 67, 108
regular, 26, 67, 108
Residue class algebra, 9
Right
alternative, 5, 27, 148
ideal, 9
identity, 11
multiplication, 14
radical of a bilinear form, 53
Ring, 1

S

Scalar extension, 12, 28, 91, 130, 141
Schur’s lemma, 15

Second kind, involution of, 101
Second Whitehead lemma for
alternative algebras, 65, 67
Jordan algebras, 108
Lie algebras, 65
Self-adjoint, 101
Semidirect sum, 25, 66, 107
Semisimple algebra
alternative, 32
associative, 6
Jordan, 96
Lie, 7
power-associative, 130
Separable algebra
alternative, 58
associative, 6
definition, 58
derivation of, 87, 117
Jordan, 106
Separable field, derivation of, 22
Simple algebra, 15
Simple Lie algebra, exceptional
Es, 118
Eq, 122
Eg, 122
F,, 111
G,, 81
Simple ring, 15
Skew, 80
Solvable
algebra, 17
Jordan algebra, 95
Lie algebra, 7
Special Jordan algebra, 5, 76, 101, 132
Special linear Lie algebra, 75, 122
Split Cayley algebra
characterization, 52
definition, 48
uniqueness, 52, 72
vector matrix algebra, 55
Split null extension, 25, 66, 107
Standard involution, 102
Strictly power-associative, 130
Subalgebra, 9
Symmetrized product, 4
Symplectic Lie algebra, 118
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T

Tensor product, 12

Tits’s theorem, 122

Total matrix algebra, 6

Totally isotropic, 25

Trace, 45, 49, 109, 139

Trace form, 24, 44, 97, 110, 136, 141

Triality, principle of, 88

Trilinear form, 83, 110

Type A, simple Jordan algebra of, 101

Type Ay, simple Jordan algebra of, 101

Type B, simple Jordan algebra of, 101

Type C, simple Jordan algebra of, 101

Type D, simple Jordan algebra of, 101

Type E, simple Jordan algebra of, 102,
104

Type Es, simple Lie algebra of, 119

Type F, simple Lie algebra of, 111, 117

Type G, simple Lie algebra of, 81, 87

U
Unity element, 11, 42, 99, 134
adjoin a, 11, 64, 141
Universal form, 72
v
Vector matrix algebra, 55

w

Wedderburn decomposition, 6, 90, 118
Wedderburn principal theorem
alternative algebras, 59, 67
associative algebras, 6
counterexample, 147
Jordan algebras, 106, 108
Wedderburn’s theorem on
finite associative division rings, 58,
133
simple associative algebras, 6, 56, 135
Whitehead lemma
first, 89, 117
second, 65, 67, 108
Without zero divisors, 15
Witt index, 72
Witt’s theorem, 71

Zero algebra, 2
Zero divisors, 15
Zorn’s theorem on
central simple alternative algebras,
56
radical of an alternative algebra, 40
semisimple alternative algebras, 43
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