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We denote by Diff;, the space of all semiclassical differential operators acting on
C*(R™) with smooth coefficients which are polynomial in h, that is operators which
have the following form for some N:

>N hagi(a)(hD,)" (1)

la|<N j=0
where a,; € C*(R"). It is easy to see that the class Diff is closed under compositions
and adjoints. We also have the following
Lemma 0.1. 1. Ifa € Poly}, then A := Op,(a) lies in Diff;, and for all (z,n) € R*",
(Ae%<°’">)(x) = e%@’")a(a:, n). (2)
2. If A € Diff, and (2) holds for some a € Poly}, then A = Op,,(a).

Proof. 1. It suffices to consider the case when a(x, &) = a,(x)£* for some multiindex a.
Then
(Aeﬂ"m)(x) = ao(2)(hDy)%er ™M = en@m g (2)n.

2. We write A in the form (1) and compute
N

a(z,n) = e~k (@) (Ae%<"’7>)(x) = Z Z B @i (z)n®.

la|<N j=0

For x,h fixed, both sides of this equation are polynomials in 7. Then a,;j(x) are
uniquely determined by a and we get A = Opy(a). O

1. We first note that for each n € R,
e 7" Opy (a)er ™" = Opy(a,),  a, € Poly}, ay(w,&h) = a(w, &+ n; h).

Indeed, it suffices to consider the case a(x,&) = aq(2)§*. This case follows by noting
that a,(z) commutes with e " (both being multiplication operators) and

e~ wiem (thT)e% @ = hD, +n,.
Next, we have for ¢ € C*(R")
Op, (a Zmzﬂwxom<) (3)

3=0 |/3|J
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where again it suffices to consider the case a(x,&) = a.(x)£*. Applying (3) to the
symbol a,, we finish the proof.

2. We compute for each n € R", using (2) and Exercise 1,

(Op4(a) Oy (b)et ) () = (Opy(a)(eF*b(s,m))) () = e “ (),
1
o(z, & h) Zh ¢(@,€), cilw,&h) =Y —0¢alw,&h)- Dib(x,& h).
lol=j
We have ¢;(x, & h) € Polyf ™7 since Ofa € Poly, ™ and D2b € Poly},. Then ¢ €
Poly; ™. Now part 2 of Lemma 0.1 gives Opy,(a) Op,,(b) = Op,,(c). The formulas for

the principal parts of Op,(a) Op,(b) and [Op,(a), Op,(b)] follow immediately from the
expansion for c.

3. It suffices to consider the case a(z,&) = ag(x)EP. Integrating by parts, we have for
all u,v € CP(R") (recalling that D = —i0)

/ (@) - (hD,)Pu(z) do — / u(z) - (Do) da,
that is ((th)B)* = (hD,)". Since ag(x)* = ag(z), we have
Opy,(a)" = (as(2)(hD,)")" = (hDy)ag(x) = Op4(£”) Opy(as(z))
and the latter product is computed by Exercise 2.
4. Tt suffices to consider the case a(z,§) = a,(x)*. We have
e—i@/h Oph<a)eiip/h = Qq (x)e_w/h(th)al e (thn>anei<P/h'
Since
e_iwh(thr)ew/h = hD,, + ¢;r = Opy, (& + Splx,,»)
we have
=" Opy,(a)e™" = an(x) Opy (&1 + ¢,)™ -+ Opy(&n + ¢, )"
By Exercise 2 this is equal to
Opy, (aa(x) (& + @?pl)al o (&n F (P;cn)an +h POIYZ_I )

and it remains to note that

o () (61 + P, )™ o (Gn + £, )" = alz, § 4 V().

5. It suffices to consider the case when a(z,§) = a,(x)€*. By the Fourier inversion
formula and a change of variables, we have

u(z) = (2m)" / i) dy = (2mh) / HrOa(e/h) de

n
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Differentiating under the integral sign, we obtain

(D, ue) = (2eh) ™ [ eHeSevale/m) e

It follows that

Opy(a)u() = aa(x)(hDq)*u(z) =

(2h) " / el €)a(e/h) e



