CHAPTER 8

Stratonovich’s Theory

From an abstract mathematical standpoint, I1t6’s theory of stochastic in-
tegration has as a serious flaw: it behaves dreadfully under changes of coor-
dinates (cf. Remark 3.3.6). In fact, It6’s formula itself is the most dramatic
manifestation of this problem.

The origin of the problems It6’s theory has with coordinate changes can
be traced back to its connection with independent increment processes. In-
deed, the very notion of an independent increment process is inextricably
tied to the linear structure of Euclidean space, and anything but a linear
change of coordinates will wreak havoc to that structure. Generalizations
of Itd’s theory like the one of Kunita and Watanabe do not really cure this
problem, they only make it slightly less painful.

To make Ito’s theory more amenable to coordinate changes, we will de-
velop an idea which was introduced by R.L. Stratonovich. Stratonovich was
motivated by applications to engineering, and his own treatment [34] had
some mathematically awkward aspects. In fact, it is ironic, if not surprising,
that It6 [12] was the one who figured out how to put Stratonovich’s ideas on
a firm mathematical foundation.

8.1 Semimartingales & Stratonovich Integrals

From a technical perspective, the coordinate change problem alluded to
above is a consequence of the fact that non-linear functions destroy the
martingale property. Thus, our first step will be to replace martingales with
a class of processes which is invariant under composition with non-linear
functions. Throughout, (2, F,P) will be a complete probability space which
comes equipped with a non-decreasing family {F; : ¢ > 0} of P-complete
o-algebras.

8.1.1. Semimartingales. We will say that Z : [0,00) x @ — R is a
continuous semimartingale! and will write Z € S(P;R) if Z is can written

in the form Z(t,w) = M(t,w) + B(t,w), where (M(t),F,P) is a continu-

11t is unfortunate that Doob originally adopted this term for the class of processes which
are now called submartingales. However, the confusion caused by this terminological
accident recedes along with the generation of probabilists for whom it was a problem.
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222 8 STRATONOVICH’S THEORY

ous local martingale and B is a progressively measurable function with the
property that B(-,w) is a continuous function of locally bounded variation
for P-almost every w.

Notice that when we insist that M(0) = 0 the decomposition a semi-
martingale Z into to martingale part M and its bounded variation part B
is almost surely unique. This is just an application of the first statement
in Corollary 7.1.2. In addition, Itd’s formula (cf. Theorem 7.2.9) shows that
the class of continuous semimartingales is invariant under composition with
twice continuously differentiable functions f. In fact, his formula says that if
Z(t) = (My(t)+ Bi(t),. .., Zn(t) + By(t)) is an R™-valued, continuous semi-
martingale and F € C?(R™;R), then the martingale and bounded variation
parts of F' o Z are, respectively,

Z / O, F(Z(r))dM;(r) and
F(Z(0) /aaF )) (M;, M;)(dr) +Z/8F B;(dr),

where, of course, the integrals in the first line are taken in the sense of It6 and
the ones in the second are (or Riemann) Lebesgue integrals.
In various circumstances it is useful to have defined the integral

/0 6(7) dZ(t):/O 6(7) dM(T)Jr/O 0(t) B(dr)
for Z =M + B and 0 € O .((M),P;R),

where the dM (7)-integral is taken in the sense of 1t6 and the B(dr) integral
is a taken a la Lebesgue. Also, we take

(811) <Zl, Z2>(t) = <M1,M2>(t) if Zz' = Mi + B,’ for i € {1,2}

Indeed, with this notation, Itd’s formula 7.2.9 becomes
n t
F(Z(@)) - F(2(0)) :Z/ O F(Z(t)) dZ;(t)

+ = Z/aaF )) (Zi, Z;)(dr).

1]1

The notational advantage of (8.1.2) should be obvious. On the other hand,
the disadvantage is that it mixes the martingale and bounded variation parts
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of the right hand side, and this mixing has to be disentangled before expec-
tation values are taken.

Finally, it should be noticed that the extension of the bracket given in
(8.1.1) is more than a notational device and has intrinsic meaning. Namely,
by Exercise 7.2.13 and the easily checked fact that, as N — oo,

2N

>

m=0

- (M1 ((m+1)27N) = My (mz—N)) (Mg((m +1)27N) — M, (mz—N)>

(Z1((m+1027Y) = Zi(m27™) ) (Za((m + 1)27Y) = Za(m27Y))

1

tends to 0 P-almost surely uniformly for ¢ in compacts, we know that

3 Zi(tA(m+127N) = Z (¢ Am2~N
- mZ_O(( (m+1)27N) — 2, )

x (Z2 (A (m+1)27N) = Zy (A mz—N)) (71, Zo) (1)

in P-probability uniformly for ¢ in compacts.

8.1.2. Stratonovich’s Integral. Keeping in mind that Stratonovich’s
purpose was to make stochastic integrals better adapted to changes in vari-
able, it may be best to introduce his integral by showing that it is integral
at which one arrives if one adopts a somewhat naive approach, one which re-
veals its connection to the Riemann integral. Namely, given elements X and
Y of S(P;R), we want to define the Stratonovich integral® fot Y(7)odX(7)
of Y with respect to X as the limit of the Riemann integrals

t

lim [ YN(r)dXx™N(r),
N—o0 0

where, for a : [0,00) — R, we use o’V to denote the polygonal approxi-
mation of a obtained by linear interpolation on each interval [m2=, (m +
1)2=N]. That is,

V() = a(m2™ V) + 2V (t —m2~V)AN o
where ANa = a((m+1)27Y) —a(m2™V)

forall m, N € Nand ¢t € [m2™", (m +1)27].

2 This notation is only one of many which are used to indicate it is Stratonovich’s, as
opposed to Itd’s , sense in which an integral is being taken. Others include the use of
6X (7) in place of odX (7). The lack of agreement about the choice of notation reflects the
inadequateness of all the variants.
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Of course, before we can adopt this definition, we are obliged to check
that the this limit exists. For this purpose, write

/ ¥ (r) dX ¥ (r) = / Y (7)) dX (r) + / (YN (r) — Y([r]n) dX N (7),
0 0 0

where the dX-integral on the right can be interpreted either as an Ito or a
Riemann integral. By using Corollary 7.2.3, one can easily check that

— 0 in P-probability.

/Ot Y ([rln) dX (7) — /Ot Y (r) dX ()

[0,7]
At the same time, by (8.1.3),
[ 0@ = i) ax¥ o
vy @i [ e L

m<2Nt¢

in P-probability uniformly for ¢ in compacts. Hence, for computational pur-
poses, it is best to present the Stratonovich integral as

(8.1.4) /0 Y(r)odX(r) = /0 Y(r)dX (1) + %(X, Y)H(¢),

where integral on the right is taken in the sense of Ito .

So far as I know, the formula in (8.1.4) was first given by It6 in [12]. In par-
ticular, It6 seems to have been the one who realized that the problems posed
by Stratonovich’s theory could be overcome by insisting that the integrands
be semimartingales, in which case, as (8.1.4) makes obvious, the Stratonovich
integral of Y with respect to X is again a continuous semimartingale. In fact,
if X = M + B is the decomposition of X into its martingale and bounded
variation parts, then

/Y(T)dM(T) and /Y(T)dB(T)+%<Y7M>(t)
0 0

are the martingale and bounded variation parts of I(t) = fot Y (7)o dX (1),
and so (Z,I)(dt) =Y (t){Z, X)(dt) for all Z € S(P;R).

To appreciate how clever It6’s observation is, notice that Stratonovich’s
integral is not really an integral at all. Indeed, in order to deserve being
called an integral, an operation should result in a quantity which can be

estimated in terms of zeroth order properties of the integrand. On the other
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hand, as (8.1.4) shows, no such estimate is possible. To see this, take Y (t) =
f(Z(t)), where Z € S(P;R) and f € C*(R;R). Then, because (X,Y)(dt) =

F(Z1))(X, Z)(dt),

t t 1t
/OY(T)odX(T):/O f(Z(7)) dX(T)+§/0 f'(Z(1) (X, Z)(dr),

which demonstrates that there is, in general, no estimate of the Stratonovich
integral in terms of the zeroth order properties of the integrand.

Another important application of (8.1.4) is to the behavior of Stratonovich
integrals under iteration. That is, suppose that X, Y € S(P;R), and set
I(t) = fot Y(7) 0o dX (7). Then (Z I)(dt) = Y(t)(Z,X)(dt) for all Z €
S(P;R), and so

t t 1 t
/O 2(r) o dI(r) = /O 2(r)dI(r) + 5 /O Y (7) (2, X)(dr)
t 1 t
- [ 2@y axe)+ 5 [ (20w x)0n) + V()2 x)0)
— [ 2y (ax() + 52V X060 = [ 2v () eax(r),
0 0

since, by Ito’s formula,

ZY(t)—ZY(O):/O Z(T)dY(T)+/() Y (r) dZ(r) + 3 (2,Y) (1),

and therefore (ZY, X)(dt) = Z(t)(Y,X)(dt) + Y (¢)(Z,X)(dt). In other
words, we have now proved that

(8.1.5) /OtZ(T)od </OTY(U)OX(U)> - /OtZ(T)Y(T) o dX (7).

8.1.3. Ito’s Formula & Stratonovich Integration. Because the origin
of Stratonovich’s integral is in Riemann’s theory, it should come as no sur-
prise that It6’s formula looks deceptively like the fundamental theorem of cal-
culus when Stratonovich’s integral is used. Namely, let Z = (Z1,...,7,) €
S(P;R)" and f € C3(R™;R) be given, and set Y; = 9;f o Z for 1 <i < n.
Then Y; € S(P;R) and, by Itd’s formula applied to 9; f, the local martingale
part of Y; is given by the sum over 1 < j < n of the It6 stochastic integrals
of 0;0; f o Z with respect the local martingale part of Z;. Hence,

(i, Z;)(dt) = Z 0,0, f o Z(1)(Zs, Z;)(d).
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But, by It6’s formula applied to f, this means that

47 (2(0)) = 32 (Vilr) dZi(r) + 50V Z)(d)),

i=1

and so we have now shown that, in terms of Stratonovich integrals, It6’s for-
mula does look like the “the fundamental theorem of calculus”

816 1(Z0) - (Z0) =Y /0 Of(2()) o dZi(7).

As I warned above, (8.1.6) is deceptive. For one thing, as its derivation
makes clear, it, in spite of its attractive form, is really just It&’s formula
(8.1.2) in disguise. In fact, if, as we will, one adopts Itd’s approach to
Stratonovich’s integral, then it is not even that. Indeed, one cannot write
(8.1.6) unless one knows that 0; f o Z is a semi-martingale. Thus, in general,
(8.1.6) requires us to assume that f is three times continuously differentiable,
not just twice, as in the case with (8.1.2). Ironically, we have arrived at a
first order fundamental theorem of calculus which applies only to functions
with three derivatives. In view of these remarks, it is significant that, at least
in the case of Brownian motion, It6 found a way (cf. [13] or Exercise 8.1.8
below) to make (8.1.6) closer to a true Fundamental Theorem of Calculus,
at least in the sense that it applies to all f € C*(R™;R).

REMARK 8.1.7. Putting (8.1.6) together with our earlier footnote about the
notation for Stratonovich integrals, one might be inclined to think the right
notation should be fot Y ()X () dr. For one thing, this notation recognizes
that the Stratonovich integral is closely related to the notion of generalized
derivatives a la Schwartz’s distribution theory. Secondly, (8.1.6) can be
summarized in differential form by the expression

A (2(1) = 3_0:1(2(1)) 0 dZi(0),
which would take the appealing form
S1(20) =3 05 (20) 2(0)

Of course, the preceding discussion should also make one cautious about
being too credulous about all this.
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8.1.4. Exercises.
EXERCISE 8.1.8. In this exercise we will describe It6’s approach to extend-
ing the validity of (8.1.6).

(i) The first step is to give another description of Stratonovich integrals.

Namely, given X, Y € S(P;R), show that the Stratonovich integral of Y
with respect to X over the interval [0, 7] is almost surely equal to

. Nhjﬂmjz__: Y ((m+1)Tz +Y (5%) <X <(m2+N1)T> Ly (g)) |

Thus, even if Y is not a semimartingale, we will say that Y : [0,T] x Q —
R is Stratonvich integrable on [0,T] with respect to X if the limit in (¥*)
exists in P-measure, in which case we will use fOT Y (t) odX (t) to denote this
limit. It must be emphasized that the definition here is “T" by T7” and not
simultaneous for all 7’s in an interval.

(ii) Given an X € S(P;R) and a T' > 0, set X7 (t) = X((T —t)*), and
suppose that (X @), ftT , IP’) is a semimartingale relative to some filtration
{FI': t >0}. GivenaY : [0,T] x 2 — R with the properties that
Y(-,w) € C([0,T];R) for P-almost every w and that w ~ Y (t,w) is F; NFEL
for each ¢t € [0,T], show that Y is Stratonovich integrable on [0,7] with
respect to X. In fact, show that

/YodX /YdX—f/YdXT

where each of the integrals on the right is the taken in the sense of It6 .

(iii) Let (B(t),F;,P) be an R"-valued Brownian motion. Given T €
(0,00), set T(t) = BU(T —t)"), FL = o({B%(r) : 7 € [0,4]}), and
show that, for each ¢ € R, ((&, 57 (t))rn, FL,P) is a semimartingale with
(BT, BT)(t) = t AT and bounded variation part t ~» — g 7 dr. In par-
ticular, show that, for each ¢ € R™ and g € C(R™;R), ¢t ~ g(3(t)) is
Stratonovich integrable on [0, 7] with respect to ¢ ~ ({, ﬂ(t))Rn. Further, if
{gn}3° C C(R™;R) and g, — ¢ uniformly on compacts, show that

/OTgn(ﬁO)od(w . / 0) 0 d(£,6(1) 5

in P-measure.

(iv) Continuing with the notation in (iii), show that

n

T
FBT) - F0) =3 / 8. F (B(1)) o dBi(t)

i=1
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for every f € C1(R";R). In keeping with the comment at the end of (i), it
is important to recognize that although this form of It6 ’s formula holds for
all continuously differentiable functions, it is, in many ways less useful than
forms which we obtained previously. In particular, when f is no better than
once differentiable, the right hand side is defined only up to a P-null set for
each T and not for all T’s simultaneously.

(v) Let (ﬂ (t), F, ]P) be an R-valued Brownian motion, show that, for each
T € (0,00), t ~ sgn(B(t)) is Stratonovich integrable on [0, 7] with respect
to B, and arrive at
T
|ﬂ(T)’ :/ sgn(6(t)) o dB(t).
0

After comparing this with the result in (6.1.7), conclude that the local time
£(T,0) of B at 0 satisfies

[0 .00~ | = [ e - ey,
o t 0

where M7 is the martingale part of 5. In particular, the expression on the
left hand side is a centered Gaussian random variable with variance T

EXERCISE 8.1.9. It6’s formula proves that f o Z € S(P;R) whenever Z =
(Z1,...,Zy) € S(P;R)" and f € C?*(R™;R). On the other hand, as Tanaka’s
treatment (cf. §6.1) of local time makes clear, it is not always necessary
to know that f has two continuous derivatives. Indeed, both (6.1.3) and
(6.1.7) provide examples in which the composition of a martingale with a
continuous function leads to a continuous semimartingale even though the
derivative of the function is discontinuous. More generally, as a corollary
of the Doob-Meyer Decomposition Theorem (alluded to at the beginning of
§7.1) one can show that foZ will be a continuous semimartingale whenever
Z € Mioe(P;R™) and f is a continuous, convex function. Here is a more
pedestrian approach to this result.

(i) Following Tanaka’s procedure, prove that f o Z € S(P;R) whenever
Z € S(P;R)" and f € C*(R™;R) is convex. That is, if M; denotes the
martingale part of Z;, show that

40) —Z/ 0, f(Z(7)) dM;(T)
i=170

is the bounded variation part of f o Z.
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Hint: Begin by showing that when A(t) = (((Zs, Z;)(t))), -, i<n’ A(t)—A(s)
is P-almost surely non-negative definite for all 0 < s < ¢, and conclude that
if f € C?(R™;R) is convex then

th/aaf ){(Zs, Z;) (dr)

i,7=1

is P-almost surely non-decreasing.

(ii) By taking advantage of more refined properties of convex functions,
see if you can prove that f o Z € S(P;R) when f is a continuous, convex
function.

EXERCISE 8.1.10. If one goes back to the original way in which we described
Stratonovich in terms of Riemann integration, it becomes clear that the only
reason why we needed Y to be a semimartingale is that we needed to know

that
Y (ANY)(ARX)
m<2N¢

converges in P-probability to a continuous function of locally bounded vari-
ation uniformly for ¢ in compacts.

(i) Let Z = (Z1,...,Z,) € S(B;R)", and set Y = fo Z, where f €
CY(R™;R). Show that, for any X € S(P;R),

> (AfY)(AfX) — / i f(Z(1))(Z:, X)(dr)

in P-probability uniformly for ¢ compacts.

(ii) Continuing with the notation in (i), show that

t

/t Y(r)odX(r) = lim YN( ) dX N (7)
0 N—o0

/Y )dX (1 Z/ 0if (Z(7))(Zi, X)(dr),

where the convergence is in P-probability uniformly for ¢ in compacts.

(iii) Show that (8.1.6) continues to hold for f € C?(R™;R) when the inte-
gral on the right hand side is interpreted using the extension of Stratonovich
integration developed in (ii).
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EXERCISE 8.1.11. Let X,Y € S(P;R). In connection with Remark 8.1.7,
it is interesting to examine whether it is sufficient to mollify only X when
defining the Stratonovich integral of Y with respect to X.

(i) Show fo ]n) dX N (7) tends in P—probablhty to fo dX( ).
(ii) Define ¢N( ) =1-2N(t — [t]n), set Zn(t fo 1/)N dY (), and
show that
1 1 2N 1
/ Y (r)dXN(7) f/ Y([rln)dXN(r) = Y (ANX) (AN Zy).
0 0 m=0

(iii) Show that

Z (ANX) (AN zy) / Yn(t)(X,Y)(dt) — 0 in P-probability.

(iv) Show that for any Lebesgue integrable function « : [0,1] — R,

fo Yn(T)a(r) dT tends to 3 fo T)dT.

(v) Under the condition that (X, Y)(dt) = ((t) dt, where § : [0,00) X
Q— [O oo) is a progressively measurable function use the preceding to see
that fo 7)dX™ (1) tends in P-probability to fo )odX(T).

EXERCISE 8.1.12. One place where Stratonovich’s theory really comes into
its own is when it comes to computing the determinant of the solution
to a linear stochastic differential equation. Namely, suppose that A =
((4ij)1<ij<n € S(P;Hom(R™;R™)) (i.e., A;; € S(P;R) for each 1 < i,j <
n), and assume that X € S(P; Hom(R™;R™)) satisfies dX (t) = X (t) o dA(t)
in sense that

t) = Xik(t) o dAg;(t) forall 1 <i,j<n.

Show that
det (X (1)) = det(X (0))eeee(40-40),

8.2 Stratonovich Stochastic Differential Equations

Seeing as every Stratonovich integral can be converted into an It6 inte-
gral, it might seem unnecessary to develop a separate theory of Stratonovich
stochastic differential equations. On the other hand, the replacement of a
Stratonovich equation by the equivalent It6 equation removes the advan-
tages, especially the coordinate invariance, of Stratonovich’s theory. With
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this in mind, we devote the present section to a non-Ité analysis of Stratono-
vich stochastic differential equations.

Let P? denote the standard Wiener measure for r-dimensional paths p =
(p1,---,pr) € C([0,00); R™). In order to emphasize the coordinate invariance
of the theory, we will write our Stratonovich stochastic differential equations
in the form

dX(tv 5177]7) = %(X(ta ‘T,p)) dt + Z Vk (X(tv xvp)) o dpk(t)
k=1
with X (0,z,p) = z,

(8.2.1)

where, for each 0 < k < r, Vi : R® — R" is a smooth function. To see
what the equivalent It6 equation is, notice that

<(Vk)z(X( . ,l‘,p)),pk>(dt) = Z aj(Vk)l(X(t7$7p))<X]( . 7x7p)apk>>(dt)

n s

= (V@)]a](vk)l(X(t’ Jf,p)) <p€7pk>(dt) = DVk (Vk)l (X(t7 JS,]))) dtv
j=1¢=1

where Dy, = Y"1 (V%);0; denotes the directional derivative operator de-
termined by Vj. Hence, if we think of each Vj, and therefore X (¢, z,p), as a
column vector, then the It6 equivalent to (8.2.1) is

dX (t,2,p) = o (X (t,2,p))dp(t) + b(X(t, ,p)) dt

(8.2.2) ,
with X(0,z,p) = «,

where o(z) = (Vi(),...,V,(z)) is the n x r-matrix whose kth column is
Vi(z) and b= Vy + 5 3.7 Dy, Vi. In particular, if

1 n n T
L= 3 Z a;;0;0; + Zbiai, where a = oo ',

ij=1 i=1

then L is the operator associated with (8.2.1) in the sense that for any
feCh2([0,T] x R™),

<f(t/\T,X(t,-%'7p)) _/Ot/\ (&—f—i—Lf) (X(T,x,p)) dr, Bt>P0>

is a local martingale. However, a better way to write this operator is directly
in terms of the directional derivative operators Dy, . Namely,

1 T
(8.2.3) L =Dy, +3 ;(ka)z-
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Hormander’s famous paper [10] was the first to demonstrate the advantage
of writing a second order elliptic operator in the form given in (8.2.3), and, for
this reason, (8.2.3) is often said to be the Hormander form expression for L.
The most obvious advantage is the same as the advantage that Stratonovich’s
theory has over It0’s: it behaves well under change of variables. To wit, if
F:R® — R"” is a diffeomorphism, then

1 T
(Lp)o F = Drvp+5 I;(DF*V,C)Z%

where
(FiVk), =Dy, Fi, 1<i<n,

is the “pushforward” under F' of Vi,. That is, Dp, v, = Dy, (p o F).

8.2.1. Commuting Vector Fields. Until further notice, we will be deal-
ing with vector fields Vj, ..., V,. which have two uniformly bounded, contin-
uous derivatives. In particular, these assumptions are more than enough to
assure that the equation (8.2.2), and therefore (8.2.1), admits a P’-almost
surely unique solution. In addition, by Corollary 4.2.6 or Corollary 7.3.6, the
PO-distribution of the solution is the unique solution PZ to the martingale
for L starting from zx.

In this section we will take the first in a sequence of steps leading to an
alternative (especially, non-Itd ) way of thinking about solutions to (8.2.1).

Given ¢ = (&, ...,&) € R™T set Ve = 31 _ & Vi, and determine E(€, )
for x € R™ so that E(0,z) = « and

d—iE(tf, z) = Ve(E(t, 2)).

From elementary facts (cf. §4 of Chapter 2 in [4]) about ordinary differential
equations, we know that (£,z) € R™ x R® ——— E(£,7) € R” is a twice
continuously differentiable function which satisfies estimates of the form

’E(f,x) - .13’ < C|§|’ ]85kE(§,x)‘ N ‘8%E(€7x)’ < Cevll

(8.2.4)
|06, 0¢, E(€,%)| V 06,00, E(€,%)| V |05, 05, B(€,2)| < Ce”lél,

for some C < oo and v € [0,00). Finally, define
(8.2.5)  Vi(&,2) =0, E(&,x) for 0 <k <rand ()€ R x R",

For continuously differentiable, R"-valued functions V and W on R",
we will use the notation [V, W] to denote the R™-valued function which
is determined so that Dy, is equal to the commutator, [DV,DW] =
DV o DW - DW o Dv, of DV and DW That iS, [‘/7 W} = Dvw - Dwv
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8.2.6 LEMMA. Vi(§,2) = Vi(E(¢,2)) for all 0 < k < r and (§,z) €
R x R™ if and only if [V}, V,] =0 for all 0 < k, £ < 7.
PROOF: First assume that V. (£, 2) = Vi (E(§7 1’)) for all k and (£, z). Then,

if e/ is the element of R™t! whose ¢th coordinate is 1 and whose other
coordinates are 0, we see that

(e + tee,a) = V(e + ter, ) = Vi(B(E + tey, 7)),

and so, by uniqueness, E({ + tes,z) = E(tey, E(§,x)). In particular, this
leads first to

E(tey, E(sei, x)) = E(te; + sey, x) = E(sey, E(teg,x)),

and thence to
32
0sot
82

~ 0tds
To go the other direction, first observe that Vi (&, z) = Vi(E(E 2)) is
implied by E(§ + teg,z) = (tek, E(¢, )) Thus, it suffices to show that
E+nzx) = E(r]7 E(¢, )) follows from [Vg,V;] = 0. Second, observe that
E(§+n,z) = E(n, E(§,x)) is implied by E(¢, E(n,x)) = E(n, E(¢,x)). In-
deed, if the second of these holds and F(t) = E(t¢, E(tn, x)), then F(t) =
(Ve + Vi) (F(t)), and so, by uniqueness, F(t) = E(t({ +n),z). In other
words, all that remains is to show that E(¢, E(n,z)) = E(n, E(§,z)) fol-
lows from [V¢,V;] = 0. To this end, set F(t) = E(¢, E(tn, z)), and note
that F(t) = E(€, )V (E(tn, x)) Hence, by uniqueness, we will know that
E(¢, E(tn,z)) = F(t) = E(tn, E(¢,z)) once we show that E(E, -).V, =
Vo (E(E, ). But
L B(st, ) Va(BsE, ) = Ve, Vel (BUsE, ),

and so we are done. [

Dy, Vi(z) = E(teq, E(sey, )

s=t=0

E(sex, E(te, x)) ‘ e Dy, Vi (z).

8.2.7 THEOREM. Assume that the vector fields V}, commute. Then the
one and only solution to (8.2.1) is (t,p) ~ X (t,z,p) = E((t,p(t)),x).

PROOF: Let X(-,x,p) be given as in the statement. By It6’s formula,
aX (t,a,p) = Vo((t: (), X (t,2,p) )dt+>_ Vi (1)), X (t,2,) ) odpi (1),
k=1

and so, by Lemma 8.2.6, X(-,x,p) is a solution. As for uniqueness, simply
re-write (8.2.1) in its It6 equivalent form, and conclude, from Theorem 5.2.2,
that there can be at most one solution to (8.2.1). O
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REMARK 8.2.8. A significant consequence of Theorem 8.2.7 is that the so-
lution to (8.2.1) is a smooth function of p when the Vj’s commute. In fact,
for such vector fields, p ~ X (-, z,p) is the unique continuous extention to
C ([O, 00); RT) of the solution to the ordinary differential equation

X(t,x,p) = Vo (X (t,2,p) +ZVk (t,z,p)) Dr(t)

for p € C! ([0, 00); RT). This fact should be compared to the examples given
in §3.3.

8.2.2. General Vector Fields. Obviously, the preceding is simply not
going to work when the vector fields do not commute. On the other, it indi-
cates how to proceed. Namely, the commuting case plays in Stratonovich’s
theory the role that the constant coefficient case plays in It6’s . In other
words, we should suspect that the commuting case is correct locally and
that the general case should be handled by perturbation. We continue with
the assumption that the V’s are smooth and have two bounded continuous
derivatives.
With the preceding in mind, for each N > 0, set X~ (0,z,p) = x and

XN(t,x,p) = E(AN(t,p), XN ([t]n, 2, p))
where AN (t,p) = (t — [t]n, p(t) — p([t]N))-
Equivalently (cf. (8.2.5)):

(8.2.9)

dXN(t,z,p) = VO(AN(t,p), XN([t]N,x,p)) dt
+ S V(AN (4, ), XV ([, 7, p) o dpi(8);
k=1

Note that, by Lemma 8.2.6, X (¢,z,p) = E((t,p(t)),z) for each N >0
when the Vj’s commute. In order to prove that {X™(-,z,p) : N > 0}
is PY-almost surely convergent even when the Vi’s do not commute, we
proceed as follows. Set DV (t,2,p) = X (t,2,p) — XN (t,z,p) and W, (¢, 2) =
Vi.(E(¢,2)) — Vi(&, z), and note that DV (0,z,p) = 0 and

dDN (t,z, p) :(VO (X(t,z,p)) - VO(XN(t,%p))) dt
" z(vk (t.2.0) = V(X (1.2.p)) ) o dp (1)
(8.2.10) +Wo (AN(t,p)vX ([t]x, @, p)) dt

+ ) Wi(AN(t,p), XN ([t]n, @, p)) o dpi(t).
k=1
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8.2.11 LEMMA. There exists a C < oo and v > 0 such that

Vi, B(,2)) = Vi(€ +1,3) — 2[Ve, Vi) ()] < C (€] + []) *e”I<+1D
for all €,n € R™1, 2 € R", and 0 < k < r. In particular, if
Wi(&, ) = Wi(&,2) = > & [Ve, Vi) (),
t#k
then W;,(0,x) = 0 and |8§Wk(§7x)‘ < Clele’é! for all (&,z) € R x R™
and some C' < oo and v > 0.

PROOF: In view of the estimates in (8.2.4), it suffices for us to check the
first statement. To this end, observe that

E(TI)E(fa'T)) = E(f,ﬂ?) + VU(E(fvx)) + %DVnVW(E(f,]})) + Rl(fﬂ%x)7
where Ry (&, 7, ) is the remainder term in the second order Taylor’s expan-

sion of n ~ E(-,E(§,z)) around 0 and is therefore (cf. (8.2.4)) dominated
[BevInl,

by constant C < oo times |n Similarly,

E(& x) =z + Ve(x) + 5Dv, Ve(w) + Re (€, x)

Vo (E(& x)) = Vy(@) + DeVy (@) + R3(&,n, @)

Dy, Vy(E(&,2)) = Dy, Vy(z) + Ra(&,n, )

E(E+n,x) =2+ Dy, Vern(x) + 3D7,, Vern(@) + Ra(€ + 1, 2),
where

[Ra(€,2)] < CalPe¥l, [ Ry (€, m, )] < Calgf*nle”!,
|Ra(&,m, )] < Cal€|In[*e”'<).

Hence

E(n, E(& x)) = B(§+n,2) = 5[V, Vy] (z) + R5(&,n, 2),
where |R5(&,n,z)| < Cs(|¢] + ‘77|)‘3 v(lgl+inl)
and so the required estimate follows. [
Returning to (8.2.10), we now write
dDN (t,z,p) = Wy (AN(t,p)7XN([t]N,x,p)) dt

P2 Ve W (XN () AY (1) )
1<kEb<r

+ ZWk (AN(tap)7XN([t]N7map)) o dpk(t)

+
/_\\T
—

VO(X(t,m,p)) — VO(XN(t,x,p))> dt

+Z( X(tw,p)) = Vi (X (t,2,9)) ) © dpn(t),
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where, for 1 < ¢ < r, we have used AY (¢, p) = p(t) — pe([t]n) to denote the
kth coordinate of AN(¢,p). Also, it is important to observe that, because
(pk,pe) = 0 for £ # k, we were able to replace the Stratonovich stochastic
integral AY(¢,p) o dpi(t) by the Itd stochastic integral AN (¢,p) dpy(t). In
fact, it is this replacement which makes what follows possible.

To proceed, first use an obvious Gaussian computation to see that there
exists for each ¢ € [1,00) a A, < co such that

E? “AN(t, p)fngvm”(t,pn] "< Ay (t— ).

Hence, there exist constants Cj; < oo such that

/ Vi Vil (XN (Bl 2. 0)) A (8. p) dpi (1)

0

0 2q
EIP’

EP’ H
EF’ U

In the derivation of the last two of these, we have used Burkholder’s Inequal-
ity (cf. Exercises 5.1.27 or 7.2.15). Of course, in the case of the last, we had
to first convert the Stratonovich integral to its It6 equivalent and then had
to also apply the final part of Lemma 8.2.11. Similarly, we obtain

1
’ 2q q
[0, T

<G 0+7) [ B [IXC ) =Xl ]

0

1
1 <c,1*27 N

/0 Wo(AN (1), XN ([t 7, p)) dt

(0,77

q

<c,r27N

2q

(0,77

1
q

< Cy(T+T17%)27N

2q

/0. Wk(AN(t,p),XN(t,m,p)) o dpy(t)

(0,77

EF’

/. (Vk (X(t,z,p)) — Vi (XN(t,x,p))> o dpy(t)

0

»a\»—A

After combining the preceding with Gronwall’s inequality, we arrive at the
goal toward which we have been working.

8.2.12 THEOREM. ForeachT > 0 and g € [1,00) there exists a C(T,q) <
oo such that

1
]EPO[|‘X("”3’Z’)_XN( po[quSC(T,q)tTN ift € [0, 7).

8.2.3. Another Interpretation. In order to exploit the result in Theo-
rem 8.2.12, it is best to first derive a simple corollary of it, a corollary which
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contains an important result which was proved, in a somewhat different
form and by entirely different methods, originally by Wong and Zakai [42].
Namely, when p is a locally absolutely continuous element of C'([0, c0); R™),
then it is easy to check that, for each T > 0,

lim ||XN( ' ,.T,p) - X( ! 7xap)||[0’T] = Oa

N—o0

where here X (-,x,p) is the unique locally absolutely continuous function
such that

(8.2.13) X (t,z,p) =x+/0 (Vo(X(T,CC,p)) +2Vk(X(T7x,p))m(T)> dr.

k=1
8.2.14 THEOREM. For each N > 0 and p € C([0,00);R"), let pV €
C’([O, 00); ]RT) be determined so that
pN(m2™N) = p(m2=") and p | IN = [m2N, (m +1)27N] is linear
for each m > 0. Then, for all T > 0 and € > 0,

lim IPO(HX(wTvp) _X('vxva)H[OJ‘] > 6) =0

N—o0

where X (-,z,p") is the unique, absolutely continuous solution to (8.2.13).

PRrOOF: The key to this result is the observation is that X~ (m2=N, z,p) =
X(m2=N 2,pV) for all m > 0. Indeed, for each m > 0, both the maps
te (m2=N, (m+1)27Y) — X(¢,2,p") and

te(m2N, (m+1)27")
— E(t(Q_N,p((m + 1)2_N) —p(mZ_N)),X(mZ_N,x,p)> e R"

are solutions to the same ordinary differential equation. Thus, by induction
on m > 0, the asserted equality follows from the standard uniqueness theory
for the solutions to such equations.

In view of the preceding and the result in Theorem 8.2.12, it remains only
to prove that

lim IP’()( sup |X(t,x,pN)—X([t]N,m,pN)|
N—oo tE[O,T]

VXN () - X ()| 2 €) =0
for all T' € (0,00) and € > 0. But

| X (t,2,p") = X([tlv, 2, p™)| < C27V v p([tlv +27) = p([t]v)| and
(XN (t,2,p) — XN ([, 2,p)| < CerIPlorio=N v |p(t) — p([t]n)

)

and so there is nothing more to do. [J
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An important dividend of preceding is best expressed in terms of the
support in C([O, oo);R”) of the solution PZ to the martingale problem for
L (cf. (8.2.3)) starting from z. Namely, take (cf. Exercise 8.2.16 below for
more information)

S(z; Vo, ..., Vo) = {X(-,z,p) : p€ C'([0,00);R") }.

8.2.15 COROLLARY. Let L be the operator described by (8.2.3), and (cf.
Corollary 4.2.6) let PL be the unique solution to the martingale problem for
L starting at x. Then the support of P% in C([0,00);R™) is contained in the
closure there of the set S(x; Vo, ..., V,).

PROOF: First observe that PL is the PO-distribution of p ~ X(-,x,p).
Thus, by Theorem 8.2.14, we know that

PL(S(z; Vo, ..., V;)) zth P({p: X(-,z,p") € S(z; Vo, ..., Vi)}).

But, for each n € Nand p € C([O, 0 ;R’“), it is easy to construct {pY : € >
0} € C*°([0,00); R") so that pY (0) = p(0) and

€

T
lim [ [pN () - pN ()| dt =0
ti [ 1520 =¥ 0)
and to show that lime o | X (-, 2, pY) — X (-, 2,p")|0,7) = 0 for all T > 0.

Hence, X (-, z,p") € S(z;Vp,...,V;) foralln € Nand p € C([0,00); R")). DI

8.2.4. Exercises.

EXERCISE 8.2.16. Except when span({Vi(z),...,V,(z)}) = R" for all z €
R™, in which case S(z; Vo, ..., V;) is the set of p € C([0, 00); R™) with p(0) =
x, it is a little difficult to get a feeling for what paths are and what paths
are not contained in S(z;Vp,...,V;). In this exercise we hope to give at
least some insight into this question. For this purpose, it will be helpful to
introduce the space V(Vq, ..., V;) of bounded V € C*([0,00); R") with the
property that for all &« € R and € R”™ the integral curve of Vj+aV starting
at z is an element of S(x; Vp, ..., V,). Obviously, V; € V(V,...,V;) for each
1<k<r.

(i) Given VW € V(Vg, ..., V) and (T, z) € (0,00) x R™, determine X €
C([0,00); R™) so that

X(t) = v+ [y V(X () dr if t € 10,7
X(T) + Jp W (X(r))dr ift>T,

and show that X € S(x;Vp,...,V,).
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(ii) Show that if VW € V(Vj,...,V;) and ¢, € CE(R™;R), then ¢V +
YW € V(Vo, ..., V).
Hint: Define X : R3 x R” — R" so that X ((0,0,0),z) = z and

d

aX(t(a7ﬂ7~y), :E) = (aVO +pV + PYW) (X(t(a,ﬂ,*y),x),

Given N € N, define Yy : [0,00) x R” — R™ so that Yy (¢, x) equals

X (¢(1,2¢(x),0), z) for 0 <t <2 N1
X((t—27N"1(1,0,2¢(x)), Yn(2 V1) for27V-t < <2V
Yy (t = [tln, Y ([t 2)) for t > 2N,

Show that Yn(-,2) — Y (-,z) in C ([0, 00); R™), where Y (-, z) is the inte-
gral curve of Vy + ¢V + YW starting at x.

(iii) If VW € V(V,,...,V,) have two bounded continuous derivatives,
show that [V, W] e V(V,,...,V,).
Hint: Use the notation in the preceding. For N € N, define Yy : [0,00) X
R™ — R™ so that Yy (¢, z) is equal to

X ((t,2%%%,0),2)

X((t—27N72,0,27 72t = 2V72), vy (27 V2 2)

X((t—27N"1 2542t — 27N 1) 0), Yy (27 VL 1)
(

X((t—327N"20,-252(¢ — 32V 2)) Yn (327 V2, 1))
Y (t = [tln, Yo ([t @)

according to whether 0 < t < 2~N=2 9=N=2 < ¢ < oN-1 o-N-1 < ¢ <
327N=2 327 N2 <+ < 27N ort > 27V, Show that Yy (-,7) — Y (-,2)
in C([0,00); R™), where Y'(-,z) is the integral curve of Vy + [V, W] starting
at z.

(iv) Suppose that M is a closed submanifold of R™ and that, for each z €
M, {Vh(x),...,V.(x)} is a subset of the tangent space T,, M to M at x. Show
that, for each z € M, S(z;Vp,...,V,) C C([O,oo);M) and therefore that
PL(Vt € [0,00) p(t) € M) = 1. Moreover, if {V4,...,V;} € C>°(R";R") and
Lie(Vi,...,V,) is the smallest Lie algebra of vectors fields on R™ containing
{V1,...,V,.}, show that

S(x; Vo, ..., Vo) = {p € C([O,oo);M) :p(0) = J:}
if M > x is a submanifold of R™ with the property that

Voly) e T,M = {V(y): V € Lie(V3,...,V;)} forallye M.
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8.3 The Support Theorem

Corollary 8.2.15 is the easier half the following result which characterizes
the support of the measure PZ. In its statement, and elsewhere, we use
the notation (cf. Theorem 8.2.14) |lqllar,r = 6™ | L2(rrry for M € N, ¢ €
C'([0,00);R")), and closed intervals I C [0, 00).

8.3.1 THEOREM. The support of PL in C(]0, 00); R™) is the closure there
of (cf. Corollary 8.2.15) S(x;Vp,...,V,). In fact, if for each smooth g €
C([0,00); R™) X(-,,g) is the solution to (8.2.13) with p = g, then

(8.3.2) A}@mg%PO(HX("W)*X("x’g)”[m =

[P = gllarjom <8) =1

for all T € (0,00) and € > 0.3

Notice that, because we already know supp(P%) C S(z;Vg,...,V;), the
first assertion will follow as soon as we prove (8.3.2). Indeed, since

2MT)+1

p(0)=0 = [p—gll3 oy <2 D [p(m2) — g(m2~)*

m=1
and, for any ¢ € Z7T, the P’-distribution of
p € C([0,00);R") — (p(27M),...,p(€27M)) e (R")*
has a smooth, strictly positive density, we know that
(8.3.3) PO (||p = gl sy jo.1y < ) > 0 for all § > 0.
Hence, (8.3.2) is much more than is needed to conclude that
IP’O(HX(-,m,p) —X(~,a:,g)||[O’T] < e) >0

for all e > 0.

3 This sort of statement was proved for the first time in [39]. However, the conditioning
there was somewhat different. Namely, the condition was that max;<;<n |lpi — gilljo,7] <
6. Ikeda and Watanabe [16] follow the same basic strategy in their treatment, although
they introduce an observation which not only greatly simplifies the most unpleasant part of
the argument in [39] but also allows them to use the more natural condition ||p—gll[o,17 <
4. The strategy of the proof followed below was worked out in [38]. Finally, if all that one
cares about is the support characterization, [40] shows that one need not assume that the
operator L can be expressed in Hérmander’s form.
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To begin the proof of (8.3.2), first observe that, by Theorem 8.2.12 and
(8.3.3),
PO(HX( ] (I},p) - X( : 7‘7;’9)“[0’7*] > 6‘HP - g”M,[O,T] < 6)

< N@MP(J(HXN(,CQP) _X('7x’g)H[O,T] > €

Il — gllarjo,r) < 5)

< sup ]PO(HXN(axap) 7XM(7‘T7g)||[0T] > %‘prg”M,[O,T] < 6)
N>M ’

+IP’O<HXM(-7x,p) - X(-,m,g)H[O’T] > %‘Hp — gl < 5).
Hence, since
1X¥C2,8) = X9
< IXMC2,p) = X o™l g gy + X Gz p™) = X a0 gy

+ HX( -, gM) — X(- ax’g)H[o,T]
< C(ZJW +elPlion  sup  |p(t) - p(s)|
0<s<t<T

tfs§2’M

M
+ P = gllarjory + 27 2 lgllar o1 )
it follows that we need only show that, for each € > 0,
(8.34) lim sup P° sup ’p(t) —p(s)| >e€

M—00 5¢(0,1] 0<s<t<T
t—s<2™M

lp = gllarjor) <6 | =0

and that

. . 0 Ny, _ xyM/.
Jim s B([XN ) = XM ) 2
(8.3.5) 3€(0,1]

’”P — gllar, 0,1 < 5) =0.

8.3.1. The Support Theorem, Part I. The key to our proof of both
(8.3.4) and (8.3.5) is the following lemma about Wiener measure. As the as-
tute reader will recognize, this lemma is a manifestation of the same property
of Gaussian measures on which (6.2.5) is based.

8.3.6 LEMMA. For M € N and p € C([0,00); R"), set pM = p—p™. Then
o({pM(t) : t > 0}) is PO-independent of BM = o({p(m2=™) : m € N}).
Hence, if, for some Borel measurable F : C([O7 oo);R”) — [0, 00),

FM(g) = /F(pM + M) PO(dp), g€ C([0,00):R),
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then FM = E*’[F|BM] PO-almost surely. In particular,

E [ (p), |lp — hllasjo.z) < 6)]
PO([lp = Rl ar,j0,7) < 6)

PrOOF: Clearly, the second part of this lemma is an immediate consequence
of the first part. Thus (cf. part (i) in Exercise 4.2.39 in [36]) because all
elements of span({p(t) : ¢ > 0}) are centered Gaussian random variables, it
suffices to prove that EF’ [pM (s)p(m2=™M)] = 0 for all s € [0,00) and m € N.
Equivalently, what we need to show is that

EP'[F(p)| |lp — hllar.ozy < 0] =

EP’ [p(s)p™ (m2=M)] = EP’ [p" (s)p™ (m27M)] for all s € [0,00) & m € N.

But, after choosing £ € N so that /2= < s < L+ 1)2~M and using the fact
that EF’ [p(u)p(v)] = u A v, this becomes an elementary computation. [

Knowing Lemma 8.3.6, one gets (8.3.4) is easily. Namely, given M € N
and (p,h) € C([O, oo);R’"), set

B (1) = pM (1) + WM ().
Then, we will have proved (8.3.4) once we show that

sup ]E]P’O sup |ph (t) — (5)| < 0.

=gl ar. 0.7 <1 o<s<t<T  (t— 8)

But, [WM () — b (s)| < [t = 512 [|Al|ar, 0,77,

pM (t) — pM t) —
sup Ip™ (1) P (s)l <4 swp Ip(t) p(18)|7
0<s<t<T (t—s)% 0<s<t<T+1 (t —s)%

and so the required estimate follows immediately from part (ii) of Exercise
2.4.16.

8.3.2. The Support Theorem, Part II. Unfortunately, the proof of
(8.3.5) requires much more effort. To get started, fix x € R™ and set
DMN(t x.p) = XN(t,x,p) — XM(t,2,p) for N > M. Then, in view of
Lemma 8.3.6, (8.3.5) will follow once we show that

: P M,N _
(8.3.7) A/}linoo 1\?1;11?/[ E [HD L2, pal) || [0 T] 0
lh—=gllar, 10,7 <1
Because
XN(t7 p) X ( [] 7XN([t]Ma'r7p)76[t]Mp)
and XM (t,z,p) = XM (t — [t]ar, XM ([tlar, 2, D), (1), D) »
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where, for each s > 0, J; ( ) — C( RT) is defined so that
Ssp(t) = p(s+1t) —p(s ) have that DMN(t ¢ p) can be decomposed into
DM (¢ — [t ar, XN ([t]ar, @, D), 0141, 1)
+ E(AM(t,p), XN ([tlar, 2, p)) — E(AMtp) M([#]ar, 7,p))
= DMN([t]ar, @, P)JrDMN( [t]ar, XV ([t }M»x p); 5t]Mp)
+ E(AM(t,p), X ([t p)) - ( ,0)s XM ([t]ar, 2, ),

where E(¢,x) = E(&,7) — x. Hence, we can write

T t
DMN(t, z,p) / Wwot M ( T,x,p)dTJrZ/O Wt (7,2, p) o dpi(7)
(8.3.8) =
+DM’N(t7x’p)7

where W,iw’N(t, x,p) is used to denote
Vk (AM(t7p)7 XN([t]M7 117,]))) - Vk (AM(tap)7 XM([t]M7 $,p))
and DM:N (¢, z p) is given by

[2M¢]

Z DMN((t —m2= My A 27 M XN (m2™M 2 p), 6,9-mp).
m=0

The terms involving the W,ﬁw g are relatively easy to handle. Namely,
because (cf. (5.1.25) and use Brownian scaling) for any A > 0 and T € (0, c0)

(8.3.9) EF’ [eAT’%”P“M} = EP [APlon] = K()) < oo,
and, for any (m, M) € N2, (cf. the notation in Theorem 8.2.14)

IAM (i s < 2/AM D), 427 F(|hllarr s

m, M

we have that

(8310) B [ FIANCA

BmZ*NIiI < K(2)\)e)‘”hHM,Im,M

Hence, since (cf. (8.2.4))

2

T
2
OM’N §T/ |W0M’N(T,x,p)| dr
0

(7,2,p)dr

[0,7]

T
<cr [F s e DN (e )
0
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it is clear that there are finite constants K and K’ such that

2
’ [OaT]‘|

T
gKT/ EP° {ezu\AM(r,ﬁﬁl)\|DM7N([7—]M,3;,;3,I:/[)|2] dr
0

EF’ / WM (7,2, pM) dr
0

T
< K/TGQVHhHM,[O,T]/ EPO |:|DM’N([T]M7x7ﬁI]¥1)|2} dr.
0

Next, suppose that 1 < k < r. Then, after converting Stratonovich integrals
to their It6 equivalents, we have

t
/ WHN (7,2, A1) o d(F )i (7)
0
K M,N M 1 K M,N M
:/ Wk 7 (T,:E,ﬁh )dpk(7)+§/ I/Vk,k7 (T,$7]5h )dT
0 0

t t
- / W (o, Yoy (r) dr o+ / Wt (v, iR (7) d,
0 0
where W,%C’N(t, x,p) denotes

Vk,k (AJ\/[(tvp)7XN([t]M7xvp)) - Vk,k (AM(t7p)7XM([t]M7$7p))

when Vj, (&, ) = [0k Vi(+,2)](€). The second and fourth terms on the right

are handled in precisely the same way as the one involving Wéw N and satisfy
estimates of the form

2

[OﬁT]]

EF’ U

T
< kT Mo [TE (| DMV (o ) dr

0
2
| o

T
< K[lf3 o rye® M0 / EZ | DM ([, @ 53] .

o MN _
/ Wiy (7,2, paty dr
0

and

EP’

/ WMN (r o )R (7) dr
0
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In addition, because the first term is an Itd integral, we can apply Doob’s
inequality followed by the above reasoning to obtain the estimate

2
[O’T]]

T
S K@ZV”MIM’[O*T] / ]EIPO |:|DM’N([T]M3‘T;17)24)|21| dT'
0

N (o, ) dpi(T)

As for the third term on the right, it is best to first decompose it into

/ W [T M, T, P, )dpk(T)

+ / (WM (7,2, p) — WM ([r]ar. 2, p)p (7) dr

Since the first of these is an It6 integral, it presents no new problem. To
deal with the second, observe that (cf. (8.2.4))

2

/ (W (2, p) — WM (7] ag, ) )9 (7) dir

0 [OvT]
2M 1] ,
< CMT > (pe((m+1)27M) — pr(m27M))
m=0

2

)

></ 2V|AM(T ﬁ1)||AM(T ph |2dT’DMN(m2_ 33725hM)
IWLM

and pass from this to the same sort of estimate at which we arrived for the
other terms. Hence, by combining these, we can now replace (8.3.8) by

B (DN 0 1 )

(8.3.11) gC(T7||h||M7[O’T])/ B (|4 (a2, ]
0

0y & _
+ 2]EP [HDM’N( : 7x7p§1\/[)||[20,T]]7

where (s,t) € [0,00) — C(s,t) € (0,00) is non-decreasing in each variable
separately.

8.3.3. The Support Theorem, Part III. After applying Gronwall’s
inequality to (8.3.11), we know that, there is a (s,t) € [0,00)? — K(s,t) €
(0, 00), which is non-decreasing in each variable separately, such that

B [[| DM (- ]
Hh—gHSz\l/[lE),T]Sl H By H[OT]

<K(Tg)  sw  E[[DMN(a i) )

lh=gllar,j0,m <1
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Hence, what remains is to show that

. i ~M,N
(8.3.12) Jm o swp o E [HD T, By H[OTJ 0,
[lh=glla1,10,m <1

and this turns out to be quite delicate.

To get started on the proof of (8.3.12), we again break the computation
into parts. Namely, because

XN (t_ [T]M7XN([T}M7xap)v 5[7—}Mp) =XV (t_ [T]N7XN([T}vivp)vé[T]Np)v

bM’N(t, x,ﬁfl”) can be written as
t ~
/WOM’N(T,x,ﬁ%) dr
+Z/ WMNTxph ) dpi (T Z/ ’ Tx,ﬁ%)dT
—Z/ Wé\/l’N(T,x,ﬁh pk dT—l—Z/ WMN (1,2, ~M)hM( ),
k=10
where W, (¢, 2, p) denotes

Vi (AN (t,p), XN ([t]n, 2,p)) — Vi (AM (¢, p), XV ([t]a1, 2, )

and W,%C’N(t, x,p) is equal to

Vk,k(AN(t’p)7XN([t]N7xap)) - Vk,k (AM(t7p)7XN([t]N[7x1p))'

With the exception of those involving pi?(7), none of these terms is very
difficult to estimate. Indeed,

2 T
< T/ EP’ [|W§4’N(T,x,ﬁhM)‘2} dr,
0

/. W%’N(T,x,ﬁ%) dr
0

(0,71

MN(T x, pr )dpk( )

[H/ W (0, 50 ]|

T
1 < 4/ EF’ UW,ﬁV[’N(T,x,ﬁ%)ﬂ dT,I
0

T
ST/ EF° [’W%N(T,x,ﬁhM)ﬂ dr,
0

(0,77

(0,77]
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2
| "

T
< Hh”?\/[,[o,:r]/o E¥ [‘W%N(T,x,ﬁ%)ﬂ dr.

and

EF’

/ WM (7 MY (7)
0

At the same time, by (8.2.4), W,i\/[’N(t,x,ﬁ%) is dominated by a constant
times

(182 () = B2 ([r]an)|
+ | XN (w2, 5y) — XN ([7]ars 2,87 ) |)6"”AM( ' ’ﬁf‘d)”’"w,

and so, in view of (8.3.9) and (8.3.10), all the above terms will have been
handled once we check that, for each ¢ € [1,00), there exists a C;; < oo such
that

Q[

0 ~ — ~
B XV () = XN m2 e,

M

< O(I(l + ||h||M11m,]\/1)277

(8.3.13)

for all x € R", (m,M) € N?, and N > M. To this end, first note that,
because XV (- 4+m2=M z,p) = XN( S XN(m2=M zp), (sz—hlp), it suffices
to treat the case when m = 0. Second, write X (¢, z,pM) — x as

t
[ V@ i) ) ar
0
T t _ _ 1 t _ ~
+Z</ Vi (AN (7, 31), 2, pp") dpk(7)+§/ Vier (AN (7, 531), 2, 53" ) dT)
k=1 /0 0

=30 [ (B R (7)Aot )i ()
k=1

and apply (8.2.4) and standard estimates to conclude from this that

1
EPO [HXN( ’ ’x’ﬁhM) o xH?O,Z\f] !

is dominated by an expression of the form on the right hand side of (8.3.13).

8.3.4. The Support Theorem, Part IV. The considerations in §8.3.3
reduce the proof of (8.3.12) to showing that, for each T" € [0, 00),

: 2
€314 Jm - owp B U/o WS (2, )i () dr ] _o,
lh—gll 0,71 <1 0,T]
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and for this purpose it is best to begin with yet another small reduction.
Namely, dominate HfO' Wé\/[’N(nm,ﬁ%)p%(T) dTH[ | by
0,T

i M,N ~M M
o L (e T

4+ max

m2~M .
WY (ry 2, g ) oy () dr |
0<m<2MT /o k (T by, )Pk (r)dr

Again, the first of these is easy, since, by lines of reasoning which should be
familiar by now:

2
EP’ max (/I |W£4’N(T,$,I5hM)||ﬁ£/[(T)|dT>
m, M

0<m<[2MT]
2MT]-1 4 :
0 M ~M
< CEP Z eNAY B I, o ‘pk((m + 1)2—M) _pk(mQ_M)‘
m=0

1M 2
<C'Tie? P VIMh o=

for appropriate, finite constants C' and C’. Hence, the proof of (8.3.14), and
therefore (8.3.12), is reduced to showing that

2

‘| - 0

To carry out the proof of (8.3.15), we decompose W,ﬁVI’N(T,x,p) into the
sum

(8.3.15) lim sup EF’
MH00N>M

max

m2~M
wMN T, T, MY pM (1) dr
mgzMT/O k ( by )pk (1)

uniformly with respect to h with ||h — gl|az, 0,7 < 1.

N

) (VkM’L(T» XN([]ar,z,p).p) + Wziw’L(TvXN([T]M,z,p),p)),
L=M+1

where
Vi (1, 2,p) = Vi (AR (7,p), X (7] — [7]a, %, 6171, D))
= Vi (A" (,p), X (7] = [7]ars @, 6171, P)) -
and
WME(r, 2, p) = Vi (A (7, p), X* N ([7] = [T)ags 2, 82,,P))
V(A (), X ([l — [rlar, 7. 0121,,)
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After making this decomposition, it is clear that (8.3.15) will be proved once
we show that

2MT1]-1
. i —-M -M
Jm o osup E Z i ((m +1)27Y) — p(m2=)|
(8’3'16) 1h=gllar,j0,77<1 m=0 2
x F,j“’N(mw,ﬁhM)) ] =0,
where F,?/[’N(m,x,p) is given by
N
Z oM ’VkM’L (T, XN(m2=M, x,p),p) | dr,
L=M+1 Tim
and that
. PO M,N 20
(8317)  lm = sup  E {mgggﬂm (m,z, (p,h))|"| =0,

[lh=gllar,j0,m <1

where J,iw’N (m,x, (p, h)) is equal to

m N

& M,L _ . MY -
> o> Wl (r, XN (m/27M it pi' ) pe(7) d.
m'=0 L=M+1"Im’ M

By Schwarz’s inequality, the expectation value in (8.3.16) is dominated by

2MT7]-1 2
M 3 B {(pk((m+1)2M) = pr(m27)) BN w52
m=0

B 2MT]-1
<or N B[N (m,x,pi)?).

m=0

In addition, by Minkowski’s and Jensen’s inequalities,

=

B[R (m, e, 5i))’]

(NI

N 2
< Z sup EF’ 2M/ |VM’L(T,$715£/[)’dT
LAl g1 TR Im.ar

[MES

N
§2% Z (sup/ EP’ [|‘A/M’L(T,:E,ﬁflw)’2} dT)

L=M+1 \*ER" /I
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Thus, (8.3.16) will be proved once we show that

3M

(8318 ET [/I WkM’L(ﬂx,ﬁ%!ZdT} < O(lIhllazjom)27 27 7F
m, M

for some non-decreasing r € [0,00) — C(r) € [0,00) and all z € R™ and
0 < m < [2MT)]. To this end, first observe that the left hand side of (8.3.18)
is dominated by

C(HhHM,[O,T]) su]é) / EIF’O UDL_LL([T}L,mv(sm?_MﬁhM)F} dr.
zeR™

Io, mr
With the help of the following lemma, we will be able to use Theorem 8.2.12

to control this last expression.

8.3.19 LEMMA. Given 0 < 7 < 2™ and a B.-measurable, continuous
U C([Oa OO);RT) - [Oa OO)’

n

PO M 2M 2q Hh”M Im. M
E" [T (0ma-npy' )] < <1_2]\/[T> e 9] La(poy

for every q € [1, 0.

PROOF: First observe that (cf. Lemma 8.3.6)
B [ (8205 )] =B [0 (33 0)] =EF [w(E™ +ndl)] = ¥ (hd),

where A2 (t) = (1 A 2Mt)(h((m + 1)2M) — h(m2™M)). Indeed, the first of
these is just the time shift-invariance of Brownian increments, the second
comes from the fact that d,,,-nh* coincides with h on [0,27]; and the
last is the definition of U™ in Lemma 8.3.6.

The next step is to show that another expression for ¥ (hM) is

oM 2 QM =1\ M ig—My|2__p0 2M|p(7’) — hM(27M)‘2
s [ QTP EPY | _ m
() ¢ vorew (-S|

and, while doing this, we may and will assume that ¥ is not only continuous
and non-negative but also bounded. But, by Lemma 8.3.6, we know that,
for any bounded continuous f : R" — R,

E™ [3M (p) f (p(2~))] = EF [W(p) f (p(2~™))].

Further, if y € R” — £} € C([0,00); R") is given by €} (t) = (t A2~ M)y,
then

B [5 (p) £ (p(2~™)) / GV (M) £ () () dy

r
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while

B [W(p) f(p(2~M))] =/ EX’ [‘If(p)w—mff(y—p(T))}f(y) dy,

r

where v (y) = (27t) ™2 exp (—%) Hence, because ¥, and therefore also

UM is bounded and continuous, the asserted equality follows by choosing
a sequence of f’s which form an approximate identity at h((m + 1)2=M) —
h(m2=),

Given the preceding, there are two ways in which the proof can be com-
pleted. One is to note that, trivially,

0 -
ET (0™ + hp )] < 9] 2o o),
whereas, by the preceding,

2M

n

3
27N e
1—2Mr

EIP’O [\I}(ﬁkl + h%)] < ||\I’||L1(]P’0) (

Hence interpolation provides the desired estimate. Alternatively, one can
apply Holder’s inequality to get

E” [\If (p) exp ( . |p(;()112%(3)M)2) }

q'2My — hyy (272 ’
< H\IJHL‘I(PO) </]Rr exp (_ 2(1 — 2]\/[7_) ’Y‘F(y) dy ’

perform an elementary Gaussian integration, and arrive at the desired result
after making some simple estimates. [

If we now apply Lemma 8.3.19 with
_ 2
\Il(p) = ‘XL([T][”LI’,‘,])) - XL 1([T]L,I,p)’
and q¢ = n, we see from Theorem 8.2.12 that
7 || X5 (@ 5t = X (2 50|

M
< C(||hl| a1 as ) (275 7) <2) ’

1—2M7

Wi ~—

for an appropriate choice of non-decreasing r ~ C(r). In view of the discus-
sion prior to Lemma 8.3.19, (8.3.18), and therefore (8.3.16), is now an easy
step.
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8.3.5. The Support Theorem, Part V. What remains is to check
(8.3.17). For this purpose, we have to begin by rewriting W,iW’L(T,%p)
as

Vie (AL(Tv p)7 E(SL(T’ p)7 XL_l([T]Lfl - [T]M7 €, 6[T]Alp)))

= Ve p) + €57, p), XN (s = [T, 0,00) ).

where €4(r,p) = ({71  [Flu-1,p({r)2) — p([r]o—1). Having done so, one
sees that Lemma 8.2.11 applies and shows W,iw ’L(T7 x,p) can be written as

%Z[wvvk] (XLil([T]Lfl - [ ]Max 57’]1\41)))58 (T p) =+ RN[L(Tvxap)a
+k

where
L—1,. _
‘R%f(ﬂx,pﬂ < ceIAT Pl ALY ,p)H%mM for 7 € Ly -
Thus, since
2MT1]-1

( S Ie(m + 1)27M) = py(m2)|

m=0

EF’

N 2
<3 IS At O, ) ]

L=M+1

[2MT]- N
<2M7 ) < > EPO[’pk((m+l)2_M)—pk(mZ_M)|2

m=0 L=M+1

% €4V|\AL_1( . ﬁﬁf)HIWM ||AL_1< . ,1524)

1 2
4 3
T M
N

2
<2MTQC< Z ]E]P’O|: SV“AL 1( pI)”IoJMHAL 1(. Dy, )”I :| )
= ? 0,M

L=M+1

< C(llhllaror)T?2™

Al

we are left with showing that for each 1 < k <r and ¢ # k,

m

Z lvxa (pv h))

(8.3.20) lim sup max
M—o0 N>M m<[2MT]
lh=gllaz, 10,7 <1
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where H,%N (m, x, (p, h)) equals

oM (pk((m + 1)2_M) — pr(m2~ M))
N

/I N (g )R () dr

m.M [ = M+1
with
i () = Ve Vil (X7 (7 = [rhan, XV (7lars ), 810) ).
Since
BN (m 2 ()] < 02 (m 4 1)27) — pem2 =),

the case when ¢ = 0 is easy. Thus, we will restrict our attention to 1 < k #
¢ < r, in which case we decompose H,%’N(m, z, (p, h)) into the sum

(pk((m + 1)2_M) - pk(mZ_M))A,iV{l}N (m,z, (p, h))

+ (pi(m+ 1)27) = py(m2- M))

x((h—p) (m+12 M) (m2~ M))B,%N(m,x,(p,h))
+ (pr(lm+ 1)27) = p(ma M))
x((h—p) (m+1)2=M) — o(m2~ ))C’,i‘f[éj\[(m,%(p,h))7

where A%ZZN (m, x, (p, h)) equals

QM/ Z a o125 ) (pe([r]L) — pe([r]-1)) dr,
Im.y p=pr1
B,%N (m,x, (p, h)) equals
N
o [ o (2 ) (i~ [r)o )
Lot p—prg1

and C,i\ﬁ’N (m,ac7 (p, h)) equals

4M/ Z M1, 2, 57)

Im,m = M+1

— PN m2 M i) ) (1] = [Fia) dr
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Because ‘C,i\fféN (m, x, (p, h))’ is dominated by a constant times
[ X5 XN (m2™™M 2, pp), o Bp ) — XN(mQ_M,x,;b',y)HIOyM,
a simple application of (8.3.13) leads to

m

> (pelm' +1)27) = pim'27)

m’'=0

]P;O
E max
m<[2MT]

% ((h=p)e((m’ +1)27) = (h = p)em'27) ) YN (0, (9, )

21
2MT]-1

>

m=0

< 2MTC sup EP’

(pk((m + 1)2_M) — pk(mZ_M))

x ((h = pe((m +1)27) = (b = p)e(m2~™))
x || X P XN (m2mMa, By, Gpa-m PR )

— XN(m2*M,x,]5hM)HIOyM

[N

0 -

< (14 Al o) CT? sup B [IXN (- Biiy) - 2l ]
xr
N>M

< C(IIhllaro,r) T2~ M. |

The key to handling the other terms is the observation that, because ¢ # k,

EPF’ [(pk((m + 1)2_M) - pk(m2_M))A,2fIl}N (m, z, (p, h)) ) BWQ_M} =0

and
EP’ [(pk ((m+ 1)27M) — pk(m27M)>
x ((h —p)e((m+1)27M) = (h— p)g(mz—M)) ‘ Bmg_M} = 0.

Thus, since B,%N (m,:c, (p, h)) is B,,,2-nm, both

m—1
Z (pk ((m/ +1)27M) — pk(m'2_M))A£/’[éN (m/,z, (p, h))
m’=0
and
m—1

(pr((m -+ 1)27) = pr(m2))

’

0

m

x (= p)e(m+1)27M) = (h = p)e(m2=1)) BYG™ (m, 2, (p, )
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are PC-martingales relative to {B,,,-» : m > 0}. In particular, by Doob’s
Inequality, the P%-expected square of the maximums over m < [2MT] of
these are dominated by the sum from m = 0 to [2MT] — 1 of, respectively,

&7 [ (pu (0n+ 027) = prm2=)) |42 (2, (o, ) ]
< Cco~MEP “Amlv (m, z, (p, h)) |4} :

and
EP’ [(pk((m + 1)27M) — pk(m27M))
< (0= e+ 1274) = (b= p)em2=)) B (m. 2, (o, )]

< C4M (1t Bl g0,y BT | B (o, (0. 1) ]

2

Because ‘B,J:IéN (m,x, (p, h))’ is uniformly bounded, we will be done if we
can show that

N

B | ALY (., (o, )| '] < 027,

To this end, note that

[ % a0 el - pelirlio) ar

4

mM L=M+1
N 4
SS‘M/ ars PN (=2 500 (pe([7]L) — pel[7]L—1)) | dr.
It |p=pM+1
Thus

EP’ [‘Agﬂ;N (m7 x, (p, h)) |4} < 2M/1 EP’ [|G%éN (T, z, (p, h)) |4} dr,

where

N
Gi\i[éN (Ta &€, (p7 h)) = ai\{éLﬁN([T]Lfl, $7ﬁhM) (pl([T]L) - pé([T]Lfl))
L=M+1
[T]~ MN o
- /[ Al (o A dnd)
7]

when &Q{éN(O', T, Z,p) = a,gf[éN([T]L_l,x,p) for [7]p—1 < 0 < [7]r. Finally,
by Burkholder’s Inequality,

[rlx
B |G (o, (o) '] < OB (/
’ g

M

2
~M,N . 2
O[kj (07 T, $7p;’\/[)| d0'> 9

which is dominated by a constant times 4= . Hence, we have at last com-
pleted the proof of Theorem 8.3.1.
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8.3.6. Exercises.

EXERCISE 8.3.21. It should be pointed out that the characterization of
supp(PL) is much easier when L is strictly elliptic in the sense that {V;(z),

.., Vi(x)} spans R™ at each € R™. Of course, in this case, the statement
is that supp(PL) is the space of all continuous, R"-valued paths which start
at z. What follows is an outline giving steps for a simple proof of this
statement.

For the considerations here, It6’s theory is preferable to Stratonovich’s.
Thus, we will consider the solution p ~» X(-,x,p) to the It6 stochastic
integral equation (8.2.2). Our ellipticity assumption becomes the assumption
that the matrix a(x) = o(x)o T (z) is strictly positive definite for each z € R™.

(i) If (M (¢), 74, P) is an R™-valued continuous martingale with M (0) = 0
satisfying

n

> (M;)(dt) < Kdt

j=1
for some K < oo, show that

P(|M]jo,r) < R) > e~
for all T € [0,00) and R € (0, 0).
Hint: Set

— 53 |z|?

ug(t,x) = er2 (1 - W) ,
and show that (u(t,M(t)),F,P) is a submartingale. In particular, by
Doob’s Stopping Time Theorem, conclude that

S P(Cr > T) > BF [u(T A Cr, M(EACR))| 2 1

where (g = inf{t > 0: |M(t)| > R}.
(ii) Given h € C*([0,00); R™) with h(0) = =, set p = [|h — z|/p,7], and
choose a bounded, measurable W : [0, 00) x R" — R™ so that
o)W (t,y) = b(y) — h(t) for (t,y) € [0,50) X Byn (2, p+ 1),

Next, take 6(t,p) = —W (t, X(t,z,p)) and ((p) = inf{t > 0: |X(t,x,p) —
x| > p}, set

Ep(t,p) = exp </Ot (0(7,p),dp(T)) g — ;/Ot 6(7, p)|? dT) ,

determine (cf. Theorem 6.2.1) the probability measure Q so that dQ [ B; =
Eo(t)dP° | B, for t > 0 , and apply Corollary 6.2.2 together with Doob’s
Stopping Time Theorem to see that (X (¢ A (p,2,p) — h(t A (), B, Q) is
an R™-valued martingale which satisfies the conditions in (i) with K =
SUp|,_4|<, Trace (O’JT (y)) )
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(iii) By combining (i) with (ii), show that P°([| X (-, z,p) — hl[jo,7) < €) >
0 for all e > 0.

EXERCISE 8.3.22. Without much more effort, it is possible to refine (8.3.2)
a little. Namely, given a € (0,3) and T € (0, 00), set

1Pl 7y = B e e T C(]0,00); R™).

The purpose of this exercise is to show that (8.3.2) can be replaced by the
statement that

(v

. . 0 ) _
J\/}gnoo(y{‘%ﬂ» (HX(,x,p) _X('ax7g)||[0’T] < 6‘ Hp_gHM,[O,T] < 5) =1

for all g € C* ([0, 00); R") with g(0) = 0 and 7" > 0.

(i) Begin by showing that for each ¢ € [1,00) and T > 0 there is a non-
decreasing r ~» K4(T, r) such that

1

0 - ~ 2q1 2 1
B ([ X (2, 507) = XN (s, 2,007 < Ky (T IRllarjom) (¢ = 5)?

foral0<s<t<T,N>M,zeR" and h € C([O,oo);R”).
(ii) Using the preceding, Lemma 8.3.6, and Exercise 2.4.17, show that for
each a € (0, %), g €[1,00), and T € [0, 00),
PO (a) \1
sup B [(I1XC 2. n)lo) " [Ip = 91l < 6] < oo
5€(0.1]
(iii) Given 0 < o < 3, show that

foﬁ,)ﬂ) 7

o 1-5
Il < @llplor) 7 (ol

and use this, part (ii) above, and (8.3.2) to complete the program.

EXERCISE 8.3.23. Perhaps the single most important application of Theo-
rem 8.3.1 is to the strong minimum principle for degenerate elliptic opera-
tors. Namely, let G is an open subset of R x R™, and, given (s, x) € G, define
Gr(s,x) to be the set of (¢, X(t — s)) where t > s and X € S(z;Vq,...,V;)
with (7,X(7 —s)) € G for 7 € [s,#]. The minimum principle for L is the
statement that if u € C1?(G;R) is a (cf. (8.2.3)) (9 + L)-supersolution in
Gr(s,z) (ie., (O + L)u <0 on Gr(s,z)), then

ulGr(s,z) >u(s,z) = ul|Gr(s,z)=u(s, ).

Here are some steps which lead to this conclusion.
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(i) Suppose that (¢t,y) € Gr(s,z) and that u(¢,y) > u(s,z). Choose
X € S(z;Vy,..., V) so that X | [0,t —s] C G and y = X(t — s). Next,
choose p > 0 so that

{(r,2): T€[s,f] and |z — X(T—5)| < p} C G

and there exists an € > 0 such that u(t,z) > u(s,x) + € when |z — y| < p.
Set

((p) =inf{7>0: |p(r) = X(7)| = p} A (t —5),

and show that (u(s + 7 A ¢(p),p(7 A ¢),B;,PL) is a supermartingale. In
particular, conclude that

u(s, z) > BB [u(s + C(p),p(é))]

(if) Show that v = PL(¢ = t—s) > 0, and combine this with the conclusion
reached in (i) to arrive at the contradiction u(s,x) > u(s, z) + ea > u(s, x).



