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Al for math

Artificial intelligence and machine learning tools are used in a variety of different ways
to help us gain insight and understanding, generate conjectures, and prove theorems.

e Analyze data

= Search for patterns and correlations (data science)
= Classification (model training)

e Construct examples

= Generate extremal/interesting examples (Funsearch, PatternBoost, AlphaEvolve, ...)
= Extend known or suspected patterns, test conjectures

e Prove theorems
= Informally (First Proof solutions by OpenAl and DeepMind/Aletheia,
Bryan-Elek-Manners-Salafatinos-Vakil, Swaminathan, ...)
= Formally (AlphaProof, Aristotle, Ax-Prover, AxiomProver, DeepSeek-Prover, Gauss,
Godel-Prover, Kimina-Prover, Seed-Prover, .. .)


https://arxiv.org/abs/2503.11061
https://arxiv.org/abs/2411.00566
https://arxiv.org/abs/2511.02864
https://arxiv.org/abs/2602.05192
https://cdn.openai.com/pdf/a430f16e-08c6-49c7-9ed0-ce5368b71d3c/1stproof_oai.pdf
https://arxiv.org/abs/2602.10177
https://arxiv.org/abs/2601.07222
https://arxiv.org/abs/2603.24330
https://www.nature.com/articles/s41586-025-09833-y
https://arxiv.org/abs/2510.01346
https://arxiv.org/abs/2510.12787
https://menlovc.com/perspective/ai-will-write-all-the-code-mathematics-will-prove-it-works/
https://arxiv.org/abs/2504.21801
https://www.math.inc/gauss
https://arxiv.org/abs/2508.03613
https://arxiv.org/abs/2504.11354
https://arxiv.org/abs/2507.23726

It's all Os and 1s

Mathematics has two key features that make it especially attractive for Al:
e An inexhaustible supply of noiseless data.

e Computational access to ground truth.

What is data?

In mathematics, data are not observations, they are facts (aka theorems). That the
elliptic curve y? + xy + y = x3 + x> — 10x — 10 has rank 0 is one of 3,824,372 similar
facts one can find in the LMFDB. Like all mathematical facts, it can be encoded as a
sequence in some fixed alphabet (WLOG, we can assume that alphabet is {0,1}).

What is a proof?

A proof (at least in modern mathematics) is a series of permissible steps that allow one
to derive a stated conclusion from a stated hypothesis and an agreed list of axioms.
Every proof can (at least in principle) be encoded as a sequence in some fixed alphabet.


https://www.lmfdb.org/EllipticCurve/Q/15.a5/
https://www.lmfdb.org

Warmup example: compositeness

Fact: 91 is composite.

Proof: 91 =7 x 13.

Better proof: 2% % 2 mod 91

The integer 2 witnesses/certifies that 91 is composite.*

The triple (91,7,13) encodes a proof of the compositeness of 91 that can be
mechanically translated into a formal proof with a quasi-linear expansion factor.

The pair (91,2) also encodes a proof of the compositeness of 91 that can be
mechanically translated into a formal proof, with a quasi-quadratic expansion factor.

The singleton (91) can also be viewed as encoding a proof of the compositeness of 91
that can be mechanically translated into a formal proof, but with an exponential
expansion factor: 2|91V 3|91V 4|91V 5/91 v 6[91 v 7|91 Vv 8|91 Vv 9/91.

INot all composite numbers have a witness of this type, in general one uses the more general
notion of a Rabin-Miller witness.



Primality proving

Fact: 89 is prime.

Non-proof: 89 =1 x 89

Non-proof: 289 =2 mod 89

Proof: 288 =1 mod 89 A 2* £ 1 mod 89 A 28 #£ 1 mod 89
A89—1=288=23x11A2is primeA 11 is prime

Better proof: The point P := (6,45) on the elliptic curve y? = x3 + 13x2 + x satisfies

2*P #0and 2°P =0, with 2°> > g+ 1+ |2,/q] where ¢ = |/p] = 9.

The Pomerance triple (89,13, 6) encodes a proof of the primality of 89 that can be
mechanically translated into a formal proof, with a quasi-quadratic expansion factor.

Pomerance proofs are the gold standard of primality proofs; every other type (Pratt,
ECPP, AKS, ...) is more complicated and has a larger expansion factor.


https://www.ams.org/journals/mcom/1987-48-177/S0025-5718-1987-0866117-4/S0025-5718-1987-0866117-4.pdf

Pomerance proofs

For a positive integer p, define k, := [log,(q + 1+ 2,/q)] where g = |\/p].

Definition

A triple of integers (p, A, xp) with x9, A € [0,p — 1] and A> # +2mod p is a
Pomerance triple if there exist integers B, yp € [0, p — 1] such that P := (xo, o)
is a solution to E : By? = x3 4 Ax? + x, with 2P = 0 and 2%~1P +£ 0.2

Theorem
If (p, A, x0) is a Pomerance triple with p > 2 odd, then p is prime.

Proof.

A =% 42 mod p ensures E is non-singular modulo any odd divisor g of p.

If p is not prime then we may choose g < ,/p. The point P = (xo, yo) has order 2ke
which is larger than #E(F,;) < g+ 1+ 2,/q, a contradiction.

2The inequality 2% =P # 0 must hold over Z/qZ for every g|p.



Pomerance proofs

Note that By = x§ + AxZ + xo implies that the square class of B in (Z/pZ)* is
determined by A and xg, and this uniquely determines the isomorphism class of

By? = x3 4+ Ax? + x, so we can take B to be any representative of its square class, and
this determines yp up to sign.

But in fact we never need to know the values of B and yp!

Given a projective point P = (x1 : y1 : z1) on By?z = x3 + Ax?z + xz2, we can
compute 2P = (x2 : y2 : z2) by letting C := (A + 2)/4 and applying

U:(X1—|-21)2
v=(x—2)?
W=u-—v
Xp = uv

z=w(v+ Cw)



Certifying a Pomerance triple

1|def pp_verify(p, A, x0):

2 from math import gcd, isqrt

3

4 ifp<5orp%2==0:

5 return False

6

7 q = isqrtip) # p not prime => prime divisor < q
8 k =1(g+ 1+ isqrt(4*q)).bit_length{) # least k such that 2™k = q + 1 + 2*sqrt(q)
9

10 if gcd(A * A - 4, p) != 1:

11 return False # singular

12

13 X, Z=x0 % p, 1

14 Zprev = None

15

16 # precompute C = (A + 2)/4 mod p for doubling formula

17 = ((A+2)* ((p+1) // 4if p% 4 =3 else (3*p +1) //4)) % p
18 for i in range(k):

19 Zprev = Z

20 U,V = (X+Z)*(X+Z) % p, (X-Z)*(X-Z) % p

21 W=1U-V

22 X,Z = U*W % p, W*(V+C*W) % p

23

24 # if p|Z and (Zprev p)=1 then (p,A, x@) 15 valid

25 return Z = p == 0 and gcd(Zprev, p



Demonstration

Code and data are available in the following GitHub repo:

https://github.com/AndrewVSutherland/DANGERS3

python3 vpp.py 89 13 6
python3 lean vpp.py 89 13 6 >pp89.lean

Online Lean4/Mathlib calculator available at:

https://live.lean-lang.org/


https://github.com/AndrewVSutherland/DANGER3
https://live.lean-lang.org/

The landscape of Pomerance triples

Theorem
Pomerance triples (p, A, xo) exist for every prime p > 3.

For any fixed p, there are on the order of |/p integers A € [0, p — 1] that appear in a
Pomerance proof for p,3 and for each such A there are 2k—1 &~ /P possibilities for xg.
Thus every prime p > 3 appears in roughly p distinct Pomerance triples.

Given a prefix (p, A) of a Pomerance triple, it is easy to find an xg for which (p, A, xo)
is a Pomerance triple (this takes quasi-quadratic expected time).

For a general prime p, no efficient algorithm is known for finding a Pomerance triple
(p, A, xp). The fastest known general algorithm simply picks A's at random and tries to
extend (p, A) to (p, A, xo) (this will fail or succeed in quasi-quadratic expected time).

3'0On the order of" ignores factors that are O(log p).



Data challenge

Challenge: Given a (potentially large) prime p, generate a Pomerance triple (p, A, xo).
Resources available at https://github.com/AndrewVSutherland/DANGER3:

e vpp.py: Python program to test candidate triples.
ppl0.txt: the 236,264 Pomerance triples with p < 210,

pp20.txt: one Pomerance triple for each of the 82,023 primes 3 < p < 220,

ppl2.txt.gz: the 3,083,880 Pomerance triples with p < 212,

pp24.txt.gz: one Pomerance triple for each of the 1,077,869 primes 3 < p < 224,
e ppl6A.txt.gz: the 4,713,069 prefixes (p, A) of Pomerance triples with p < 21,
Resources available elsewhere (links available in the GitHub repo):
e pplé.txt.gz: the 43,307,624 Pomerance triples with p < 21* (646MB).
e ppl6.txt.gz: the 598,705,640 Pomerance triples with p < 210 (9887MB).
e pp28.txt.gz: one Pomerance triple for 14,630,841 primes 3 < p < 228 (386MB).


https://github.com/AndrewVSutherland/DANGER3
https://github.com/AndrewVSutherland/DANGER3/blob/main/vpp.py
https://github.com/AndrewVSutherland/DANGER3/blob/main/pp10.txt
https://github.com/AndrewVSutherland/DANGER3/blob/main/pp20.txt
https://github.com/AndrewVSutherland/DANGER3/blob/main/pp12.txt.gz
https://github.com/AndrewVSutherland/DANGER3/blob/main/pp24.txt.gz
https://github.com/AndrewVSutherland/DANGER3/blob/main/pp16A.txt.gz
http://math.mit.edu/~drew/pp14.txt.gz
http://math.mit.edu/~drew/pp16.txt.gz
http://math.mit.edu/~drew/pp28.txt.gz

