
Lectures 9/30

- Path algebras of quivers

-

group rings

-

Quiver

.→
# °

✓ = vertices
Q : ✓ E ⇐ arrows

S
,
t : E → V

.

A fierce' target -

ve V → Xu k- v. s
.

e. c- E → X
see , Xtce )

e

k - linear
.

"

•JC Jordan quiver .

Ro,=hGD .

Rep of this quiver = f X f )
k=I

, simple reps of Q
✓

<→ X J f , no nontrivial
f- stable subspaces .



<→ 1- dim
'l us

.
O f=!

Fix n
.
classify reps of Q with dim -_ n

.

<→ nxn matrices/conjugation .

<→ Jordan canonical forms .

⇐
.

•→ •

reps of Q <→ modules for

upper triangular matrices .

R -- ( k tf )
simple rep .

5-7 simple modules of )
( 9 ok ) = JCR)

RIJCR ) = k x k .

( {→ & ) → 2 simple modules
k O ) index set = vertices( •→ . ) ( indep - of k ) .

Pathalgebra of Q
. Ra

.

: k -algebra
.

sttt. RQ - modules↳ reps of Q over k .

Construction :

Ro
,
= ⑦ Rn

h30

Assume :
✓ = vertices of Q is finite

.

-



Ro = k x k x . . . x k
-

v

EV d

=⑦k . 1
,

Iv -_ ( o, .
. .

.

I
,

- - -

-
o)

ut If = Iv .

Ro 's 1=¥µ1v .

R
,
= ⑦ k - Xe k -v. s

.
basis Ike}

e EEE EEE

Ro f Rz 9 Ro

if Sce)=vIn - de - Iv = ( ke and tce )=v
'
.

- E

target source 0 otherwise
.

Roz f Ro

R2 = R
, ④ R

, Ro @ 1329 Ro
LH?oA"

⇐ ⑦ k -xe
E.I'

Heil - sled

Rn = R
,
④ R

,
⑤ . . . ④ R,

Ro Ro Roo

÷



= to k Kenkeuif
p=⇐ . .

¥) xp

Rn x Rm Rntm
.

Xp - Xq = "
pg

Ro
,

= tensor algebra of Ry
.

as an

Ro - bi module .

( previously . A E M
.

←

Ta ( M ) .

R C MOR = ring,

Talia) -- R to M to M¥14 to -
- - )

.

Exercise ~
-

- Left Ra - mods c- reps of Q over k

xp C ④ Xu ← I ( *u
,
fe)

NEV

ke fe : Xsce,→ Xtcel
.

Ro 's Iv acts by 1 on Xu
, by O on Xvi

,

u
'#

-



E.9 → Ra=k4¥y?
←

When is Ro
,
finite -din'll k ?

⇒
* no oriented cycles .

A. ?
•

→
.

I ←! cycle length n
p

Xp , Npt , NB , -
- - -

in n in

Rn Rzn Ryn ,
- -

-

⇒ if 7 oriented cycle , dim hRQ=N

if 71¥ oriented cycle .

all paths have length E / VI .
⇒ Rn =o t n >IN

.

⇒ dima Ra # L N .



@

• →
£

.

⇐ tree
.

f
Q = any orientation of T

• → Ra is t.d.lk
.

( artinian ) .

JCR)
.

⇒ nilpotent .

Q

Rl R>, = Ro = kx . .
- x k (semisimple)

.

a
-

FDR
> µ = JLRQ)

.Simple NRA - mods ?

I
g.Fk Ro - mod c→$kv$ wet

.

↳
I -dat u
O elsewhere

.

indecomposableirepsofq
↳ not a direct sum .

•J inde compas ( t ! ! )

÷÷÷÷÷÷÷÷.



Ex
: a.→

@§←
.

13*1 finitely many

indecomp .

•→÷&← . I N indecomp .

-

k ( G) G -

- finite group .

Thin ( Marschke'D If charCk .

then hCG) is semisimple .

I
HG] = IT Mn ; ( Di)

if I -

{ Irreducible reps of G over k}
11

{ Vili C- I
is an1④i - v. s . of dim Mi

.

right

diary; = hi - dim i .

-



Di f. d .
div - alg .
I k

.

e. g .
k = IR

.

/ Dpi = R .

IR ⇒Mn ; ( IR ) .

i = Cl
.

Di = AN
.

① Di = IR :
dim

,# = hi
.

G C V, vs G - invariant

pros. def. Sy mm .
bilinear
form

( ; . ) : Vi x Vi → TR
.

Vi
, ④

⇐ Vi ,④p 1C ,
( ; .) a symm . bilinear

G - inut form on Vi
, Q

.SIU irreducible (as Cl - rep -
of G )

.

En del Vi , e) = End
µ ( UK)④§G -⇐n

= tR④µC -

= Cl
.

② .
Di = Cl

.

dim avi = ni
.

IRCG] EVA,
.

Viggo .

= Vi to VI
G

E - action is twisted

by ex conj .



V; ¥ VT as QG - mod
.

because
: EKG) -37 Mn , CE) C Vi

ECG -37 Mniid ECK ④ d
.

T
Mnr ( Q Cl )↳ Mni"exe)

.

"

Mn :( e) x Mn
.
. CE)

.

a a

Vi IC = Vi to EE
• ,

⇒ Vi and VT are dish non - isom

simple ECG ) - mods
.

⇒ not G - int E -bilinear form on Vi
.

Vi = Vi
't

( always) .
*

Wii



③ Di -- HA
.

dim ,µVi= ni Vio AA

view VV; as Q - v. s
.

⇒ dime Vi = 2mi .

'

( a CAD )
.

Vini is an iwed E - rep of G of dim 2ha
.

h : Vix Vi → ¢

( G - i'nut
,
so

,
hermitian)

.

A-D= Cl to Ej jZ -1
.

(u 'D := hey
,
u; )
( J Z -- E 's V-zc.ci)

Q - bilinear
. Qbnea

Ee
:

( u , o) is a G - int symplectic form
on VUI

.

Di = IR
.

Vi
, e , symm .

bilinear Ginvt -form

Vi # VI ,
no form{ Di -- E .

¥ , syrup - formDi = All
.

Schow indicator : V : imad E - rep of G .

g¥trcg4H= t.to,
"?
Htt

.



HG) .
chlhlt lol

.

11

Tl Mn ; (Di ) Its irredk .- rep of G
iGI

Di - Z (Di) = field , finite extra of k
.

Claim :L ; --Z (Di) is a separable extn of k .

PI
.

I (G) is ss
.

"

Tl Mn; ( ti ) I'←sinned E- rep .
ie Il of E

.

Mini ( Di ) ④k I = Mn ; ( Dixon I) .

its {enter = 2- ( Dipak)
K

2- (Di ) ④ I
ke

z ( ICG)) = Ix - - -XI reduced
.

⇒ Z ( Mn ,CDI) ④uI) = Li ④k I reduced
.

⇒ Li is separable over k . LB


