
Lecture 6 9/23
-

⇒ Alternative argument for Wedderburn -Artin

- Jacobson radical

= Hopkin - Levitz ki Them ( artinian ⇒ noeth )
.

ring ring

Thun (Wedderburn -Artin)
R is simple artinian ⇒ R is semisimple as

left R- mod
,
and is

issotypical .
PI

.

⇐ ( ie, Reston )

⇒ ( Recall . simple R - mod- R/I
I = max left ideal )

.

R -- Artinian
.

⇒ minimalleft ideal exists .

to
R C I = min left ideal

.

Simple R -mod .

I R = { Exiyi I Xi C- I , Yi ER }
finite

(
smallest 2-sided ideal containing I .



R = simple ⇒ I R = R .

⇒ ⑤ I → R
.

y ER 0¥

x 1- xy
i. e .

. R is quotient of ⑤ I
⇒ R is semisimple as R - mod

,

is atypical .
R = * I ④

n

IE →

-

Them
"

R is simple artinian
-

Cas R = Mn (D)
.

If
⇒ M = any simple

"
niodule

.

D= End
r ( M ) .

div
. ring .

R → Endo ( M)
.

ring
This injective :

R is simple ⇒ no Kennel
.

Surjective ? R has dense image✓
If dim DM too .

then dense image
⇒ surjective .

⇒ R = Mn ( DV)
n -- dimDM

.



Remains to show: dim DM too .

Suppose not .

Ki , Kr , 23, . . . -

D-linearly in deep
n

vectors in M
.

Ii = ? Ann (Ky) left ideal in R .

j=,

I
,
3 Iz > Iz J - -

-

-

why strict ? Use density again .

Iz Z I3 .

Ki , K z
, 43 .

E M
F r ER . fr fr fr ( by density )

O
,

O
, Y , to .

y ,
"

y !

then r E Iz ) I3
.

⇒ contradict with artinian
.

DB



Jacobson Radical
-

R Ii semisimple ring -

artinian R/⑤= E is ss
.

Det
.

R = any ring .

JCR) = intersection of all maximal
left ideals .

µ compare commutative alg : T.CI#)--mhmqqm )
Prg x E R

.

T FA E
:

① K E JCR)

⑦ x acts by o on any simple
"

mod
.

→ ③ 1 - y k is left invertible for any YER .

4O1-yxzisinIb@efnyY.ZER .

④ is invariant under R c→R°P .

(④⇐ ① ) ⇒ JCR) is a two - sided ideal .

J ( R) = J ( RP )
.

as subset of R
.



JIRI = nfmg.ge?ight)
En =

kcxb . - -.int/I--DA--fg
.
Comm

.

moon . k - algebra ( h = field )
.

J ( A ) = Nill A) = { nilp .
elts in A}

.

-

F -
( ⇐ Hilbert Nullstellensatz)

.

ran.
.

"

EiichiNilpotent deal .
-
I

,
I
"

= o
.

2/4 µ 2- sided 11

{ I K, Xz . . - xn / ki E I )
.

Nil - ideal I : every element in I
is nilpotent .

left
Fact

.

I is Fml- ideal
,
then I e JCR)

.

Pf
.

ht x. C- I
,
t y ER

,⑤ C- I
.

want : I is (left) in ¥

↳ nilpotent .

( I + z + Et - - - ) ( I - z ) = I
.

Exe
. R C Mn ( k)

- upper triangular .
JCR) EEZ strictly upper triangular matrices.



R → diagonal matrices=kk

n

has simple modules Si
,

. . .

, Sn
.

"II" e s. - k
-

r C- R acts by O on Si
,
Sa
,

i - -

, Sn
⇐ r is strictly upper D .

Prop② . ⇒ JCR) c strictly upper 0 .

JCR) = strictly upper 0 .

Exe
.

R
. Mmm (R)

.

J( Mn CR)) = Mn ( TJCR ))
.

Prootofprop .

① ⇒ ②
x c- Jcr) x G M by o

for any simple M .

M = R/ I I = max left ideal .
x : → RII

.

-

y ↳ x y C- RII

xye
?

It



② ⇒ ① ⇒ ③ ⇒ ①
.

L l l

x acts by 0 RENE 1 - y >CEO

on simple Yeah. left inv .

③ ⇒ ① . I max left ideal

M=R/I simple .

K : M -03M
1 1-32=0 C-RII

⇒ x E I
-

① ⇒ ③ . If noth l - yx is not left invertible
.

R -Ceyx) is proper left ideal .

⇒ R . ( 1 -yx) C I = max left ideal
.

1- yx E I .
but a E I

. y.cc. I
? ⇒ I C- I

③ ⇒ ⑦
.
It = simple R - mod

.

X
want : x M = o .

If not , I me M .
sit . ¥0

.

M simple . Xm generates M .

⇒ I y ER .

st . yfxm) = m.

(D) ( I - yx)m=o .

③
.

. Uf-yx) =
.

for some UER
.

u@ ⇒ mo
.X



① ② ③ ⇒ ④ .

ITE JCR)
.

want : I - YXZ is invertible
.

already know : JCR ) is 2-sided ideal ⇐②
.

JCR) = f) Kerf R → End (M))
M simple .

= f) (primitive ideals
y x Z E JCR)

.

③ ⇒ I - yxz is left in.

U ( 1=1×1--1 .

U=1tuyx④ is left invertible

⇒ U is invertible

E JCR !
(by

and I-yxz is invertible
. DMs

#

The R = left artinian .

⇒ HI = RI JCR) is semisimple .

Pfe
.
JCR) = f) I

max left I

artinian ⇒ can find It
,

- - -

, In (max left ideals )
ns.t. JCR) = f) Ii

i=,



-
-

Idea
,
R s s ⇐ ER is ss -mod

⇐ III is a sub mod of
a Ss mood

.

SSE-- ri ←

÷÷x¥m
.

( RHI TIME. )
.

-

F*⇒ II Mn:( Di)
-

Tim ( Hopkin - Levitzhi )
R is left artinian ⇒ R is left

noetherian
.

Pf will show : PR has a composition- .

series
.

( ⇒ RR is noetherian .

o →④→ in → o)M
'
,
M
"
noet h

⇐ M noeth
.



IT = JCR) .

R > J s J2 s J
'
s . -

-
o Jh=O

.

..- - N

s,
I "E¥F÷iu]

.

TT C J if g- it ' =semisimple
"

12/3 .

also know : JYJ it' is artinian
left A - mod . ( or E- mod)

H
Jil Jit ' = finite direct sum

of simple modules .

refine { Ji ) to a composition series .

DAD


