
Lecture 5 9121
-

- Simple rings
- Artinian condition / Noetherian
- Wedderburn - Artin Them

.

DEI A ring R is simple , if the only 2- sided

ideal of R is 0
.

( convention : ideals can't be R )
Ee

.
@ Mn ( D ) . D= division ring .

• Weyl algebra / k -- field of char O .

Comm
-r.

A ( k) = k ( oh , xz . . .

. Xn , 2, . . .

, 2n )n

E±:÷i)
= { differential operatorsacting on k [ x, -→ xn ) )
An Ch) is a simple ring .

• k
,
char Ck) =p .

diff . operator 's on k[xi, xz . . .

. xn)
.

?

Approach 1 : copy defn of An ( k) .



Approach 2 : diff
. op . on klxi, . . .

, xn ]
operators generated by

• mutt . by fix , , - - -

- kn )
• partials ai .

Fait .
.

App 2 defines a (smaller) quotient of Appr . I .
2! (f) =o

Zip ( x?) = n ( n - i) . . . Cn -pti ) Xin
-P
=o

.

-

div- by p .

but ai fo in An Ck)
.

An ( h) C k[xbxz . . .

. an]
not faithful .

Approach 3
. Include d. o

.

with dqdpowe.rs
11 p b
Zi
- makes sense as an k - linear
P ! endo . of kcxy . . .

. rn)
.

p

2p÷, cxi ) = ( f.) a :-P -

(apps) -- An Ck) → ( app 2) ↳(app 3)
not simple . 2 !

'



Compute the center of An ( k ) .

check)=p .

Exe
.

V = k - v. s
.

dim! -- co .

End ( V) column - finite
k ( oxo matrices)
( simple ?

I = { finite rank T : V→ V ) C Enda(V ) .

+
l k - subspace .

Im (To A) E Im (T)
⇒ To A E I

.\ Imf Bot ) == B ( Effy?
.

✓ ⇒ B.T E I
.

2 - sided ideal
.

⇒ Enda ( V ) is not simple .



Artinian /Noetherian .

- Modules
.

R C M
.

M is an artinian Riiwduk if
tf descending chain of sub mod
M

,
s Mz S Mz s . - - -

stabilizers ( z n
. Mn = Mnt , = Mnt

M is noetherian R -mod if

V ascending chain of submod

M
,
C Ma C Mz C - - -

stabilizes
.

-

Ee
.

Non - noetherian , non - artinian
.

R
⑦ I

III --N .

Lama
.

A noetherian R - mod is finitely generated .

Why ? Ki
,
xr
,

- . - - generators
.

Rx , C R x, t R ka C Rx , + Race -112×3 ( "Lion fall)
stabilizes ki , Kc, . - -

. kn generate M .

at step n



Exe
.

Noetherian but not artinian module
.

12=2 C M = Z
.

Submodules of M :
NZ

MZ C naZ C - - -

" 2) ni , n 3) hi
,

. . . .

Stabilizes ✓
⇒ M is meth

n , 2 > naZ s n
z Z S - - - doesn't stab

.

mi / nz / n I - - - ⇒ not artinian
.

EI
.

Artinian but not noetherian module

12--2 C M = I

1¥
⇒i.

Submodule
. f-2/2 n E IN

.

=

"M
-
- .

Not Noetherian :

¥742 c I. He c #Hae - - -

-

Any descending chain .

M > In 2/2 s - - has to stabilize
.

*
(
finite ⇒ M is Artinian



Qlz = ¥212 not artinian
.

Rings

Det
.

R is leftnoetherian, if RR is a meth R- mod
.

left artinian
-

- H - artinian-

right meth( right art . )
R is left noeth⇒ A ascending chain of left

ideals stabilizes
.

Left weather.am#m8htnaTL.hn .

Fact
, left artinian rings are left noetherian .

Exe
.

kcx , xz, . . -

, xn ) noetherian
.

( Hilbert basis theorem)
.

b. ( Xi, xz, -
i -

- xn ) 7.
not noetherian

.

R -- k ( x. yd
.

Ry c R ly
, ya ) c R ( y, y x, ya

') c - r -

2-

E C 3pct -c 2-f) yes
- - f

ul

* 4×3



(
D DD

Ee
.

k = field
.
R : finite← dinilkalg

.

⇒ R is left and right artinian .

left#
o
artinian

.

R Ro
, fnitehegenldasko-m.cl

=

⇒ R is artinian Ro -mod
.§⇒ R is artinian R - mod

.

⇒ R is left artinian .

Lemme? R is left meth
,

RPM is f. g. R -mod .

=

⇒ M is a meth R-mod
.

Same for artinian
.

lemma 1 o → M
'
→ M → M

"
→ o

.
-

'

( Rmodd
.

Then
M is meth⇒ m

'
& M
"
are meth

.

M is artin⇒ M
' d M

"

are arlin
.

Lemma I ⇒ Lemma 2

F-noeth, M is f. g . ⇒ M
.

noetherian Mis noeth
.

Same argument for artinian .



Fact R -tetartinian
,

M = f. g .
R-mod

.

-"

⇒ M has finite length ( M has a composition
series )

.

PI will use R ⇐ noetherian
.

Lemma 2 ⇒ M is both noeth
.

and artin module
.

My = a sminimal nonzero sub mod
.

( existence⇐ artinian .)
N
, ¥ Nz I, Ns Z

- - - ( nonzero) . stabilize( ⇒ get minimal submod)
Then M , is simple .

Tr = MIM
,

artin
.
and meth mod

.

⇒ MI = minimal sub mod of NT -

Mz = preimage of MT in M

Mz C Ma f . - - - keep doing this
t
y has to stop

simple MT since M is noetherian



Then I Wedderburn - Artin)
TFA E fer ring R : invt under

( left) left-⇐ right

{ D R is a simple.qtinianmn#
③RD). ( D= division ring)

only
③ R is semisimple with one isom class

of simple modules.

④ R, alt -mod , is semisimple andisotypical
( Sto m )

.

( left)⑤ R is artinian
,
and has a faithful

simple module.
I

- ( primitive) .

( same for night version , and left⇒ night)
.

PI
.

① ⇒ ⑤ ⇒ ④ ⇒ ③ ⇒② ⇒①
-

"

easy
"

use Wedderburn's thin
.



① ⇒ ⑤
( (

artin
art in

simple faithful .

R M - any simple module

R → End ( M ) ring home .

Z

R simple ⇒ this map is injective .

⇒ M is a faithful R - mod
.

⑤ ⇒ ④
I ↳R=M⑤m '

R : Artinian

If faithful 1.7 .

idea
: produce an injection

R ↳ Mto n .

- Eggs

Smh a map comes from acting on Xi, - - -

, xn.CM
⑦n

R→ M

r 1-) ( rki
,
rscz
,

- . -
, run )



RE M faithful .

KEM
,
Ann ( x ) = f re- RI rx=o } .

(
left ideal CR

.

f) Ann ( n) =D)
.

KEM

R artinian ⇒ I x. , xz, - . .

. an E M .

St .

f) Ann ( ki ) = to }
.

it

⇒ R → M④" is injective .

r 1- ( race
,

- - -

,
run )

.


