
Lecture 24 12/7

Proof of Goldie 's Theorem
.

theorem :
R = semiprime , right Noetherian .

G) S = regular elements in R .

Then S is a night Ore set ,
and QC R) ⇐ Rs is a semisimple ring .

(2) R is prime ⇒ Q ( R) is simple Artinian
( ie, Mn ( D) )

.

R is
a
domain ⇒ QCR) is a division ring .

(3)
.
Goldie rank of R = Goldie rank of Q CR )

.

QCR) = TT Mnc. (Du ) . then

grk ( QCR) ) = E ni .

Last time :

• M G N .

essential right ideals I Ce R .

• Goldie rank of a right R- mod M .

Lenny
.

M
#
to Mato . . . ④ Mn Ce M .

each Mi is uniform
.



⇒ grh ( M ) = n
.

⇐ a man . µ:÷i÷:¥ 's:c.",grk (M
' ) E girls (M ) .

e.g. 13=2 ,
17=2

.

A 2/6=2/2 ⑦ 743

2) . Suppose M has finiteaGoldierh.tl' EM
.

Then grhlm
' ) = grh (M )

⇒ M
'

EM .

( If M
'
is not ess in M

.

M
'
to N C M

.

m¥ . .
.

⇒ grklm ' ) Lgrh (M)
.

If M
'

Ce M
.

grk ( Mt ) ⇐ n ⇒
C M

' CMT
\ l l- e e y
uniform

Lemma⇒ grklm ) = n . )
Fact

:
It → injective hull Ilm )

.

when is ICM ) indecomposable ?



M is uniform ⇒ ICM ) is in decamp .

grk (M) = n ⇒ ILM) ⇐ direct sum of n

indecomp . injective -

Pf of Goldie 's Thm assuming :

Lenya R = semiprime , right Noetherian
I Ce R • ess right ideal .

Then
I contains a regular element of R .

might
( to be proved later)

.

(2) Check One condition for S = regular elements .

s R n a S tf t s ES
,
a ER

.

④ right ideal in's
R

-

sp
as R-mod .

RT

⇒ grh (SI) = grh ( E) ? so .

Car ⇒ s R E R
.

want to find ads
.

") E SIRI .
right ideal

R) E R
f e

ca: Eat IT Haki 's.fi.IE:2:S:here
.

S R C
e

Lemma
Lai (SR) Ce R ⇒ LI

'

CSR) contains a

regular element . s
'

.

as
'
E SR

.

#
.



Remains to show : Q ( R) = Rs is semisimple .

Recall : A ring R
'
is Ss

⇒ RR
" doesn't have proper estate right ideal

will check
:
Q CR) Z J essential right ideal

then I = Q (R)
.

Pf :
I = J n R C R

.

Claim
:
I C R

-_ e
'

( If not, I ⑦ I
'
CE R

.

( *÷÷s④¥
- Rs - airs .

'

)
lemma ⇒ I contain some S E S

.

⇒ ? 7 ⑤ is invertible in QCR)
.

⇒ J = Q CR)
.

Localization of modules
-,

S = right One set C R .

Ms = him !Ht . Rs
s EEE

'
-

-
-

Ms = ¥M④
,
Rs

.

/ C- Jss is exact .

S # regular elements .

R C Rs
.

U U

I C Is
J C Rg

.

right ideal .

I⇐ Rn J ,
II
$
EE



2

any ett in JIT a a ER
.

SG I

⇒ a E J n R FEI .

⇒ as
"
E Is

.

(2) R is domain ⇒ Q (B) is die
. ring .

⇒ 5=121103
.

°

of as
"
E Q CR )

.

so
,
at S

'
. ⇒ a and s

"

are both

invertible in QCR )

⇒ as
't
is invertible

.

⇐ R C Q ( R ) ,= domain .

R is prime c⇒ QLR) = Mn (D)
.

Suppose
=3 Q CR) = Q

,
X Qa

.

Ii = (Qiixfo} ) n RR
.

'i'=L
,
2
.

I
, Iz IO

.

*

Observation
: R CE Q ( R ) f R

e

( essential right R- submod)
tf OHHH f Q CR)µ AER ,o¥as¥ '

EM
.

⇒ o# c-Ha .

⇒ o #at Mn R
.

.

✓

I
, ¥0, 12=10.

⇒ R is not prime .



⇐ Q CR) E Mn ( D)
.

want to show R is prime .

Suppose a l? b =o a
,
b E R

.

-

at 0 ,

a E Q CR) = Mn ( D)
.
simple ring .

Q CR) a Q (R) = QCR)
.

⇒ I xi , Yi E Q ( R)
.

sit
.

xia Yi =L .

c- find common denominator s for { Yi ?

Li = Zi - 5
'

. some se S
.

Zi E R
.

Z x ; a Zi = S
.

O = Exo = { b. .
⇒ b - o

.

reg

(3)
. grk ( RR) ⇐ grk ( Q CR) ) .

(right ideal)
R QCR)

REQ
#

@ R- submod)
Lhp (Q ( R) )

grhp ( R) = grkp ( QCR) ) Z grk ( Q CR ) )
QCR)

want
. grkr ( R) E grkac ( Q CRI)

.

H
n

I
,
to in ④ In C R

(I ,} to a . . ⑦ ( In)
,
C Rs = QC Dmm



Lemmy :
R = semiprime , right Noe .

Ice R .

(night
" ideal ) ⇒ I contains a regular

element
.

Singular

M J R
. (

right
ideal .

Sing ( M ) =/ KEM / Ann Cx) G R }
.

L
Ann a) E R

t d La
Ann ( x) C R

e

M →f N
, Sing ( M ) Sing CN ) .

✓ Sing (RL C R R=nonsinga"

ideal .

l
night iaeae ✓

/ if Smg (Rr) - o
.

(
left ideal ✓ .

-

Fact
:
A = comm

.

A is nonsingular⇐ A is reduced
.

Fact
.

R is reduced
,
then R is nonsingular .

Lemme
.

R right Noeth ,

then Sing ( Rp ) is nilpotent .

←

( I = Song ( Rp)
.

RAnn CIF stabilizes
.
.

. -

)
.

Cut
.

R semi prime , right Noeth ⇒ R is non singular .



i.e. f of a ER .

RAnn.ca) is not ess
.

in R
.

⇐ Any essential night I CR
e

then L Ann ( II) = .

Coe
.

If a ER .

is right regular .
( IEEE )

.

then a is regular .

PI
,

a R E R
.

grk ( a R ) = grk ( R) .

Coo
.

AR C R
e

x a =o
.
⇒ x EL Ann (④ = 0

.

Bk

ess

Sublemina I CR right ideal .

There exists a C- I s.tn

RAnn (x) n I ⇐ 0 .

Pfotlemmaa
.

I Ce R .

Sub lemma ⇒ I x EI St
.

R Ann ( x ) n I = 0
.

⇒ Rann ( x) =O
.

right
i. e

.

x is regular ⇒ x is reg .



Pfotsubemma Induction on grkr (E ) .

grkr ( III) = 1 .

I -_ uniform
.

# O
.

R semi prime ⇒ I
-

¥0
.

x
, y C- I

xy
Claim Rann ( x ) n II = O

.

-

J
.

right ideal CI .
if J to

. JG II

R{ aerlxya -03
Egg * he

J C I
e

Ky J
'
= o

.

yess .

xy EL Ann ( J
') ⇒ xy=o .

( oh -4 ✓ )

Induction step :

I
'
CE II

I

grk(I
'

)=grkCI) - I .

x' C- It .

Rann ( x ' ) n I'=o
.



If Rann ( x" ) n I = o ✓
If not

. = Rann (x' ) n II

I ' to V C TI

/
t
uniform .

24 ME
.

Rann ( re) n -U=O
.

X = x't U satisfies

Rann ( x) n I -_ o .
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