
Lecture 1142

- semi prime rings

- Uniform modules
,

Goldie rank

- Goldie's Theorem

Them (Goldie ) Let R be a semiprime , right
Noetherian ring .

• S = regular elts in R .

is a right One set .
• Then QCR) - Rs is a semisimple ring .

( Q CR) = II
,

Mn
;
( Di ) )

.

Special case :
R = domain

, right Noetherian ,
then Q CR ) = division ring .

Prngs

GIM A is a domain⇒ Co) is a prime ideal .

P C A prime ÷ a be p ⇒ aEp
or be p .

Non Comm
- ' sake def gives the notion of

" completely prime ideals
"

-



P = completely prime ideal .

←→ RIP is a domain
.

Prime rings inwiill include Mn ( #) R= domain
.

-

Def
.

R is a priming if t ideals Iz CR

I
,
I
,
= O ⇒ either I ,=o or I2=0

.

e.g .

R -- simple . ⇒ R is prime .

R = domain ⇒ R is prime .

*
Equivalent formulation ( R prime) .

• Ha, BER , add ={o) ⇒ a=o ar b = o
.

(AR) - CR -b)

• it I right ideal , Iz left ideal
.

I
, Iz ={O} ⇒ I

,
=o or 12=0

.[
This implies R Priya :c.tn

,
Ei Footer

.

✓ b C- Iz Iz S R b
.

O = I
, IT > a Rb ⇒ a -_ o ar b = O

.

e. g .

R is prime , so is Mn ( R) .

-

ideals are Mun ( I)
.



R is prime , so is R[x)
.

R[ sci
,

- - -

, kn) -

Det
.
p CR is a primeideal if Rtp is a

prime ring .

(⇒ if a ,
b E R

.

st .

AR b C P .

then either aEP or be p .) .

Ed
.

Primitive ideal :
R-

R G M = simple module .

I = Ann ,z( M) = { ④ C-RI a 14=0}
.

(
such ideals are called primitive .

primitive ⇒ prime .

PI
:
T3=R/I G M = simple E- mod .

T
faithful mod .

If a-
, b- E E sit

. b=O .

If b- ¥0
.

IT b- EE = IE

f
Tuten (

' im is simple)
apply a-

air b- put =o
-

"

⇒ I acts by 0 In RT ⇒ a- = o
.

NI NC

Prime rings#www.m.se#me*edU ou
-domains reduced



Def
.

A Seine ring R iis one in which
there is no nonzero nilpotent ideal .

Equivalently ,

• I C R ideal
,

TIKO ⇒ I = o
.

•

• if a ER
,

s .t . aR⇒ a=o
.

(This implies IEEE ⇒ I a- o ?

a C- I
.

O - IZ s aR①-H
⇒ a -

- o ) .

• If I CR is a left ideal
,

sit
.

I2=0
then I= o

.

Det I C R is a semipwmeideal if RII is

semi prime .

R is reduced ⇒ R is semi prime

Ex
.

R semiprime ⇒ R Cx) is semi prime .

- n- ⇒ Mn (R) is semipreime .
=

R
, ,
Rz semiprime ⇒ R , x Rz is semiprime .

=

Recall : J (K) contains all initialed
-

( ideals consisting of nilp elts)
.



non-zero

If J (R) =o ⇒ no nilp ideal ⇒ R is

semiprime .

Uniform Modules
-

.

-

Def : M G R is called uniform
.
if any two

nonzero submodules have a nonzero intersection
.

(⇒ M
,
to Mz & M )

.

A K
O O

EI
.

or A = domain
.

A as an A -mod is uniform .

(a) n Cb ) > (ab) # o
.

• A==k E M = k¥34) .

an x acts as ( od .

. ) on M .

0¥ M
"
C M ⇒ M

' contains x"'
=

⇒ M is uniform
.

f. g .
ibex] -mod M is uniform

<⇒ M = klx]
.

I m = KEY fees"
fix ) ironed - poly .



M is uniform ⇒ any
submod of M

is uniform
.

* quotient mod⇒m .

Klay ( n ca- is ) = Kla# klsdkx-y
• R=k ( x

,
a)

.

klx]
. Simple modules

R = kkx
,
2) C R2

.

is a uniform modules
=

R E R is uniform
.

⇒ of I.
,
I
, CR left ideals I, n Iz # O .

⇐ Ota, b ER
,

then Ran R b.to
.

-

R#⇒ as nsRt0
.\ s = Ri { o) is right Ore Bear n SR # Lol
.←→ R G R is uniform

.

-

Goldie rank
- -

M
'
C M

.Es#inclusion : e

if any nonzero submod N CM

⇒ m
'
n N to

.

(⇒ M
'
⑦ N # M )

.



Def MGR . ishhasfiniteboldie-ank.it
it doesn't contain as direct sum of submod .

( M is niaoietherian ⇒ M has finite Goldie rh)
.

Det
.

M G R
.

grk ( M) ⇐ sup { n / M
, tomato ii. ④ Mn C M }
I ¥ ok

grk ( M ) s - ⇒ M has finite Goldie rank
.

⇐
? will prove in next prop .

¥
. grkcm) -0 ⇒ M =o

.

grk (m ) =L ⇐ M is uniform
.

Prof Suppose M has finite Goldie rank
.

then 7¥ Mito . " ⑦ Ma f M .

' ' ''

Mi uniform

② If M
,
to . .

- ⑦ Mn Ce M
Mi uniform

⇒ n = grk ( M ) .

Properties of Ee
-

• M
, Ce Mz Ce M 3 ⇒ M

, f M3



• MIE Ce Mi it
,

- -
r

,
n

.

⇒ ④ Mi Ce ⑤ Mi

• f : M
.
→ N

. (R - linear )
ve ⇐ Ve

f- ' (N
'

) will
.

#

• M has no essproper sub mod
,

⇒ M is semisimple .

(⇐ : M
'

EM .

then M
'
to M

"
- M

.

⇒ M
' not essential in M

.

⇒ M
'
C M . any swbmod .

f-

* { Mcm ) Nn M
'
'=o)

.

has a max .

element
. N

.

.

M
'
① AH C M ⇒ N' ⑤ N - M)-

e

Pf of prop
-

① .

M has finite Goldie rank .

M not unit ⇒ M ⇒IMi④M①
l

U

Yym
hitomi"

\

Stop M ⇒ M , to
. .

- -⑦ Mn
r-

\ Uniform .



if not eds
,
can find Mnt ,

.

Ah
,
④ ' ' '④ Mn ④ Mine, C M

.

*
M Ito . - -

- ④ Mn to Mnt , ⑦ ' ' ' ④ Muth C M
.

-

unit .

I

/

:

Mito . . . ④ MN Ce IM .

②
.

M
,
to ' '

. ⑦ Mn Ce M
.

-

unit . It
1*1

,
to"e C M

.

want toy show

N
't
not essential in M .

Claim
;

Nh n Mj = 0
.

some IEJE n.

PI
.

Otherwise
. Of N

'
n Mj C Mj

%Mje④ My gem
ess in M

.

but

g④ N'
-

n my C N
?
not ess

.

in M
-X

-

Rename this Mj by Mi .
i.e
,

N
#
n M
,
= o.



-

④ ④ Mz ⑤ -
- - - ④ Mn

.

N , ④Nzt
µ2

Clin :
NZ n Mj. =0 ,

for some 2fjEn

pf .
.

otherwise

,y2 > ?qµ2nMj Ce.IO?zMJN2tofMn.hgML- t
all
-

c MIM
,e

i
#

ibk Nz n ( N'④ Mi )
.

⇒ claim
.

#
M
,
④ Me to F- -

N ,
④ Nz to3

If he> n
.

Mito " ' ⑦ Mn

N
,
to . . . ④ Nn to @n+,

to - - - )
#

Nn
Nhn ( Mito ' ' ' ④ Mn) = O .

⇒ Mito .- -④ Mn hot ess.in M .X .

Dnt


