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Central simple algebras
.

Recall :

E3 / k c. S.a . [ R : k] =n2
.

kc L c R
'
commutative sub als

.

D L is a field ⇒ [Like
③ In general .

R = Muck )
.

ii. I"tE÷ .

③ L = '

product of fields .

⇒

=

[ L : k ] In
.
. ←



The ( Noether - Skolem)
R 1k c. S.a

.

finite -dim'll k
.

S : simple k -algebra .

4,

S Is R ( k - alg maps )
K

⇒ I n C- R×
,
sit .

4 ,
(s) = U Rls) Ut , ht s⇐ S

.

Special case ;

① S = R
.

91=9 :
R T R ( k- linear auto .)

g- Bid : R = R
.

⇒ I UE R× . It .

9 = u r u
"
t RER

.

⇒ any automorphism of
R is inner

.



finite

② L -- S = a field extension of k
.

⇒ Any two embeddings L Cs R .

are conjugate by some U C- Rt .

Pf
-

: S E RS R

% T
usual

.

→ R is S RF- mod
.

D T t

µ
, simple I c.s.a.lk

simple k -alg .

finite -d.mil .

S RP has a unique simple mud M .µT*T=⇐ Mta .

.

-

[ Rick] = a - dim
k
M

Using S & R G R ⇒ same conclusion

¥



R
"

# M
④ a

⇒ R
'
E R

"

as S ④ RA- mod
.

i. e.
,
I N : R

' -7 R
"

s ④ RK linear

H H

Reg Reg
R R

since u comin with right malt
⇒ u is left mutt by u ER

.

U is isom ⇒ we R× .

U is S - linear

.

U •

R → R

4,6) . I C- 1426) .
U •

R - R



I → u

4µs ) → I!glsI=kls
4263=44, Is ) u

"

it so S
.

④

Them ( Wedderburn) Any finite division ring
is a field

.

PI
.

D finite div
. ring . ( D : k)# n ?

2. (D) finite field = K =Fq .

tf x E D
.

b. Cx] C DD
.

"
finite field .

-k[se] C L = max .

Comm
. subring .

= field
.



⇒ ( L :b) = h
.

L = Fgm .

Noether - Skolem :

Fgn C D
.

unique up to conjugation buy DX

⇒ Fix I Fgm C D
.

H x C- D can be conjugated ilnoillfqn)

C¥=D× gp of order of
"
- A1

.

J conjugates of i(Fq×n ) cover the

H
whole D* .

AHA

H e G - Subgp .

Ug Hg " = G
SEENftp.ghh.LIJ-gttg-i

H



1 Lusts 1%1 - IHI
.

- lol
t
strict if H #G
' e'the g Hgt all contain

⇒ KAH -- G ⇒ D= Fan .

n=I
.

D8

Reformulation :
Br ( Fg ) = 0

.

Exe of k s.t . Birch) - o
.

① k -
- alg .

closed
.

K --k
⇒ Br ( K ) -0

.

Unrsimilarly ,

Qp -→ Qp
Max

.
Unna on

.

extn of Qpp .



Br ( Op
"") = o

.

Br C GF" r ) = o
.

p

More generally .

K :
discrete valuation field .

residue is alg .
closed

.

complete .

⇒ Br ( K) =O
.

② .

h = alg .
closed

.

KJfk transcendence degree 1 .

Cff. g. extn) .

( i.e
. KI k Ct)

.

finite )
.

"
t-dim't function fields over k

"
-

( rational functions on alg curves/ k )
.

B r ( K ) = o .

K = k Ct) .



Splitting fields of c. s.at#nite-dinil
.

=

RIK c. S.a
.

CR : b) =n?

4k field extn is called a splitting field
far R if R④kL=Mn (L) .

(⇒ Br Ck)→ Birth ) )
CR] l→ E

R -- M .nm( D) .
If 4h is a splitting field fu D .

D L = Md (L )
.

RxqL= Mm ( D L)

= Mm ( Mall ) ) - Mmd (4
.

Prof
.

Dlk .

c. d. a
.

L c - D Max
.

subfield
.

Then L is a splitting field of D.



( if [ Dik) -- n
'

.
⇒ a splitting field

of deg n
)

Pf
-

- D xp L .

C
€ €

( DC SL)

4 :
D L →→End¢
If!?m%:b::*

.

ftnishtmwot .

M (L )
Y injective n

dim
,
⇒ y is .¥ .

nah'm D
L .

using CL : k) -- n
.

H ⇒ CD : D= CD
u

D④k L = Mn ( L ) .
CB :$
"

D8



then
.

( chante =p> o) .

DI k c.d. a
.

Then D has a separable finite)
splitting field .

Recall
.

. 4 separable ←→
finite .

any of thek following holds .

sooo HH x E L
,
x is a root of

a separable polynomial over k .

( no repeated roots) .

• L q k ' ( k'/ht ' extn )

\ has no nilpotent elements .

(⇒ a product of fields)
.

• Log I
,

has no nilp .

elements
.

purely
⇒ a product of E )

.

Linseparabk elts : ape= a ,



↳ Hahaha)

Lxqti-IL.nl/cape- a)
.

let a'Ea
.

= Else] / ( x- a) Pe
x - x is nilpotent .

pfoftthm
.

D c
.
a .lk .

[ Dik]=n?
If Dxohk

' has a zero divisor .

=Mm(D£'
c. d.a .lk' '

( NE m?[ D' : k ']
[ D' : k'] s [ D : k]

Induction on n
.

ind¥¥Dk .

(
""""""°



with such a
.
k' = k B

.

D k' -µ④D( me . . . . ..÷÷÷÷:*so does Dxq①= Mrm ( D
' )

.

[D' : k" ] c CD : h)
.

( m > l )
.

+
use hypoth .

Suppose we can't find such a .

⇒ tf x E D
.

is purely inseplk .

( n E D
. ⇒ ⑧ is separable 1k

( some e )
ape # k . ✓
01W : x

Pe E k
. B )

.



Dc D xp I = Mn ( E)
.

-

% ④ s → nxn matrix
-¥

LIPE E k.IN
.

⇒ all eigenvalues of # (ink)
are the same

.

pl n .

Tr ( II ) = Tr ( .

.
=o

.

Multi) is the E - span of D .

⇒ Tr ( Mn CI ) )-X .
Bai

RI
. k=FpKtD . lL=FgnUt
D= LL x ; D)( xn- ta ) .

1- Fro 's
G



gedla , n ) =L .

⇒ D is c.d.cn/k
.

n =p .

D - k[ a]/cnP⇐ ta) =L
'

-

inseplk .

HAYK
.
Eml

.

KI k Eff .

Galois
.

HP ( 4h
,

H'll
.
En) ) ⇒ H'"9k

,

- mm -

H 'LL
,
Gm) -- I

.

tick
,
Gm)

HYk.am/M2sH4&amFT#Id ¥ .

um


