
Lecture 17 11/2

Central simple algebras.
I

k
.

→ division algebras 1k
.

i. field
.

kgebnm :
R means he ⇐ ZCR)

.

Centralg R means k = 2- ( R)
.

e. g . Mn ( k) .

Simple : no nontrivial 2-sided ideals
.

R is simple# R as an R- binod is a simple
nbimod

.

( R
'
C R ⇒ R

'
-

- o or R)
.sub binod

(
same as a 2- sided ideal

.

RI k c. S.a
.
( central simple algebra) .

( Z ( R) -- k , and R is a simple ring )

Examples
.

• Mn ( k) .

• Assume dim
n
R C D

.
⇒ R = semisimple .

R = Mn ( D )
.

and simple.

ZCR) = k ⇒ ZCD ) = k
.



Need to understand central div. alg.lk.

• k -- IR
.

AD
.

f. d .
c. s

.
a. / IR : Mn ( BR) .

Mn ( AD ) .

• k = Eq .

finite field
.

Wedderburn's them
:
f.d .

division algllfq
are fields

.

⇒ f.d.c.s.ae/Fq : Mn ( Fg ) .

• k = I . No nontrivial f. d. division alglh .

D s k
.

• x E DX k
.

⇒ x is algebraic over k .

k[ x ] a
.

( finite -dim 't

>ch t a ,
un - ' t . - - t An =D .

factorizes
.

(x - d, ) . . . ( x- Xn ) =o
.

C- D
.

D has no zero div ⇒ x= Xi E k X
f. d. c.s.a.lk = I : Mn ( k ) .

Ed
.

( cyclic algebras) .

k contains a primitive nth root of 1
, f

.

( church) = O ur prime to n )
.



a
,
b E k

.

Ra ,b= h # ' 'Y (
"

Ijg. y )
(e.g .

D-D= 'R' " 'Yf ;¥÷
..
)

t as k - v. s -

y x =3 x y .

e{ 2- cnn.nex.my " } = klx.us/Cyx-$xy)
Be

Hm mine *my
' f -- Rab .

drinkRa, b = n
'

-

Z ( Rab) = k
.

Fat: if ab fo .

⇒ Raab is c. s
.
alk

.

Idea
, we will see :

RI k c.s
. a

⇐ (12%5)/5 is c. s.a
.



n- I

k -- I - a¥¥o
.

x
"
- a ⇐ IT ( x - Sia )

c- = O

Ra
, b
- kkyc.cn -a) I kk .

n

want : Rais = Mn ( k ) .

Tmyy to construct annl module of Ra
,
b
.

( over k )
.

V = Kotto kN -0 . . . to kfn - t) dim kli)=$

I Y F. Yn,
k

x =/ " : ..
,n
..

.
)

.

Y x = Guy
.

⇒ x v = d v
.

94,4=5×44*yuT•§
⇒ yr is in the eigen sp of x with

eigen val = X . 5
#

.

|Y:kCi)→kCi⇒



P,

y n⇐ (
*

*

P"
.

.

.

* ) pick .

Pn- i
Pn

any y of this form satisfies

yx=5
To construct the action of y f V.

just need yh
I
TIP : = b .

µ

Take Y = (
b

"
"

"

'

:

i ) bto
.

⇒ Ra
, b
→ End

n ( D )
n
2 m2

check this is =
.

1¥
.

l
't
't

:* ) .

r

F-ii y
'd

get
'

Ej
Suri✓



More general cyclic alg construction :

← a product of field extensions of h .

L e.g .

kxkx . . . xk

th n cydhic extension
.

- TEL?"

( ⇒ ti ! III. of order n )
Skew - polynomial ring

LBK *) = L Ito Cixi Ici c- LK )
finite

SEC ⇐he) - k tf CE L
,

taek
, Lix , o)/ ( xn - a) .

Fait
.

,

when a fo ,
this is a c. s

. a. of dim n'/ k .
Previous ex

. [ ⇐ k§y . cyclic extn

I of deg n .

k r : L→ L
.

Lex
,.rs/c.n.a ,

' '→

= hey ] ( x ;D/ ( x"-a
, y

"
-b )

.

we



Styx
Hy ) Cx;D = h ( " Y )/¢xy - n' 'g) xD
(

' '

const
' '

Imm

⇐ 5xy - yx .

-

Tensor product of algebras ! h .

R ④ $ ( r ④ s) ( r '④ 5) = rr ' ④ Ss
'

defines a ring struct,!% ,

Universal property . k-Alg.ee .
→ 12×05 ring

T : k - alg . s /? I ④ s
how

-

Sr

Hom ( R ④hS , T ) -⇒ Hom! Rit) x Homie (ft)
k-Alg T -Alg

-Alg
W not a bijection . U
R , S commute
inside
.

rxqsttfla.at/7oh:iht7!'7)
4 :

→ T

⇒ 4 (R) , yes) commute within T .

Conversely , y , .

.

R → T

Yz :S → T

5. t . Im ly, ) , 2mHz) commute
.

12%5 → T
r ④ S t 4. (r) Rls)

.



R
,
S Els

t

( R , s) - binned .
17

.

⇒ R SOP
-module .IE

.

in

Lenning R
,
S : k - algebras .

( ZCR} 2-(s ) : comm k -ab)
.

Then 2 ( R ④h s) = 2 (R) ④h 2 (s) .

PI
.

J clear
.

assume#J= ¥1 ra ④④ I =o for
It -2112×05) f ra ) k - basis of R

.

almost all 2
.

atI
-

J comm
.
with S ? s

.

⇒ Js = S Z .

⇒ Era ④Gas) = E ra ④ ( s sa)
.

- n

-
⇒ sa s ⇐ s sa tf s

.

i.e
. sa E Z CS ) .

⇒o Choose a k -basis top } for 2- (SS )
.

write
z ⇐ I Pp ④ Fs

Pp C- R
.



use r 3=3 r u r ER
.

⇒ rep = per t r ER

i. e .

. Pp C- 2. ( R)
.

⇒ JE 2. (R) ⑤ 2 (s )
.

-

Goal : R.lk
,
51k c.sa.

⇒ R④nS is c. * a .

( centrality ✓ )

Timm : RI k is c. s
.
a
.

S any k - alg .

There's a bijection

{ died! sots } - I ideality Rxqs }
E te R ④ I
€-7 L

Jn f-④S) ←l J c R ④ S

Cor 121k is c.e. a
.

then
-

-

D Rios is simple c⇒ S is simple .

2) RYS is c. sa⇒ slits c. S.a .

Coe
.

L Ik field extension .

then RIK is. c.*a .
# (17×84)/1 is c. sa

.



Pf : Apply previous Corto S =L
.

RAK is c. s. a ⇒ R L is simple .

with center
11

2-(R) ④k L =L .

⇐ RE LIK is c. s
.
a.

k

center .

. 21h23 L = 2C REL) =L .

⇒ ZLR) = k
.

Simple : If R is not simple .

0CI ¥ Rt

⇒ O C I ④h
L C R ④ L

t t k

⇒ RIEL is not simple -X
.


