
Lecture 15 10/26
-

- Morita equivalence
- Morita context

Def
.

An R- mod P is a progenitor if

• P is f. g . projective ;
④

• ⇒ surjection P
"

-5 R
.

Exc . 1-3 #

Def
.

An R - mod M is a genera-t.ir
( for the category of R - mod )

if satisfies one of the following equiv . conditions

D The functor
C

Homa ( M , - ) : → Ad .

is faithful , i. e , injective on Horn sets
.

X ,
Y E R-m@ e

Hom,z( X , y) → Hom ( Hom,{ M,X), Hom,{ 17,4 ))
injective ,

I
if f : X → Y , f to

R- linear
then Hom ( M , X)→ Hump (M, Y)

R tb-mpfm.fi # O

2)
. Any R -mod can be written as a quotient



( poss . D ) .
of a direct sum of M .

D M ? " → R
.

.

Exe
.

R itself is a pro generator .
EI

.

D = dirt : asegt - ring .

D - mod

pro yen = f. di .
D - v. s

.

=

EI
.

R = Ss ring . { Si ) simple obj .
⑦ Sii is a pro generator .
=

Smaller than R
.

E
.

R artinian
. Ps

,
⇒ Sii

.

⑦ Ps
,

is a pro gen

The P : pro generator for R - mod
S : = End

,z
( P) op .

( Rep s s )
Then
G = Ito:

R -mod→ S - mod
.

Fright!"
-

an equivalence
.

-Ijm "

es .ws#lPi9sTJ
left adj



(④ ,
Hon. ) - adjunction
REM F S

( left) ( left)

Mxosc-) . Samuel→ R- mod : Hom ( M
,

- )
'

← R

X E S -mod
,
Y E R-mod

canonical Isom of ab . gps

Hom ( M q X , Y) = Hom ( X
,

Horn,{ M, Y))
R S

Pf of Them
-

By adjunction ( F , G )
.

id → Got
S-mod

Fo G → id
R -mod

.

Need to show both are =
.

observe : F = P ④s C - )
.

is right exact . F commutes
and commutes with ⑦ .

} with ( small )
T

Colin its
.

poss .
N

.

-



G = Hom (P
,

- )
R

since P is pwj .⇒ G is exact .
since P is f. g . ⇒ G commutes with

arbitrary ⑦ .€
.

µ , f. g. R -mod ⇒H@itOHomrlM.Xi) -5 Hong,#
M
, exit

V

TTHom ( M, Xi)
i C- IT

µ Homalin, -) commutes with fiwttehredmdiireomtofpimhiitsms
⇒ M is a

.
f. g . R

- mod
.

⇒ FG
,
GF are also right exact , comma, to

claim : two functors C D
=

Ii
,
Ioz :

R -Yuod → S -
"
mad

.

both right ex , comm w/ ⑦
.

E
,

IF
⇒ Ez

Then T is an isom iff for some prggen P.EC .

TCP) : E , ( P ) -9 Iozcp )
.

( in D)
.



T

Apply claim to its -mad⇒ Got

Tls) : S → Goffs) = GCP s)
= G ( P )

= them,{P, P ) = ,$ .

Cheuk : this is the id map on S .

as left $-mod .
T
'

Apply claim to Fo G ⇒ id
p - mod

.

G ( R ) = Hom ( P, R)
R

check on P .
instead of R .

T
'
( P ) : Fo G ( p) = F (s ) =p→ p

cheek this is id
.

=

FG ( p) → p
^$

Gcp Gcp)

Pfofdaim
,

check TIX) : E. (x )→ Tedx)

•→ Kent)→ z④Io in
an =
,
t Xf C

.

I ⇒ X -so
④ It
p → Kerli )



⇒ p
-01 '
→ pot → X → o

apply Ei
T

E ( P )
④I '
→ I ( p) IF I IX)-so

TTCPTOI.ee#TCPtO4)tCp5IoHTCPt%DfyTlx)
.Ez (p)

④ It
→ Fez ( p)

↳
→ Fez (x)→

red arrows are =
.

⇒ Thx) is =
.

DE

Q C- )
F H

PG C-) : S - mod€ R -mod : Hom ( P, - )
G s

R

9 R

Let Q = Hom ( PR
,

RR) = GCR)

( dual of P , it is a right

REPS
R -mod )

S CQ G R .

Claim natural is one of functors : R-mod → S-mod

Homie ( P ,

-) E- Q C - )



PI X E R - mad
.

QxqX- Hong! P, R) X→ Home ( P, X )
⑧ w p X

& ④ x 1-7 ( puts alpine)
- F

To show this is =
R

use Rt " = P to P '

( P is f. g. projective) .

reduce to prove Same for Rt
"

instead

of
DB

Properties of Q : SC Q G R

D= S - mod Is R - mod =@

S → Is

a ←④
,

FT

I

(f) prog
!n .fm#-pwgen for C .

⇒ Q is a f. g . proj $ -mod .

In fact
, Q is a progenerator as a right R-mod .

P - n - right S- mod .



I A) is invariant under Morita equiv .

If
M is ⇒ Home( M , - ) commute,

finitely
presented with filtered direct limit

.

kcxi
,
. . . .

x n ,
. - - T / mµ k⇐

⇒g h=→ hlx
. .

. . . 7/1×1
,

. . .

. xn )
-

11 M E C is f. g .

if for any
collection of s s f Ma )

a c. I

sit
.
E Ma = M .µ mena 's

'i'÷. .
St

.
E Ma -

⇐ M
.

d C- I
'

claim
.

.

Q is a pro gem as right R - mod .

Pf P ④ p
'
= Roth

-
i

Hom C-
,
R)

R

Q to Q
'
= R

n
as right R- mod



⇒ Q is f. g . proj right R -mod .

R to M =p
④ n

Hampel -, R )
get R to Hom dy

,
R) = Qt "
as right R -mod .

⇒ Q is a generator .

P C- )
: Sund← B -

mid ± Honk?;-)
Monica

,
- ) Q ④RC - )S Q = Hom ( P

,
R )

R

P = Homs ( Q , S )
Morita context RE PSS
#:

s e Q ORDad
.

. ( R f )Q

X : P ④g Q → R ( as R- bimod)

µ : Q ④ P → 5 ( as S - binod)
R



Conditions : ( associativity )
R④rPxpP④Q④P

S R G
idp# Pxogs
#

idaxo! Q R

=
QQ④rPs④Q

/

G

Hida> SQQ
#

@ = R - mod
,
D= S - mad

.

Morita context ( R , S , P, Q , d. Re) .

F

⇒ e → D

G
both are right ex

D → C Comm w/ ④ .

and Go F⇒ ide ( X )

F- o G ⇒ idg ( pi ) .

and Go Foc G

F o G of TT F
=) .


