
Lecture 14 10/21

- Category theory
- Morita equivalence .

Adjoins
F : C ⇒ D : G

Adjunction data :

H X E C
,

Y E D -

2x
, y : Hom ( FLN , Y ) = Home (x, GCYI) .D

+ comp .
with maps between X 's & Y 's

.

Get natural transf
x

ide⇒ G. F : C → e

y x c- 4-
( x Is ⑧ FIN .)
I DX, FCX)

( FCX ) FIX ))



M
similarly

,
Fo G ⇒ idg

(⑤TEY )
I

( GCY ) GC Y) )
G o MU
-

C- o F o G→ G
←

do G
do G GoM

G ⇒ GFG ⇒ G

equalitarian -

adjunction
Edd

⇐
'

Fae ÷÷÷÷÷÷
.
-

id
-

Alternatively : An adjunction is a pairing

hi
. COP * D → Set
( contra. in C

,
covariant in D )

.



satisfying
• V YE D ,

h C- , Y) : COP → Set

is representable by an obj in C .

( recall Yoneda

C ↳ Fun ( COP, set)

a
X. to ↳ = Hornet, x )

.

Bny functor y E Fun ( COP, set)
is called representable ,
if if I hy for some X.EC .

Fat
. transf . that is an isom

.)
• V X E C

.

h ly, -7 :
D → Set

is co representable by an obj in D .

( ie , this functor is = to for

something in the image of

Dop ↳ Fun ( D
,
set )

.

Y 1-7
y,
h = Hom ( Y

,
-)

com: :
.

)



To recover F : C → D

from the pairing .

H X E E
. T

h ( x , - ) = uh
f •

for some Y C- D .

F- (X) : = Y .

Check
.

is unique
*
up to unique
isom

.

i. e .

. ( Yi , ti)
( Yz
,
te)

yh hlx
, -7 yah

then I ! isom Y
, ⇒ Ya

sit .

y ,

h
'

yah
hi
hlx

,
-)



Equivalence of categories .

F

C- D say :

"

F is an equiv .
"

G
D → c-

←
x

F G I idD do id , :(F G)F ⇒ idiot
¢µ Agosta

-

G F = ide
.

. BE : ¥
+ conditions

wide⇐ FM
F FG F Fs EF µG F G → G

G d = m G

( ⇒ F : C #D : G

G : D# e : F both are adjunctions)
¥.F : e → D

is part of an equivalence .

⇐ F is

f fully £T¥h-1km) .

essentially subjective
i. e .

.
V Y E D .

Y E F(X) .

for some
X E C

.



⇒ r
I

⇐ u y . y EF (xD .

(Xtc)
want to define Gly )# X

.

Need to check
: ( X

,
E )

.

is unique upto
a unique isom .

FCX , ,) Y FIX)

Then I ! x : X , I X , in C1) ma.
. ¥"

g
Then Y ,

→ Yz

ex ⇒ c ⇒

Want to define X
,

-

7-
→ Nz
^

1 Fff ) .

is a bijection .

F- (Xi ) - - -→ Flxz)
I ! Fff)

Tts acts
Y , → Yz

g



G

KI
.

Inverse to F

( together with EE id ) .
is unique up to a unique nut - transf .

FG ¥ ido
M

GF ⇒ ide

F FGF F

id
id

-#
F# FGF ¥ F

X't' →
-

e



Morita equivalence
-

Det
.

R
,

S rings

R ~ S if I am equiv .
of

Morita categories
F : R - mod⇒ S - mod

.

EE
.

R - Mn ( R )
•

Morita

F : R-mod→ Mh CR) -mod

M 1-i.AE "

Mn elf
'

tenth ) .

G : Mn ( R) -mod→ R -mod
.

N
.

I-⇒ en Nl
=

a. =L :O:?)
.

check : N its e
, ,
N Es Cei,N)⑦

"

⇒ sa

MH



N = e
, ,
N ④ ezzN to . - - to en n HA .

because eii idempotent( Eeii = 1a )
need ca.no#culeiiiEN--DejjN

X, Le
Ek kN

eji : eii N ejj N : eij .

-

Morita equiv . for comm rings

A - B ⇒ A e- B
.

Morita

A- mod = B - mod
.

We can recover A from A - mood
.

as the center

Def : C category
Z ( C) = End ( ide )
EE { natural transf ide ⇒ ide }

⇐ { ( Ex)×ee / ZX : X → X in e
.

-

S
.

t .



A XIs Y in E
.

f
X -s y

Zx f
f
LZY . }

X - Y

Z (C) = comm
. ring .

-2=1 Zx )
.

>
'f Z'xD
Zx
'

x - x

Zx LuLzx Got)×=⇐⇒×
2-
'

x
x - x

2- (Aol) = A . ( A -_ comm .)
.

2- ( R - mod) = III) .
R n Mn ( R)

97
same center ZCB)

.



R
.
M = left R - mod

R - mod - ( abelian gps) = AI

N 1- Hom ( M , N )
R

Hemp ( M, t ) is a right module for
End ( M)

R

The above functor lifts to :

h R -mod: - hmod - End
,
(M)

.

M :

St

F- ndpfmm.HN - mod .

Define A progenitor in R- mood is

a f. g . projective module P

5. t . I surjection DIII -37 R .

( *and.se#eh.osentogThm-Let P be a pro generator of R -mod .

S = End,z( p)
OP

.

Then

Hemp ( P, -) :
R -mod → S - mod



is an equivalence .

Thin
.
Any Morita equiv .

arises this way .

R n s


