HITCHIN TYPE MODULI STACKS IN AUTOMORPHIC
REPRESENTATION THEORY

ZHIWEI YUN

ABSTRACT. This is an article prepared for the proceedings of the ICM 2018. In the study of
automorphic representations over a function field, Hitchin moduli stack and its variants naturally
appear and their geometry helps the comparison of trace formulae. We give a survey on appli-
cations of this observation to a relative fundamental lemma, the arithmetic fundamental lemma
and to the higher Gross-Zagier formula.

1. INTRODUCTION

1.1. Hitchin’s original construction. In an influential paper by Hitchin [I0], he introduced
the famous integrable system, the moduli space of Higgs bundles. Let X be a smooth proper and
geometrically connected curve over a field k. Let G be a connected reductive group over k. Let
L be a line bundle over X. An L-twisted G-Higgs bundle over X is a pair (€, ) where £ is a
principal G-bundle over X and ¢ is a global section of the vector bundle Ad(€)® L over X. Here,
Ad(&) is the vector bundle associated to £ and the adjoint representation of G. The moduli stack
Mg, of L-twisted Higgs G-bundles over X is called the Hitchin moduli stack. Hitchin defined
a map

(1.1) f:Magrs— Agc

to some affine space Ag 2 by collecting invariants of ¢ such as its trace and determinant in the
case G = GL,. The map f is called the Hitchin fibration. When £ = wx is the line bundle of 1-
forms on X, Hitchin showed that f exhibited the stable part of Mq,,, as a completely integrable
system. He also gave concrete descriptions of the fibers of f in terms of spectral curves.

1.2. Applications in geometric representation theory. Although discovered in the context
of Yang-Mills theory, Hitchin moduli stacks have subsequently played important roles in the
development of geometric representation theory.

When £ = wx, Mg, is essentially the total space of the cotangent bundle of the moduli
stack Bung of G-bundles over X. Therefore the categories of twisted D-modules on Bung give
quantizations of Mq . Beilinson and Drinfeld studied such quantizations and used them to
realize part of the geometric Langlands correspondence (namely when the G-connection comes
from an oper). This can be viewed as a global analogue of the Beilinson-Bernstein localization
theorem. A related construction in positive characteristic was initiated by Bezrukavnikov and
Braverman [4] for GL,, and extended to any reductive G by T-H.Chen and X.Zhu [5]. Hitchin’s
integrable system also plays a key role in the work of Kapustin and Witten [13] which ties
geometric Langlands correspondence to quantum field theory.

Hitchin moduli stacks have also been used to construct representations of the double affine
Hecke algebra, giving global analogues of Springer representations. See [24], [25] and [19].
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1.3. Applications in automorphic representation theory. B.C. Ng6 [16] made the funda-
mental observation that point-counting on Hitchin fibers is closely related to orbital integrals that
appear in the study of automorphic representations. This observation, along with ingenious tech-
nical work, allowed Ngo6 to prove the Lie algebra version of the Fundamental Lemma conjectured
by Langlands and Shelstad in the function field case, see [17].

Group versions of the Hitchin moduli stack were introduced by Ngb using Vinberg semigroups.
They are directly related to the Arthur-Selberg trace formula, as we will briefly review in Section
See recent works by [18], [2] and [3] for applications of group versions of the Hitchin moduli
stack.

1.4. Contents of this report. This report will focus on further applications of variants of
Hitchin moduli stacks to automorphic representation theory.

In Section [2| we explain, in heuristic terms, why Hitchin-type moduli stacks naturally show
up in the study of Arthur-Selberg trace formula and more generally, relative trace formulae. A
relative trace formula calculates the L2-pairing of two distributions on the space of automorphic
forms of G given by two subgroups. Such pairings, when restricted to cuspidal automorphic
representations, are often related to special values of automorphic L-functions. In Section
we will elaborate on the relative trace formulae introduced by Jacquet and Rallis, for which the
fundamental lemma was proved in [23].

In Section [3] we point out a new direction initiated in the works [29], [27] and [28]. Drinfeld
introduced the moduli stack of Shtukas as an analogue of Shimura varieties for function fields,
which turns out to allow richer variants than Shimura varieties. Cohomology classes of these
moduli of Shtukas generalize the notion of automorphic forms. In Section 3.1 we review the basic
definitions of Shtukas, and discuss the spectral decomposition for the cohomology of moduli
of Shtukas. In Section [3.2] we introduce Heegner-Drinfeld cycles on the moduli of G-Shtukas
coming from subgroups H of G. The relative trace in the context of Shtukas is then defined
in Section [3.3] as the intersection pairing of two Heegner-Drinfeld cycles. We believe that such
pairings, when restricted to the isotypical component of a cuspidal automorphic representation,
are often related to higher derivatives of automorphic L-functions. We then explain why Hitchin-
type moduli stacks continue to play a key role in the Shtuka context, and what new geometric
ingredients are needed to study relative trace formulae in this setting.

In Section [3.443.5| we survey what has been proven in this new direction. In Section |3.4] we
review [27] and [2§], in which we obtain formulae relating higher derivatives of automorphic
L-functions for PGLy and the intersection numbers of Heegner-Drinfeld cycles. Our results
generalize the Gross-Zagier formula in the function field case. In Section [3.5] we discuss the
analogue of the fundamental lemma in the Shtuka setting. This was originally conjectured by
W.Zhang under the name arithmetic fundamental lemma. We state an extension of his conjecture
for function fields involving higher derivatives of orbital integrals, and sketch our strategy to prove
it.

Acknowledgments. I would like to thank my mentors for bringing me to the exciting crossroads
of algebraic geometry, representation theory and number theory. The influences of R. MacPher-
son, P. Deligne, G. Lusztig, B. Gross, B.C. Ng6 and R. Bezrukavnikov on my career are especially
important. I also learned a lot from my collaborators, colleagues and fellow students, to whom I
would like to express my deep gratitude.



HITCHIN TYPE MODULI STACKS IN AUTOMORPHIC REPRESENTATION THEORY 3

2. HITCHIN MODULI STACK AND TRACE FORMULAE

Throughout this article we fix a finite field £ = [F,. Let X be a smooth, projective and
geometrically connected curve over k of genus g. Let F' = k(X)) be the function field of X. The
places of F' can be identified with the set |X| of closed points of X. Let A denote the ring of
adeles of F'. For x € |X|, let O, be the completed local ring of X at x, and F, (resp. k;) be its
fraction field (resp. residue field). We also use w, to denote a uniformizer of O,.

In this section we work with the classical notion of automorphic forms for groups over function
fields. We shall briefly review the Arthur-Selberg trace formula and the relative trace formulae,
and explain why Hitchin type moduli stacks naturally show up in the study of these trace formulae.

2.1. Arthur-Selberg trace formula. The Arthur-Selberg trace formula is an important tool
in the theory of automorphic representations. For a detailed introduction to the theory over a
number field we recommend Arthur’s article [1]. Here we focus on the function field case. The
idea that Hitchin moduli stacks give a geometric interpretation of Arthur-Selberg trace formula
is due to B.C. Ngo. For more details, we refer to [L6] for the Lie algebra version, and [§] for the
group version.

We ignore the issue of convergence in the discussion (i.e., we pretend to be working with an
anisotropic group G), but we remark that the convergence issue lies at the heart of the theory of
Arthur and we are just interpreting the easy part of his theory from a geometric perspective.

2.1.1. The classical setup. Let G be a split connected reductive group over k and we view it as
a group scheme over X (hence over F') by base change. Automorphic forms for G are C-valued
smooth functions on the coset space G(F)\G(A). Fix a Haar measure pug on G(A). Let A be the
space of automorphic forms for G. For any smooth compactly supported function f on G(A), it
acts on A by right convolution R(f).

The Arthur-Selberg trace formula aims to express the trace of R(f) on A in two different ways:
one as a sum over conjugacy classes of G(F') (the geometric expansion) and the other as a sum
over automorphic representations (the spectral expansion). The primitive form of the geometric
expansion reads

(2.1) T(R().A =" S L)
YEG(F)/~
where v runs over G(F')-conjugacy classes in G(F'), and J,(f) is the orbital integral
I(£) = vol(G, (P0G () i) [ Flg729) % ()
G (A\G(A) HG,

where ., is any Haar measure on the centralizer G, (A) of v. We write the equality sign in
quotation marks EI to indicate that the convergence issue has been ignored in (2.1)). We will give
a geometric interpretation of the geometric expansion.

Fix a compact open subgroup K = er|x| K, C G(A) and assume vol(K,ug) = 1. Let
A = C.(G(F)\G(A)/K) on which the Hecke algebra C.(K\G(A)/K) acts. For g € G(A), there
is a Hecke correspondence attached to the double coset KgK C G(A)

(2.2) G(F)\G(A)/K <=— G(F\G(A)/(K N gKg~") == G(F)\G(A)/K

where pg is the natural projection and ¢y is induced by right multiplication by g. The action
of f = 1ggr on Ak is given by ¢ — qopjp, where gor means summing over the fibers of g.

I ater we will use the same notation (equal signs in quotation marks) to indicate heuristic identities.
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Upon ignoring convergence issues, the trace of R(1x4x) on Ak is equal to the cardinality of the
restriction of G(F)\G(A)/(K NgKg™!) to the diagonal G(F)\G(A)/K via the maps (po, qo). In
other words, we should form the pullback diagram of groupoids

(2.3) Mg, kgx G(F)\G(A)/(KNgKg™')

\L J/(Po,qo)

G(F)\G(A)/K —2> G(F)\G(A)/K x G(F)\G(A)/K
and we have a heuristic identity

(2.4) Tr(R(1xyx), Ax)" =" #Mc kgx-

Here #X of a groupoid X is a counting of isomorphism classes of objects in X weighted by the
reciprocals of the sizes of automorphism groups.

2.1.2. Wedl’s interpretation. Let Ko = [[,¢|x| G(Oz). It was observed by Weil that the double
coset groupoid G(F)\G(A)/Ky is naturally isomorphic to the groupoid of G-bundles over X
that are trivial at the generic point of X. In fact, starting from ¢ = (g,) € G(A), one assigns
the G-bundle on X that is glued from the trivial bundles on the generic point Spec F' and the
formal disks Spec O, via the “transition matrices” g,. For a compact open K C Kj, one can
similarly interpret G(F)\G(A)/K as the groupoid of G-bundles with K-level structures. There
is an algebraic stack Bung i classifying G-bundles on X with K-level structures, and the above
observation can be rephrased as a fully faithful embedding of groupoids

(2.5) G(F)\G(A)/K = Bung,k (k).

A priori, the groupoid Bung g (k) contains also G-bundles that are not trivial at the generic
point, or equivalently G’-bundles for certain inner forms G’ of G. Since we assume G is split, the
embedding is in fact an equivalence.

In the same spirit, we interpret G(F)\G(A)/(K NgKg~!) as the groupoid of triples (£,&’, a)
where £, £ are G-bundles with K-level structures on X, and o : £ --» £’ is a rational isomorphism
between £ and & (i.e., an isomorphism of G-bundles over the generic point Spec F') such that the
relative position of £ and £’ at each closed point z € | X]| is given by the double coset K,g, K.
For example, when G = GL,, K, = GL,(0,) and g, = diag(w,, 1,---,1), then « has relative
position K,g,K, at x if and only if a extends to a homomorphism a, : E|spec 0, — E’|Spec O, ;
and that coker(ay) is one-dimensional over the residue field k. There is a moduli stack Hkg g
classifying such triples (£,&’,«). The above discussion can be rephrased as an equivalence of
groupoids

(2.6) Hke rcorc (k) = G(F)\G(A)/(K N gKg™").

Moreover, Hkg kg is equipped with two maps to Bung x by recording £ and &', which allow us
to view it as a self-correspondence of Bung, i

(2.7) Bung x <—— Hkg kgx ——> Bung x

Under the equivalences (12.5)) and (2.6)), the diagram (2.7)) becomes the diagram ([2.2) after taking
k-points.
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2.1.3. Geometric interpretation of the trace. Continuing further with Weil’s observation, we can
form the stack-theoretic version of (2.3), and define the stack Mg k¢ by the Cartesian diagram

(2.8) Mea kg Hkea kgx

l |

A
Bung xk —— Bung g X Bung i

so that MG,KgK(k) = MG,KgK-

By the defining Cartesian diagram , Mg kgK classifies pairs (£, ¢) where £ is a G-bundle
over X with K-level structures, and ¢ : £ --» £ is a rational automorphism with relative position
given by KgK.

Recall the classical Hitchin moduli stack Mg ¢ in Section If we write £L = Ox (D) for
some effective divisor D, Mg ¢ then classifies pairs (£, ) where £ is a G-bundle over X and ¢
is a rational section of Ad(€) (an infinitesimal automorphism of £) with poles controlled by D.
Therefore Mg, can be viewed as a Lie algebra version of Mg ky¢x, and Mg ggx is a group
version of Mg .

Let €5 be the GIT quotient of G by the conjugation action of G; €g(F) is the set of stable
conjugacy classes in G(F'). There is an affine scheme Bg g4 classifying rational maps X --+ €¢
with poles controlled by KgK. The Hitchin fibration has an analogue

(2.9) ha : Ma,kgx — Ba,kgk -

Using the map hg, the counting of Mg kgk, hence the trace of R(1xgxk), can be decomposed
into a sum over certain stable conjugacy classes a

(2.10) Tr(R(1xgr), Ax)" =" > #Maxgr(a)(k).

a€Ba, k9K (k)

Here M¢ x4k (a) (astack over k) is the fiber h;'(a). To tie back to the classical story, #M g, kg (a) (k)
is in fact a sum of orbital integrals

#MG,KgK(a)(k) = Z Jv(lKgK)
YEG(F)/~,[v]=a

over G(F')-conjugacy classes « that belong to the stable conjugacy class a.
By the Lefschetz trace formula, we can rewrite (2.10)) as

(2.11) Tr(R(1xgx), Ax)" =" > Tr(Froba, (RhaQy)a)-

a€Ba, Kk gk (k)

This formula relates the Arthur-Selberg trace to the direct image complex of the Hitchin fibration
he (called the Hitchin complex for G). Although it is still difficult to get a closed formula for
each term in , this geometric point of view can be powerful in comparing traces for two
different groups G and H by relating their Hitchin bases and Hitchin complexes.

In the work of Ngo [17], where the Lie algebra version was considered, the Hitchin complex was
studied in depth using tools such as perverse sheaves and the decomposition theorem. When H is
an endoscopic group of G, Ng6 shows that the stable part of the Hitchin complex for H appears as
a direct summand of the Hitchin complex for G, from which he deduces the Langlands-Shelstad
fundamental lemma for Lie algebras over function fields.

2.2. Relative trace formulae.
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2.2.1. Periods of automorphic forms. For simplicity we assume G is semisimple. Let H C G
be a subgroup defined over F, and pupy a Haar measure on H(A). For a cuspidal automorphic
representation m of G(A), the linear functional on 7

(2.12) Pii. + m1—C

Y= / PUH
H(F)\H(A)

is called the H-period of 7. It factors through the space of coinvariants mp(a)-

One can also consider variants where we integrate ¢ against an automorphic character y of
H(A). If m has nonzero H-period, it is called H-distinguished. Distinguished representations are
used to characterize important classes of automorphic representations such as those coming by
functoriality from another group. In case the local coinvariants () g(r,) are one-dimensional for
almost all places z (as in the case for many spherical subgroups of G), one expects the period
Pgm to be related to special values of L-functions of 7.

2.2.2. Example. Let G = PGLs and H = A be the diagonal torus. Then by Hecke’s theory, for
a suitably chosen ¢ € T, fH(F)\H(A) @(t)|t|*~1/2dt gives the standard L-function L(s,7).

2.2.3. Relative trace formulae. Now suppose Hi, Hs are two subgroups of G. Let 7 be a cuspidal
automorphic representation of G(A) and 7 its contragradient. We get a bilinear form

P§1J®P§ﬁ rT— C

In case the local coinvariants () H,(F,) are one-dimensional for all places x and i = 1,2, the
H,(A) x Hy(A) invariant bilinear forms on 7 X 7 are unique up to scalar. Therefore Pgwr ®Pg2ﬁ
is a multiple of the natural pairing on 7 X 7 given by the Petersson inner product. This multiple
is often related to special values of L-functions attached to 7. For a systematic treatment of this
topic, see the book by Sakellaridis and Venkatesh [20].

An important tool to study the pairing Pfh x® Pg%% is the relative trace formula. We have

natural maps of cosets
(2.13) Hy(F)\Hi(A) "~ G(F)\G(A) <~ Hy(F)\Hy(A)

Consider the push-forward of the constant functions on H;(F)\H;(A) along ¢;, viewed as dis-
tributions on G(F)\G(A). Since we will only give a heuristic discussion of the relative trace
formula, we will pretend that the L2-pairing of two distributions makes sense. The relative trace
of a test function f € C°(G(A)) is the L2-pairing

(2.14) RTvG, g, (1) =" {01, am, (i (a)s RO 920 Ly (P (8)) L2 (GUPNG(A) i)
A variant of this construction is to replace the constant function 1 on H;(F)\H;(A) by an auto-
morphic quasi-character x; of H;(A).

The relative trace formula is an equality between a spectral expansion of RTrgh Hz( f) into
quantities related to Pﬁhw ® 73132 ~ and a geometric expansion into a sum of orbital integrals
Jthzﬂ(f) indexed by double cosets Hq(F)yH2(F) C G(F)

(215) IS 4 (F) = vol(H (F)\H, (A), sz, / F(h oy hg) PO (o
HL ()\(H x Ha) (4) o,

where H, is the stabilizer of v under the left-right translation on G by Hy x Hs.
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Let Q?ILHQ = Spec F[G)"*H2 We may call elements in CthQ(F) stable orbits of G under
the action of Hy x Hy. There is a tautological map

inv : Hy(F)\G(F)/Ha(F) — €5, y,(F).
We define

(2.16) JG m(a, f) = > Ti tyn (f)-
YEH1(F)\G(F)/H2(F),inv(vy)=a

Now we fix a compact open subgroup K C G(A) and let K; = K N H;(A) for i = 1,2. Choose
Haar measures on H;(A) and G(A) so that K; and K have volume 1. Consider the test function
f = 1kyk as before. Unwinding the definition of the relative trace, we can rewrite (2.14)) as

(2.17) RTvG, 1, (Licgr)" =" #ME, 11, rcgic

where Mgh Hy KgK 18 defined by the Cartesian diagram of groupoids

ME, 11, kgic GENG(A)/(KNgKg™)

\L l(po,qo)
Hy(F)\Hy (A)/ Ky x Ha(F)\Ha(A) /I 222 G(F)\G(8)/K x GIF)\G(A)/K

2.2.4. Geometric interpretation of the relative trace. Now we give a geometric interpretation of
Mgl Hy KgK- We assume Hj and Hs are also obtained by base change from split reductive groups
over k, which we denote by the same notation. We have maps

@1 CI’Z
Bung, x, — Bung x <—— Bungy, k,.

Taking k-points of the above diagram we recover (2.13]) up to modding out by the compact open
subgroups K; and K. We may form the Cartesian diagram of stacks

G
ML Hy KoK Hkg ki

l l(p,q)
(®1,22)
BunHl’Kl X BU.HHQ’K2 E— BunG7K X BunG7K

G e
We have MH17H27K9K(]§) - MH1,H2,K!]K'

2.2.5. Example. Consider the special case G = G; x G; (G; is a semisimple group over k)
and Hy = Hj is the diagonal copy of G1, K1 = Ko, K = K; x Ko. Taking g = (1,¢;1) for

some g1 € G1(A), we get a canonical isomorphism between the stacks ./\/li}élG)l AG),K (1,00 K and

Ma, kg1 k- In this case, the relative trace is the usual trace of R(1k, 4, x,) on the space of
automorphic forms for G.

The moduli stack M%h Hy KgK classifies (&1, &2, a) where &; is an H;-bundle with Kj-structure
over X for ¢ = 1,2; « is a rational isomorphism between the G-bundles induced from &; and &,
with relative position given by KgK.

One can construct a scheme BIG{h Hy KgK classifying rational maps X --» Qﬁgh g, With poles
controlled by KgK, so that thH%KgK(k) C €g17H2(F). For (&1,&,a) € Mth%KgK, we may
restrict a to the generic point of X and take its invariants as a rational map X --» Qigh H,- This
way we get a map of algebraic stacks

G . G G
(2.18) hHl,Hg : MH1,H2,K9K - BH1,H2,K9K'



8 ZHIWEI YUN

In the situation of Example hgh , Specializes to the usual Hitchin map (2.9) for G, so we
may think of h%h H, as an analogue of the Hitchin map for the Hitchin-like moduli ./\/lfh, Hy K gk
Taking k-points of (2.18) we get a map

(219) Mgl,HQ,KgK — [Hl\G/HQ](F) E‘I_) thl,Hg (F)

whose fiber over a € Qlflh 1, (F) has cardinality equal to Jgh 1, (@, Ligr) defined in (2.16). We
may thus decompose the relative trace into a sum of point-counting along the fibers of the map
(2.19))

RTrgl,Hz(lKgK) "= Z ng,Hg(a7 1K9K)
aEQgLHZ (F)
(2.20) = Y. Tr(Frobe, (R, s,1Q0)a)-

G
a€BE, iy, xgr (F)

The above formula relates the relative trace to the direct image complex Rhf]1 H, 1 Qe As in the
case of the Arthur-Selberg trace formula, we may apply sheaf-theoretic tools to study this direct
image complex, especially when it comes to comparing two such complexes.

2.2.6. Example. Consider the case G = PGLs, and H; = Hy = A C G is the diagonal torus.
Let K1 = Ky = [[,A(Oy) and K = [[,G(O,). Let D = > nzx be an effective divisor.
Define the function hp on G(A) to be the characteristic function of Mata(Q)p = {(92)|9z €
Mato(Oy), v (det g.) = ng, Vo € |X|}. Then Maty(Q)p is a finite union of K-double cosets
Kg; K. We will define a stack /\/lﬁ’A’D which turns out to be the union of the M§7A7KgiK.

Consider the stack //\/lvg 4 p classifying the data (Ly, Lo, L], L5, ¢) where

e L;, L] are line bundles over X, for i = 1,2;
e p: Ly ® Ly — L ® L) is an injective map of coherent sheaves such that det(yp), viewed
as a section of the line bundle £7' ® £5' ® £} @ £}, has divisor D.

The Picard stack Picx acts on Mvﬁ a,p by simultaneously tensoring on £; and L. We define
MG 4 p = MG 4 p/Picx.

The bi-A-invariant regular functions on G are generated by < Ccl Z ) — ﬁ, therefore the

space QE,A is isomorphic to A!. Define the Hitchin base BAQ,A,D to be the affine space HY(X, Ox(D)).

P11 P12 :
where ¢;; is

P21 P22 ) i

a section of Ej_1®£;. The determinant det () gives an isomorphism £ '® Ly @ L @L) = Ox (D).

On the other hand, p12¢21 gives another section of Efl ® E;l ® L] ® L. The Hitchin map

To define the Hitchin map in this case, we write ¢ above as a matrix (

hg,A : ME,A,D - HO(Xa Ox(D)) = BE,A,D
then sends (L1, Lo, £, L}, p) to p12¢21, viewed as a section of Ox (D) via the identification given
by det(yp).
Although Mi A,p is not of finite type, it is the disjoint union of finite type substacks indexed by
asubset of Z*/A(Z). Indeed, for d = (dy,da, d}, dy) € Z*/A(Z) such that d;+dy = di+dy+deg D,
the substack 4/\/151’: a.p Where deg £; = d; and deg £} = d; is of finite type. We may write
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RTri 4(hp) as a formal sum of
IR 4(hp) = #EMG 4 p(k) = Tr(Frob, Hy (TMG 4 p @k, Q).

2.3. Relative fundamental lemma. In many cases we do not expect to prove closed formulae
for relative traces of the form . Instead, for applications to problems on automorphic
representations, it often suffices to establish an identity between relative traces for two different
situations (G, Hy, Hs) and (G', Hy, H}).

2.3.1. General format of RTF comparison. In order to establish such an identity, we need the
following structures or results:

(1) There should be an isomorphism between the spaces of invariants le, oy = @f]li Y
(2) (fundamental lemma) For almost all x € |X|, and a, € Q%I’HQ(FQE) = Qg{,Hé(Fﬂﬂ)> we

should have an identity of local orbital integrals up to a transfer factor
G G’
iy t.2(02:16(0) ~ Th 1y 0 (02 161(00))-

Here JIC}LHQ,I(%, fz) is the local analogue of JIC{*'hHQ(a, f) defined in ([2.16]).

(3) (smooth matching) For any = € | X|, a, € Q%LHQ(F%) = QthI{,Hg (Fy), and f, € CX(G(Fy)),

there exists fI. € C°(G'(F;)) such that J517H27x(ax,fx) = JGi H, Laz, fr).

The geometric interpretation (2.20]) of the relative trace gives a way to prove the fundamental

lemma by comparing the direct image complexes of the Hitchin maps h%l 1, and hgl, - Below
) 1772

we discuss one such example.

2.3.2. The relative trace formulae of Jacquet and Rallis. Jacquet and Rallis [I2] proposed a rel-
ative trace formula approach to the Gan-Gross-Prasad conjecture for unitary groups. They con-
sidered two relative trace formulae, one involving general linear groups, and the other involving
unitary groups. They formulated both the fundamental lemma and the smooth matching in this
context as conjectures. In [23], we used the geometric interpretation sketched in Section to
prove the fundamental lemma conjectured by Jacquet and Rallis, in the case of function fields. In
the appendix to [23], J.Gordon used model theory to deduce the mixed characteristic case from
the function field case. On the other hand, W. Zhang [31] proved the smooth matching for the
Jacquet-Rallis relative trace formula at non-archimedean places. Together with the fundamental
lemma proved in [23], W.Zhang deduced the Gan-Gross-Prasad conjecture for unitary groups
under some local restrictions.

In the next two examples, we introduce the groups involved in the two trace formulae in [12],
and sketch the definition of the moduli stacks relevant to the orbital integrals. Since we proved the
fundamental lemma by reducing to its Lie algebra analogue, our moduli stacks will be linearized
versions of the Hitchin-type moduli stacks introduced in Section which are closer to the
classical Hitchin moduli stack.

2.3.3. Example. Let F'/F be a separable quadratic extension corresponding to a double cover
v: X" — X. Let 0 € Gal(F"/F) be the nontrivial involution. Consider G = Resps/pGL;, x
Respr pGLy—1, H1 = Resgr pGL;,—1 and Hy = GLy, X GLy,—1 (over F). The embedding Hy — G

sends h € H; t0(< h 1 ),h)GG.
The double quotient H1\G/H> can be identified with GL,_1\S,, where
Sn = {g € Resp//pGLy|o(9) = g~ '}
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with GL,_1 acting by conjugation. The local orbital integral relevant to this relative trace formula
is

2 IS = [ f T hn(deth)dh, € Su(Fy). £ € CX(5(F)).
GLy—1(Fz)

Here 7, is the character F,* — {41} attached to the quadratic extension F./F.

The Lie algebra analogue of GL,_1\S, is GL,_1\(gl, ®# F’) where F’ = (F')°=~! and
GL,,_1 acts by conjugation. Let V,, be the standard representation of GL,, over F. It is more
convenient to identify GL,,—1\(gl,, ® F’) with

GLy\ (Homp(Viy, Voo @ F) % (Vo x Vi)Y)

where (V;, x V)1 consists of (e, e*) € V,, x V* such that e*(e) = 1, and GL,, is acting diagonally on
all factors (conjugation on the first factor). The GIT quotient € of Homg(V,,, Vi, @ F.) x (Vi x V)1
by GL,, is an affine space of dimension 2n — 1. For (¢, e,e*) € Homp(V,,V, ® F.) x (V,, X
V)L, we have invariants a;(¢) € (F”)®" that records the i-th coefficient of the characteristic
polynomial of ¢ (1 < i < n), and b; = e*(p'e) € (F/)® for 1 < i < n — 1. The invariants
(a1, -+ yap,by, - ,by_1) give coordinates for €.

We introduce the following moduli stack M which serves as a global avatar for the Lie algebra
version of the orbital integrals appearing in this relative trace formula. Fix line bundles £
and £ on X. Let L_ = L Qp, (’)gi*l. The stack M classifies tuples (&, @, s, s*) where &
is a vector bundle of rank n over X, ¢ : £ = EQRL_, s : L7 = £ and s* : £ = L are
Ox-linear maps of coherent sheaves. The “Hitchin base” B in this situation is the affine space
I, (X, L£8%) x H?:_ol (X, L£'®?® £%). The Hitchin map f : M — B sends (£, ¢, s, s*) to the
point of B with coordinates (ai(p),- - ,an(®),bo, - ,bn—1), where a;(¢) are the coefficients of
the characteristic polynomial of ¢, and b; = s* o pios: L/~! — L% @ L.

2.3.4. Example. Let F'/F and v : X’ — X be as in Example Let W,,_1 be a Hermitian
vector space of dimension n — 1 over F'. Let W, = W,,_1 ® F'e, with the Hermitian form
(+,) extending that on W,,_; and such that W,,_q Le,, (e,,e,) = 1. Let U, and U,_; be the
unitary groups over F' attached to W,, and W,,_1. Consider G’ = U,, x U,,_1, and the subgroup
H{ = H) = U,_; diagonally embedded into G’.

The double quotient H{\G'/H) can be identified with the quotient U,,_;\U,, where U,_; acts
by conjugation. For z € |X|, the local orbital integral relevant to this relative trace formula is

JU5(f) = / F(h'6h)dh, 5 € Un(Fy), f € C(Un(Fy)).
Up—1(Fz)

The Lie algebra analogue of U,,_1\U,, is U,_;\u,, where u,, the Lie algebra of U,,, consists of
skew-self-adjoint endomorphisms of W,,. As in the case of Example we identify U,_1\u,
with Up\ (u, x W,1) where W, is the set of vectors e € W, such that (e,e) = 1. The GIT
quotient of u, x W} by U, can be identified with the space € introduced in Example
For (,e) € u, x W, its image in € is (a1(¢),- -+, an(¢),b1, -+ ,by_1) where a;(¢)) € (F)&"
are the coefficients of the characteristic polynomial of ¢ (as an endomorphism of W,,), and
bi = (We, 6) S (FI—)®Z7 since U(¢i€7 6) = (€a¢i€) = (_1)i(wie7e)_

We introduce a moduli stack A/ which serves as a global avatar for the Lie algebra version of
the orbital integrals appearing in this relative trace formula. Fix line bundles £ and £’ on X.
The stack N classifies tuples (F, h,,t) where F is a vector bundle of rank n on X', h : F =
o*FV is a Hermitian form on F, ¥ : F — F ® v*L is skew-self-adjoint with respect to h and
t:v*L'~1 — F is an Oxs-linear map. When v is unramified, the base B introduced in Example
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still serves as the Hitchin base for N'. The Hitchin map ¢g : N' — B sends (F, h,9,t) to
(a1(¥), -+ san(®),bo, - -+ ,bn—1), where a;(¢)) are the coefficients of the characteristic polynomial
of ¥, and b; =tV o h o 1)’ o t descends to an Ox-linear map £~' — L% @ L.

2.3.5. Theorem ([23]). Let x be a place of F such that F'/F is unramified over x and the
Hermitian space Wy, ;. has a self-dual lattices A, .. Then for strongly reqular semisimple elements
v € Sn(Fy) and 6§ € Uy (Fy) with the same invariants in €(Fy), we have

TS (1s,(0.) = F12s(Lua,.))
for some sign depending on the invariants of .

The main geometric observation in [23] is that both f : M — B and g : N' — B are small
maps when restricted to a certain open subset of B. This enables us to prove an isomorphism
between the direct images complexes of f and g by checking over the generic point of B. Such
an isomorphism of sheaves, after passing to the Frobenius traces on stalks, implies the identity
above, which was the fundamental lemma conjectured by Jacquet and Rallis.

3. HITCHIN MODULI STACK AND SHTUKAS

In this section we consider automorphic objects that arise as cohomology classes of moduli
stacks of Shtukas, which are the function-field counterpart of Shimura varieties. These cohomol-
ogy classes generalize the notion of automorphic forms. The periods and relative traces have their
natural analogues in this more general setting. Hitchin-type moduli stacks continue to play an
important role in the study of such relative trace formulae. We give a survey of our recent work
[27],[28] on higher Waldspurger-Gross-Zagier formulae and [29] on the arithmetic fundamental
lemma, which fit into the framework to be discussed in this section.

3.1. Moduli of Shtukas. In his seminal paper [6], Drinfeld introduced the moduli of elliptic
modules as a function field analogue of modular curves. Later in [7], Drinfeld defined more
general geometric object called Shtukas, and used them to prove the Langlands conjecture for
GLy over function fields. Since then it became clear that the moduli stack of Shtukas should play
the role of Shimura varieties for function fields, and its cohomology should realize the Langlands
correspondence for global function fields. This idea was realized for GL,, by L.Lafforgue [14] who
proved the full Langlands conjecture in this case. For an arbitrary reductive group G, V.Lafforgue
[15] proved the automorphic to Galois direction of the Langlands conjecture using moduli stacks
of Shtukas.

3.1.1. The moduli of Shtukas. The general definition of G-Shtukas was given by Varshavsky [21].
For simplicity of presentation we assume G is split. Again we fix an open subgroup K C Ky, and
let N C |X| be the finite set of places where K, # G(O,). Choosing a maximal split torus 7" and
a Borel subgroup B containing 7', we may therefore talk about dominant coweights of T" with
respect to B. Let r > 0 be an integer. Let p = (p1,- -+ , ir) be a sequence of dominant coweights
of T. Recall dominant coweights of T are in bijection with relative positions of two G-bundles
over the formal disk with the same generic fiber.

Let Hk’é x be the Hecke stack classifying points x1,--- ,2, € X — N together with a diagram
of the form

So-Deg Bo I g

where & are G-bundles over X with K-level structures, and f; : &_1|x—x, 5 Eilx—z, 1s an
isomorphism compatible with the level structures whose relative position at x; is in the closure
of that given by ;.
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A G-Shtuka of type u with level K is the same data as those classified by Hk‘é K+ together with
an isomorphism of G-bundles compatible with K-level structures

(3.1) L& = TE.

Here, 7&y is the image of & under the Frobenius morphism Fr : Bung x — Bung . If we are
talking about an S-family of G-Shtukas for some k-scheme S, & is a G-torsor over X x S, then
& = (idx x Frg)*&y. There is a moduli stack Shté i of G-Shtuka of type p, which fits into a

Cartesian diagram

(3.2) Shttt 1§17

i (po,pr)

l (id,Fr)
BungyK —— BU.HG,K X BunG’K

Let us observe the similarity with the definition of the (group version of) Hitchin stack in diagram
: the main difference is that we are replacing the diagonal map of Bung x by the graph of
the Frobenius.

Recording only the points z1,- - , z, gives a morphism

WéyK : ShtéK — (X —-N)"

The datum p is called admissible if ) . p1; lies in the coroot lattice. The existence of an
isomorphism forces p to be admissible. Therefore Sht’é,K is nonempty only when pu is
admissible. When r = 0, Shté 5 is the discrete stack given by the double coset Bung i (k) =
G(F)\G(A)/K. For p admissible, we have

dg(p) == dim Shtf, - = > " ((2pa, i) +1).

1

3.1.2. Hecke symmetry. Let g € G(A) and let S be the finite set of z € |X| — N such that
gz ¢ G(Oy). There is a self-correspondence Shté kg (the dependence on g is only through the
double coset KgK) of Shté7K|(X—N—S)T such that both maps to Shtg7K|(X_N_S)T are finite étale.
It then induces an endomorphism of the direct image complex ng,K?!IC(Sht‘é,K)\(X_ N=S)r-
V.Lafforgue [15] used his construction of excursion operators to extend this endomorphism to
the whole complex Rz’ K!IC(Sht’é’ ) over (X — N)". If we assign this endomorphism to the
function 1x4x, it extends 7by linearity to an action of the Hecke algebra C.(K\G(A)/K) on the
complex Rw‘éy KJIC(Sht‘a i), and hence on its geometric stalks and on its cohomology groups.

3.1.3. Intersection cohomology of Shtf, ;.. The singularities of the map 77 , are exactly the same
as the product of the Schubert varieties Grg,<y,; in the affine Grassmannian Grg. It is expected
that the complex Rwé K!IC(Sht’a i) should realize the global Langlands correspondence for G
in a way similar to the Eichler-Shimura correspondence for modular curves. The phenomenon of
endoscopy makes stating a precise conjecture quite subtle, but a rough form of the expectation
is a C.(K\G(A)/K)-equivariant decomposition over (X — N)"

(3.3) R7réK7!IC(Sht’é7K)” =" @ ™ @ (RI_, pti[1]) @(Eisenstein part).

7 cuspidal
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Here 7 runs over cuspidal automorphic representations of G(A) such that 7% # 0, p; is the

G-local system on X — N attached to m by the Langlands correspondence, and pk' is the local
system obtained by the composition

T (X = N,#) 25 G(Q,) = GL(V (1))

where V' (u;) is the irreducible representation of the dual group G with highest weight p;.

One approach to prove (3.3]) is to use trace formulae. One the one hand, consider the action
of a Hecke operator composed with a power of Frobenius at some x € |X| — N acting on the
geometric stalk at z of the left side of (3.3)), which is IHz(Shtg’ k). The trace of this action can
be calculated by the Lefschetz trace formula, and can be expressed as a sum of twisted orbital
integrals. On the other hand, the trace of the same operator on the right side of can be
calculated by the Arthur-Selberg trace formula, and be expressed using orbital integrals. The
identity would then follow from an identity between the twisted orbital integrals and the
usual orbital integrals that appear in both trace formulae, known as the base-change fundamental
lemma.

The difficulty in implementing this strategy is that Sht’éy x 1s not of finite type, and both the
Lefschetz trace and the Arthur-Selberg trace would be divergent. L.Lafforgue [14] treated the
case G = GL, and p = ((1,0,---,0),(0,---,0,—1)) by difficult analysis of the compactification
of truncations of Shté’ i+ generalizing the work of Drinfeld on GLs.

3.1.4. Cohomological spectral decomposition. We discuss a weaker version of the spectral decom-
position . As mentioned above, Shté i is not of finite type, so its intersection cohomology is
not necessarily finite-dimensional. One can present Sht‘("; x @s an increasing union of finite-type
open substacks, but these substacks are not preserved by the Hecke correspondences. Despite all
that, we expect nice finiteness properties of IH:(Sht’é, Kk ® k) as a Hecke module. More precisely,

the spherical Hecke algebra C.(K{M\G(AN)/K{,Q,) (superscript N means removing places in
N) should act through a quotient 7" (possibly depending on p) which is a finitely generated
algebra over Qy, and that IH}(Sht/, ;- ® k) should be a finitely generated module over 77" . Now

viewing IH;(Sht‘é Kk ® k) as a coherent sheaf on %N, we should get a canonical decomposition of

.. ——N .- .
it in terms of connected components of 57 . A coarser decomposition should take the following
form

(3.4) TH (Shtfs ,c @ k) = @D TH; (Shtf, @ k) (p)
[P]
where [P] runs over associated classes of parabolic subgroups of G. The support of IH}(Sht, , ® k) [P]
should be described using the analogous quotient of the Hecke algebra %f for the Levi factor
L of P, via the Satake transform from the spherical Hecke algebra for G to the one for L. If G
is semisimple, the part IHZ(Sht’a K ®k, QZ)[G} should be finite-dimensional over Q,.
In the simplest nontrivial case G = PGLsy we have proved the coarse decomposition.

3.1.5. Theorem ([27],[28]). For G = PGLa, consider the moduli of Shtukas Shty, without level
structures of type p = (p1,--+ , yr) where each p; is the minuscule coweight. Then there is a
decomposition of Hecke modules

HZ"(Sht; ® k) = (9, HZ (Shtg; ® k)[x]) @ H2" (Shtg; ® k)gis

where x Tuns over a finite set of characters of the Hecke algebra C.(Ko\G(A)/Ky), and the
support of H2"(Sht7, @ k)gis 4s defined by the Eisenstein ideal.
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For i # 2r, H.(Shtl, ® k) is finite-dimensional.
Similar result holds for a version of Shty; with Twahori level structures.

We expect the similar techniques to work for general split G and general type p.

Assume we have an analogue of the above theorem for G. Let 7 be a cuspidal automorphic
representation of G(A) such that 7% # 0, then C.(KM\G(AN)/K{,Q,) acts on 7% by a charac-
ter x, up to semisimplification. Suppose y, does not appear in the support of IH;(Shté ® k) [P]
for any proper parabolic P (in which case we say x, is non-Eisenstein), then the generalized
eigenspace IHy (Shty, , ® k)[xx] is a finite-dimensional direct summand of IH? (Shty, ;e ® k) con-
taining the contribution of 7 but possibly also companions of 7 with the same Hecke character
X~ away from N.

3.2. Heegner-Drinfeld cycles and periods. When r = 0, the left side of is simply
the function space C.(G(F)\G(A)/K) where cuspidal automorphic forms live. In general, we
should think of cohomology classes in IH}(Sht?, . -) or IH}(ShtZ, ,, ® k) as generalizations of
automorphic forms. We shall use this Viewpoint7t(7) generalize some constructions in Section
from classical automorphic forms to cohomology classes of Shté K-

3.2.1. Heegner-Drinfeld cycles. Let H C G be a subgroup defined over k£ with level group Ky =
K N H(A). It induces a map 0py, : Buny i, — Bung k.

Fix an integer 7 > 0. Let A = (A1, -+, A\;) be an admissible sequence of dominant coweights of
H;let ;o= (pu1,-- -, pur) be an admissible sequence of dominant coweights of G. To relate Sht?;
to Sht’,, we need to impose more restrictions on A and . For two coweights u, i/ of G we write
p <q p if for some (equivalently all) choices of a Borel B’ C G and a maximal torus 7" C B,
Wgrpr — fpr i a sum of positive roots. Here pps 7/ (vesp. pps p/) is the unique dominant
coweight of T conjugate to p (resp. p).

We assume that \; <g p; for 0 < 4 < r. In this case there is a natural morphism of Hecke
stacks

Ome : Hky g, — HKZ,

compatible with fpy,. The Cartesian diagram (3.2) and its counterpart for Sht}‘{ then induce a
map over (X — N)"
A
0 : ShtH,KH — ShtléyK

If 6 is proper, the image of the fundamental class of Sht;‘i K, defines an algebraic cycle Shtf,
which we call a Heegner-Drinfeld cycle.

3.2.2. Example. Consider the case G = PGLsy, and H = T is a non-split torus of the form
T = (Respr/pGm)/Gpm for some quadratic extension F' '/F. Since T is not a constant group
scheme over X, our previous discussion does not directly apply, but we can easily define what
a T-Shtuka is. The quadratic extension F”’ is the function field of a smooth projective curve
X' with a degree two map v : X’ — X. Let A = (A,---,\,) € Z" with ), \; = 0, we may
consider the moduli of rank one Shtukas Shtg\;LhX, over X' of type A\. We define Sht} to be the
quotient ShtéL ,.x'/Picx(k), where the discrete groupoid Picx (k) is acting by pulling back to
X’ and tensoring with rank one Shtukas. It can be shown that the projection Sht% — X' is
a finite étale Galois cover with Galois group Picy:(k)/Picx (k). In particular, Sht} is a smooth
and proper DM stack over k of dimension r.

Now let u = (p1,--+ , pr) be a sequence of dominant coweights of G. Then each u; can be
identified with an element in Z>(, with the positive coroot corresponding to 1. Admissibility of
p means that > p; is even. The condition A\; <g p; is saying that |A;| < p; and that p; — A
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is even. When A\; <g p; for all ¢, the map 6 : Sht% — Sht‘é simply takes a rank one Shtuka
({&};{x}}) on X’ and sends it to the direct image ({v.&;}; {v(x})}), which is a rank two Shtuka
on X.

3.2.3. Periods. Fix a Haar measure puy on H(A). Under a purely root-theoretic condition on A
and p, " induces a map

o : T2 N (Shtt, o @ k) — H2# N (Sht}y o @ F),
and therefore defines a period map

7. * _ ﬁ[ShtA Jvol(Kg,ug)
Pg:f\L : IHgdH()\)(Shth{ ® k) 0—> HgdH(A)(Sht%LKH ® k) H,Kp H>HH QZ'

The last map above is the cap product with the fundamental class of Sht?[ followed by multipli-
cation by vol( Ky, pug).
Now assume Sht?L K, has half the dimension of Sht‘é, K

(3.5) da(p) = 2dm(A).

Let 7 be a cuspidal automorphic representation of G(A). To make sense of periods on m, we
assume for the moment that the contribution of 7 to the intersection cohomology of Shté K is as

predicted in (3.3]). Restricting ng{ to the m-part we get

K @ (@I HY (X = N) @k, p)) Lo 12O (Shty 1, @ &) — Q.

As we expect pr' to be pure, the above map should factor through the pure quotient of HI (X — N)®Fk, ph),
which is H(X ® &, ji.pk") (the cohomology of the middle extension of p4?), and which does not
change after enlarging N. Now shrinking K and passing to the direct limit, we get

G, - _
Piig:T™® (@ H' (X @ &, jiph)) = Qq

which is the analogue of the classical period (2.12). Again ng\‘ - should factor through the
coinvariants mg ) ® (- ).

3.3. Shtuka version of relative trace formula.

3.3.1. The setup. Let Hy and Hs be reductive subgroups of G over k. Fix an integer » > 0. Let
A= (A1, -, Ar) (resp. k and p) be an admissible sequence of dominant coweights of H; (resp.
Hy and G). Assume that \; <g p; and k; <G p;. In this case there are natural morphisms

Shtly, —> Sht!, <2 Shtf,

Suppose
1
dim Sht};, = dim Shtf;, = 5 dim SheZ,
With the same extra assumptions as in Section we may define the periods Pg;“ . and
Pg;“ .~ (where 7 is the contragradient of 7). We expect the tensor product
G7 G’ -~ e . i -_— . Z —_—
Pilsn @ Ptz m@ T (91 (HH (X @k, jupy’) @ HUX @k, jupk'))) — Qo

Ho,k,m

to factor through the pairing between H(X & k, ji,ph) and HY(X ® k, J1«P) given by the cup
product (the local systems p;i and ph' are dual to each other up to a Tate twist). Assuming this,
we get a pairing

G,u G,u . -
Priax @ Py ez THiA) @ Try(a) — Qo



16 ZHIWEI YUN

When dim 7y, n) = dim7p,s) = 1, we expect the ratio between the above pairing and the
Petersson inner product to be related to derivatives of L-functions of w, though I do not know
how to formulate a precise conjecture in general.

3.3.2. The relative trace. One way to access Pg;“ A\ W®Pg;“ .. = i to develop a relative trace formula

whose spectral expansion gives these periods. Fix a compact open subgroup K C G(A) and let
K; = H;(A) N K. Assume 0; are proper, we have Heegner-Drinfeld cycles

Zpy = 01.[Shtyy, k), 2, = 02.[Sht}, k]

both of half dimension in Sht‘é - Intuitively we would like to form the intersection number

G, K
(3.6) L) ey (1) = (Zho % Zf)sues, o+ F € ColK\G(A)/K)

as the “relative trace” of f in this context. Here f % (—) denotes the action of the Hecke algebra
on the Chow group of Shté x> defined similarly as in Section However, there are several
u

technical issues before we can make sense of this intersection number.
(1) Sht’é ), Mmay not be smooth so the intersection product of cycles may not be defined.

(2) Suppose the intersection of ZI);H and Z7; is defined as a O-cycle on Sht?, ., if we want to
get a number out of this 0-cycle, we need it to be a proper cycle, i.e., it should lie in the
Chow group of cycles with proper support (over k).

The first issue goes away if we assume each p; to be a minuscule coweight of GG, which guarantees
that Shtf, . is smooth over (X — N)". The second issue is more serious and is analogous to the
divergencé issue for the usual relative trace. In results that we will present later, it won’t be an
issue because there ZJ)L‘IL Kk, 1s itself a proper cycle. In the sequel we will proceed with heuristic
arguments as we did in Section [2:2] and ignore these issues.

When A, k, u are all zero, the linear functional I ((I(io())) (Ha,0)

defined in (2.14). Therefore the functional I ((21“ /)\),( Ha ) is a generalization of the relative trace.

becomes the relative trace RTrJCJ}L Hy

3.3.3. Intersection number in terms of Hitchin-like moduli stacks. In the case of the usual relative
trace for f = 14k, we introduced a Hitchin-like moduli stack M?h, Ho K gK whose point-counting

is essentially the relative trace of f. We now try to do the same for [ ((51“ ;) (Har)* To simplify

notations we assume K = Ko = [[, G(O,), hence K; = [[ H;(O,), and suppress them from the
notation for Shtukas.

To calculate the intersection number , a natural starting point is to form the stack-theoretic
intersection of the cycles Zl/L\h and f* Z} , i.e., consider the Cartesian diagram

(G,p)
(3.7) St 177 \),(Ha.) Kog Ko = Shie; xygiq

| |

Shtly, x Shtfy, — 2% . Sht! x Sht/,

(G,p)

(Gw)
(H1,)),(H2,k),KogKo ht

(H ), (s ), Ko g Ko indeed was zero-

The expected dimension of Sht is zero. If S

dimensional and moreover was proper over k, then [ ((gf ;\)7( HQ,H)(]' KogK,) would be equal to the
length of Sht(¢+) However, neither the zero-dimensionality nor the properness is

(H1,)),(H2,K),KogKo*
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true in general. Putting these issues aside, we proceed to rewrite Shtgfl’l’f 3\)7 (Ha.), KogKo in Hitchin-
like terms.

Recall we have Hecke correspondences HKZ, Hk%]l and Hkj;, for Bung, Bung, and Bung,
related by the maps 61 g and 62 1. We can also define a Hecke correspondence for Hkqg kgx, as
the moduli stack classifying z1,--- , 2z, € X and a commutative diagram of rational isomorphisms

of G-bundles over X

(3.8) E——>&——>- = ==&
| | !
I'®o 1 | or
¥ 4 ¥
E--=& - —-=¢&
such that
(1) The top and bottom rows of the diagram give objects in Hk{, over (z1,--- ,z,) € X";

(2) Each column of the diagram gives an object in Hkg k,¢K,, i-€., the relative position of ¢;
is given by KggKy for 0 < i <.
We denote the resulting moduli stack by Hk’ﬁk Kogko- We have maps p, q : Hkﬁk’ KogKo — HK, by
taking the top and the bottom rows; we also have maps p; : Hkfy, KoaKo Hkq kogr, by taking
the ith column. The Hecke correspondence Shty, 5 gI, in Section is defined as the pullback
of (po,pr) : Hkiy, KogKo — Hke ko9, * Hka kogK, along the graph of the Frobenius morphism
for HkG,KOgKO .
We then define Hk;\\/f Kogko 1SING the Cartesian diagram

A?
HK kg HKy 0960
l l(p,q)
0 0.
FIky, x HK, — 2 i HkE,

K . G
Now Hk M. KogK, €Al be viewed as an r-step Hecke correspondence for M Hy Ha KogKo- Indeed,

Hk;\\/f KogKo classifies a diagram similar to (3.§]), except that & (resp. &) are now induced from H;-
bundles F; (resp. Ha-bundles F/), and the top row (resp. bottom row) are induced from an object
in ij\ql (resp. Hkf;,). Now each column in such a diagram gives an object in Mgh Ha . KogKo-

Recording the i-th column gives a map m; : Hk;\\’/tﬁ,KogKo — M%,H%KOQKO. We claim that there is

. . . G, .
a Cartesian diagram expressing Shtg Hﬁ 2\)7 (Ha ), KogKo &5 the “moduli of Shtukas for Mfll’ Ha, KogKo

with modification type (A, k)”:

(Guu‘) )\’H
(3.9) Sht7"%) (Ho ) KogKo HKV kogko

| e

(id,Fr)

G G G
MH17H27K09K0 MH17H27K09K0 X MHLHQ,KOQKO

Indeed, this diagram is obtained by unfolding each corner of (3.7)) as a fiber product of an r-step
Hecke correspondence with the graph of Frobenius, and re-arranging the order of taking fiber
products.
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(Gop)

Continuing with the heuristics, the intersection number I (HA),(Ho, N)(l KogKo),» Which “is” the
length of Shtggﬁ ;\)7( Ha ), Kogko? should also be the intersection number of Hk M KogKo with the

graph of Frobenius for M%h Hy Kogk,- 11 other words, we are changing the order of intersection

and leaving the “Shtuka-like” construction to the very last step. It is often true that ij‘\f KogKo

has the same dimension as M$ v Ho Kog Ko and the fundamental class of Hk)’ M KogKo induces

an endomorphism of the cohomology of M Ty Ho KogK, Which we denote by [H k;\\f Kog k). The
Lefschetz trace formula then gives the following heuristic identity

G, K 7
(3'10) I((H1‘L,L))\)7(H2,f@)(1KogKo)” ="Tr ([ kj\/t KogKo] o Frob, Hy (MH1 H3,KogKo ® k, Qé))

The equal sign above is in quotation marks for at least two reasons: both sides may diverge;
change of the order of intersection needs to be justified.

Let Bgl H,Kogk, D€ the Hitchin base and h% 1, Pe the Hitchin map as in (2.18]). Observe
that for various 0 < i < r, the compositions h$, Hy Hy © 1 HkY M KogKo th Hy, KogKo A€ all the

: G
same. On the other hand, the Frobenius of M Fy Ho, KogK, COVEIS the Frobenius of BB F Ho Kog Ko
Therefore diagram (3.9)) induces a map

(G,u)
Sht (57 %) (Ho ) KogKo — B, . kogrco ()

(G,p)

which simply says that Sht( Hy N, (Hak), Kog Ko decomposes into a disjoint union

(G.n) _ (G.p)
(3.11) St (17} 0 (). Kog Ko = I1 SHE (77 3), (1), Kog <o (-

G
aEBHl,HQ,KOgKO(k)

The action of [ij‘\f KogIs,) o1 the cohomology of Mgl’ Ha Kogk, Can be localized to an action on
the complex RA¢ 1 1,1 Qe using the formalism of cohomological correspondences. Then we may
rewrite (3.10) as

G, K
(3.12) I o (Wogio)” =" > Tr((HKRY o e, Ja © Froba, (RAG, 7, 1Q0)a),

where a runs over th Ha . Kog Ko(k).

Comparing with , we see the only difference is the insertion of the operator
[HkM KogKola actlng on the stalk (RhH1 1,1Q0)a-

3.3.4. Example. Suppose G = PGLy and H; = Hy = T as in Example Let r > 0 be even.
We pick A, & € {£1}" with total sum zero, and form Sht} and Shtf. Let p = (p1,- - - , str) consist
of minuscule coweights of G. In this situation we have dim Sht} = dim Shtf = r = 1 dim Sht/,.
Below we give more explicit descriptions of ./\/lTT  KogKo and HkY M KogKo" For simplicity, we
assume that the double cover v : X' — X is étale.

Asin Example it is more convenient to work with the test function hp rather than 1,4k,
where D is an effective divisor on X. We denote the corresponding version of M%T’ KogKo by
M%T’ p- To describe M%T, p»> we first consider the moduli stack MV%T p classifying (£, L', o)
where £ and £’ are line bundles over X', and ¢ : v,£ — v,L is an injective map of coherent
sheaves such that det(p) has divisor D. We then have M%ﬂ D= //\\/l/gT p/Picx, where Picx acts
by pulling back to X’ and simultaneously tensoring with £ and £'.
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It is more convenient to work with another description of M% rp- The map ¢ : v, — v, L'
is equivalent to the data of two maps

a:L=L, pB:o*L—=L

where o is the nontrivial involution of X’ over X. The determinant det(¢) = Nm(a) — Nm(f),
as sections of Nm(£)™! ® Nm(L'). Let M?’?D C M%T,D be the open subset where o and

are nonzero. By recording the divisors of a and 3, we may alternatively describe ./\/lg:? p as
the moduli of pairs (Dq, Dg) of effective divisors on X’ of degree d = deg D, such that there
exists a rational function f on X (necessarily unique) satisfying div(f) = v(D.) — v(Dg) and
div(l — f) = D —v(Dg).

The Hecke correspondence Hk;\\/f p is the composition of r correspondences each of which is
either Hy or H_ depending on whether \; = k; or not. Over the open subset ./\/lgr? p> H4 can
be described as follows: it classifies triples of effective divisors (Da, Dg, Dj3) on X' such that

(Do, Dg) € Mg:,? p» and Dj is obtained by changing one point of Dg by its image under o. The
two maps p4,qy : Hy — M?’;?D send (Dq, Dg, Dj) to (Da, Dg) and (Dq, Dj). Similarly, over

Mg? s H_ classifies triples of effective divisors (Dy, D), Dg) on X' such that D], is obtained
by changing one point of D, by its image under o.

3.4. Application to L-functions. In the work [27], we considered the case G = PGLy and the
moduli of Shtukas Shty, without level structures, where r stands for the r-tuple p = (p1,- -, ftr)
consisting of minuscule coweights of G (so r is even). Let v : X’ — X be an unramified double
cover. The Heegner-Drinfeld cycle we considered was the one introduced in Example [3.2.2] i.e.,
Sht for A € {#1}". We consider the lifting of the natural map 6 : Sht}. — Sht,

0 : Sht} — Shtf; := Shtl, x xr X'

Since Sht?- is proper of dimension 7, the Heegner-Drinfeld cycle Z3 := 6.[Sht}] is an r-dimensional
proper cycle in the 2r-dimensional Sht/;. Therefore Z7 defines a class Z € H2"(Shts ® k, Q) (r).

Now let m be an everywhere unramified cuspidal automorphic representation of G(A) with
coefficients in Q,. By the coarse cohomological spectral decomposition for H2"(Sht7; ® k, Q) (see
Theorem , we may project Z:’} to the yr-isotypical summand, and denote the resulting class
by 23, € B2 (Shtf; © k. Q)lxa)

3.4.1. Theorem ([27]). We have

2229 L) (pi,1/2)
I I = —a v
< T, T77T>ShtG 2(10gq)7" L(7T7A-d71)

where

. <Zj>‘~7r, Z%ﬁsmg 1s the self-intersection number of the cycle class Z%Jr.
o m is the base change of m to F' = k(X').
o L(npr,s) = ¢ 9" V=V (10, 5) is the normalized L-function of wpr such that £ (mpr, s)

g(ﬂ'p/’l —S).

In [28], we extended the above theorem to allow the automorphic representation 7 to have
square-free level structures (which means the local representations 7, are either unramified or an
unramified twist of the Steinberg representation), and to allow ramifications for the double cover
v: X" — X. We consider the moduli stack Shtg(3;X) where ¥ is a finite set of places where
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we add Iwahori level structures to the G-Shtukas; ¥, C X is a subset of places where we impose
supersingular conditions. The admissibility condition forces r to have the same parity as #X .

3.4.2. Theorem ([28]). Let m be a cuspidal automorphic representation of G(A) with square-free
level X, Assume the double cover v : X' — X is unramified over ¥.. Let Yoo C X be the places
that are inert in F'. Let r € Z>q be of the same parity as #Xs. Then for any ri,re € Z>o such
that r1 +1o =1, there is an explicit linear combination Zy'"™ of the cycles {Z; A € {£1}"} such
that
(g gy _ q272g+p/2—N g(m)(m1/2)3@2)(77@,71,,/},’1/2)'
Tow 2 ST ISBEE(EiEe0) = o og ) L(m,Ad, 1)

where
o N =degX, and p is the degree of the ramification locus of v.
o L(m,s) = qR9 2NV [ (1 5) is the normalized L-function of © such that £(x,s) =
L(m,1—s).
® N/ is the character of F*\A* corresponding to the quadratic extension F'/F.
o L(m @NpF,S) = ¢ 2PN 12 L @ NEpy8) is the normalized L-function of
T @ Npp such that L(m @ npp,s) = L (1 @npyp, 1 — ).

When r = 0, the above theorem is a special case of the Waldspurger formula [22], and our
proof in this case is very close to the one given by Jacquet [11]. When r = 1 and #X = 1,
the above theorem is an analogue of the Gross-Zagier formula (see [9]) which expresses the first
derivative of the base-change L-function of a cuspidal Hecke eigenform in terms of the height
of Heegner points on the modular curve. However our proof is very different from the original
proof of the Gross-Zagier formula in that we do not need to explicitly compute either side of the
formula.

3.4.3. Relation with the B-SD conjecture. Theorem [3.4.2] is applicable to those m coming from
semistable elliptic curves E over the function field F'. The relation of our result and the Birch—
Swinnerton-Dyer conjecture for E can be roughly stated as follows. Take r to be the vanishing
order of L(Ep/,s) = L(mp,s —1/2) at s = 1. According to the expectation (3.3), Z%Jr is
an element in 7% ® HY (X' ® k, ji,v*px)®". The 2-dimensional f-adic Galois representation py
attached to  is the Tate module of E, therefore L(Ep,s) = det(1—g¢ *Frob|H (X' ® k, ji.v*px)).
The standard conjecture predicts that the Frobenius acts semisimply on HY(X’ ® k, ji.v*pr),
hence the multiplicity of the Frobenius eigenvalue ¢ should be r. We expect Z%,ﬂ to lie in
K@ AT(HY X! @ k, ji,v* pr)F7=9), and giving a basis for this hypothetically 1-dimensional space.
However, currently we do not have a way to construct rational points on F from the Heegner-
Drinfeld cycle Sht?..

3.4.4. The method to prove Theorems is by comparing the Shtuka version of the relative
trace IJCJ: ()= (23, f = Z%>Shtg as in (3.6)) with the usual relative trace of the kind in Example

More precisely, for the triple (G, A, A) considered in Example we consider the relative
trace involving a complex variable s

RTTE,(A,n)(f, s) = (@l arpany 2@l - 1)) agnam)) 2@ a).ue)-
Here |- | : A(F)\A(A) = F*\AX — ¢” is the global absolute value function, and n = N p- Let

Jr(f) be the rth derivative of RTrg (A n)(f’ s) at s = 0. The key to the proof is to establish the
following identity of relative traces for all spherical Hecke functions f

(3.13) IG 1 (f) = (log @) ™" Jn(f)-
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To prove this identity, it suffices to consider f = hp for effective divisors D on X (see Example

. The moduli stacks Mi Apin Example and M%ﬂ p in Example share the same
Hitchin base Bp = HY(X, Ox(D)). We may fix a degree d and let D vary over effective divisors

of degree d and get Hitchin maps f; : Mi Ad By and gg : M%rﬂd — Bg. Formulae and
suggest that we should try to prove an identity between the direct image complexes of fy
and gg. The new geometric input here is the action of the Hecke correspondences [Hk}\dd] on the
complex RgyQy, which is the r-th iteration of the action of the correspondence [H. ] defined in
Example . It turns out that the eigenvalues of the action of [Hy]| on RgyQ, match exactly
with the factors coming from taking the derivative of the relative trace RTri( A,n)( f,s), which
explains why derivatives of automorphic quantities are indeed geometric.

3.5. Arithmetic fundamental lemma. Generalizing Theorems and to higher rank
groups would involve intersecting non-proper cycles in an ambient stack which is not of finite
type. This is the same issue as the non-convergence of the naive relative trace , therefore a
certain truncation and regularization procedure is needed. There is, however, a local version of
such results that can be proved for higher rank groups. One example of such a local version is
the Arithmetic Fundamental Lemma formulated by W. Zhang [30] originally for Rapoport-Zink
spaces. In [29], we stated a higher derivative extension of W.Zhang’s conjecture in the function
field case, and sketched a proof. This was the first time higher derivatives of automorphic
quantities were related to geometry, and it partially motivated the later work [27].

3.5.1. Local Shtukas. The moduli of Shtukas has a local version. Fix a local function field F
with ring of integers O,. In the diagram defining the moduli of Shtukas, we may replace
Bung by the affine Grassmannian Grg, and replace Hk’é by an iterated Hecke correspondence
for Grg over a formal disk A, = Spf (0,® ---R0,) of dimension . We also have the freedom
of changing the Frobenius morphism on Grg by the composition b o Fr : Grg — Grg, where b
is an element of the loop group of G giving the datum of a G-isocrystal. The resulting object

bSht‘é’loc by forming the Cartesian square as (3.2)) is called the moduli space of local Shtukas, and

it is a formal scheme over A,. The special fiber of bSht’é’loc is an iterated version of the affine

Deligne-Lusztig variety. The twisted centralizer G} of b is an inner form of a Levi subgroup of
G, and Gy(F;) acts on *Sht/4'°°.

For a subgroup H C G with a sequence of coweights A = (Aq,---, \;) such that \; <g p; for
all i and an H-isocrystal by compatible with b, we have a morphism §'°¢ : b# Sht?}loc — bSht’é’loc
over A,. This morphism is a closed embedding because Grg — Grg is. We define the local

Heegner-Drinfeld cycle 2 Z}}’loc as the image of 9'°°.

If we have two local Heegner-Drinfeld cycles ! Z}\flloc and 2 Z’;I’QIOC in bSht‘(";’lOC with complemen-
tary dimensions, and if u; are minuscule and the reduced structure of their intersection is proper
over k, we may ask for their intersection number in bShté’lOC. More generally, if § € G(Fy), we
may consider the intersection number

b1 zAloc by ~k,loc
_[5 = < 1ZH1 ’(5 . QZH2 >bSht/é,loc

using the action of Gy(F,) on bShtglOC. When p = 0, this is the same as the local orbital integral
ng m,.5(1c(o,)) (see (2.15)) for the relative trace formula of the triple (G, Hy, Hz).

3.5.2. Example. Let F//F, be an unramified quadratic extension, with ring of integers O
and residue field k/. Fix a Hermitian vector space Wy of dimension n over z, and let U,

be the unitary group of W, ,. We define the moduli of local Shtukas Sht%’lfc over Al =
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Spf (O,&y;, -+ By, O) in the following way. Let Gry, be the affine Grassmannian classifying
self-dual lattices in W, ;. Since U, is split over F),, the base change Gry, ®y, k., can be identified
with the affine Grassmannian Grgr,, ®y, k}, classifying O’ -lattices in W, ,. We have the local

xT

Hecke correspondence HkloC over A} which, after identifying Gry, ®g, k., with Grgr, ®k, k.,

corresponds to the upper modification of lattices in W, ; of colength one. Let Hk’{_}l:C be the

r-fold composition of Hkloc as a correspondence, so Hkg; * Joc — A]. Then Shty; Jloc

the Cartesian diagram

is defined using

Shtr Jloc Hkaloc

l (id,Fr) J/

GI’U 4>GI'U XGI‘Un

The group U, (F;) acts on Sht%loC We remark that Sh‘c%lOC is formally smooth over A/ of relative
dimension r(n — 1).

Now suppose we are in the situation of Example [2.3.4]so we have an orthogonal decomposition
Wha = Wypo1, @ Fle, and (en,e,) = 1. Adding a standard lattice Ole,, gives an embed-
ding Gry, , < Gry, compatible with the Hecke modifications, hence induces an embedding
Sht%loC — Shtr loc - Consider the diagonal map

. r,loc r,loc r,loc
A Shtj 5 Shtf°° x5, Shtj.

The image of A gives an r(n — 1)-dimensional cycle Z5'°° in the 2r(n — 1)-dimensional ambient
space Shty; OCI X ar Shty; 106. For strongly regular semisimple § € U, (F,) (with respect to the
conjugation action by Un,l) we form the intersection number

_ )1 : )1
Ia: 5 = (277 (idx6)Z; 0C>sm{}1°j X ShE( "
This makes sense because the support of the intersection of the two cycles Z2'°¢ and (id x 5 rloc
is proper. When r = 0, we have I g is either equal to Jx(s(lU( n’w)) as in Example [2
self-dual lattice A, , C W, , exists, or 0 otherwise.

1fa

To state the higher arithmetic fundamental lemma, we introduce a variant of the orbital integral
(2.21)) with a complex variable s

JL(f,5) = / Sy h)ne (et h)| det h*dh, 5 € Su(Fy), | € C2(Su(Fy)).
GLp—1(Fz)

For v strongly regular semisimple, J GL( f,s) is a Laurent polynomial in ¢, where ¢ = #k,. Let
d T
JEbr(f) = <ds> ls=0 ST (f, 5).

3.5.3. Theorem ([29]). Let v € GL,(F;) and 6 € Uy (Fy) be strongly regular semisimple with the
same tnvariants in the sense of Examples|2.5.5 and|2.3.4 Then

(3.14) Iy = c(loggx) " I8 (15, (0,)

z,

with an explicit constant ¢ depending on r and the invariants of .

The proof consists of the following main steps.
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Prove a global analogue of (3.14)). Consider the triple (G, Hi, H3) as in Example with
coweights u for G and A for H; = Hj being the first fundamental coweights. Let the triple

(G', H{, H}) be as in Example Recall that for the global situation, the intersection

number I((g;“))\) (H> ,\)(1K09K0) is the degree of a certain 0O-cycle on Sht!C+)

G
(H1,A),(H2,)),KogKo
introduced in the diagram (3.7)). On the other hand, we have a decomposition (3.11)) of

G, . . . G, . .
ShtEHllg\),(Hz,)\),KogKo into a disjoint union of ShtEHllfz\)’(HZ’A)’KOgKO(a) indexed by k-points

.. G, .
of the base th Ha,KogKo- For strongly regular semisimple a, Shtg Hllf /)\)7( Ha\) Kog Ko (a) is
proper for any g, so we can talk about the degree of the a-component of the zero cycle

Zl/t\h (f = Zi‘b), denoted <ZI)§1, f* ZI’}Q)Q. The global analogue of means proving
an identity of the form , but with both sides replaced by their a-components. One
can prove such a global identity by analyzing the direct image complexes of the Hitchin
maps hflh 7, and hg/i g, USIng sheaf-theoretic methods, as we did in [23] and [27].

Deduce the arithmetic fundamental lemma from the global identity. The moduli Sht‘G"lOC
of local Shtukas for G is related to a formal completion of the global moduli stack Sht‘é
by a uniformization diagram, analogous to the one relating Rapoport-Zink spaces and
Shimura varieties. Using the uniformization, one can express <ZI)_‘11, f* ZI’}2>,1 as a finite
sum, where each summand is a product of usual orbital integrals and intersection numbers
of the form Ifi’;i (with >~ r; = r). There is a similar product formula for the global orbital
integral for (G', H{, H)). By choosing a appropriately we may deduce the local identity
from the global one using the product expansions and the known fundamental

lemma (Theorem [2.3.5]).
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