18.706 HOMEWORK 3

DUE SEP.23, 2020

THEOREMS
In this part you will see theorems that we studied in the class. Please supply a detailed proof of each.

Theorem 1. A ring R is semisimple if and only if it is a finite product [[;_, M,,(D;), where D; are
division rings.

Theorem 2. The following are equivalent for a ring R:

(1) R is simple and left artinian.
(2) R is left primitive (i.e., R has a faithful simple left module) and left artinian.
(3) R M, (D) for some division ring D.

EXERCISES

Problem 1. Let k be a field. Let R be a simple k-algebra with Z(R) = k (here Z(R) denotes the center
of R).

(1) Define a ring structure on R ®;, R°P in which R and R°P commute with each other.

(2) Show that R is a simple R ®; R°P-module under left and right multiplication.

(3) Suppose dimy R = n, show that R ®; R°? = M, (k) as k-algebras.

Problem 2. Let R be a k-algebra (it implicitly means & is in the center of R), and M be a semisimple
module of R with dimy M < oco. Show that

(1) S =Endg(M) is a semisimple ring.

(2) The action map R — Endg(M) is surjective.
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