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Lecture 5, 5/16
Some notations used in these lectures: k is an algebraically closed field of charac-

teristic zero, for a space V over k with an action of a finite group G and a subgroup
H ⇢ G we let V G

H denote the image of the averaging map AvGH : V H ! V G.
For a block B we let k[G]B denote the corresponding summand.

Last time we’ve stated:
Theorem (Brauer First Main Theorem) There exists a canonical bijection be-

tween blocks in Rep(G) with defect subgroup D and blocks in Rep(N(D)) with defect

subgroup D; here N(D) is the normalizer of D.

We also proved the following statements.
Let H ⇢ G be a p-subgroup, Z(H) and N(H) be its centralizer and normalizer

respectively.
Lemma 1. Every idempotent in k[N(H)]N(H)

lies in k[Z(H)]N(H)
.

Lemma 2. The restriction map k[G] ! k[Z(H)] intertwines the map AvGH with

Av
N(H)
H .

Proof of the Theorem. We check that the Brauer homomorphism �D : k[G]G !
k[Z(D)]N(D) ⇢ k[N(D)]N(D) sends primitive idempotents of blocks with defect
group D to primitive idempotents of blocks with defect group D, inducing a bijec-
tion between the two sets of idempotents.

Recall that for a block with block idempotent e, the defect groupD is the smallest
subgroup such that e 2 k[G]GD; it is also the largest subgroup such that �D(e) 6= 0.
(The precise statement was stated and proved earlier). It follows also that D is the
unique (up to conjugacy) subgroup such that: �D(e) 6= 0 and e 2 k[G]GD.

Let e 2 k[G]G be an idempotent of a block with defect group D. We have
�D(e) 6= 0. Clearly the Brauer homomorphism from k[N(D)]N(D) to k[Z(D)]N(D)

doesn’t kill �D(e), while �D(e) 2 k[N(D)]N(D)
D by Lemma 2. We claim also that the

idempotent �D(e) is primitive: this follows from Lemma 2 which implies surjectivity

of the map k[G]GD ! k[Z(D)]N(D)
D induced by �D, since a surjective map of finite

dimensional commutative rings sends a primitive idempotent to a primitive one.
We have shown that �D(e) is a block idempotent for a block with defect group D,

thus we constructed a natural map whose existence is claimed in the Theorem. The
map is clearly injective, since orthogonal idempotents go to orthogonal ones. Its sur-

jectivity follows from Lemma 1 and surjectivity of the map k[G]GD ! k[Z(D)]N(D)
D ,

by the idempotent lifting property. ⇤

Before proceeding to the last topic we mention some properties of defect sub-
groups.

Claim. A defect subgroup is an intersection of two Sylow subgroups.

Proof: Mackey formula shows that for a Sylow subgroup S the restriction k[G]|S⇥S

is a direct sum of modules of the form IndS⇥S
�S\S0 (k), where k stands for the trivial

representation and S0 is another Sylow subgroup. Such a module is indecomposable
as it has a simple socle; moreover, all indecomposable summands in its induction
to G⇥G have the same vertex S \ S0.

Let k[G]B be an indecomposable summand of the G⇥G module k[G] with vertex
Q ⇢ S ⇥ S. It is easy to see that its restriction to S ⇥ S has an indecomposable
summand with vertex Q. Thus Q is an intersection of two Sylow subgroups and
the claim is proved. ⇤
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Claim. Every module in a block B with defect group D is relatively projective

w.r.t. D.

Proof: We have: M ⇠= k[G]B⌦k[G]M . We claim that X⌦k[G]M is relatively pro-
jective with respect to a subgroup H if the bimodule X is relatively projective w.r.t.
the diagonal subgroup �H . To see this it’s enough to consider X = IndG⇥G

�H
(L), in

which case X ⌦k[G] M = IndGH(L⌦M |H), so the statement is clear. ⇤

In the remaining part we touch upon a big topic in the theory, namely the study
of the structure of the block in terms of its defect group. Before explaining the
main result of this part we need a preliminary construction.

Green correspondence. Recall that the vertex of an indecomposable module
M is the smallest subgroup H ⇢ G such that M is relatively projective w.r.t. H.
A related notion is that of a source of M : this is an indecomposable module N
for the vertex H, such that M is a direct summand in IndGH(N). We claim that
the isomorphism class of N is unique up to conjugation by the normalizer N(H).
This follows from Mackey formula: if N , N 0 are two sources, then N 0 is a direct
summand in ResGH � IndGH(N). Mackey formula shows that each indecomposable
summand in the latter module is either of the form Ng for g 2 N(H), or a summand
in a module induced from a proper subgroup in H. However, N 0 can not appear
as a summand in a module induced from a proper subgroup in H in view of the
assumption that H is the vertex of M .

Theorem. (Green correspondence) Let Q ⇢ G be a p-subgroup and H be a

subgroup containing the normalizer NG(Q). We have a bijection between modules

with vertex Q for H and G, which is characterized by: M $ N if M |H = N �N 0
,

IndGH(N) = M �M 0
. Moreover, N 0

is a direct sum of modules with vertices of the

form H \ Dg
, g 62 H, while M 0

is a direct sum of modules with vertices D \ Dg
,

g 62 H.

We will prove the Theorem under a simplifying assumption. We say that G is a
trivial intersection group if the intersection of any two distinct Sylow subgroups in
G is trivial.

Claim. a) Let G be a trivial intersection group with a Sylow subgroup S. We

have a bijection between isomorphism classes of indecomposable nonprojective mod-

ules for N(S) and for G characterized as follows. If M and N correspond under

the bijection, then M |N(S)
⇠= N � PN and IndGN(S)(N) ⇠= M � PM , where PN , PM

are projective modules for N(S) and G respectively.

b) If M and N correspond under the bijection in (a), then for a subgroup H ⇢ S
the module M is relatively projective w.r.t. H i↵ N is relatively projective w.r.t.

H.

Proof: a) It su�ces to prove that

(1) ResGN(S)Ind
G
N(S)(X) = X � PX ,

(2) IndGN(S)ResGN(S)(Y ) = Y � PY

for some projective modules PX , PY .
Here (1) follows from Mackey formula, taking into account that for g 62 N(S),

Sg\N(S) is trivial and N(S)g\N(S) has order prime to p: this is clear since Sg\S
is trivial and N(S)/S is a group of order prime to p. To check (2) recall the formula
IndGH �ResGH(M) ⇠= M ⌦ (IndGH �ResGH(k)). Applying it to H = N(S) we see that
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it su�ces to check (2) for the trivial module. We have a map k ! IndGN(S)(k) and
we need to check that its cokernel is projective. This is equivalent to saying that
its restriction to S, or to N(S) is projective, which follows from (1).

b) If N is relatively projective w.r.t. H, then IndGN(S)(N) is also relatively
projective w.r.t. H, and hence so is its direct summand. IfM is relatively projective
w.r.t. H, then M is a direct summand in IndGH(L). In view of (1), IndGH(L)|N(S)

is a direct sum of Ind
N(S)
H (L) and a projective module, which shows the other

direction. ⇤
Remark 1. If Q ⇢ S is a nontrivial subgroup then the trivial intersection

assumption shows that N(Q) ⇢ N(S). Thus the last Claim establishes Green
correspondence for such a Q and H = N(S).

Remark 2. The proof of the Claim yields a stronger statement, namely an
equivalence of stable categories St(Rep(N(S)) ⇠= St(Rep(G)). Here St(A) for an
abelian category A is the category whose objects are objects of A and

HomSt(A)(M,N) = HomA(M,N)/Hom0
A(M,N), where Hom0

A(M,N) denotes
the space of morphisms which factor through a projective module.

The next result relates Green correspondence for modules to Brauer correspon-
dence for blocks. We present a form of the statement not mentioning Green corre-
spondence explicitly, it will instead appear in a Corollary.

Theorem (Brauer Second Main Theorem) Let D ⇢ G be a p-subgroup, and K
a subgroup satisfying Z(D) ⇢ K ⇢ N(D). Let M be indecomposable module for G
and e be the block idempotent of M . Then M |K = �D(e)M �M 0

, where M 0
is a

direct sum of K-modules which are relatively projective w.r.t. subgroups in K not

containing D.

Proof: The element ✏ = e � �D(e) lies in
P

k[G]N(D)
Q where Q runs over a set

of subgroups not containing D. Hence it also lies in
P

Q k[G]KQ where Q runs over
subgroups not containing D. Since ✏ acts by identity in M 0, it follows that IdM 0

lies in
P

Endk(M 0)KQ . It follows that the same remains true if we replace M 0 by
one of its indecomposable summands M 0

i . But EndK(M 0
i) is a local ring, while

Endk(M 0
i)

K
Q is a two-sided ideal in that ring. So IdM 0

i
lying in the sum of these

ideals implies that it lies in one of the ideals. Thus M 0
i is relative projective w.r.t.

a subgroup Q as above by one of the characterizations of relative projectivity. ⇤
Remark. The statement is only interesting if K � D.

Corollary 1. Let M be an indecomposable G-module with vertex D. Let MD

be the module over N(D) corresponding to MD under Green correspondence. Then

for a block idempotent e we have eM = M i↵ �D(e)MD = MD.

Remark. This says, in particular, that for an indecomposable module M 0 over
N(D) with vertex D and defect group D its Green correspondent belongs to the
Brauer correspondent of its block.

Proof of Corollary. According to the characterization of Green correspondence,
MD is the only indecomposable summand in M |N(D) with vertex D. Suppose that
eM = M ; then by Brauer Second Main Theorem, the image of 1� �D(e) on M is
a sum of N(D) modules with vertices di↵erent from D, so �D(e) acts by identity
on MD. On the other hand, if eM = 0, then the image of �D(e) in Endk(M) lies

in
P

Q Endk(M)N(D)
Q where Q runs over subgroups where Q runs over subgroups
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not containing D. By the argument from the proof of the Theorem it follows that
it acts by zero in a summand of M |N(D) with vertex D. ⇤

Corollary 2. A block of defect D contains a trivial source module with vertex

D.

Proof: Let B be a block in Rep(G) and B0 be a block in Rep(N(D) which is the
Brauer correspondent of B.

An irreducible representation of N(D) factors through N(D)/D. Let L be an
irreducible representation of N(D) belonging to B0 and let P̄ be the projective cover
of the corresponding N(D)/D module. Let P be its pull back to N(D). Then P
belongs to B0 and has vertex D. Let M be the Green correspondent of P , then M
has vertex D and belongs to B. It is a direct summand in IndGN(D)(P ), which in

turn is a direct summand in IndGD(k), hence it’s a trivial source module. ⇤
Remark. Together with Claim above, this shows that the defect group can be

defined as the largest vertex of a module in the block.
We finish by stating a famous
Conjecture. (Broue abelian defect Conjecture) Let D be an abelian p-subgroup

in G. Let B be a block in Rep(G) with defect D and B0
be its Brauer correspon-

dent, a block in Rep(N(D)). Then there exists an equivalence of bounded derived

categories

Db(Rep(G)B) ⇠= Db(Rep(N(D)B0).

The conjecture implies existence of isomorphismsK0(Rep(G)B) ⇠= K0(Rep(N(D))B0),
K0(Rep(G)B) ⇠= K0(Rep(N(D))B0) compatible with the natural map K0 ! K0

and the perfect pairing K0 ⇥K0 ! Z.
The conjecture is known for symmetric groups [4], for some blocks in groups

of Lie type and some other cases. We refer to [5] for the case of a cyclic D,
especially to the last section for an accessible exposition of a special case. Namely,
let G = SL2(Fp)/{±1} (p > 2). One can check (exercise) that G has p�1

2 irreducible
modular representations V0, V2, . . . , Vp�1, where the pull back of Vi to SL2(Fp) is
the i-th symmetric power of the tautological two dimensional representation V1.
The representation Vp�1 is the Steinberg representation discussed in lecture 2, so
it forms a defect zero block. The remaining representations belong to one block
(exercise), let Rep(G)0 denote the corresponding summand in Rep(G). Let B the
subgroup of upper triangular matrices in SL2(Fp), then B/{±1} = N(S) is the
normalizer of a Sylow subgroup; representations of this group form a single block.

The Sylow subgroup in G is cyclic of order p, so G is a trivial intersection
subgroup. Thus we have an equivalence between stable categories

St(Rep(G)) = St(Rep0(G)) ⇠= St(Rep(N(S)).

Recall that the stable category of an abelian category A can also be described
as a quotient Db(A)/Perf(A), where Perf(A) is the category of perfect complexes
(i.e. it’s the full triangulated subcategory generated by projective modules). We
refer to the last section in [5] for an explanation of how to lift the equivalence of
stable quotients to an equivalence of bounded dervied categories.
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