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ã



�
�����4�  �¡~¢�£¥¤�¡�¦8§H¨ ©�ª «�©�¬r­�¬�¤®¦�¡®¯ ü
bVZ]` ��� Y?bVe��jU4l}l�hF�]e� �^]W x¢UF�V��`j�}�Ve!d]WXd]aÂl}¥k�9{}b�#«x°� �
�ß�@U4WX\�^ � WXZ?�VdkW­bVh²±�\0\r]!þ?ýzþ?ýCýY!�VUFW��@ :bVa�UFW��-l}`j�}�VYçU4�V�[�¢UFa�UFYkU � e � Y � efbV^¢` �}�

a
l}h$�~ai��¡jWõe~UFW_WõU4WXZ]�jY � UFY]\I ­�]`j�V��jl}l�hFU � U ��� �ñU~x´³�\Xl�hFUFY��?b	b.�~�VWXbVl}h \X�jU4YN ]bVe!e~`j� � bVY!¥]e � Y � aiU4��bVZ]�]b � {�d]e�UF�~�+`jl�h � ¡f�{}� �  )bVaiU4W_�2�}�VW�b~h�UFW_�j�]�]\_UFegl}h4UF��\XY � ^¢`jWX\_Y]`ja�\XZ]�j�¢UFY�U4WXWXU4Y]�j��nXhF�kU � �k @�]`V�V���Vb~WX¡j�?b~Y`jl}h � ¡]xµ³ bVl�`jY]WX¡jbVYN �UF�V�[Y��jUFW��ðmF`
� �
�ñ�¢UFYð�~bVYN ��?b b Y]U4a �~�VW²b~l}h+�]\_hF`jY��2n � �?b � ¡^@`jW_\XY]`Vai\X�VWX\_l � bVY!¥k�~bVWIx­vñW_�VUFY�^ � WXZ?�VdkW?b&�¢ÿ�¶·�¹¸õY��jU4W_�¢ 2aiU4W_�2Y � WkUF�V�	�¢UFa�UFYkU � e � Y �e~b~^@` ���

a
l�h$�Va��}¡jW�bVh � e~UFWXW�UFW_Z]�jY � U4Y]\  ¢�]`j�V��^]��nXa	�ñU~x»º�W � bVW²�V�]bVY�� � �VUV C�?bcU4�V�

AY!�VUFW��+� �
�ñ�¢UFW_\  �bVe!eV`V�ib~h
AC

Y��jUFW��¢ %bVa�UFW��çbVh � e � �}Z]U4hF\�UF�V�[�@U4aiU4Y � �}�jWI ��]`j�V�Y]UFa � UFW {�UFl��]W��ßU
A
 kmF`����­�ß�@U4WX\Ix­� h � ai`VY]Zf{�d]e� k�k`j�V�+U4�V�

A
Y��jU4W_�g^¢`jWX\_Y]`ja�\²�VW_\Xl}bVY�}UFZkd]ef�VWX�?b � ¡

B
Y��jU4W_�2�}U¼!

A �P B
#« k�?b

A
ai\_Y]Z]U4Y+�@U4aiU4Y]U �}� �]U4h�^@`VWX\XYk`jai\_Z]�j�¢UFYbVZ]�?b � ¡

B
�ñYkUFe�UF�V�;`jW_�jbVY��¢UFa�UFY]U � U~ !bVaiU4W_�2�}U

B
^¢`jY � `jl}bVY�bVe!eV`j�
\X��bVh~ V�?b

A
\X��b~h�j`jW � bVh�UF��UFZ]U � \�^]�}`V�]W � ac�V�}bkx

A
� l
B
^@`jW_\XY]`Vai\X�VWX\_l�bVY�UFe��2\_�~bVW_UFY]lR!

A ≡P B
#« ��?b

B �P A
� l
A �P B

x��§�V�cY!�VUFW��U� �
� � UFW {�UFl4 ]�?b�a�\XY]Z]U4YU� �
�ß�@U4WX\)Y��VUFW_�c�}U4Z]d]ef�VW���?b � ¡����	^¢`jWX\_Y]`ja�\²�VW_\Xl}bVYNxzq�U4�?� � �~bVW²bVa�\XW��jU4Y � � � UFW_UFa��¢UFY�bVh&� �
� � UFW {�UFl�Y��jU4W_�VUFe�bWXUF�VY]UF�]U4hFU4�]�@U4e bVhR� �
�ñ�¢UFW_\�Y��jU4W_�VUFe e~�jhF�]WIxr�Pm4`�� �
� � UFW {�UFlrY��VUFW_�V`jl}h � �VW��¦�]bVl}`jY2�WX¡�bVY'Z]U87?Y]\²�~WX�?b � ¡]x�TV¡jW�\Xl�aiU4� � � �
� � UFW {�UFl�^]�}`V�]W � ac�Ve��.bN\�½]ý­ �a�UFW�� UF�~���¢UFa�U±�Y]U � e � Y � efbV^@` �}� e~`jYf{�d]Y]e � n_� Y]`V�}ai�VW � `j��ac�~�?bVY b~Z]` �}� ª¤`7`VWXU±� � `j�}a.d]W²�V��¡jWCe � �}Z]U4hF\I �]`j�V�'e!\XU4W � �Vn � �kU � �f�ñU),��¿¾Z\�½]ý­ �a�UFW��'bÀ\�½]ýSaiU4�jl}h4`j�}n � �Vl}b�bVhi`jW_�jbVY'eV`jYf{�dkY]e � n_�Y]`j�}ai�VW � `j�}ai�V�?bVY bVZ]` ��� ª¤`7`VWXU±� � `j�}a.d]W²�Ve!�}bk @a�UFW��jU4e2�¢UFY'a�\XY]Z]U4Y-e2W_¡jh	^¢`jY � `jl}bVY�?�V�}`VaîW_\ � U4���VW ��� bV� � bVW_acb~h),��:bVW²bVa�\XY � bVh;� �eÁ�
'�Z
­ÿÂ!
r ≥ 3

#« )a�UFW_�2Y � W�U4�V���@U4aiU«�Y]U � e � Y � e~b~^@` ��� �j��� � �}¡jW@eVUFW_WCUFW_Z]�jY � U4Y]\  ]�k`j�V�gl�hFnXYkUFhF�kU � �f�ñU
r
l}h4nXY]YkUFW x

�î�¢`jY��j`jW_d]W � l��V�VUFWXa � W_U � UF�V�2\XeðW_UF� � �j�]�¢U � �2\Xh4l}���~W � ^]��`j�]W � ac�9{}b'b~h�¥]�~�7YkU4�jU4hFU �}�
Ã�Ä8Å¥ÆÈÇ8ÉiÊ�Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼Ñ�Ò8ÓÕÔÖÃ×Ì)ØxÅÕÙ8Í=Ú ! £¤`jY]l � �}bV\XY � �kb � \Xl � bVm � \X`jY��§��`j�]WXU4a� rÁ�\0��#±x��§�V�
B = (S, %)

�}U4W²�Vm4\X¡jl�l � �}d]e � ¥]��b b~h
S
bVW²b~^]�?bVW_acbVh4�@¡VW   � l�UF�V��bVh

S
�ñU4YðbVZ]` ���

r
��V�~W � `VhF¡jl4 

% ⊆ Sr
 f�}UFWX�VmF\_¡j�¢¡jWV�~WXW xHÁ�\0��!

B
#)UF�V��bVZk` �}�

B = (S, %)
 ~��UFWX�VmF\_¡jl}l � �}dke � ¥7����V�}b�b.eV�9�VU � e~UFh4�-�¤a�\XY]ZkUFYc�¢UFa�UFYkU � e � Y � efbV^@` �}�

A = (T, ν)
d]�V�jbVY]`jW���bVY � nX^kd]l}¥�}UFWX�VmF\_¡jlrl � �}dke � ¥]���~�}¡jW­U4W§eVU4WXW­Z]�VY � UFY]\I C�]`j�V���~bVY7�ñU.�}UFWX�VmF\_¡ � b~� � ¡

T → S
W_UFe � ^@U«�h � l ò ��^]�}`V�]W � acb+Y��2\XW��V�~Y!�~bVW_¡�bVYÛ� �
�ß�@U4WX\ x��ÜÁ�\0��WXU4�j\Xl�aiU4� � UF�]�-UFl�U � UF\õb[\�½]ý­ bi�j�}� � �]`ja�`ja�`j��7?h4a�d]l �ñ^]��`j�]W � acb � lrb�l}h4nXY]U4hFU ��� �j�}� � �]`ja�`ja�`j��7]hFa�d]l �ñ^]��`j�]W � aibkx9��V�jbVY?bVe!eV`V�F tai\_Y � b~h � ©�U4Z]UF� � l��:bV�}Zk\;�æüf���¢UFW²� �}� b-a�\XY]Z]U4YÝÁ�\0�¿��UFZ]d]ef�VW_�?b � ¡b+UF�V��^?�V��`jlr�j�}� � l}h4nXY]U4hFU �}� �V��� � �]`Vai`ja�`j�e7?hFa�dkl �ñ^k�}`j�]W � ai�¨{}�V�}b�\_lFxr�¸e2d � b � �Vl}`jeacbV\ � ��m � W {}b�Zk\Xmy�]` � ¡ja�\²b �}�4� U4WXU4e��]\Xh4`jY��2n � �~l�b��VW � bVW²�~Y]`jl
U4l}U � �¢UFYNx:�7`Ve~b~YcbVh � �j`jY7�Z]`jW|{}�~e¢ ��]`j�~�-�?b��~bVY��@`jY��V`jWXd]W � l}�V�j\§`jl�h � �~W_�'� � lR� � e~�jhF� ���  
bVe!eV`j���Vb~Y[\XW��jU4Y�@`jY��V`jWXd]W � l}�V�j¥(Á�\0��^]��`j�]W � acb�\_lFx

ÞeßÀm�à8��ce��d�á0�}f � z8l�zCâ0ã�ä�å[lov8c��}�oji�8�
d|ceu�d���f�z�f�f�pGmWæ�çéèêq�s0t�u8v{��zG��ëG��p � zGl�ì®� � c��}nín�y��
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�4ï°ð ¡�ñ0©�ò ä
;=<�;=< óõô'B&örM?÷
� e!W²bVl�l}hF\_e!d]l+�j�}� � UFW_a � WXU � \ � `j��bVW_acb~eV`jYSe!n_�2�]W  �a�\XY � bLø Ã�Æ�ù   Ô Æ)Ã×Ì�Ò ø Ã�Æ�ù   Ç�Ò8ú®Ç�Ò! Ô®Ìrû®ü #±  Ù8Å   übý)Ø�Ø8Ò�ÏrýrÃ×ý�Ò�Ù8Å   ËÈÑÈÃ×Ì�þ�Ù8Å   Ä ø)ÿ Ò�ÏrÄ8Ã�� ø Ã�Æ�ù   Ô®Ìrû®ü~ùoÌ�þ)Ú   Ã×Ù�Ò�Ï ø Ã�Æ�ù   úZü   Ò�Ù8ü�Ú  Ç8ÉÕþrÅ�ÑíÒ   þ�ýrÃ   ý�Ò�Ò�ÏrÄ�ù�� ø�ø��=ø Ã�Æ�ù   ý�Ò�Ò�ÏrÄ�ù�� ø�ø�� Ò�Ù ø É$þ�ÌrÍ�Ô®Ìrû�Ä8û Ò   Ò�Ï��·û�Ä�ÏrÙ�Ò  )l}hF�ke2l � �j�kY]eWXUFl�hõY � �?�VY���e~U4� � l}� � \Xl�aiU4� � �j�}� � UFW_a � WXU � \ � `V��bVWX`Vai�}b¤\Xl4x��

G(A,B,E)
^?�V�}`Vl��V��� �

Ò�ÏrÌrÍRÒ�ÏrÙ��rÒxÆ ø ÉÐÍ=Æ)ü�ÃGÉ
	íÚ UF�V�+`jW_�jbVY |A| × |B|
�ñUFltï¨�y��ai� � ��\��@ 7a�UFW��2Y]UFecbVh

M(a, b)UFWXU4aiU��j 
�]b b¦a�UF� � U4WXUFW_�
a ∈ A

� l
b ∈ B

mFl�¥]mFl�`je[e~�jhF� �}��� W � d �
G
�ñ�¢UFYN  � l�ïUF�V� � �]e � Y � x:u �4� b~hF`jY]`Vl­mFl�¥]mFl��?bVWXaibVh4¥N 

G(V,E)
� l
H(V, F )

 jUFl�U � WXUF� � �j�]�kl}hF�V�}�jl� WXU4eVU ��� bV� � bVWXaibVhF¡;�j��� � d]Yk\X¡f{}b �
(G

⊎
H)(V,E

⊎
F )
  � UF�]� � mFl}¥kmFl}�]bVWXaibVh$b	a�UF�~�UF�V�VUFhF\_e

G
\XW_WXU � �jU

H
mFl�¥]mFl��?bVWXaibVhF�9�~bVWI �bVh � WX�]bVWXaibVh�bVh � W_�?bVW_acbVh4`je�d]Y]\X¡¨{}bk  � lUF�V�;bVZ]` �}�

e ∈ E
⊎
F
� W7a�dkW � \_^]WX\_mF\ � �Vl}b%b�e �4� �V��� � �¢UFW_\�a�d]W � \X^]W_\Xm4\ � �~l��VY?b~e��jl�l}h4UF�jU~x�

G(V,E)
� l
H(W,F )

�j�}� � `je'eV�jh4� �}� \�
�ø Ã�Æ�ù���Ë®ÌrÍ�ÌrÍ�ÌrÃ�ÎÐÏxÍ¼Ñ�Ò b mFl}¥kmFl}�]bVWXaibf�hF`je'`jW_�jbVY
ϕ : V → W

WXU4e � ^¢UFh � l�UV �aiU4W_� � WXU �;� W_�@U��2\Xl}h~ §bVhFbVh
(u, v) ∈ E

�ñ�¢�jWeV�9�jU � eVU4hF\_e
(ϕ(u), ϕ(v)) ∈ F

x°³�b
H
� � l}h4�j��� � {}b

G
�ßY]UFe�  � l�b

ϕ : G → H
�j��� � ��]`ja�`jai`V��7?h4a�d]lÐ7��]�~W|{}b

H
� � !

ϕ|H ≡ É�� #± �bVe!e~`j� ϕ G �ñY]U4e H �ß��b��~bVW_¡ Ã×Ä8ü�Ã�ÚrþrÉiÇ8ÉiÊ���Ú x
°��j�VhFn � l}�]YkeùU4�V�

H(W,F )
�j�}� � ` � xâ�

H
�ñ�}bS�j`VY?b � e~`jhF¡ ø Ã�Æ�ù×Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼Ñ�Ò8ÓÔÖÃ�Ì)ØxÅÕÙ8Í=Ú  ��H
�� (H)

l}`j�}�VYÄUF�V�ç�@U4aiU4Y]U � e � Y � efbV^@` �}�
G(V,E)

�V��� � ��¡jW�bVh � eVUFW_WUFWXZk�jY � UFYk\  :�]`j�V���Vb~Y7�ñU
G
�ñYkUFe

H
�ß�?b a�UFY]�-�]`ja�`ja�`j��7]hFa�d]l}bkxçq�UF��a � l}hFU � U4l}UFYUFh'bç^]�}`V�]W � acbg���
�ñ�¢UFWX\Ix ³�b

H
� bV� � bVW_acb~h¦�!d]�}`Ve � W_U �  rbVe!eV`V�gai\_Y]Z]\X�[W �4� UFh4\Xe\XW_�VUFY��]`ja�`jai`V��7?h4a�d]lFx´9��V�jbVY?bVe!e~`j�r�VW � bVWX�V�?bVY�b�e � �}Z � lrY]UF�kUFhFU4Y aiU4�V�~�VW²b~l}hF`VW���?b � ¡k ��k\Xl}h4UFY�^ � WXZ?�VdkW­�?b

H = Kr

bVh
r
m4l}¥]m4l}¥ � UFW|{�U4l��j��� �  zb~e2e~`j��UFh � ^]^

G r
�l}hFn_Y]UFh4�]U � �jl � � � YkUFe�e � ��Z � l�UV ?b~ai\®���
� � U4W|{�U4l�!

r ≥ 3
#«x$³�dk�}`je � WXU � Y]UFa � bV� � bVWXaibVhF¡�j��� � `Ve2�}b?³�UFW_W � l|��U��}U ��� \XW��æêf�@�¢UF�k\XhF`VY!�2n � ` ��� bk ��]`V�V���?b.b��j��� � ^?�V��`jlF 7bVe!eV`V���H
���­�ß�@U4WX\I �Y]U4a ^?�V�}`Vl}`je!��b�^@U4Z]\X�[� �
� � UFW {�UFlFx��

H
�ñ�}b��V`jY?b � eV`jh4¡ Ã×Ä8ü�Ã�Úrþ�Ç8ÉiÊ�ÒWÔÖÃ×Ì)ØxÓÅÕÙ8Í=Ú  zÿzþ�ý (H)

U4l �±� �¢UFY�bVh�bge � ��Z � l4 ��k`j�V��UF�V� �¢UFa�UFYkU � e � Y � efbV^@` �}�
G
 
H
�ß�~bVW\XhF`Vai`j� �

H ′ � � l�hF�j�}� � ` �:� bV� � bVW_acbVh4¡��j��� � Y?bVe�W �4� U4hF\_e��ßUt�}U � ��bVe~mF\_¡f{}b H ′ �ñ��UVx§ªõ�]e!\ � l�7h$bV�¢¡��æ�f�?�VW � bVW2�]\_hF`jY��2n � ` �}� bVe�l}hFU4�}\_Y �  ��?b
Jn

bVh
n×n

�ßUFl§mFl�d]^?b��4�ßUFl��@�jWk�VWXW_¡ ai� � ��}\��@ 
In
^¢UFZk\X�

n×n
�ßUFl�UF�V�2l � �jai� � ��\��@ ~bVe!eV`j�4 ~�?b

H
l}h4`jail�h � Z]l��V�V\2ai� � �}\��kb

Jn−In
 bVe!eV`j��ÿ�þ?ý$!

H
#°� �
� � UFW {�UFlFxcq�U4�?� � ^ � WXZ?�VdkW�b��?b � l}h4�j�j�}UX� �
� � UFW {�UFl�b�^k�}`j�]W � aibkx� Ò�Ï��·û�Ä�ÏrÄ8ü�ü ø Ã�Æ�ù×Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼ÑíÒ8ÓÕÔÖÃ×Ì)ØxÅÕÙ8Í=Ú  

�½Ð� (H)

bVY]Y]bVe�UFWXZk�jY ��� l�UV ]�k`j�V��UF�V��@U4aiU4Y]U � e � Y � efbV^¢` ���
G(V,E)

�j��� � �k`jh � l
f : V → W

� � l}h4WXUF�VUFl.W_UFe � ^¢UFh � l}�]U4h� bVWX�VWX�?b � ¡~�ßU�`jW���bVY
ϕ : G→ H

�]`ja�`ja�`j��7]hFa�d]l4 ka�UFW��
f
�ñY]U4eie!\ � UF� {�UFl}h ��� l}UV ¢bVhFbVh

ϕ|H ≡ f
x­� h4`jY

G
�ß�@U4WX\?mFl�¥]mFl�`jefb �  7bVa�UFW��jUFe!��U

f
aiU4���~bVYibVZk�~bk !Y]U±�jU4hFhF�keil�hFnXYkU±�hFU ��� Y]U4e�x���h�bre � �}Z � l}e~�j�:acbV�j�V�?bVY � `V�jW²bVW {}b b��H
��

(H)
� lõÿzþ?ý

(H)
^]�}`V�]W � ac�Vefb �\XlF �n_�V�;WXUF�jbVW²�V�k�.`jW���bVY	�¢`jY��j`jW_d]W � x­©?UFZkUF�F í³�UFW_W � l:³�d?bVY]���¢UFWX� �}� �Vec�íä~�I j�]`j�~��a�\XY7�Z]UFY+�!d]��`je � WXU � Y]U4a � bV� � bVW_acb~hF¡�Y]U4a ^?�V�}`Vlõ�j�}� � ��b&
�½Ð�Q���
� � U4W|{�U4lFx§���V�}`jl:�j�}� � `jeUFl}U ��� �@U4Y mFl�b~e�b�W_UF��bVWX�V�]��ä��]`jl}l�hF¥�^?�V�}`Vl��]`Vl}l}h4¥ eV�V�}�je!�}U~ ¢bVh$bVh�^ � WXZ]�Vd]Wzb��?b � �l}hF�V�j�}U�l}\Xe~UF���]W � � �
� � UFW {�UFl�l � �VU � �]\Xh4`jY��7n � bVYk\Xd]e�x§©?UFZkUF� � l:�:bV�}Z]\z�æüf�¢�¢UFW²� �}� b7 ��]`j�V�bWÁ�\r����UFZ]d]ef�VW_�?b � ¡�br^?�V��`jl
�j�}� � `je�l}h4nXY]U4hFU ��� �j�}� � �]`ja�`ja�`j��7]hFa�d]l �ñ^]��`j�]W � ai�¨{}�V��b7x
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�®Z]`jWX�V`jh$b �;� `jW_�jbVai�VYçl}h4�]e!l � �j�]Y]eðW_UFl}hga � � U4�V�
H
�ñ��b��j`jY?b � eV`VhF¡'UFWXZk�jY � UFYkZ]�e � ��Z � l��}U~ õU4�]�]UFhgZkU�7?Y]\X�VW|{�dke�b Ô Æ)Ã×Ì�ÒQË®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼ÑíÒ � `j��b~WXai� � ��U4�V� G → H�]`ja�`jai`V��7?h4a�d]l
^]�V�}`jl4 ��?brbVh��Vl}l}h4UFl

f ∈ F
� Wk\_Y��jUF��hFe � ^ � Y]U4e	UFWXa�UFl�h$�Vaib ^?�~�}`jl4 bVh$bVh

ϕ−1(f) ≡ 0 (mod 2)
x�� h�¥]�V�2Y]U±�jU4hFU ��� Ô Æ)Ã×Ì�Ò�Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼Ñ�Ò8ÓÕÔÖÃ�Ì)ØxÅÕÙ8Í=Ú  ( �H
��

(H)
 ?l}`j�}�VY�UF�V���¢UFa�UFY � e � Y � efbV^¢` ���

G
�V��� � ��¡jWNeVU4WXWzUFW_Z]�jY � U4Y]\  ?�k`j�V�ga�\XY7�Z]UFY

ϕ : G → H
�]`ja�`jai`V��7?h4a�d]l}�}b¦^?�V��`jl �ßUVx���\_Y � bVh � aib¨{�Zðb åk�Vx ���±� U4WX�¢UFY�@U4W²� � {�d]ecU4h.b	^]��`j�]W � acb�m4`�� �
� � UFW {�UFltb��?b � l}hF�V�j�}U~x

;=<*)�< + I�A�,.-UôÐM?K.S0/{D 1
� h�bVWX�jU4�]��b Y?b~^2{}bV\XYke2�]bVYÄUF�V�2�}U�l}h � W_UFl}U4�]� e~�j�}�¢UFYS�7\_hFl����VW �	� UF���]WXU � U�bVh�bVWX�VUF�7���bV\%�¢`jY��j`VWXd]W � l��~�jUFW_a � WXU �  ­bVa�UFW���bVhgbVW_�jUF�]�}b � �V���V�2eV�j� � �¢UFY � UFW_aiU4�}�]W_�¦e � �}Z � l}U4eaiU4�j`jWXZ]�Vl��V�}bgbVZ]�?b � ¡�bVWX�V`j�}\ � a�d]l�`je�Y]UF� � hFl � � � Y]UFe'a � � �}� e � �jU4W � `V�jW²bVW_eV`jh4\Xe�x.vñZkU� bV� � `jh4\Xe�b Ò�ÏrÊ�ÔÖÃ×Ì)ØxÅÕÙ8Í=Ú \_lF �b~aiU4W_��UF�V�;U32@UFe � n_�;ai¡2Z]`jY.!Ô^]W x�b�£%b$�2WXU4��� � �V�]WX�¨{}�$�~bVW·#bVZ]` ���

A
bVW_�jUF�k��b � �jWX� �}� bVh � b�e � �}Z � l � �2\XhFl����VW {}bk ]�]`j�~� � U4W|{�UFl��]W��ßU�e �±��� U � l�hF�jW_UF�jU4le2\ � U {�U4h � l��}UÛ!

u
� l
v
#± 
�]`j�V��ai\_Y]Z]U4Yç�@U4�]UFW��jU �}� U4l}n ��� l��}UgU4�V�jU4Y]WX� � � �}� eVU � �jU4l}hFYkUFe� UFW  @bVhFbVhV @�]`j�V�

u ≡ v
bVh4`jY]`jl�l��V�~�ßU

A
�ñ�?b~YNx��¸l}h4¡j^]�}`V�]W � ac�VY]bVe � �j�k�¦�~�VW � `jh$b � b� `j��bVW_acbVh4�?b � ¡�a�UF� bVl}h4UF��\XY �  j�k`j�V��ai\_W_�VUFY � b9{ � b�e!\ � U {�UFh � l�UFeVU � UFY]�VUFZ]�]Yke;a�UF���@U«�aiU4Y]U � e � Y � !Ûa�\¢WXUF�kU �

u
� l
v
#«x��§�V�+b~Z]` �}� bVWX�VUF�]�}b � UFW_U �}� UF�V�ie!\ � U {�U4h � l � übÄ8Ã8Í Y]U4eY]U4�VUFhF�kY]e� ��?bçbVh b~Z]` �}� bVWX�jU4�]��b � UFWXU �}� \ bVWXbV^]a�o7�jUFW_U � e2�¢�jWI  � lc�~�VW � `jh4¡je!�@¡jW��VW_W  � `j�}ai�VWX\_l�bVYib � n_^]d]l��]`jh � bV� � `jhF¡�e!\ � U {�UFh � l}bVWX�jU4�]��b�U4WXU4aiU4\X�}�VW��~bVYgl�hF¡]x�� � W_Z?�Vd]W �Ô� W��mFl}`V^@`j� � `jeðU4l}U ��� �¢UFY¿UF�V� � UF��a

x1x2 · · ·xm

bVW²b~e2¥)x �§�V�Äe!\ � U {�UFh � l Ô®ÌrÅ�É·û�ÌrÍ  ��?bbVWX�jU4�]��b~�@U4WX\zeV`jYkl � b~Y]l}`je�\Xl�l}hFU4�}U4^@U4WX�]U � Y]U4e �@U4Y]Y]U~x°*ñ�V� b+e �4�54 d]Y]\��jUF��h$�VW_\Xl bVW���jUF�]�}bV\�l}h4UFa�^@`VY � �@¡VW 4 WXUF� � `jY � `jl}bV�]� �V�~W � `Vh$b � b � U4�}a	�ñU4e!�2\��Vb~WXUFYkmF\²b~^]�}`j�kW � aib!Iýzþ�ÿ�����þ���# � l�b ^¢`jW_\XY]`ja	�ñU4e��7\��~bVWXU4Y]mF\XbV^]�}`V�]W � acb !i��
��
�}þÖ�'#± �bVa�\Xe~`j� � U4�?� � b�@U4aiU4Y]U � e � Y � e~b~^@` ��� e!\ � Uñ{�UFh � l}U4e � UF��aiU4e \XW_WXU � �jU.^@`jW_\XY]`Vai`je�x;� a�UFY]Y��2\X�¢UFY'b
0�@U4Y]Y]Ug�~bVYSbVhgbVW_�jUF�]�}�V�?bVY)  � � � UFW_aiU4hF�]U � �2UFeçb-ýzþ�ÿ��

≡ 0
� l�bÛ�Ö
'�

≡ 0
^]�}`V�7�W � aibVe~�j�}�je¿\XlF �b~aiU4W_�jU4e l}`V���VY UF�V� �¢UFa�UFY]U � e � Y � efbV^¢` �}�

t
� UF�}a��}�VW   \_WXW_U � �VU

p^@`jW_\XY]`Vai��¡jWteVUFW_WrUFW_Z]�jY � U4Y]\  ��]`j�~� bVhF`VY]`jl�b~Y ï¨�ñU ò ����
��
≡ 0

b���
��
��þ�� UF�V�aiU4�jl}h4`j�}n � �Vl}bk  � l:�?b.b
0
e~`jY]l � bVY]l

A
�ß�?bVYN 2bVe!eV`V�%b�ýzþ¢ÿ��

≡ 0
b;ýzþ�ÿH���}þ�� aiU4�~�l}hF`V�}n � �Vl�b7x � h Ä ø)ÿ Ä8û®ÅÕÄ8ü�Í�Ä ø ÌrÅ��rË Ú)übÊ�ÒxÆ ø É'ÔÖÃ×Ì)ØxÅÕÙ8Í=Ú  $��
��
�×\�½]ý� �ýzþ¢ÿ�����\�½]ý ^¢UFZ]\_�bVh.U4WX�jh4�7U4e2�kUFh��?b~l}`jY]W_¡�bVY¦bVh � e � ��Z]UFh4\  N�k`j�V��bVh

u = v
U4�V�jU4Y]WXU � Y]U4e��~bVY7�ßU;a�UF�f�`jWXZ?�~l�bkx�� � �VUFl:l � ��d]e � ¥]�}�Ve!��b�ai\_Y]Z]e �±� ^]�}`j�kW � aib � nX^]d]l
�@U4�]UFW��jU ��� U4l}n �}� l�l}UFW¢UFW_Z]�jY � ��]U � �] %UFh � � � \_W_�jU4Y]eV`V�ib � UFWXbVZ?b � �¢`jY��j`VWXd]W � l��~��b-b'e � �}Z � lFxù��\_�jU4Wtai\_Y]Z]UFY � U4�}aUF�V�2�¢UFY ^¢`jWX\_Y]`ja \XlF õUFh � � � b�ýzþ�ÿ����}þ�� !Iýzþ�ÿ�����\�½]ý�#	ai\_Y]Z]\X� W_UF� � U4W|{�U4�]� `VW_��b~YY]UF�]U4hFU4Y¿UFW_Z]�jY � �kU � �k õa�\XY � bÛ��
��
��þ�� !i��
��
��\�½]ý�#±x[�Âl�hF¡j^k�}`j�]W � aib¦�~�VW � `jh$b � bV\� UF��a � l}h4U � U4l}U4Y�m4`�� �
�ñ�¢UFY �~bVYkY?bVe� N�]\_l}hFU4Y �?bgbce �4� e!\ � Uñ{�UFh � lrY]U4a�UF�~�jUFYkWX�] )bVej�eV`j��UFYkY]UFe	U4�V�	�V�V`j�}l}bVYiU4WXW_UFY]�j��\Xh4�]U � ���]\Xh4`jY��7n ��� e~b�bVh�b��¢UF�]U4W_�jU �}� UFl}n ��� lF 7bVaiU4W_�2�}Ub-e!\ � U {�UFh � l�UFeðe!�]WX�VY2�¢�jh4� � � �}� eVU4eVU � �jU4l}h4Y]UFe � UFWIxg³�bVl}`jYkWX¡�bVYðWX� � �]b � ¡] §�k`j�V�ðb~h
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UF�V�VUFY]W_U � a�UF�V`jWXZ]�]b � ¡jl}�V�j\N^k�}`j�]W � aib¼� �
�ñ�¢UFW_\ x­��h�UFZ]Z]\_�j\XU4eVU � �jl}l�h � `j�jWXbVW_�~b �
Æ�Ç76?ÒIÒ�8 Ì96?ÎVÇ;: Ä8ü·Ò�Ï � ÅÕÄ ø Ä�Ò A Ú)Å ø ÄxØxÃ�Æ)Ã�Ú
<>= ýzþ�ÿH���}þ��

(A) �P

��
��
��þ��
(A) ?

@�= ýzþ�ÿH����\�½]ý
(A) �P

��
��
��\0½ký
(A) ?

AB=�C Ú 0 ∈ A D Úrþ�þ�ÌrÃ ��
�� ≡ 0(A) �P

��
����}þ��
(A) ?

EF=�C Ú&Ô®Ä��)É ø 0 þ�Ìrû Ò8üiÚ)û ÒWÉÕÒ A ÓeØ�Ú)û D Úrþ�þ�ÌrÃ ýzþ�ÿ�� ≡ 0(A) �P

ýzþ�ÿ����}þ��
(A)

=
��Z]` �}� l � �}d]e � ¥k��b � nX^]d]l�`je!Y?�VW��VW � bVW²�~�?bVYSb�Z]\_my�]` � ¡jai\Xb �]\Xh4`jY��2n � �~l�b[b'm � W  �bVhFbVhV �]`j�V��b�l}hF¡V^]�}`j�kW � aib=!ÛU4�V�jU4Y]WXU � a�UF�j`jW_Z]�?b � ¡jl��~�j\?^]�}`V�]W � acb�#­b�l � �}d]e � ¥]���Ve�U4�V��� � �l}h � �}U;�
�ñ�¢UFWX\I kb � �j�]�]\_�}Urm4`�� �
� � UFW {�UFl&!����
� � U4W|{�U4l�#±x§� � `9�V�~�]�]\²b~e2�]bVY�b	l}hF¡V^]�}`j�kW � �ac�$�~bVW�efbV^@m4l}`jWXb � `VlõU4Z]Z]\X�V\@U4�}UFZka � Y!�VUFe~U ��� `j�jWXbVW|{�dke��jl}l�hFU~x¤��\XY]Z]U4Ygb � `9�V�~�]�]\²b~e���?bVY�l}hFU4�}^]W_�il � ��d]e � ¥]�}b�� � �jU4l}Y]U4e � UFe!\XY � UFY]Z]�kx
GIH�JKHML'H NPOIQSRTQSU
° � �j¡ � b�\Xl�aiU4� � � �j�F�I ��]`V�V�-eV`ja�a�d � b � n�� �V�2o]��o]e!�}Ucb�l}h4¡j^]��`j�]W � acb��
�ñ�¢UFW_\  z�?b�b�V�2o]�}oðY]\_WX^¢` � U4Y]lF  � l;mF`����­� � U4W|{�UFl;UF�V� � �]e � Y � x'ª¤dk�}�}\_l � l�Vzbo%t�}UFYkmFU-�íåf�õ�@U4W²� ��� bk �]`j�V�-d]�~��bVY]U4hi\_��bVh�b��V�2o]�}oke2��Uc�~W � b~W²�V�?b~Y \Xl��;b�ýzþ�ÿ�����þ�� �
�ñ�¢UFWX\I C�?b�b��V�2o]��oY]\XW_^@` � UFY]l4  � l�mF`����­� � U4W|{�UFl	U4�V� � �]e � Y � xÝ*ñ�V�ç^@U4�}l}h4U�YkUFa Y]\_WX^¢` � U4Y]l	�V�2o]��o]e!�}U�b�Ö
'���}þ��P\Xl�mF`����
� � U4W|{�U4lF tY]\XW_^@` � UFYkli�V�2o]��o]eSUFl}U ��� �@U4Y ^@U4Z]\X�ðb �æåf���ß�@U4WX\�bVWX�V`j�}\ � �a�d]l¦a � �¿bÂ��
��
��þ��z�ß��bS\Xl�^@`jW_\XY]`Vai\X�VWX\_liW_U � d � �Vl}¥NxÂ� hFbVh[�~�7ok�}o]eùUFl�U ��� �@U4Yèbe �4� l�hF¡j^]��`j�]W � aib bVhF`jYk`jl��¢`jY��j`jW_d]W � l��V�j¥)x[�§h�bVhg�jl�l}h4U � �]�j� � l�Y]UFa ai\_Y]Z]U4YÄbVW���jUF�]�}bV\tl � �}d]e � ¥k���V�}b�\X�jbVh)��eV`Va��]\XY]b � `j��\Xe!d]l � U4W|{�U4l}UFY

0
�ßUF�V�2l�hFUF��o �Ô� W_mFl�`j^@`V� � `Ve2�}bb¦ýzþ�ÿ�����þ�� ^]�}`V�]W � acb�ai\_Y]Z]\_���­�ß�@U4WX\I zbVhF`jY!�?b~Y��~bVY[`VW_��b~Y�e~`ja��]\_Y?b � `V�}\Xe!d]l

0
�UF�V�2l}h4UF��o �Ô� WXm4l}`j^¢`j� �  !bVa�UFW��7��U�bR��
��
�}þÖ�-mF`����
� � U4W|{�U4lF 2UF�}��U�e~`jY]l � �}d]�VWXd]Yke	^ � WXZ?� �biåkx��jx��jx§\XW_WXU � �jUrb�å7x �7x��7x � Uñ{�UFhFU � U4e2�¢UFY)x

�
2
�ñU4WXUFa.o+�V�2o]�}ok�}UV 

Z2

�ñ��U�b�ýzþ¢ÿ����}þ��çmF`����­� � U4W|{�UFl�l � �jU�bX¾Z\�½]ý � �
� � UFW|{�U4l}l � � � �Y]UFeiUF�V�2l}h4UF��o�e~�9�jU � eVU4hFa � Y��jU~x�� hF`VY2�]bVY�b;�2\Xl�l}h$b$�VUFhFU ��� l�l�`j���VYg�Vl}l}h4UF�jU4ecaibV��bVl�?b � �~�VY��jbV\ � �]bVl}h4Y?�VW|{}�~e¢ 7aiU4W_�VUFeVU � a�`jY]`ja�`je	�jl�l}hFU4�jUFe � Y � e2\ � U { � �jUrai�V�¤YkUFa�^@`~�WX\XYk`jai\X�VWX\_l �2\Xl�l}h$b$�VUFhFU ��� l � e~b~^]Y?�VY]e�x-�§h � � �XW \_WXWXbV�}Z'Z]U�7]Y]\²�VW � b�b l}hF¡V^]�}`j�kW � ai�f�Y?bVe'UF�V��ac�~l}\Xe �~�VW � `jhFb � � �  �bVhc¥]�~�7YkU4�jU4hFU �}�
Σ
�ß�VUF�}h4\X¡ � !Iýzþ�ÿ��

Σ-
þ��: ���
��

Σ-
þ��Ð#bVai\_eV`j��b�e �±� a�UF��b~Z]` �}� l�hF¡;mFl�b~e�a�`jY]`Vai`je��jl�l}hFU4�jU W_UF�]U � x§�§h�b�a�¡2Z � UF�}a � l�hFU«�� UFl�UF�]�) ��k\Xl}h4UFY-^ � WXZ]�Vd]W 4 b+e!W²bVl�l}hF\_e!d]l�bVWX�VUF�]�}�V�?bVY 4 bc^@`VWX\XYk`jai`Ve~b � \_lr\XW��jU4Y� `j�}ai�V�?bVY	l�hF`je � d]e�a�UF��bVZkY]\ x�� e � �}Z � l:U4�]�¢UFYibVh%UFl�U � �@U4Yi\_l�brl}hF`Ve~�~l}`jl4 2m4l�bVe;�]\��hF`jY��j`Vl�l}h$b$�~bVeie2\ � U { � �jUrW � Y��jU4�jUFl�UFY��]`jl�l}h$b~�]�?bVeiWXUF�kU � YkUFe� ]nX�~�cb;�@U4aiU4Y]�	bVZ?b � `jea � �}U � U¤�~�VW � `jhF\_e�x'³�b UF�V�;�V�2o]��o]�}UtbVhõUF��UFZ]U � \]l�hF¡j^]��`j�]W � aibr�
�ñ�¢UFWX\I Vb~e2e~`j�­Y��2\XW��V�~Y^@`jW_\XY]`Vai\X�VWX\_l�b

Σ

�ß�VUF��hF\X¡¨{}b�\_lFx W \XWXWXbV�}Z � lYVzbo%t�}U4Y]mFU�� �9å~��\X�jbVhF`jW � �Ve� C�]`V�V� �?b�b
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TjbVmF`j�kl}`jY7�ß��bVZk\Xef�VW2l}hFU4�}\_Y � \ � bVe � `j�
e~`jaia.d � b � n_�¢ ~bVe!eV`j�§b ýzþ¢ÿ��

Σ-
þÖ���­�ß�@U4WX\�,jbVh4`jY

Mn(Fq)
ac� � �}\
�k�~�7ok�}o]e!�}U�^¢UFZk\X��mF`����­� � U4W|{�UFl4 2bVaiU4W_�VUFe!�}U�bVht\XY��VUF� � �VWX�]b � ¡�UFW_UFa�UFemFl}`V^@`j� � {}b�Y]U4a � U4WX`jW_Z]�?b � ¡]x­�§hFh4UFWNa�UF�V`jWXZ]` �}� �~eib~h

n ≥ 3
\XW_WXU � �jU

q ≥ 4
U4l}U � UFe~U � x� h UFZkZ]\X�ða � �ça�UF�V`jWXZ?b � W²b~Y¿UFl�U � UFe!�}U~ �bVh

M2(Z2)
� l�bVh

M2(Z3)
ai� � ��\��7�V�2o7��}o]e!�}U.b��æ�Vï~� � l b����9ì¨��mF\Xe!e~UFe!�@U4Y ��� acb$�jU4hFU � �ja�aiU4Wz�@U4W²� ��� d]e� ?�]`j�~��bi^]��`j�]W � acbUFe!eV`j��\Xl�m4`�� �
� � UFW {�UFlF  � UF�?� � ýzþ�ÿ��

Σ-
þ�� mF`����
� � U4W|{�U4l;bgY]U4aie~`ja�a�d � b � n_� � U4W|{�U4lac� � �}\
�k�~�7ok�}o]e!�}U~  � lr^@U4�}l�hFU�^¢`jWX\_Y]`ja�\²�VW_\Xl¤bieV`Vaia�d � b � n_�j`Ve2�}bkxt�:bVWX¡f{}�~�?bVY¦U4Y]Y � WUF�}�Vl}UF�k�i�~WXWXn � �Vl � l}\_eVUF���]W � \X��bVh4`jWXYk\i,fbVh �  j�]`j�~��b � U4Y � \kai� � �}\��7�V�2o]��o]e�a�d]W � \X^kWX\Xefb � n_��Ô� WXm4l}`j^¢`j� � {}�V�?b~Yc\XlõmF`����
� � U4W|{�U4l%b.l�hF¡j^]��`j�]W � aibkx­�§h�bVh bVZ]Z]\_�.\_l}a�UF� � UFe!Y � W)Y?bV�~�!�l��V�j��UFY]Zk\XWXU4�ie!\_l}UF�k�¦^ � WXZ]� � bVZ]` ��� `jW_�jbVY �Ô� WXm4l}`j^¢`j� � ��bk ]bVaiU4W_�2�¢UFY�b�l�hF¡j^]��`j�]W � aibmF`����­� � U4W|{�UFl4xÁ�§�V�Sqtsru Z]`jWX�V`jh$b � `ja��?b~Y �æ�j�f���@U4W²� � `ja� ¤�]`j�~� b'Y]UFa�eV`ja�a�d7�� b � n_��ac� � �}\
�k�~�7ok�}o]e!Y]U4e ac�~��bga�d]W � \X^]W_\Xefb � n_� �Ô� WXm4l}`j^¢`j� � {}�V�?bVY \_lrmF`
� �
� � UFW|{�U4l�b^]�}`j�kW � aibkxù�§hFU4YùU4�}U4Z]a � Y�� � U4WX�?bVl�hFY?�~W²�Vl}�9�~bVWt�]\_hF`jY��2n � �?b � ¡�� � �jUFlc�V�2o]�}o]e!��U bZ]\Xmy�]` � ¡ja�\²b �.b¦ýzþ�ÿ��

Σ-
þ�� �¢`jY��j`jW_d]W � l��V�jb�\_l.mFl}bVe'b TjbVm4`j�]l}`VY7�ñ�}bVZ]\Xef�VW�l�hFUF��\XY � \� bVe � `j� � ¡jW � �k�j�-���
�ñ�¢UFW_\  k�]bib � bVe � `V��eV`ja�a�d � b � n��@  � l�mF`����
� � U4W|{�U4l�UF�V� � �]e � Y � x

GIH�JKHZG�H []\�^`_.^`R�a�^`U
£¤l}`j^¢`j� � `je!��b-b e � �}Z � l�eV`j�}�VY � l}\XYkmFl	a�UF�j`jW_Zk�~bkx q�d]Zf{�d]e� :�]`j�V�[Y]UFa � UFW_`jWXZ]�]b � ¡mFl}`V^@`j� � �}b�b�ýzþ�ÿH���}þ�� mF`����­� � U4W|{�UFl � l;�]`V�V�-Y]\XW_^@` � UFYkl�mFl}`V^@`j� � `je!�}b��
�ñ�¢UFW_\��æéf� xv �}� d]�V�jbVY]\Xl4 !�?br�Vb~Y�bßUFW_WXUFYk^ � WXZ?b%c� jbVe!e~`j�§�Vb~Yie~`j�}WX� � `jl§U4WXU4ail�h$�Va�¥	\_lFx­� YkUFa»Y]\_W��^@` � UFY]l4 NZ]U � U4WX`jW_Z]�?b � ¡cm4l}`j^¢`j� � `je!��bcYk\XY]m4l}UFYkUFe �~W � b~W²�VY]`Vl�U4�}U4Z]a � Y��jUFe� �bce � �}Z � la � �

S4

�ñ��U%\Xl­Y��2\ � ` �}� x'³�`j���~� � ��¯��~�@`j�¤�æìf�]UF�~�.qtsruùZ]`jW_�j`jh$b � �V�?b~Y�aiU4�ja�d � b �}� bk �]`j�V�g�k\XhF`VY!�V`jltaiU � bVm4\Xe!WX\_e!d]l%mFl�`j^¢`j� � `je!��b�b�ýzþ�ÿ����}þ��Äm4`�� �
� � UFW {�UFlFx
GIH�JKHdJKH egfih�j#\�^`_Y^`R�ak^`U
�Vïjïk�4�ß�@U4Yù�7h$b~�@¡ � l��7U4\ � ���9éf��a�UF�ja�d � b ��� �Ve� ��]`j�V�¿ai\_Y]Z]UFY Á�\0�7�ñ�kUFh �~bVY UF�V�`jW_�jbVY

S
ïf�ßUF�V�2l}h4UF��o �Ô� WXm4l}`j^¢`j� � �]`j�~�[b~h+bVZ]` �}� Á�\r�ç^¢`jWX\_Y]`ja�\²�VW_\Xl}bVY¦U4e!�2\��Vb~WXUFYkl�Ö
'����\�½]ý$!
S
#ß�ñl�UFW x:� �}� �jWCeVU4hFZk�VU.a�\XY]Zke �4� l�hF¡j^]��`j�]W � aib��~�j`j��l�efbV���}\XU4� ��� d � ` �}� �¢UVx��W_�jl}h4�j����`j^¢`9� � lt��`jWXe~`9�-���9üf�za�d � b �}� bVecU4�V��`jW_�jbVYµ!

21700 UFWXU4a�o�# �Ô� WXmFl�`j^¢`j� � ` �  bVaiU4W_�2�}U¦b[ýzþ�ÿ����}þÖ�¶mF`���� � UFW|{�U4lF �aib¨{�Z d]�~��bVY]U4�]�¢UFY bVh � �2�@U4Yùu�\_l}\_UFWX\_U�%t\_mFha�d � b � ` ��� U4�V��^?�V�}U4hFU4� UFW_UFa�l}hF�Va�¥¦^ � W_Z?� � d]�V�jbVY]U4�}�}U~x��7hFbV�¢¡g£¤l�b~�?�$�Vb~W¤�æ�Vïk ��9ìf�\X��bVh4`jW � d]e� 7�k`j�V�cýzþ¢ÿ����}þ��
(M2(Z2))

� ltýzþ�ÿ����}þÖ�
(M2(Z3))

m4`�� �
� � UFW {�UFlF  � l%U4Y7�Y]UFegefbV^¢mFl}�VY¦a�d � b ��� d]Y]ecUF�V�
13
U4WXU4a�o�^ � WXZ?� � \_lFx:�§hFd � �VY¦U4WXe~UFhFZk�7Z � UFe�b�l}h4\Xl}h«�� UFaib � \Xe!d]l e!d � b � �~l}`je�x�u�WXn_acb�� �¨�f��\XWXW_U � �jU.�7h$bV�¢¡ � l��7UF\ � ���$ê~�
\_��bVh4`jW � �Ve� ¢�k`j�V��bWXUF�Ve2\_l}U4�]��U4WXU4ail�h$�Va�¥'\XW��jU4Y �Ô� WXmFl�`j^¢`j� � b��?b � UFWXU4a�o�ª¤��bVYkZ � ai`jYk`j\XZNx��2h$bV�¢¡ � l�7UF\ � ���$ê~�¢^@U4Z]\X��aiU4�ja�d � b �}� �Ve� !�]`j�V��e~`ja��]\_Y?b � `V�}\Xe!d]lõïf�ßUF�V�2l}h4UF��o �Ô� W_mFl}`V^@`j� � `je!�}bb;ýzþ�ÿ����}þÖ� a�\XY]Z]\_���
�ñ�¢UFW_\ x���bV�V�	e � ��Z � l��j`jW �  !�]`j�~� � U4W|{�UFl��]W��ßU�UFh�ai\_Y]Z]U4Y�`VW_��b~Y



�
� lí�nmpo*qí¯Ö«�¦� !qíð�r ñs$í¬%t-¦8©#"í©�ð0¤®©�ò �$ï
ïf�ñU4�V�2l}hFU4�}o �Ô� WXmFl�`j^¢`j� � ��bk ¢bVa�UFW���bVW²bV^¢mFl�`j^¢`j� � {}b � U4WX`jW_Z]�?b � ¡]x��§�}��U�bce � �}Z � l}��U	eVU«��}UFl�UFaâb	�~�VW²bVl�h � b�Z]`jW_�j`jhFb � åkxæåkx � U {�U4hFU ��� �¢UFY)x
GIH�JKH�uSH vxw'Ozy|{B}`~�~�\��#�`_�Rk^'~�h�f���}
�
bo%¤U4WõvñZkhF\²b~e � l.�7h$b~�@¡¦£¤l�bV�]b�¥f{�l}hFU4ail�hF�j�V�@�jW§�2\Xh4l}���~W � �~e b�l}hF¡V^]�}`j�kW � aib+�~�VW��� `jhFb � bV\ �  �bV����b eVU4�}U4l ��� eÄb �V�~W²bVl�h �  ��]`V�V�ça�\ � �V� ��� Y]\Xe�bVe!eV`V�F ¤�]b-a�UF�VUFY]�jU4Zf{��]e� � �VUFl}l�`jeÁa�ok�VUFW_U � �]`jh4h$�$� �±� U4W �4� b � nX^]d]l��]`jh !Ô^]W x�mFl}`V^@`j� � UFl ��� YPb e~`jaia.d � �f�� `j� � #±xç��h�b~h�¥k�V�2Y]U4�VUFhFU �}� ∗ �X!Ûm4l}\_WXW²b~�~�e#�^]�}`V�]W � acbVe~�j�Fx�� hg¥f{�a�ok�VUFW_U � U4e� ¤a�o7��jUFW_U ��� �V�]WX�V\�bVh�UFWX�Ve � l�hFn ��� lil}`j�}�VY¿e!\_l}h$�~ain � �?b � ¡�bVe� ¤aib¨{�Z e � l��j�]� �¢UFa�UFYkU � e � Y �UFW � `V��bVZ]�?b � ¡�bVe�bVh.UFhFU4Y�a.ok�jU4WXU � UFe!eVU4W�bVWXe~` � ` �}� e!\ � U {�UFh � l�UFe \_lFx��»^]��`j�]W � acbi�@`~�Y!�V`jWXdkW � l}�V��� � UFhõ{�U4WXUFY � �jl}U4Y�a�UF�~�V�~W � `Vh � b � �?b � {}bkx�vñZ]hF\XbVe � l��7h$b~�@¡	a�UF�V�2\_hFl}�j�VW � �Veb ��
��
�×\�½]ý * ^]�}`V�]W � acb��@`VY!�V`jWXdkW � l}�V��� � e~`jY]�j��d]UFY]m4\²bVa�`2Z]d]W²�~�}\Xl �ß�~bV��\XU � �Vl}`Ve2�}bkx:�^]�}\_ai�?b � �~�VY����ñ�}U4Y]Z]o�bVW_�jUF�]�}�Ve.Zk\X�}U4e � �jl}l�hFUF�VUFe � Y � Y]U4a»UFW_���VWXW_¡ e~U �}� UFl � n_^]d]l}¥�Y]\_W��^@` � UFY]l�bVW_�jUF�k���Veie2\��jU ��� W � �VUFWzl}\_eVUF���]W � Z]\_my�]` � `jai\X� � �k\XhF`VY!�2n � bVY]\_d]e�x
;=<Z�.< �5�k�CV&P�I�A��|ô�� öp/CS3�|I�M�-NM&ôHF�M?÷
���k�@U4YPb � Uñ{�UFhFU � �¢UFY¶UF�V� �}�9�2\XZÁW_UFnX�}�Vl � bVZ]d]YkeÁb üéÄ8Å �oÄ�Ò�Ä8û��rÓ�Ä ø)ÿ Ò�ÏrÄ8Ã0�ÈÓ \XW_WXU � �jU� Ä�Ä�Ò8ÓbÍ=Æ)ü�ÃGÉ
	 ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃ8übÌ�þrÃ×ÊrÅ  �bVWXbV^��jU � � � dkW²b¨{�Z]`VY]l��V�jbV\Xe!�}¡VW  :�@U4a�d � b � �~b[eV�VhF�¢UFY� `9�~�V�]�]\C�2\Xh4l}���VWXb � b~\XY]e � � � �~�}�V�j� �  

M19

�ßU � x%ª¤\Xh4`jY��j`jl bVW²bV^��VU � � �Ô� W_mFl�`j^@`V� � U4WXa � �WXU � \ � `j��b~WXaibVefb � UFWXU±�jU�\Xl�aiU4� � Y]UFe � UFW �}�4� UFWXU4hF�]Yke¢ :UFh4UFe � l�b � U {�UFh4U � �@U4Y � �V�}�V�jbVW �UF�V� � � � `V��bVWXaibVe \_WXWXU � �VUg�VWXW_n � �Vl}`je a�UF� � bVWX�VWX�?b � ¡�bVe-b l�h$bVe!\X��`7Z]bVWX`ja.�?bVY �|ã] %�9ï¨� x��Z]` �}� U4�V�
G
mFl�`j^@`V� �   � l�UF�V�

M
ai� � ��\��@ )a�UFW��2Y]UFe�UFWXU4aiU4\­b

G ∪ {0}
�?bVW_acbVh«��@¡jW)eVUF���]WXYkUFece!\I  � l�a�\XY]ZkUFY+l�`j��b	\XW_WXU � �jU�`jl}h4WX`j^]b�WXUF�jbVW²�V�k�cUF�~�+Y]U4aiY!d]W_W²b.U4WXUFa�U �� bV� � bVW_acbVh~xùTVUFW_�jW|{�U

Λ
bVh

M
ai� � �}\��ð`jl}h4WX`j^?b~\XY?bVe� 

I
b'l}`j�}bV\XY]bVeð\XY]ZkU0�7�?bVW_acbf�h$� � x+� h

M
ai� � ��\��7�]`jh � bV� � `jhF¡

G
l � �}dke � ¥]��b~mFl}`V^@`j� � ¥[°�U4UFl �ßac� � �}\
� �Ô� W_mFl�`j^@`V� �  

M(I,Λ, G;M)
bVWXbV^]�?b~WXaibVh$b

I×G×Λ∪{0}
x
� ïrU4WXY��jU4WX��UFW_UFa�e � Y � �2\Xl�UFW_eVUFZk\Xe��

0(i, g, λ) = (i, g, λ)0 = 0
xg��Y]UFa�Y!d]WXWXb�U4WXU4aiU4e l}hF`V�}h$�~l�� � bVhcb~W²�V�]�k\§e � ^kWXU ��� U4WZ]U�7?Yk\²�VW {�d]e��

(i, g, λ)(j, h, µ) =

{
(i, gM(λ, j)h, µ)

�?b
M(λ, j) ∈ G,

0
U4�V� � �]e � Y � .

��W_WXU4Y]�j�}n_hF�]U � �] :�]`j�~�Sb � U4Y � Z]U87?Y]\²�~W � l}h4`j�}hF�Vl+b~l}l}h4`7m4\²b � n_�¢ :nX�V�
M(I,Λ, G;M)�Vb~WX¡j�?b~Y �Ô� WXm4l}`j^¢`j� � x�� �Ô� WXmFl�`j^¢`j� � U4WXU4aiU4\X�}U�bVh

(i, g, λ)
{�UFW_�jW � lr�]UFW��jU �}� �V��b~e2�}bVYbVh

〈i, λ〉
{�UFWX�VW � l � �?bVl}h4Y?�VW {�d]e� kbVa�UFYkY!�2\_�@U4Y+b�mFl}`V^@`j� � U4WXUFa YkUFa W � Y!�VUF�jU4lFxõTVUFW_�jW|{�U

πI , πG, πΛ

b	Y]UFa�Y!d]WXWXb�U4WXU4aiU4ecUFW_l}�~�� ?ac�~l}`2Z]\Xe�\XW_WXU � �jU��?b~�}aibVZ]\Xe�eV`V�}�}Zk\XY?� � �¨{}�V�}b�Vb~WX¡;�VU � n ��� l � x����~�cb~Z]` �}� °�U4UFl �ñai� � ��\�� �Ô� WXmFl�`j^¢`j� � ` �õ� �j�]�+e!�]W_�jY!�@�VhF�.ai� � �}\��7l�h$bVW\Xl�WXU4�]U � ��UF^]��UFhFU4Y � �VW_Y]\  ]U4�}���jWCl}h4¡jWzbVh�bVW²�~�]�]\)W_UFa�acbZ�
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ÐCÇ­ÒÛÉ2ÕçÕ[Ú)Ç�� Ä ø)ÿ Ä8û M(I,Λ, G;M) Ä ø)ÿX� Ä�Ä�Ò8ÓbÍ=Æ)ü�Ã8É
	»ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃ8ü D Ä�þ�þ�ÌrÃ3�
<>=�� Ï M Í=Æ)ü�ÃGÉ
	Uþ�Ù8ü�Ì�Ò�ÏxÅÕÌ�Ô Æ)ü�É·Å·ÅÕÄ8üd�)Ä?Ò�ÌrÃ�Æ)ü�ùoÄ8ÅÕÇ�Ò�Ä8Ã�Ù8Å��)Ä?É¥ÏrÌrÍ�ÌrÃ·ù � Ä�Ä�Ò8ÓbÍ=Æ)ü�ÃGÉ
	ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃGüéÌrü�þ)Ú8ÔÖÑÈû þ ?
@�=�� Ï M Í=Æ)ü�ÃGÉ
	 Ä ø)ÿ Ì�Ò�ÏxÅÕÌ�Ô Æ)üÐÉ·Å·ÅÕÄ8üd�)Ä{Ò�ÌrÃ�Æ)ü�Ä ø)ÿ Ç�Ò�Ì�Ô®ÌrÃGübÄ8ÅÕÄ8Í¼Í�Ä8Å®Í�Ä ø Ò�ÏrÌrÃ×ÌxÏ��rÚÉ¥ÏrÌrÍ�ÌrÃ·ù � Ä�Ä�Ò8ÓbÍ=Æ)ü�ÃGÉ
	�ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃGübÌrü$þ)Ú8ÔÖÑÈû þ =

� °�U4UFl �ñai� � ��\�� �Ô� W_mFl�`j^@`V� � Y]�VW�b l}h4`j�}hF�VlçUF�~�7l�hFU4�}o]U4Yëe!\Xl�h$�Va�`jW_�?b � ¡ùa�ok�VUFW_U � �bVaiU4Y]Y��2\X�¢UFY�bVh	UF��UFZ]a � Y��-Y]U4a ïk CmFl}bVe bVh�U4WXl}� � l�bVh�d � `jW_l}¡ �}� Y��jU4hF�je � �VW � �]�V�bVh � � �}� e~UVx:�¶e~�9�jU � eVU4hF�+W_UFa�acb�U4h � bVh��jl�l}hFU � �]�j� � l � �]n_�~b � ` �}��� `V�}aibVWX\_h$�VW_Y]\i�
ÏCÇ­ÒÛÉ2ÕçÕ[Ú)Ç�� Ä ø)ÿ Ä8û M(I,Λ, G;M) Ä ø)ÿS� Ä�Ä�Ò8ÓbÍ=Æ)ü�ÃGÉ
	'ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃ8ü D b = 〈i, λ〉 D d =
〈j, µ〉 D c1 = (i1, g1, λ1), c2 = (i2, g2, λ2), . . . , cn = (in, gn, λn) ∈ M(I,Λ, G;M) DÄ�þ�þ�ÌrÃ��
<>=
b · d = 0 Ô®Ìrû®übÌ�ÒxÚ)û Úrþ�þ�ÌrÃ D Ë Ú M(λ, j) = 0 ?

@�=
c1c2 · · · cn = 0 Ô®Ìrû®üéÌ�ÒxÚ)û=Úrþ�þ�ÌrÃ D Ë Ú°üiÚ)Å¥Æ)Å�Ë Ú)übÊ°ÌrÅ ÿ Ú)û k ∈ {2, 3, . . . n} É·ûF�ÈÄM	 DÍ�Ä8Å ÿ Ã×Ä ck−1ck = 0 ?

AB=�C Ú c1c2 · · · cn 6= 0 D Úrþ�þ�ÌrÃ c1c2 · · · cn = 〈πI(c1), πΛ(cn)〉 = 〈i1, λn〉
=

� °tUFU4l �ßac� � �}\
� �Ô� W_mFl�`j^@`V� � `Ve.Z]U87?Y]nXm4\X¡f{}b�bVhtb~W²�V�]�k\  jU4�V�2l}hFU4�}oi^ � WXZ?�VY�l}h4UFa�W � W � U � ��]U � �] �bVa�UFW_�cUF�V�2�¢UFY�UFh4UFY¦Zk`jWX�j`Vh$b �%� �V�}�~��b	\Xl��
á�Ç
Ü§Í7Ò��zÚNÇY� Ä ø)ÿ Ä8û G = Z2 = 〈a〉 D Ù�Ò&ÅÕÄ ø)ÿ Ä8ûF�

P =




0 1 1
a 0 1
1 1 0




� þ�þ�ÌrÃ Λ = I = {1, 2, 3}
= � Ä ø)ÿ Ä8û M19 = M(I,Λ,Z2;P )

=
M19

ÓeØ8Ä8ûÛÚXÒ�ÏrÌrÃ�Ï�ÆrÒÚWþ�ý%�)Ä8ü�þ�Ä�Ï � þ�ÙbÔ�Ô®Ä8û=Í���þ�ý��)ÉÕþ�� (1, a, 1)(2, 1, 1) = (1, 1, 1) D ËÈÉÕÒ�ÏrÄ8û P (1, 2) = a D Ù�ÒÍ¼É��)Ä8Å P (2, 2) = 0 D 〈1, 2〉〈2, 1〉 = 0
=�� Å�üiÚ)Å¥Æ�Ø�Ú)û M19

ÓeØ8Ä8ûÛÚ�Ï 〈i, λ〉〈j, µ〉 Ò�ÏrÌrÃ�Ï�Ú)ü DÚrþ�þ�ÌrÃ¼Ù�ÒRÇ�ÒxÚrþXÚrþ�þ�ÌrÃY� D Ë Ú λ = j
=

�:bVYÄUF�V��{�¡jW¤\_l}a�UF� �  §e!W²bVl�l}hF\_e!d]l	^ � WXZ?b \_l	°tUFUFl �ñai� � ��\�� �Ô� W_mFl�`j^@`V� � `Ve2�}b �
Ln(F)

 bcWXU4� � UFW {�UF�]�'�.�}bVY]�j¥
n × n

�ñUFl�ac� � �}\
�7`je+a�d]W � \_^]WX\_e~b � n_� �Ô� WXmFl�`j^¢`j� � {}bcbVh
F
� � �VUFl� UFl ��� U4WXU �}� x

ûCÇ�Ì9Í�Ì9É2Ò Ç
Ln(F)

� Ä�Ä�Ò8ÓbÍ=Æ)ü�ÃGÉ
	�ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃGü =



�
� lí�nmpo*qí¯Ö«�¦� !qíð�r ñs$í¬%t-¦8©#"í©�ð0¤®©�ò �9�
ª%�V��b	�]\Xh4`jY��7n � �Vl�\_l}a�UF� �   � l�YkUFaw\_l�Y]UF� � hV ¢b � UFW {�UFl�l � ��eVU4Zk� �4� � � �VW_W|{�`jY+\ �}� x� É¥ÏrÌrû ÿ �·üiÆrÒ�� VCU4�V�jU4Y

V = F
n
 zWXU4�V�jU4Y]UFe

{li = 〈vi〉 : i ∈ I}
 C��UF�V�2Z]\_aiU4Y]hF\_¡jlbVW � UF�}U4\  ~bVh$b~h

|I| = |F|n−1
|F|−1

x�VCU4�V�jU4Y � `9�~�V�]�?�
I = Λ

x
s U87?Y]\X�VW|{�d]e�bVh
M |Λ|×|I|

�ßUFl
ac� � �}\
�k` �

F
∗ ∪ {0}

� UFWXU �}� b¦eV�9�jU � e~UFhF�Ve � ^k^@U4Y~�
M(λ, i) = vT

λ vi

x ��\_Y]Z]UFY
A
���bVY]�V¥gac� � �}\
�cZk\²�VZN 2nX�~�cU4�V� � � � U4WXa�okUFY�nX���?b � ¡ � UFW

A = αviv
T
λ

bVW²bVe!�?b~YN ]bV�k`jW
α ∈

F
∗, i ∈ I, λ ∈ Λ

xz� h
A = αviv

T
λ 7→ (i, α, λ)

� l�b
0 7→ 0

W_UFe � ^@U4h � l�\_hF`ja�`j�e7?hFa�dkl �W �4� UFl�n �
Ln(F)

� l�bVh
M(I,Λ,F∗;M)

°tUFU4l �ßac� � �}\
� �Ô� W_mFl�`j^@`V� � eV�VhF� ��� x� °�U4UFl �ñai� � ��\�� �Ô� W_mFl}`V^@`j� � `je!Y?b~e��~bVY U4�V� e~U4� � l}� �	� `j�}ai�VW_\Xl � �V���V��b~W²�Vl�ai¡2Zf{}bi\_lF bVhc¥]�~�7YkU4�jU4hFU �}� l�hFUFYkZk�2\XmFl�ac� � �}\
�7`jl.��UF^]��UFhFU4Y � �Vm4\X¡]x��§e!eV`j�
M(I,Λ, G;M)

UFWXU«�aiU4\zb�W_UF� � U4W|{�U4�]� �;YkUFa�Y2dkWXW²b�U4WXU4aiU ��� bV� � bVW_acbVh4¡
|I| × |Λ|

�ñU4l�ac� � �}\
�k`Ve¢ 7l}h4`j�}hF�f�l}d]efb � ^¢UFZk\X�	b.l�hF`jef�Vl�`jl%ai� � ��\��7l}h4`j�}hF�Vl}�¢¡jW¢�j�}�Ve2W_\Xe�bVh
M
 ]a�\XY � l}hFU4Y]Zk�2\Xm4l}ai� � ��\���@U4\Xe � b � �Vl��$�~bVWIx§��`jY � `jl�bV�k�?bVY~�

A ◦B = AMB

�»Z]\Xa�UFYkhF\X¡Ve~b � �jl�l}h4UF�?bVl�`jY]W_\ � �~b+���j� � �VY W²� � l}h4\Xe� )�]`V�V� b+l�hF`j��h$�Vl � � � UFWXa�UFl4x��
◦a�ok�jU4WXU � b~l}l}h4`7m4\²b � \_�2\ � �Vl�b	b�ai� � ��\��7`je�l}hF`V�}h$�~l��VY?b~e�bVl}l�hF`2mF\²b � \_�2\ � �Vl}�V�@¡VWNbVh4`jY]Y?bVWeV�9�jU � eVU4hF\_e¢xè�îe �4� Z]U�7?YknXmF\_¡��~bVW_¡j�?bVYSd]�V�jbVY?bVh���b

0
ai� � ��\��7Y?bVe � U4WXU4W|{�UFY aiU4�b

0
 �UF�V� � �]e � Y � UF�V�

A 6= 0
�ñY?b~e ^@`jY � `jl�bVY�UF�V��UFW_UFa�U�Y]UFa�Y!d]WXWXbk �W_UF�V�VUFYç^kW x�bVh

i
�ñU4Z]\Xeil}`j�

λ
�ñbVZ]\Xe�U4WXUFa�U

g
  � UFWXU4W � UFl}l��]eca�UF�	U4e!eV`j�

A
�ñY?bVecbVh

(i, g, λ)
�Ô� WXm4l}`j^¢`j� � �UFWXU4aiU � x��§h ��� Y��2WXU4��\_hF`ja�`j�e7?hFa�dkl � bVZNx���h�U4WX�j�k�]\­^ � WXZ]b�b�l}h4UFY]Z7�7\_mFl�ac� � �}\
�k`Vl� UF��ai\_Y]`jW_¡j�j\²�~�?bVY~�

�CÇ
Ü§Í7Ò��zÚNÇ


a 0 0
0 0 0
0 0 0


◦




0 0 0
1 0 0
0 0 0


 =



a 0 0
0 0 0
0 0 0







0 1 1
a 0 1
1 1 0







0 0 0
1 0 0
0 0 0


 =




1 0 0
0 0 0
0 0 0




� þ�ÌrÍ=ØxÉ·ûÖÚ)üéÌrÃGÉÕþrÑ�Ò²übÄ8Å �oÄ�Ò�Ä8û��rÓ�Ä ø)ÿ Ò�ÏrÄ8Ã��²ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃGüéÌ�þ `VW_��b~Y-°�U4UFl �ßac� � �}\
� �Ô� WXm4l}`~�^@`j� � `je� §a�UFW��jUFe!Y]U4e[l � �}dke � ¥]��b~mFl}`V^@`j� � {}b � �}\_�2\X�VWX\_lFx�q�U4�?� � U4�V�çb~Z]` �}�
M
 §mFl�d]^?bïSl�`j� � \_WXWXU � �VU `jl}h4WX`j^¢` � Y]U4a � b~� � b~WXaibVhF¡

|Λ| × |I|
�ñbVlgïf���'ai� � �}\��7�]`Vh � bV� � `jh4¡

SM = M(I,Λ, 1;M)
eV`Va��]\XY]b � `j��\Xe!d]l � UFW {�UFl}U4Y[ï¨�ñUF�~�7l�hFU4�}o �Ô� WXm4l}`j^¢`j� � bVW²b~^]�?bVW �acbVhFb �

I × Λ ∪ {0} = {〈i, λ〉 : i ∈ I, λ ∈ Λ} ∪ {0}�¸ï	U4WXY��jU4WX��UFWXU4a� kbVh$b~h
0〈i, λ〉 = 〈i, λ〉0 = 0

 ?b � �j�k�]\CUFW_UFawl�hF`j��h$b � b�^¢UFZk\X�-�

〈i, λ〉〈j, µ〉 =

{
〈i, µ〉

�?b
M(λ, j) 6= 0,

0
UF�V� � �]e � Y � .

��\XY]ZkUFY
S = M(I,Λ, G;M)

°�U4UFl �ñai� � ��\�� �Ô� W_mFl�`j^@`V� � ��UFZ]dke~�~WX�?b � ¡[e~`ja��]\_Y?bf�� `j��\Xe!d]l�ïf�ñU4�V�2l}h4UF�}o �Ô� W_mFl}`V^@`j� �}� � �gUF�V�2l�hFUF��o]UFY bVh
M

l � �}d]e � ¥]��bVai� � �}\��çai\_Y]Z]U4Y



�
� lí�nmpo*qí¯Ö«�¦� !qíð�r ñs$í¬%t-¦8©#"í©�ð0¤®©�ò �$å
Y]UFa�Y!d]WXWXb�U4WXU4a �±� e!\_mFl}U4� � W|{��]e U4�V�jU4l}�}U~ ¢{�UFW_�jW|{�U	U4h �

M |1
 �WXU4�V�jU4Y[U4e2e~`j��b�eV`Va��]\��Y?b � `V�}\Xe!d]l���UFZ]d]ef�VW �

S|1 = SM |1

x=*ñ�V�-^ � WXZ]�Vd]W­ã]xC^ � W_Z?�V�?b~Y � �V�}�V�jbVW ���Ô� WXm4l}`j^¢`j� �eV`ja��k\XY?b � `j�}\_e!d]l��}U4Z]d]ef�VW � {}b�bVh

A =




0 1 1
1 0 1
1 1 0




ac� � �}\
�k�k`jh � bV� � `jh4¡
SA

� UFW|{�U4l}U4Y eV`Va��]\XY]b � `j��\Xe!d]l�ïf�ßUF�V�2l�hFUF��o �Ô� W_mFl�`j^@`V� � xës U«�7?Y]\²�~WX�?b � ¡ �VW � bVW²�~�?bVYÁUF�~� � U � l}h4�jWXU4�jUFl
ϑ : G → H

mFl}`V^@`j� � �]`Vai`ja�`j�e7?hFa�dkll}hFU4�}\_Y � \��}U4Z]d]ef�VW � \_lx��VCU4�V�jU4Y
M |ϑ

 õbVh�b ai� � ��\��@ �aiU4W_�jU �
M
�ß�@�jW�¥k�V�çefbV^]dkY]e� �]`j�V�

M
�ñ�¢UFY�ai\_Y]Z]UFY

g ∈ G
U4WXUFa�U � e!\_mFl}U4� � WX�]Y]e

ϑ(g)
�ñ��UV ]U4e!eV`j�

S ϑ
�ñ��UFZ]d]ef�VW � {}b

S|ϑ = M(I,Λ, H;M |ϑ)
x+q�U4�}a � l�hFU � UFl�a�¡2Z]`jY'Z]U�7?Yk\²�VW_�?b � ¡�U4�V�

ϑ̂ : S → S|ϑ�Ô� WXm4l}`j^¢`j� � �]`ja�`ja�`j��7]hFa�d]lz\_lF ~b
ϑ̂(0) = 0, ϑ̂((i, g, λ)) = (i, ϑ(g), λ)

e � ^kWXU ��� U4W x
��}UFZkd]ef�VW �:�Ô� W_mFl}`V^@`j� � U4W � ��l}`je�\_Y � `j�}ai�Vm4\X¡ � a�UF�V�j�}\_h bVh�UF��UFZ]U � \ �Ô� WXm4l}`j^¢`j� � �}¡VW  �^ � W��Z?�Vd]W?U4�V��e!\ � Uñ{�UFh � l�Y]UFa�Y!d]WXWXbVl��~��� � xH*ñ�V�.�?b�mFl�b~e�UF���}U��~bV�V�2d]Y]e�e!n��V�~Y]mFl�\²bVe� !bVe!eV`V�UFW � ��mFl�b~e�b�e~`ja��]\_Y?b � `j�}\_e2dkl � UFW {�UFl�UFY�ïf�ñU4�V�2l}hFU4�}o �Ô� WXm4l}`j^¢`j� � `jefb � �2\_hFl}�j�VWXY]\Ix
� Ç­Õ[É!à��FÉ!à?×CË�Í2ÎVÇ : Ä8ü·Ò�Ï � ÅÕÄ ø Ä�Ò S = M(I,Λ, G;M)

� Ä�Ä�Ò8ÓbÍ=Æ)ü�ÃGÉ
	�ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃGü�Ã�Ú>�
<>= ýzþ�ÿH���}þ��

(S|ϑ) �P

ýzþ�ÿH���}þ��
(S) ?

@�= ��
����}þ��
(S|ϑ) �P

�Ö
'���}þ��
(S) ?

AB= ýzþ�ÿH�
≡ 0(S|ϑ) ≡P

ýzþ�ÿH�
≡ 0(S) ?

EF= ��
��
≡ 0(S|ϑ) ≡P

�Ö
'�
≡ 0(S)

=
GIH¡uSHML'H ¢¤£�f¥R�anf¥_�_

M19 ¦� � UFW {�UFl}U4Y'ïf�ñU4�V�2l}hFU4�}o �Ô� WXm4l}`j^¢`j� � `je�`jW_�jbVY � ^]n � �je~�9�jUF\:b �Ô� W_mFl�`j^@`V� � `Ve2Y]bVe� Cai\_Y �bSm4l}`j^¢`j� � `je e~�j� � �@U4Y bVh U4�V�2l}hFU4�}o m4l}`j^¢`j� � `je !Ôai\_Y]Z]e �4� UFl�U � �@U4Y bðl � �}d]e � ¥k��b� � � bVe � `V��bV\_�}¡jW%�~bVY l�hF¡í#«x¹*ñ�V�S�}UFa � W_�]U � �] %�]`V�V� bVhF`jY¿ïf�ñU4�V�2l}h4UF�}o �Ô� WXm4l}`j^¢`j� � `jee~b~��bVe � U4�}\_h$�VWX�Vl�bk NbVaiU4W_�VUFe!�}U�b�ýzþ�ÿH���}þ�� ^@`VWX\XYk`jai\X�VWX\_lF ?l�UF�jn � �]U � b �Ô� WXm4l}`j^¢`j� � `je�VW � bVW²�VYk`jlcefbV�}bVe � UF��\XhF�VW²�Vl}�V�?bVY¿\XlF �UFh-bðZ]`VWX�j`jhFb �c� UFe!\XY � �]U � �SU4�V� e~UFh4Z]�¿W � ^ � l �Y]UFe UF�]�¢UFY bVh¦\X���~Y!�2�?b~YNx q�UF�}a � l�hFU � UFlge � ��Z � l4  �]`j�~� �~bVY7�ßU¦U4�V���VW � bVWX�VY¿`VW_��b~Yïf�ñU4�V�2l}hFU4�}o �Ô� WXmFl�`j^¢`j� �  )bVa�UFW��2�}U;ýzþ¢ÿ����}þ�� mF`
� �
� � UFW|{�U4l ò ��\�WXU4�]U � bcWXU4�jUF�~�7l�hFU«��}o]�]��\XW��jUFY �Ô� W_mFl�`j^@`V� � ò � eV`Va��]\XY]b � `j��\Xe!d]l � U4W|{�U4l}UFY[ïf�ñU4�V�2l}h4UF�}o �Ô� W_mFl}`V^@`j� � `je!�}býzþ¢ÿ����}þ�� ^¢`jWX\_Y]`ja�\²�VW_\XlF !n_�V�geV�Vh � �ke�Y]U4aâ\Xl � ��Z]UFa�UFl bi^ � WXZ]� � eVUF��UFl�Y]\ x�³ b�UF�V�ïf�ñU4�V�2l}hFU4�}o �Ô� m4l}`j^¢`j� � l � �}d]e � ¥k��bVai� � ��\��k�V�?b~YcY]U4a¬\XlC{�UFW_UFY]Y]U4eia�UF��bVh��4�ßUFY+e!n_�2�]Wac�Vl:mFl�`j^¢`j� � UFWXU4aiU4e� 7b~e2e~`j� � U4WXU �}� U�b�l}hF¡V^]�}`j�kW � aib�UFe��2\_�~bVWXU4Y]lõb�e~`ja��]\_Y?b � `V�}\Xe!d]l�}UFZkd]ef�VW � {}bk  � lcb-l � �}d]e � ¥k��bVm4l}`j^¢`j� � {}bV�¢UFWX\�l�hF¡j^k�}`j�]W � ai�$�Vb~W x¿��\_�VUFW�b'm4l}`j^¢`j� � `jel}hF¡V^]�}`j�kW � ai�¨{}�V��¡jW¢a � ��eVU±�jUFl�UF�]�¢U ��� dkZ]d]Y]e� ]a�\XY � b �Ô� W_mFl}`V^@`j� � `je � ��¡jW   � l�b~a�¥]�V�
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n_�V�-UFh4UFej�� �jW�bVh	U4l}U � UFe � �jWõ\_l�UFW � UFe!\_Y � �]Y]e�x�©?`j��bVZf{�dke¦UFWI C�]`j�V� UF�V�-ï¨�ñUF�~�7l�hFU4�}o �Ô� WXm4l}`j^¢`j� �bVY]Y?�VWzU4�V�2l}hFU4�}o]�k�N @a�\XY � W � �V�]��Y!d]W_W²� ��� bV� � bVWXaibVh�b�l � �}d]e � ¥]��bVai� � �}\��kbk  � l�ai\_Y � WbñUF�~�7l�hFU4�}o]�]��c-bçl � �}d]e � ¥]��bVm4l}`j^¢`j� � {}bkx � �7xõW_UFa�acb � �j�k�]l}h4�j�}\ bVWXefbVW_acbVhF�Vl��$�~bVWI aiU4�ja�d � b � �?b � ¡] ��]`j�V�'b � UFY]YkacbV�}bVZ]¡¦ïf�ñU4�V�2l}hFU4�}o �Ô� WXm4l}`j^¢`j� � `je eV�VhF�]W¤b�WXU4�jUF�~�!�l}hFU4�}o]�k�¦�~bVWX¡j�]bVY

M19

x
� � ��UF�V�ð`Ve¢ ¤bVa�\ � � ��� b~W²�VY � ��Z]UFa�UFl

M19
�ßU � �2\XhFl����VW_Y]\  §�]`V�V�ð�~bVYÄUF�V� � UF�}a � �l}hFU � U4l���UF^]��UFh4UFY � �Vm4\X¡f{}b � ��bVYkl}h � `V�}ai�VmF\_¡je!e~b~W x ��U4�V�2�]e¿U4�]�]U4h-b[�?�V��`ja U4WXU4aiU4Y�?b � ¡ � ��bVYkl}h � `V�}ai�VmF\_¡~� �Ô� WXmFl�`j^¢`j� � ` �  

T3

� b � !
|T3| = 33 = 27

#±x��7`V�}`jW {�d]e�bVhrUFW_UFa�UF\ ���bVY]�${�d]e�l}hFU4�}\_Y � å+m4l}`j^¢`j� � �?b �
T3(3) = S3

b�åg�}bVY]�j¥?b~e¢ 
T3(2)

b��c��bVYk�j¥?bVe � l
T3(1)

bVh �g�}bVY]�j¥?b~e¢xð��\_�VUFW�eV`Vai^¢`jhFn_mF\_¡ l}`j�}�VYSb ��bVY]� YkUFa Y]�V�]U �  õn_�V�
T3(1)\XZ]UF�VW

T3

�ß�?bVYNx���UF�~�7�ke
T3(2) T3(1)

l}h4UF�}\_Y � \:°�U4UFl � � bVe � `V��� �  �b~h$bVh��!¥]hFh4d]e-�jl}l�hFU
T3(1)

�ßU � UF�V�VU � W_UFY�ïf�ßUFWXU4aia � xz� efbV^¢` ���
�Ô� W_mFl�`j^@`V� � �$ìrUFWXU4a�oN  � l­a�\XY � bVh�£¤WX\§2@`j��Z� l��§�}UFl � `jY��|ãV�N�]n_�}U4l �Ô� WXm4l}`j^¢`j� � UFW_a � WXU � \¢eV�jY��!� � �@U4Y2�¢UFY¦�]\Xh4`jY��7n � �~b.�~bVYN ]\_hF`ja�`j� �
M19

�ñmFU4W x­�èZ]`VWX�j`jhFb � �]bVY�b�e~�9�jU � eVU4hF� �}�4� U4W � WX� � {�d]ei�@U��
�CÇ�Ì9Í�Ì9É2Ò Ç ýzþ¢ÿ����}þ��

(M19)
Ç�Ì9¨S©´ÓbübÄ8Å �oÄ�Ò =

� � �VUFhFU � �]WzW_UFnX� {�d]e
M19

Y � �?�VY�� � `jY � `jl � d]W²b9{�Z]`jY]l}�V��� � �
ªCÇ­ÒÛÉ2ÕçÕ[Ú)Ç�� Ä ø)ÿ Ä8û b = 〈i, λ〉, d = 〈j, µ〉 ∈ M19

Ù�Ò c1 = (i1, g1, λ1), c2 =
(i2, g2, λ2), . . . , cn = (in, gn, λn) ∈ M19 D Ä�þ�þ�ÌrÃ3�<>=

b · d = 0 Ô®Ìrû®übÌ�ÒxÚ)û Úrþ�þ�ÌrÃ D Ë Ú P (λ, j) = 0 D Ú�Ï�Ú�ÏWË Ú λ = i ?
@�=

M19
É��ÈÄ8Í�Ô®ÌrübÄ8û Ò²Ä8ÅÕÄ8Í�Ä8É�� {(i, g, λ) : λ 6= i} ?

AB=
c1c2 · · · cn = 0 Ô®Ìrû®üéÌ�ÒxÚ)û=Úrþ�þ�ÌrÃ D Ë Ú°üiÚ)Å¥Æ)Å�Ë Ú)übÊ°ÌrÅ ÿ Ú)û k ∈ {2, 3, . . . n} É·ûF�ÈÄM	 DÍ�Ä8Å ÿ Ã×Ä ck−1ck = 0 D Ú�Ï�Ú�Ï λk−1 = ik ?EF=�« Ä8ÅÕýrÅ �oÄ l = |{1 ≤ k ≤ n − 1 : ik = 1, λk+1 = 2}|


 Ú.Ò�ÏrÌrÃ�Ï�Ú)üiØ�Ú)ûXùoÄ8Å·ÅÕÙbÔ �
¬ ÄM	
ü�Ã�ÚT­ a Óiþ¼Ò�Ï�Æ)Í=Æ)ü
� = � þ�þ�ÌrÃ D Ë Ú c1c2 · · · cn 6= 0 D Úrþ�þ�ÌrÃ

c1c2 · · · cn = (i1, g1g2 · · · gn · al, λn)
=
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¯ Å±° 3 3 À�²¤³ ¯ 3 ½P´ Ã Qµ³

� l}h$�~ain � �Vl � d]Z]`Vac�VY��Sl}h4UFa�l}h4�j� � �¢�jW�e~�jY]Y��2o bVh~  b~ai\_�}U��~bVY ^¢`jW_\XY]`ja�\²�~WX\Xl�bVW���j`j�}\ � a�dklF :bVh$b~h��­�ß�@U4YS�~bVY) :YkUF� � h�^¢UFZ]\_�] :bVa�\¤mF`
� �
� � UFW|{�U4lFxç� � `¨�~�V�k�]\²bVe!�?b~Yb¦l}h4¡j^]�}`V�]W � ac� � ^]��¡j�?�VW {�d]e UF�]�¢�jW¤b�Y � hF�j^¢`jY � �¢¡jWõ�2\_hFl}�j�VWXY]\I �e!�]W_�jY]�jl&7?�V�VUFWXa�U �� `j�}Z]n � �~b�UF��UFZ]U � \ ��� ac�~Y]e!��bk ?b�°tUFUFl �ñai� � ��\�� �Ô� W_mFl}`V^@`j� � `jeil}h4¡j^]�}`V�]W � ac�¨{}�~��bkx
)�<�>?< ¶·� K¸�CS�J�-UôÐM?K.S0/{D B&÷
� h �  ��]`j�V�SU4�V� bVZ]` ��� l � �}dke � ¥]���~��bçb'l}hF¡V^]�}`j�kW � aib'�­�ß�@U4WX\I ¤a�\�l�UFa �]\_hF`jY��2n � {}b{�`j�]�?bVY) Nai\_Y � �]`V�V�¦a�UF�jbVZ]d]Y]e�UF�~� �}� Y��2WXUF�VUFl�^¢`jWX\_Y]`ja�\XZ]Uñ{�o�b~WX�j`j��\ � a�d]l � bVh;UFW��Z]�jY ��� l � ��UVxgº�W � bVW²�V�]bVY[U4h�bVhgbVW_�j`j�}\ � a�dklF 
a�\XY � bVh�bVW²�~�]�]\õåkx_�Vx_�jx � U {�U4hFU � �@U4Y \_lF bVh�bVhF`jYk`jl}l}�V�j`je+^¢`jY � `Vl�efbV�}bVe � U4�}\XhF�VmF\_¡f{}� � �?b~l}hFY]�VW|{}bkx:��UFa®a�\XY]Zk\X��l�hF�]e!l � �jUFl b� UFW {�UFltefbV��b~e � UF��\Xh$�~mF\X¡k kUFW � ��bVh � �@U4W²� � Y]\  2�]`j�V�+mFl�b~e+^@`VWX\XYk`jail�`je��@U4�]UFW��jU �}� U4l}n ��� l �eVUFW_W¤U4WXWXU4Y]�j��\XhFYk\¤bVhcbVhF`VY]`jl}l}�V� \X�jbVhF`jWX�Vl��~�]`jhib¹b ª¤��d � Uc©�`V�}mFU�ciU0�7^@`VY]UFY]m4\²�VW_\Xl�l}`je�]UFW��jU ��� x�¯�`jWXZkacbVYkY � l °td]l�l}UFWõ�æéf��^ � WXZ?�VdkWCUFh � bia�¡2Z]l}h4UF� � bVW_efbVWXaibVhFhFb	biY]\_WX^¢`~�� UFYkl�m4l}`j^¢`j� � `je+l�hF¡j^]��`j�]W � ai�¨{}�VY?bVec�
�ñ�¢UFWX\_l � � � Y]U4ec�]\_hF`jY��2n � �Vl��~�]`jhVx
JSH*L'HML'H º5»�¼Y½¿¾s»KÀ

(SA)� � `9�~�V�]�k\²bVe!�?bVY � UFW {�UFl�UFY eV`Va��]\XY]b � `j��\Xe!d]l�ïf�ñU4�V�2l}h4UF�}o �Ô� WXm4l}`j^¢`j� � `je � UFW_U ��� \�bVhF`~�Y]`jl}l}�V�j`jefb � �2\Xh4l}���~WXd]Y]e�x���\XY � W²� � l}hFbVY]\ � `j�] �U4�V� {�¡�aiU4�jeV�VhFUFW_n �}� l�bVZ]¡2Z]\_e.UF�k�]UFh�b�j��� � `VeV`jY+e~UF��UFl}h � �]WIx:��h � � � ai`Vl � bVhrUFZkZ]\X�j\ � `j�jbVWXaibVefb � � � �]W � U � {��keib;�j��� � U4WXa � W_U �� UF���]WXU ��� �}UVx
q�U � l}h4�jWXU4�jUFl

SM

eV`Va��]\XY]b � `j��\Xe!d]l � UFW {�UFl}U4Y�ïf�ñU4�V�2l}hFU4�}o �Ô� W_mFl}`V^@`j� � �]`Vh � UF��a � l}h4U � U4lai¡2Z]`jY Z]U87?Y]\X�VWX�?b � ¡gUF�~�
HM(Λ, I, F )

^?�V��`jl��j��� � ��bVh�bg�j��� �  zbVaiU4W_�2Y]U4e¦l}h4`ja	�l}h � Z]l��~�j\kai� � ��\��kb � ^]^
M
 j\X�~��^ � WXZ?�VdkW!br�7xíã]x � U {�U4hFU � �@U4Y	Z]U�7]Y]\²�VW �

SA

�ß�]`jh � bV� � `jh4¡^?�V�}`Vl��V��� �   � ^]^�UF�V�g�]b � l�hF�j�-�

�9ü
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H6 :

λ1 λ2 λ3

i1 i2 i3

vñl}a�UF� �  ]�]`j�~�gb �Ô� W_mFl}`V^@`j� � `je � UFW_U ��� UF�V� � U4�}a¬U4�V�2l}h4UF�}okUFY
t = x1x2 · · ·xn

b~W²bVe!¥N bV�]`jW�bVh
xi

�ñeÄY]U4a � UFW �}�4� WXUFY!�]Wte!�]W_�jY!�@�jh4�7U4e�x TVU4WX�jW {�U
Xt = {x1, x2, . . . , xn}

b
t
�ñ�¢UFY�UFWX� � `j�}Z]dkWX¡��~�VW � `jhF¡Vec�?bVW_acb~h$� � x§q�U � l}h4�jWXU4�jUFl

t
� UF�}a��]U4h�e~`jY]l � �}d]�VWXd]YkegUF�V�

Gt(At, Bt, Et)
^?�~�}`jl��j�}� � ` � b�eV�9�jU � eVU4hF�je � ^]^¢UFY���W_UF�V�VUFY

At = {ax : x ∈ Xt}
 

Bt = {bx : x ∈ Xt}
� l � d]l}l�`jY � W

ax
� l
by
eV�jh4� �}�  )�?bibVh

xy
e!\ � Uñ{�UFh � l � � l�hFl}hFb$�Vb

t
�ñY]U4e¢x:�ÁeV�VY]Y��jUF�k� � � � �]U � �jl � �ce~UFZk� �F� � � �~WXW|{�`VY+\ ��� UF�V�g^ � W_Z?b�UF���}U~x
Æ�ÂCÇ­Ü§Í2Ò���Ú)ÇY� Ä ø)ÿ Ä8û t = x1x2x1

2x3x4x5
2x2x1

2x2x1x2
=I�

t ÓiË®Ä�Ï?üiÚ)ÃGüéÌxÏrÊ ø Ã�Æ�ù3�

Gt :

At : a1 a2 a3 a4 a5

Bt : b1 b2 b3 b4 b5

��h4UFY��j��� � �ßeV`jYkl � ��d]eVm4\X¡jecl}UF�Vn � l � � � �jU4Wz�2\_hFl}�j�VWX�?b � {�d]ecbVh
SM

� U4WXU �}� \ � UF��aiU4eVU � �
Æ¢Æ?Ç§ÒÔÉ2ÕçÕ[ÚNÇ�� Ä ø)ÿ Ä8û t = x1x2 · · ·xn D ÚrË®ÌrÅZÚ�Ï xi

Óiþ�û�Ä8Í�ùoÄ8Å�übÙ8ü�ÅÕÄ8ûÃ�ZÅ
þ%�ÈÅÕýrûÖØ8ýxÏ � Ä�þ =� Ä ø)ÿ Ä8ûNübÌ%�rÆ�Ø�Ø�Æ ε : Xt → SM t Ä ø)ÿ þrÉiÙ8ÃGüéÙ�þ�Ä8ÅÕÙ�Ò�Ä = � þ�þ�ÌrÃ&Ú�ùoÄ8û®ü�ÉT�oÄ8ÅÕýrÅÕÙ�Ò�Ä�þ�þ�Ä8Å��
<>=
ε(t) 6= 0 Úrþ�þ�ÌrÃ°Ù�ÒWÇ�ÒxÚrþQÚrþ�þ�ÌrÃ D Ë Ú ε(xy) 6= 0 t Ò�Ä8Í�Ä8Å ÿ ÉÕþ xy Ú)Å¥Úrþrú�Ã×Ù�Ò�Ï8Ò�Ï�Ú)Ó�rÆ)Ã�Ú=Ò�Ä8Í ?

@�=�C Ú ε : Xt → SM
û�Ä8ÍÄ�)Ä�Ò�ÏxÉ-ùoÄ8Å�Ú¹�rÓeÆ)ü�Ò�Ä8Í¼É·Å ÿ Ä8û x ÓbÃ×Ä&Ò�Ä8Í D Úrþ�þ�ÌrÃY�ÈÄ�Î:û®É·ÓÆ)Å�Ë Ú)üéÊNÄ ø)ÿ ϕt : Gt → HM

ÅÕÄ�þ�ÙbÔ®Ä�ÏrÙ�ÒXÚ.þ�ý%�)Ä8ü·þ�Ä�Ï � ùoÌrÃGÍ¼ÑZÅ¥Æ��rÚ)Å�� ϕt(ax) =
πΛ(ε(x)) Ù�Ò ϕt(bx) = πI(ε(x)) ?AB=
ε(t) 6= 0 Ô®Ìrû®übÌ�ÒxÚ)û"Úrþ�þ�ÌrÃ D Ë Ú ε û�Ä8ÍÅ�)Ä�Ò�ÏxÉ-ùoÄ8Å'Ú 0 ÓeÆ)ü D Ù�Ò²Ú�ÏXÄ�þ�þ�ÌrÃX�ÈÄ�Î:û®É·ÓÆ)Å�Ë Ú)üéÊ ϕt : Gt → HM

ÅÕÄ�þ�ÙbÔ®Ä�ÏrÙ�Ò ø Ã�Æ�ù×Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼Ñ�Ò =
��h4UFY'WXU4nX���~l�l�UF�jn � l � � � �VUFW§ai�V� ^¢`jY � `Vl}`jl}bVY-e~b~��bVe � U4�}\_h$�VW_�?b � ¡jbVe

SA

bVh4`jY]`jl�l��V�jbV\ x�w^@`VY � `jl�W_UFnX�}�Vl � �7hFbV�@¡¦UFl��7U4\ � � �9ê~�õmF\_e2e~U � bV� � bVW_acb~hFh$b7 �a�`jl � bVh+U4�V�2l}hFU4�}o]l � �eVUFZ7� �F� � � UFh4UFe~U � bVh.U4�}U4Z]a � Y��jUFe~U � ac�~��m4l�bVe¦bVh.U4WX�j�]�k\�^ � W_Z?�V�?bVY bVZ]` ���
SA

�Ô� W��mFl}`V^@`j� � �}b � �V�}�V�jbVW|{�dke¢x
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Æ7ÐNÇ�6]ÒIÒ�8ÔÌ�6?ÎVÇ�� Ä ø)ÿ Ä8û�Ä�þ t = x1x2 . . . xn D s = y1y2 . . . ym

übÄ8ÃGÍ�Ä�þ = � þ�þ�ÌrÃQÚ&ùoÄ8û®üØ8Ä0�)Ä�ÏrÄ8üéÄ8ü�üs�oÄ8ÅÕýrÅÕÙ�Ò�Ä�þ�þ�Ä8Å t ≡ s Ô®Ìrû®übÌ�ÒxÚ)û Úrþ�þ�ÌrÃ�üéÄ8Å �oÄ�Ò0�ÈÅ SA
ÓeØ�Ú)û D Ë ÚWÍ¼É·ûF�rþ�Ù8ü�Ú)Å¥Æ�Ø�ØxÉùoÄ8Å�üéÙ8übÄ8Å�üéÄ8Å �oÄ�Ò0�ÈÅ��

(I) Gt = Gs ?
(II) x1 = y1

Ù�Ò xn = ym

=
�:bVWX¡f{}�~�?bVYgUFh�bVh��~WXWXn � �Vl:UF�~�gbVh�U4�V�2�@U4Y�\_��bVh�bVh�`VW_��b~Y�l � ��d]e � ¥]�}bVac� � �}\
�7¥ �Ô� WXm4l}`~�^@`j� � `je!�}bk Vb~aiU4W_�jU4e�Y]UFaèm4l�bVe�Y � �?�VY��j jm4l}d]^]b.�4�ñU4l}�¢�jW2�VWXW_¡��]WX`Ve2e~` ��� bV� � bVW_acbVh4Y?bVe� bVh$bVh�bVa�UFW��jU4e2�kUFh � bV� � `jh4¡

HM

^?�V��`jl��j��� � Y]UFa � UFW {�UFl�^?�V��`jl��j��� � `jeçZ]\_l}h {�dkY]e �d]Y]\X¡¨{}bkx� É¥ÏrÌrû ÿ �·üiÆrÒ�� Vz� ��� d]e� ¢�]`j�V�
GA = H6

� ^]^¦U4�V���?b � l}hF�V�]x{³ b
(I)

� U4W|{�UFl��]W  ¢bVe!e~`j�b�e �4��� U4�}a��¢UFY-d]�~��bVY?b~hF`je b~h
xy

e!\ � Uñ{�UFh � l}U4e l}hFU4�}U4^@U4WXY]U4e � � l�hFl�hF¡je � Y �  
bVh$bVh�å7xWXUFa�aibc�7x¢^¢`jY � {}bcb~W²bV^2{}�~Y
t
� l
s
d]�V��b~Y?bVe!eV`j��Y!d]W_W²bkx

(II)
� UFW {�UFl��]W � l}U.^¢UFZk\X�gbiåkxWXUFa�aib�åkx~^@`VY � {}b l}h4UF��\XY � bVh � �]\_h � `Vl}n � {}bk f�]`j�V�;�?b U4�V�.�¢UF�kUFW_�VU ��� UFl�n �}� l}��Utb � U4�}a�UFeY]UFa®Y!d]W_W²�Ve� ]b~e2e~`j��UF�V�VUFY]W_�7U4e¢x

�¿bñmFl}bVe�b~e2e~`j�*c¤\X�}�VY��2�]`jh�UFW � ��e~`jY]e!� �±� �@U4�]UFW��jU ��� U4l}n �}� l�UFeVU � b~Z]Y]\  VaiU4W_�jU4e!�}Utbre �±�� UF��awY]U4a®UF�V�VUFY]W_�]xq�U4�V�2�]e � UFW  k�]`j�V�
(I)

Y]U4a � U4W|{�UFl��]W  ]bVh$bVh
Gt 6= Gs

xõ�§h�e �±�}�Ô� WXUFe � ^]^¢UFY � `j�}Z]dkWX�?b �UFWX� ���~bV�V�¦bce �4� �j�}� � mFl�¥]mFl��?bVWXaibVhFb+e2�kWX�jY!�¢�jhF\_e¢ ¢�~bV�V�¦bVh � W_�?bVW_acbVh4d]e�xr� h	U4WXl��UFl}U � �¢UFY
Xt 6= Xs

xi��hc�~W � b~W²�VY]`Vl}l��~�gaiU4�jl}h4`j�}n � �Vl}b+Y � W_e2�kW � U4W � UF�]U � �] z�]`j�~�
x ∈

Xt \Xs

x§q�UFe!\XY � l��]egUFe!e~`j� b�eV�9�VU � e~UFh4�+�@U4�]UFW��jU �}� U4l}n ��� l � �

ε(z) =

{
0

�]b
z = x,

〈2, 3〉
UF�V� � �]e � Y � ,

UFe!eV`j�
ε(t) = 0 6= 〈2, 3〉 = ε(s)

x³ b¿b~h � WX�?bVW_acb~h Y]UFa U4�V�jU4hF\Xe a�UF�] rbVe!eV`j��aiU4�j\XY ��� UFW � U4�]U � �] ��]`j�V�
(x, y) ∈

Et \ Es

 �bVh$bVh�bVh
xy

e!\ � U {�U4h � l�� � l}h4l}hFb9�~b � �ñYkUFe� ?Z]U�l �ßY]UFegY]U4a� kUFe!eV`j��bVh

ε(z) =





〈2, 1〉
�?b

z = x,
〈1, 3〉

�?b
z = y,

〈2, 3〉
U4�V� � �]e � Y � .

�@U4�]UFW��jU ��� U4l}n �}� l��}U
ε(t) = 0 6= ε(s)

xq�U4�V�2�]e � U4W  ¢�]`j�V�
(II)

�~bVW²bVa�UFW��2\XeVU�Y]U4a � UFW {�UFl��]W   � l � UFe!\_Y � l}�]e�bie~�9�jU � eVU4hF���@U«��]UFW��jU ��� U4l}n �}� l�UFeVU � �
ε(z) =

{
〈1, 2〉

�]b
z = x1,

〈3, 2〉
U4�V� � �]e � Y � .

³ b
x1 6= y1

 ?bVe!e~`j�
ε(t) = 〈1, 2〉 6= 〈3, 2〉 = ε(s)

x
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ε(z) =

{
〈3, 2〉

�?b
z = xn,

〈3, 1〉
U4�V� � �]e � Y � .

��e!e~`j�
xn 6= ym

U4l}U ��� Y
ε(t) = 〈3, 2〉 6= 〈3, 1〉 = ε(s)

x��\_�VUFWzUFh4UFe�b � d]WXb¨{�Z]`jYkl��V�j`Vec^¢`jWX\_Y]`ja�\XZ]�j�¢UFY � U4l}h � UFW_�]U � �7U4e¢ �n_�V�Ö�
Æ7ÏNÇ­Ø�ö2Ê@É�Ì9Ø�É!Ë!Õ[Í2Ö@×�Ç ýzþ�ÿ����}þ��

(SA) ©�ÓeØ8Ä8Å�É =� h�bVhF`VY]`jl}l}�V�j`jec�?bVl}`VY]WX¡�efbV��b~e � UF��\Xh$�~mF\X¡¨{}�9�~bVW@�@U4W²� � �?b � ¡] ]�]`j�~���
Æ!ázÇ
Ì$Í!Ì$É7Ò Ç�È É·ûF�ÈÄ8û¼übÄ8Å �oÄ�Ò�Ä8û?þ�ÌrÍ=ØxÉ·ûÖÚ)üéÌrÃGÉÕþrÑ�ÒÉ�rÓ�Ä ø)ÿ Ò�ÏrÄ8Ã���ùoÙ8ÅÕÇ�Ò�Ì�Ô®ÌrÃGü�Ã�Ú D ýzþ�ÿ����}þÖ�©´ÓeØ8Ä8Å�É =
)�<�;=< ��MYÊË¶·� F��CS�Ì#�{Iz-Uô'M&K.S3/{D BW÷
�¸m4`�� �
� � UFW {�UFl}l � �+�k\XhF`VY!�2n � �Vl}�V��b	W � Y��jUF� � �¢UFY U4�V�jU � WXU4Y a�¡7Z]l�hFU4��W �4� U4hF\_eÖ���2\Xl�l}h$b¨��jUFh4U � {��]ecU4�V��ac�V��\_l}a�UF� � UFYimF`����­� � U4W|{�UFlõ^]�}`V�]W � ac�V�}bk !bVhFbVh a�UF�ja.d � b � {�d]e� !�]`j�V�bVaiU4Y]Y��2\X�¢UFY�bVh�UF��UFZ]U � \N^k�}`j�]W � aib.�V�V`j�}l}bVY�aiU4�j`jWXZk�?b � ¡k kbVe!e~`j�tbVh�\Xl�aiU4� � ^k�}`j�7�W � aibc\_lQ!ÛU4h�bVh�¥]�V�2Y]U±�jU4hFU ��� u�bV��^7�ñ��UFZ]dkeVmF\_¡í#±x�� �]\_hF`jY��2n � �Vl}`Ve�m4l�bVe¦bV�]�?bVY �}� � ��]U � Y]UFe U4W  t�]`j�~� bVh¦UF�}U4Z]U � \re � �}Z � l � a�\XW_�VUFY a�¡2Z]l}h4UF�}U4e!eVUFWI  � l+ai\_W_�VUFY \_l}a�UF� �^]�}`j�kW � ai�V�}b.�jUFh4U � {��]eg�7\_l}l�h$bkx
JSHÍG�HML'H ÎP�µÏih*\�Ð�_.fih*Ñ5}
��`j^¢`9� � l;��`jW_eV`9�S� �¨ü¨�:a�d?b � ` ��� U4WX�jl�hF�j��^ � WXZ]� � `jW_�jbVY �Ô� WXm4l}`j^¢`j� � ��bk �a�UFW_�2�¢UFY�bl}hF¡V^]�}`j�kW � aib;m4`�� �
� � UFW {�UFl4x���\XY � ai\_Y]Z]U4YcUFW_l}�;^ � WXZ?b�UFh�\XlõbVef�V�}a�\XW��jUFY��¢`jY��j`jW_d]W �WXUF�kU � U �}� xù�ÂeV`VY]l � �}d]e~mF\X¡Äbµ\�½]ý@�ñ�}b �~bVW_¡'�2\_l}l}hFb$�jUFh ��� l}l}U4W�aiU4Y � xPb �§�V�2l}h4UF��o]UFY�cZ]U�7?Yk\²�VW � bVegU4�V��`jW_�jbVY �Ô� WXmFl�`j^¢`j� � ` �  ¢bVa�UFW��7�¢UFY�ai\_Y]Z]U4Y ª¤`2`jWXU«� � `j��a�d]WXb�UFWXe~¡7Zk`jW���?b � ¡k CUFh�e �±� U4WXU4a �VW � bVW��jUFY]U4���VW �

〈a, b〉
l}hFbV�?bVZ �Ô� W_mFl�`j^@`V� � U4�V� � bVe � `V��b+WXU4l}h~x��

Pj = ab15+ja2 !
0 ≤ j ≤ 14

#�U4WXU4aiU4e�l�UF�jn � l � � � �VUFW�bVZk�?b � ¡jbVe�a�UF��bie2\ � U {�U4h � l�UFebVWXe~` � ¡2UFW_UFa�UF\i�
( = P0P2P1 ) = P0P3P1

¬ = P0P4P1 ∨ = P0P5P1 ∧ = P0P6P1

1 = P0P10P1 0 = P0P11P1�¶e!\ � U {�UFh � l�UFeÛ!
L
#8�

(0), (1)
 
(¬0), (¬1)

(V1 ∧ V2 ∧ · · · ∧ Vk)
 �bV�]`jW

Vi ∈ {0, 1,¬0,¬1}

W1 ∨W2 ∨ · · · ∨Wl

 �b~�]`jW
Wj

b � UFY � \�bVWXbVe!¥
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�¸°tUFWX�VmF\_¡je��

U = W,
�?b

U,W /∈ L

¬0 = 1 ¬1 = 0

(0 ∧ 0 = (0 (0 ∧ 1 = (0

(1 ∧ 0 = (0 (1 ∧ 1 = (1

∧0 ∧ 0 = ∧0 ∧0 ∧ 1 = ∧0

∧1 ∧ 0 = ∧0 ∧1 ∧ 1 = ∧1

(0) ∨ (0) = (0) (0) ∨ (1) = (1)

(1) ∨ (0) = (1) (1) ∨ (1) = (1)*ñ�V��e~b~^]d]Y]e�UF�~� �Ô� WXm4l}`j^¢`j� � ` �  ¢bVa�\CUFW_eV¡2Z]`jW {}bibiª¤`7`VWXU±� � `j�}a.d]W²�Vefb �   � l a�\XY]Z]U4Y]U±�l}U � �}U � U4W|{�UFl��]WXYkUFec�¢UFYkY]U.b�ª¤`2`jW_U±� � `V�}a�d]WX�Ve�bVWXbV^��jU � �cb~hF`jY]`Vl}l��~��bV\ x
�¶e � ��Z � l�bVhV �]`j�V�.UFhFU4e � �jW?b���UFW²�~mF\X¡Ve � ¡jW!Y]UFaPUFl}\_ej�ñU � ¥]WXl}�V�j`jl}bVY	�jl}l�hFUtb �Ô� W_mFl�`j^@`V� �  VbVh$b~htbre2�2�WX�jY!�¢�jhF��ª¤`2`jWXU«� � `j��a�d]WX�Vefb �z��� Y��2WXU4�;e!�]W_�jY!�@�VhF� �Ô� W_mFl}`V^@`j� � U4WXUFa�UFe;�}U4^]�}U4hFUFY � �¨{}�Vej�U ò �§Y]Y]U4eç�]\Xh4`jY��2n � �~l�b Y?bV�V�V`jYS�]`jl}l�hF¥ � l � U4my�]Y]\XefbV\I �UFh � � � Y]U4a � � l}hFW_U � UFhFh4�]e�xu��jh4�@U4Y bVZ]�?b � ¡cU4�V� � UFW_l}�i�@U4mFl}W � l b �Ô� W_mFl�`j^@`V� � a � �}U ��� ��U.\_lx�¤e!\ {��jYN ��]`j�V��W_UF� � U4W��{�UF�]�
21700 U4WXU4a�o�WXUF�kU � x

JSHÍG�HZG�H Ò�ÓÕÔi¾>»IÀ
(SA)��h � b�^]�}`j�kW � aibVe~�j� � \Xl � �}Z]U4aiU4l��2\Xl�l}h$b$�VUFhFU � Y]\­bi�j�}� � `je!��bk �d]�~��bVY!¥]�V�V @a�\XY � bVh �b¦ýzþ�ÿ�����þ�� UFl}U ��� �@U4Y � U ��� �]e�xg��^@`VWX\XYk`jai`Ve¦b �Ô� WXm4l}`j^¢`j� � `je e~�j� � �@U4Yðb�e~�9�jU � �eVUFh4���VW � bVW²�VYk`jl¤b~W²bVe!�?b.n_�}�?b � ¡�bVe��

p = e1e2 · · · en

 kbV�]`jW@bVh
ei

�ßeÀ!
1 ≤ i ≤ n

#:�~bV�~��V�~W � `VhF¡je� 9�~bV�V� �Ô� WXmFl�`j^¢`j� � �@U4WX\Ve~`jY]l � bVY]l�`je�  � l�Y]U4a � UFW ���4� WXU4Y2�kWje!�]WX�jY!�¢�jhF�2UFe�x
©�U4W��� UF�kU � �k )�]`j�~�
p
�ñ�¢UFY�Y]UFaâl�hFUF��UF^¢UFW§b�Y!d]WXWXb�e~`jY]l � bVY]l�e � Y �  NUFe!eV`V�rd]�V�jbVY]\Xl

p ≡ 0
 bVh$bVh	a�\XYkZ]UFY �}�c�j`jY?b � eV`VhF¡�e � ��Z � l � �}\_�2\X�VWX\_l�bVY�UFW_Z]�jY � �]U � �]x�TVUFW_�jW|{�U

Xp

b
p
�ñ�¢UFYUFWX� � `j�}Z]dkWX¡g�~�VW � `jhF¡je� 

Cp ⊆ I × Λ
b
p
�ñ�¢UFWX\§e~`jY]l � bVY]l�`je-�?bVW_acbVhF� � x�s U87?Y]\X�VW|{�d]e� `9�~�V�]�?�'b

p
�ñ�¢UFYÄl�hFUF��UF^]W_��e~`jY]l � bVl�`jeðUFW_l}�'\XWXW_U � �jU+d � `jWXl�¡ � bV�${}bV\_Y?bVe'�?bVWXaibVhF� � �

Ip = πI(Cp)
� l

Λp = πΛ(Cp)
xP��h-åkx_�Vx_�jx � U {�U4hFU � �@U4Y a.d � b � ` �}� eV`jY]l � ��d]eVm4\X¡ai\_Y � �¨{}�V�}b�a�`jl � \Xl�Z]U�7]Y]\²�VW_�?b � ¡�U4�V�-�j�}� � b~hib~Z]` �}�

p
^¢`jWX\_Y]`ja��]`jhVxÖVCU4�V�jU4Y � U«��?� �

Gp(Ap, Bp, Ep)
b
p
�ß�]UFh � bV� � `jhF¡[�j��� �  tb~�]`jW

Ap = {ax : x ∈ Xp} ∪ Λp

 
Bp = {bx : x ∈ Xp} ∪ Ip

  � `9�~�V�]�?�
a ∈ Ap

� l
b ∈ Bp

eV�jh4� �}��� dkl}l}`VY � W  N�?bgb~h
a
�ñY?bVe � l

b
�ñY]U4e�aiU4� � UFW_UFWX�	�~�VW � `jh4¡je+�~bV�V��eV`VY]l � bVY]l}`Ve�U4�V�2ac�Vl�aiU4WXW_U �}� l�hFU4�}UF^¢UFW �Y]UFe

p
�ñ�¢UFYNx���UF��l}hFU��?b

p
UF�V� � U4�}a� ]bVe!eV`V��U4h�b	eV`jY]l � ��d]eVm4\X¡��7\_l}l�h$bjbVZ¨{}b�b~h�åkx_�Vx_�jx� U {�UFh4U � �@U4Y � �~�}�V�jbVW � �j�}� � ` � x$� � hFhF�kY]e�UF�}��U�\Xl�UF�~�g^ � WXZ?� � �

Æ7ûNÇ­Ü§Í2Ò���Ú)ÇY� Ä ø)ÿ Ä8û p = x1x2〈2, 3〉x
2
2〈3, 1〉〈2, 1〉x3x1〈3, 2〉 D Ú p ÓiË®Ä�Ï�ü�Ú)ÃGübÌxÏrÊ ø Ã�Æ�ù3�
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Gp :

Ap : a1 a2 a3 λ1 λ2 λ3

Bp : b1 b2 b3 i2 i3

vñl}a �4� b~h � WX� � {�dke¢ 
�]`j�V�'UF�~��^¢`jW_\XY]`ja�Y]UFa�Y!d]WXWXbVl��V�jb�U4�V�[�V��� � �]`Vai`ja�`j�e7?hFa�dkl �^]�}`j�kW � ai�V�}b.�jUFh4U � �]U � �c�2\Xl}l�h$bk ?m4l�bVecUFhF¥ �}� b~WCl}hFn_Y]UFh4U ��� �}U~x
Æ��NÇ§ÒÔÉ2ÕçÕ[ÚNÇ�� Ä ø)ÿ Ä8û p Ä ø)ÿ Ô®ÌrÅ�É·û�ÌrÍ D Ú)Í�Ä8Å ÿ Ø8Ä8û ÚÖ�Wû�Ä8Í Ò�ÏrÄ8Ã�ÄbÔ®Ä8ÅÈþ�Ìrû Ò8ü�Ú)û Ò�þ�Ù8û®ü DÄ�þ�þ�ÌrÃRÚ{ùoÄ8û®ü�ÉT�oÄ8ÅÕýrÅÕÙ�Ò�Ä�þ�þ�Ä8Å��
<>=
Cp ⊆ I × Λ D � ø)ÿ Ú�ÏRÉ��ÈÄ8û®ü�É·üiÆrÒ.�ÈÄ�Î:û®É�Æ)ÅÐÄ ø)ÿ fp : Ip ∪ Λp → H ÅÕÄ�þ�ÙbÔ®Ä�ÏrÙ�Ò8ü ?

@�=�C Ú p 6≡ 0 D Úrþ�þ�ÌrÃ fp
Ã×Ù�Ò�ÏxÅÕÄ ø Ä�Ò ø Ã�Æ�ù×Ë®ÌrÍ�ÌrÍ�ÌrÃ�ÎÐÏxÍ¼Ñ�Ò ?

: Ä ø)ÿ �íþ&ùoÄ8Å D Ë®Ì ø)ÿ fp
Ã×Ù�Ò�ÏxÅÕÄ ø Ä�Ò ø Ã�Æ�ù×Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼Ñ�Ò Ù�Ò ÅÕÄ ø)ÿ Ä8û ε : Xp → SM pÄ ø)ÿ þrÉiÙ8ÃGübÙ�þ�Ä8ÅÕÙ�Ò�Ä D Ä�þ�þ�ÌrÃ3�

AB=
ε(p) 6= 0 Úrþ�þ�ÌrÃ�Ù�Ò�Ç�ÒxÚrþ?Úrþ�þ�ÌrÃ D Ë Ú ε(ef) 6= 0 p Ò�Ä8Í�Ä8Å ÿ ÉÕþ ef Ú)Å¥Úrþrú=Ã×Ù�Ò�Ï8Ò�Ï�Ú)Ó�rÆ)Ã�Ú=Ò�Ä8Í ?

EF=�C Ú ε û�Ä8Í��)Ä�Ò�ÏxÉ�ùoÄ8Å�Ú×�rÓeÆ)ü�Ò�Ä8Í¼É·Å ÿ Ä8û x ÓbÃ�Ä{Ò�Ä8Í D Úrþ�þ�ÌrÃS�ÈÄ�Î:û®É�Æ)Å�Ë Ú)übÊRÄ ø)ÿ ϕp :
Gp → H ÅÕÄ�þ�ÙbÔ®Ä�ÏrÙ�Ò�Ú_þ�ý%�)Ä8ü·þ�Ä�Ï � ùoÌrÃGÍ¼ÑZÅ¥Æ��rÚ)Å�� ϕ|Ip∪Λp

≡ fp
Ù�Ò ϕp(ax) =

πΛ(ε(x)) Ù�Ò ϕp(bx) = πI(ε(x)) ?Ø>=
ε(t) 6= 0 Ô®Ìrû®üéÌ�ÒxÚ)ûUÚrþ�þ�ÌrÃ D ε û�Ä8Í±�)Ä�Ò�ÏxÉ)ùoÄ8ÅÖÚ 0 ÓeÆ)ü D Ù�Ò�Ú�ÏWÄ�þ�þ�ÌrÃ5�ÈÄ�Î:û®É�Æ)Å�Ë Ú)üéÊ
ϕt : Gt → H ÅÕÄ�þ�ÙbÔ®Ä�ÏrÙ�Ò ø Ã�Æ�ù×Ë®ÌrÍ�ÌrÍ�ÌrÃ�ÎÐÏxÍ¼Ñ�Ò ?

�¶W_UFa�acb.bVhF`jYkY?bVWX\)eV�9�jU � eVU4hFa � Y��jU��
Æ � Ç­Ø�ö2Ê@É�Ì9Ø�É!Ë!Õ[Í2Ö@×�Ç

p 6≡ 0 Ô®Ìrû®üéÌ�ÒxÚ)ûNÚrþ�þ�ÌrÃ D Ë Ú fp
þrÉ·üéÄ8Ã��oÄ�Ò�Ïxü·Ë®Ä8ü � Gp

ÓbÃ×Ä =
V�� �}� dke¢ f�]`j�~��ai\_Y]Z]U4Y

p 6≡ 0
^]��`j�]W � ai�V�]`jh � UF��a � l}hFU � U4l�a�¡7Zk`jY�Z]UF\¥7?Y]\²�~WX�?b � ¡%UF�~�l}hFn_Y]UFh4U ��� �j�}� � �]`ja�`ja�`j��7?h4a�d]l �ñ^]��`j�]W � acb7x:��\XY � bVh � �7U4\ ��� l �7h$bV�¢¡ � �9ê¨��\_��bVh4`jW � bk UFY]Y]U4e�b�a�UF� � `j�}Z]n � �Vl}b.\Xl�\_��bVh��

ÆZ�NÇ�6]ÒIÒ�8ÔÌ�6?ÎVÇ�� Ä ø)ÿ Ä8û HM
ÌrÅ ÿ Ú)û ø Ã�Æ�ù D Í�Ä8Å ÿ û�Ä�þ Ò�ÏrÌrÍRÒ�ÏrÙ��rÒxÆ ø É·Í=Æ)ü�Ã8É
	íÚ û�Ä8Í ü�Ú)ÃGÓü�Ú)Å�Í=Ú�Ï4Ç�Ò8Ñ0Ô ÚÂû®ÑÈÅ·Å¥ÚÂÒ�ÌrÃGü É·Å·ÅÕÄ8ü��)Ä Ì�Ò�ÏxÅÕÌ�Ô®Ìrü = � þ�þ�ÌrÃ 
�½Ð�

(HM) Í¼É·ûF�ÈÄ8û É·û)ÔÖÑZü�ÓÔÖÃ�Ì)ØxÅÕÙ8Í=ÆM��ÆrË®ÌxÏ��ÈÄ�Î:û®É�Æ)Å�Ë Ú)übÊ.ÌrÅ ÿ Ú)û p Ô®ÌrÅ�É·û�ÌrÍ D Ú)Í�Ä8Å·Å ÿ Ä8Å®Ô®Ìrû®übÌ�ÒxÚ)û"Úrþ�þ�ÌrÃ?ÅÕÙ8übÄ�ÏxÉÕþÚ=Ò�Ï��·û�Ä�ÏrÄ8ü�ü·Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼ÑíÒ D Ë Ú p 6≡ 0
=
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(M19)

�7�
� É¥ÏrÌrû ÿ �·üiÆrÒ�� VCU4�V�jU4Y

G(V,E)
� l
f : V → I ∪ Λ

� � l}hFW_UF�jU4l��]`ja�`jai`V��7?h4a�d]l
�½Ð�
(HM)

U4�V�ù�@U4aiU4Y]U � UVx ³�b b¿l�hFnXYkUFhFU �}� �j��� � �k`jai`Vai`j�e7?hFa.d]l �ß^]�}`j�kW � ai�VY?b~eY]UFa � �}\��2\²�VW_\Xl�b~YSYk\XY]m4l+aiU4�j`jW_Z?�Vl�b4!Û\_W_�jU4Y]eV`V�c^ � WXZ]�Vd]W�b
p = (1, 1, 1)

^¢`jW_\XY]`jaaiU4� � UFW_UFW�bVh��~WXWXn � �Vl��@U4WX\@eV�9�jU � UFW_a � Y��jUFe!Y]U4eZ#± �bVe!eV`j�
G
^?�V�}`Vl �j�}� �   � l �~bVY¦bcmFl�¥7�mFl�b~\XY?bVe�UF�V�¦`jW_�jbVY

V = A ∪ B
� U4WX`jl�h � �Vl�bk )�]`j�V�¦UF�V�2� � l}h �

A
� l
B
eV�jh4� �}� YkUFaaiU4�V� � W  �ac�~l}� � l}h �

f(A) ⊆ Λ
� l
f(B) ⊆ I

x�TVUFWX�VW|{�UibVh
A
�ñ�¢UFW_\:l�hFn_Y]UFh4U �}� mFl}¥2�mFl}`Ve~b �

Λ′  %b B �ñ�¢UFW_\XU4eVU � I ′  ¤bVh A �ñ�¢UFW_\%Y]U4a l�hFn_Y]UFh4U �}� UFe~U �
A′ � l+b B �ñ�¢UFW_\XU4eVU �

B′ x»�§l�U � W_UF�SY � �]�VY�� ¥f{+mFl}¥kmFl��]`jh4h$�$� �±� UFW � �VUFW � UFW � UF�]U � �] ��]`j�~�
|Λ′| = |I ′|

� l
|A′| = |B′|

xXVCUF�V�VUFY
Xp = X ∪? {xe : e ∈ E}

�~�VW � `jh4¡je�UF�V�¦�?bVWXaibVhFbk )a�UFW��7��U
|X| = |A′| = |B′|

x-�§e!eV`j��^¢UF�}l�hFU
A′ � l B′ �?bVWXaibVh4`je \XY]ZkU0�7UFW_�]U � �7U4e X �ßl}hFU4Wi�

A′ = {ax : x ∈ X} B′ = {bx : x ∈ X}
xcq�`¨�~�V�k�?�¦WXU4�V�jU4Y

|C| = |Λ′| = |I ′|
 UFe!eV`j�

Λ′ � l I ′ \_Y]Z]U0�7U4WX�]U � � C � �jU4Wi� Λ′ = {λc : c ∈ C} I ′ = {ic : c ∈ C}
x	TVU±�WX�jW {�U�b~h�n_�V��efbV^@` �}� ^?�V��`jlõ�V��� � ` �

G′(A′ ∪? Λ′, B′ ∪? I ′, E)
x­s U�7?Yk\²�VW {�d]Y]e	a�\XY]Z]U4Y

e = (a, b) ∈ E
� W_�]UFh�U4�V�

we

l}hF¡ � �

we =





xyxe

�?b
a = ax ∈ A′ � l b = by ∈ B′,

x〈λd, id〉xe

�?b
a = ax ∈ A′ � l b = id ∈ I ′,

〈λc, ic〉yxe

�?b
a = λc ∈ Λ′ � l b = by ∈ B′,

〈λc, ic〉〈λd, id〉xe

�?b
a = λc ∈ Λ′ � l b = id ∈ I ′

.

VzU4�V�jU4Y
p =

∏

e∈E

we .

��e!e~`j�§b
p
�ñ�]U4h � bV� � `jhF¡

Gp

�j��� �  
G′ �ñ�¢�jW � l�a � � 2|E|

Z]bV��bV�
G′ UF�V���ñU4�V��^¢`jY � {}�V�]`Vhe~b~^@m4l}`jW_¡7Z]¡�^¢`jY � `Ve2�¢¡jW��VW_W xÛÚ§lF !a�\_�jU4W

M
ai\_Y]Z]UFY�l�`j��b�\XW_WXU � �jU¤`jl}h4WX`j^?b � bV� � bVWXaibVhY]UFa¸ï�U4WXUFa�U �  Vn_�V��b

H
�j��� �k� U � l}h4�jWXU4�jUFl­m4l}¥]m4l��VY]bVe��~bVY.l}hF`Vail�h � Z¨{}bk �bVhFbVh¤^¢`jY � `~�l�bVY�bVe!eV`j�tW �4� U4hF\_e

G′ → HM

l}hFn_Y]UFh4U ��� �ñ�V��� � �]`Vai`ja�`j�e7?hFa�dklF k�]b	�~bVY
Gp → HMl}hFn_Y]UFh4U ��� �ñ�V��� � �]`Vai`ja�`j�e7?hFa�dkl%\Xl4x§q�U4�?� �

p
aiU4� � UFW_UFWNb�eV�9�VU � U4WXa � Y��jU4e!Y]UFe�xÚ�l�n_�V�ça�\_�VUFW{��
��

≡ 0 �P

�Ö
'���}þ��õ  � l�b'�7x �2x � U {�U4hFU � �@U4WX\�a�UF�${�UF�V�2h � l�l}h4UF�}\_Y �
�½Ð�
(H6)

� �
� � UFW {�UFlx�
Æ�ªNÇ
Ì$Í!Ì$É7Ò Ç ��
��
�}þ��

(SA) Ç�Ì9¨S©�ÓbüéÄ8Å �oÄ�Ò =
)�<*)�< ÜÞÝYß]àÄáâÝ×ã

(M19)�®åkx��jx_�Vx � l	b åkx��7x��7x � Uñ{�UFh4U � U4e!�]UFh��?bVl�`jY]W_¡�bVYçU4hgb¦^]��`j�]W � acb�\Xl;l}\Xe~UF��UFl}U4Yð�7\_hFl ����VWX�]b � ¡i�j��� � �k`jai`Vai`j�e7?hFa.d]l}`je~`jY�eVUF��UFl�h � �kW  CbVh4`jY!�?bVY a�\_�VUFW�ac�~��Y]U4a � UFW {�UFl}U4YeV`ja��k\XY?b � `j�}\_e!d]l�ïf�ñU4�V�2l}hFU4�}o �Ô� WXm4l}`j^¢`j� � �}¡VWr�Vb~Y l�hF¡] �n_�V� UF�~� � UF��ai�kUFh � bV� � `jh4¡�j��� � Y]bVeðY]UFa�mFl}bVeÄbVh
xy

� � l}h4l}h$b$�~bVefb �  ��?bVY]U4a bVhF`jeða.d]W � \X^]W_\XmF\ � �Vl}� � \Xl�eV¡2Z]`jW �Y]\²bgeVU4WXWIx	�§h � � � ai`jl � UF�V�
t
� UF�}a��]U4hib�åkx��jx��jx � Uñ{�UFhFU � �¢UFW_\

Gt(At, Bt, Et)
�j��� � `VY



�
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�j�
e2n��2�]W%UF�~� � �j�]�]l�hF�j���jl � W_UFeVU � \Xl � bV� � bVW_acbVh4¡

G̃t(At, Bt, Ẽt)
^?�V�}`Vl��j��� � ` � \_l.Z]U«�7?Y]\²�~WXd]Y]e���WXU4�V�jU4YçbVh

(ax, by) ∈ Et

a.d]W � \X^]W_\XmF\ � �Vl}b
Ẽt

�ñ�¢UFY�bVh
xy

� � l}h4l}hF¡
t
�ñ�¢UFWX\UFWX� � `j�}Z]dkW²�Vl}bV\XY?b~eil�h$�Vaibkx

ÐäÂCÇ­Ü§Í2Ò���Ú)Ç�å ø)ÿ Ú < � = Ô®Ù8Å���Æ�Ø�Ú)ûNÚ>�ÈÌrü�ü t ÓiË®Ä�ÏRüiÚ)ÃGüéÌxÏrÊ ø Ã�Æ�ù3�

G̃t :

At : a1 a2 a3 a4 a5

Bt : b1 b2 b3 b4 b5

� h:UFZ]Z]\_�j\XU4e!�]UFh:�?bVl�`jY]WX¡jbVY
Gt
� l
G̃t

�j�}� � �ñe~`jY]l � �}dkeVmF\_¡je�l}U4�jn � l � � � �VUFW � d]Zf{�dker�7\_hFl ����VWXYk\CbVh
M19

� UFWXU �}� \ � U4�}a�UFeVU � �
ÐzÆ?Ç§ÒÔÉ2ÕçÕ[ÚNÇ�� Ä ø)ÿ Ä8û t = x1x2 · · ·xn D ÚrË®ÌrÅZÚ�Ï xi

Óiþ�û�Ä8Í�ùoÄ8Å�übÙ8ü�ÅÕÄ8ûÃ�ZÅ
þ%�ÈÅÕýrûÖØ8ýxÏ � Ä�þ =� Ä ø)ÿ Ä8û ε : Xt → M19 t
Ä ø)ÿ þrÉiÙ8ÃGüéÙ�þ�Ä8ÅÕÙ�Ò�Ä D Ä�þ�þ�ÌrÃ?Ú»ùoÄ8û®ü�ÉT�oÄ8ÅÕýrÅÕÙ�Ò�Ä�þ�þ�Ä8Å��

<>=
ε(t) 6= 0 Úrþ�þ�ÌrÃ°Ù�ÒWÇ�ÒxÚrþQÚrþ�þ�ÌrÃ D Ë Ú ε(xy) 6= 0 t Ò�Ä8Í�Ä8Å ÿ ÉÕþ xy Ú)Å¥Úrþrú�Ã×Ù�Ò�Ï8Ò�Ï�Ú)Ó�rÆ)Ã�Ú=Ò�Ä8Í ?

@�=�C Ú ε : Xt → M19
û�Ä8Íæ�)Ä�Ò�ÏxÉ�ùoÄ8Å�Ú �rÓeÆ)ü´Ò�Ä8Í¼É·Å ÿ Ä8û x ÓbÃ×Ä²Ò�Ä8Í D Úrþ�þ�ÌrÃX�ÈÄ�Î:Óû®É�Æ)Å�Ë Ú)üéÊ(Ä ø)ÿ ϕt : Gt → H6

Ù�Ò�Ä ø)ÿ ϕ̃t : G̃t → H6
ÅÕÄ�þ�ÙbÔ®Ä�ÏrÙ�ÒQÚUþ�ý%�)Ä8ü·þ�Ä�Ï �ùoÌrÃGÍ¼ÑZÅ¥Æ��rÚ)Å�� ϕt(ax) = ϕ̃t(ax) = πΛ(ε(x)) Ù�Ò ϕt(bx) = ϕ̃t(bx) = πI(ε(x)) ?AB=

ε(t) 6= 0 Ô®Ìrû®übÌ�ÒxÚ)û Úrþ�þ�ÌrÃ D Ë Ú ε û�Ä8Í �)Ä�Ò�ÏxÉ´ùoÄ8Å°Ú 0 ÓeÆ)ü D Ù�Ò"Ú�Ï�Ä�þ�þ�ÌrÃNÚ
�ÈÄ�Î:û®É�Æ)Å�Ë Ú)üéÊ ϕt : Gt → H6

É·Å·ÅÕÄ8ü��)Ä ϕ̃t : G̃t → H6
ÅÕÄ�þ�ÙbÔ®Ä�ÏrÙ�Ò�Ä�þ ø Ã�Æ�ù×Ë®ÌrÍ�ÌrÓÍ�ÌrÃ·ÎÐÏxÍ¼ÑíÒ�Ì�þ ?

EF=�« Ä8ÅÕýrÅ �oÄ lt = |{2 ≤ k ≤ n : ϕt(axk
) = 1, ϕt(bxk+1

) = 2}| D Ù�ÒY�ÈÄ�Î:û®É�Æ)Å �GÑíþ�Ú�Ï
η : Xt → Z2

ÅÕÄ�þ�ÙbÔ®Ä�ÏrÙ�Ò8ü|Ú�þ�ý%�)Ä8ü�þ�Ä�Ï � þ�ÙbÔ�Ô®Ä8ûF� η(x) = πG(ε(x))
= � þ�þ�ÌrÃ&Ë Ú

ε(p) 6= 0 D Úrþ�þ�ÌrÃ
ε(t) = (ϕt(ax1

), η(x1)η(x2) · · · η(xn) · alt, ϕt(bxn
)) ?

Ø>=
lt = |ϕ̃t

−1(λ1, i2)| ?ç�=�C Ú ε(t) 6= 0 D Úrþ�þ�ÌrÃ
ε(t) = (ϕt(x1), η(x1)η(x2) · · ·η(xn) · a|fϕt

−1(λ1,i2)|, ϕt(xn))
=
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�Vå
� � `9�~�V�]�]\¢�2\XhFl����VWXb � �]`Vh UF�~� � U4my�]Y]\_e~b~\)Z]U87?Y]\Xm4\X¡j�}b��~bVYgl�hF�]e!l � �j�]Y]e�x

H6

b	å7x_�jx��jx� U {�UFh4U � �@U4Y Z]U�7?Yk\²�VW � �]b � l�hF�j�]xSVCUF�~�jUFY
G(A,B,E)

UF�~�g!ÔUFl�U � W_UF� � �j�]�kl}hF�V�}�jl � WXU«�eVU ��� bV� � bVWXaibVhF¡�#�^?�~�}`jl	�j�}� �  @{�UFW_�jW|{�U
Gi(Ai, Bi, Ei)

!
1 ≤ i ≤ k

#�bVhg�Vl}l}h � �]�j�j�eV`ja�^@`VY]UFY]l�UF\ � xâ� h � a�`jY]Zf{�d]e� ��]`j�~� e �4�
ϕ, ψ : G → H6

�]`ja�`ja�`j��7?h4a�d]l
ùoÌrÃ ø Ú)üiÆrÒ8Ó�Ä�þ%��É��rÚ)ÅÕÄ8û Ò ! ϕ ∼ ψ

#± 2�?b��~bVYkY?bVe�b
H6

�]b � l�hF�j�jYkUFe�`jW_�jbVY
ωi : H6 → H6\XhF`Vai�e7��V\  kaiU4W_�jU4e!�}U

ϕ|Gi
= ωi ◦ ψ|Gi

x��§e!eV`j�
ϕ
b
ψ
U4�V� Ä8Å ùoÌrÃ ø Ú)ü�ÆrÒxÚ x¤u��jYkY!�VUFYW²� � l}hF\_e� N�]`j�V�

∼
U4e��7\��~bVWXU4Y]mF\Xbf�ñ��UFW²�~mF\X¡ib

G
�ñ�¢�jW

H6

�ñ�]bcaiU4Y]�g�]`ja�`ja�`j��7]hFa�d]l�`je�?bVWXaibVhF�VYNx
Ð¢ÐNÇ§ÒÔÉ2ÕçÕ[ÚNÇ�� Ä ø)ÿ Ä8û t Ä ø)ÿ üéÄ8ÃGÍ D �oÄ8ÅÕýrÅ �oÄ Gt

Ú t ÓiË®Ä�Ï¹�ÈÄ�Î:û®É�Æ)Å�ü ø Ã�Æ�ùoÌrü = � Ä ø)ÿ Ä8ûüéÌ%�rÆ�Ø�Ø�Æ Ú>���rÚ_Ä ø)ÿ ϕ : Gt → H6
Ë®ÌrÍ�ÌrÍ�ÌrÃ�ÎÐÏxÍ¼Ñ�Ò D Ä�þ�þ�ÌrÃ3�

<>=
ϕ : Gt → H6

Óbû�Ä�þ�Ô®Ìrû®üéÌ�ÒxÚ)ûUÄ ø)ÿ ÌrÅ ÿ Ú)û_Ä8Å ùoÌrÃ ø Ú)ü�ÆrÒxÚÕ�rÚ)û D Í�Ä8Å ÿ Ã×Ä ψ(At) ⊆ ΛÙ�Ò ψ(Bt) ⊆ I ?
@�= è Ú)û[Ä ø)ÿ ÌrÅ ÿ Ú)û ε : Xt → M19

þrÉiÙ8Ã×Ù�þ�Ä8ÅÕÙ�Ò D Ú)Í�Ä8Å ÿ Ë®Ä�Ï�ü�Ú)ÃGübÌxÏrÊ ϕt : Gt → H6Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼ÑíÒ ϕ Ä ø)ÿ Ä8Å ùoÌrÃ ø Ú)übÌrü�ü���Ú =
�PeV�9�VU � e~UFh4�je!�@U4Y[b��¨�7x��VW_WXn � �Vl}�k`jh��?bVl�`jY]WX¡jbVY�W_UFn_�Ô{�d]e

M19

bVhF`jYk`jl}l}�V��bV\ �  �acb9{�Z� `jeV`jhFb � `Vl�bVY � UFW � �V� {�d]e�b	ýzþ�ÿH���}þ��
(M19)

� l�b ( �Ð
'�=!
H6

#õeV�VhF� ��� \)l�hF`j��`jl��jl�l}hFU«�� �]�j� � l � x
Ð¢ÏNÇ�6]ÒIÒ�8ÔÌ�6?ÎVÇ�� Ä ø)ÿ Ä8û�Ä�þ t = x1x2 . . . xn, s = y1y2 . . . ym

übÄ8Ã8Í�Ä�þ D Ú&ùoÄ8û®ü»Ø8Ä0�)Ä�ÏrÄ8ÓüéÄ8ü�üâ�oÄ8ÅÕýrÅÕÙ�Ò�Ä�þ�þ�Ä8Å�� t ≡ s Ô®Ìrû®übÌ�ÒxÚ)û Úrþ�þ�ÌrÃ°üéÄ8Å �oÄ�Ò0�ÈÅ M19
ÓeØ8Ä8û D Ë Ú Ú=þ�ý%�)Ä8ü·þ�Ä�Ï � û�Ù ø)ÿùoÄ8Å�üéÙ8übÄ8Å�Í¼É·ûF�ÈÄ ø)ÿ ÉÕþ�Ä°üéÄ8Å �oÄ�Ò0�ÈÅ��

(I) Gt = Gs ?
(II) x1 = y1

Ù�Ò xn = ym ?
(III)

È É·ûF�ÈÄ8ûP�rÆ)Å�übÌxÏrÊgÄ8Å � ùoÌrÃM�)ÑÈÅ¥ÆrÒxÆ)ûÖÚrþ�Ô Ú)ÃGÉ·ü�ÆrÒxÚÛÍ�Ä ø Ä ø�ø)ÿ Ä�ÏxÉÕþ t ÓeØ8Ä8û4É·Å·ÅÕÄ8üd�)Ä s ÓØ8Ä8û ?
(IV)

: Ä8ü·Ò�Ï � ÅÕÄ ø Ä�Ò M19
ùoÄ8ÅÕÄ8ü�ü�É�þrÉiÙ8ÃGüéÙ�þ�Ä8ÅÕÙ�Ò8Ã×Ä(Ú�ÏÛÄ ø)ÿ Í=ÆrÒ8ÑÈü�Æ)û®É 〈., 2〉〈1, .〉 ü�Ú ø Ì�þÄ8Å � ùoÌrÃM�)ÑZÅ¥ÆrÒxÆ)ûÖÚrþÐÔ Ú)Ã8É·üiÆrÒxÚ�Í�Ä ø Ä ø�ø)ÿ Ä�ÏxÉÕþ t ÓeØ8Ä8û²É·Å·Å = s ÓeØ8Ä8û D Ú�Ï�Ú�Ï lt ≡ ls (mod 2)Í¼É·ûF�ÈÄ8û Ø8Ä�Ë®Ä8Å ÿ Ä8ü�übÄ�Ò0�·üéÙ�Ò8Ã×Ä ?

� É¥ÏrÌrû ÿ �·üiÆrÒ�� ìkx)W_UFa�acb+b~W²bV^2{}�~Y UFh4UFe b � U4W ���±� U4WXUFe ��� Y��7W_UF��UFW � �jl � �jU4l}U4e¢x;� h
(I)� l

(II)
� U4W ���±� U4WXUFe+b��¨�2x?�VWXW_n � �Vl%l}h4UF��\XY � ai�V�

SA
� UFW_U ��� \_ltl}hF�ke2l � �jU4l}U4e��j`VW � b~e¢ ?n_�V�

M19
� UFW_U ��� \XlFxS� � �j�k�]\ � UFW �}�4� UFW%l�hF�]e!l � �jUFl�l � � �4� e~`jY]e!� �±� �¢UF�]U4W_�jU �}� UFl}n ��� l}UFe!e~UFW�]\Xh4`jY��7n � {�d]e��



�
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�~ã
q�U4�V�2�]e � UFWI C�]`j�V�

x
Y]U4a � UFWXU4W­a�UF��b

(III)
� UFW ���±� UFW_Y]UFe� zbVhFbVh�^]W x)^?�V�}`Vl�l}`je!l}h4`j�l}hFU4�}U4^@U4W

t
�ß�@U4YN  � l�^?�V�}b � WXbVY]l�hF`j�

s
�ß�@U4YNx�q�U4e!\XY � l��]e�bVh�bVW²�~�]�]\)�¢UF�kUFW_�VU ��� UFl�n �}� l � �

ε(z) =

{
(2, a, 3)

�?b
z = x,

(2, 1, 3)
U4�V� � �]e � Y � .

��e!e~`j�
ε(t) = (2, 1, 3) 6= (2, a, 3) = ε(s)

x�
(IV)

� UFW ���±� UFW)l}hF�ke2l � �jU4l�b
(III)

� U4W ���±� U4W � UFW {�UFl��]W � l}U � l�bg�9äkx]W_UFa�acb�l�hFU4�}\XY � x
� h

(I)
 
(II)

� l
(III)

� UFW �}�4� UFWXU4e ^@`VWX\XYk`jai\_Z]�j�¢UFY U4WXW_UFY]�j��nXh4�]U � �7U4e¢ zn_�V� �~bVWX¡¨{}�V�?bVYUFW � �	mFl}bVegb
(IV)

� UFW ���4� UFW@UFWXW_UFY]�V�}\Xh � l � �jU4W � `j�jWXbVWXe~`jhFYk\ x�Ú§l��?b	U4h�b��?�V�}`Va � U4W ���±� U4W��� Y��2WXU4� � UFW {�UFl}�kW  ?bVe!e~`j�tY]UFa®e~UFWXW)ai\_Y]Z]UFY��¢UF�]U4W_�VU �}� UFl�n ��� l � e!�]WX�jY�e~UFhFU4WXY]\��
Ð?ázÇ§ÒÔÉ2ÕçÕ[ÚNÇ;: Ä ø)ÿ �íþ»ùoÄ8Å D Ë®Ì ø)ÿ t ≡ s Ú ýzþ�ÿH���}þ�� Ä ø)ÿ Ø8Ä8Í�Ä8û�Ä8übÄ D Ä�þ�þ�ÌrÃRÚ (III)ùoÄ8Å�üéÙ8übÄ8Å'übÄ8Å �oÄ�Ò0�ZÅÕÙ�Ò�ÄXÄ�Ò�Ä8üéÙ8û�Ä8ÅÕÙ ø Ú�Ï 〈i, λ〉 Ú)Å¥ÚrþrúÛØ8Ä�Ë®Ä8Å ÿ Ä8ü�übÄ�Ò0�·übÙ�Ò�Ä�þ�Ä8ü�Ä8Å·ÅÕÄ8û � Ã8É¥Ïxû®É�Ú
t ≡ s Ú�ÏrÌrû�Ì�Ò�ÒxÆ ø M19

ÓeØ8Ä8Å�É�übÄ8Å �oÄ�Ò0�ÈÅÕÙ�Ò�Ù8û�Ä�þXØxÉ¥ÏrÌrû ÿ �·üiÆrÒxÆrË®ÌxÏ =
� � `9�V�~�]�]\²b~e2�]bVY�ai\_Y]Z]UFY � � ��� `j��bVW_acb~hFd]Y]eib	�j��� � `jecY��jU4W_� � �}U~x
(III′)

��\XYkZ]UFY�mFl�¥]mFl � `je!l}h$�~ac�VY]bVe�^?bV��\ � �Vl�bra�UF�jU4�V�jU4hF\_e
G̃t

�ß�@U4Y�\XWXW_U � �jU
G̃s

�ß�?bVY~,
(IV′)

��\_Y]Z]UFY
M19

� UFW_U ��� \ze!\ � � ��� eVUFW � l��}U	b
(λ2, i1)

� W��jl�e � ^ � YkUFe¦^]bV�}\ � �Vl}b�a�UF�~�UF�V�VUFh4\Xe
ϕ̃t

�ßY � WI ]\XW_WXU � �jU
ϕ̃s

�ßY � WI ?bVhFbVh)�
|ϕ̃−1

t (λ2, i1)| ≡ |ϕ̃−1
s (λ2, i1)| (mod 2)

��\_�VUFWNb;�?b � l�hF�j� � `j�}���~l}l}h4\Xa�aiU � ��\Xe!d]lF !n_�V�ib
(IV′)

� U4W ���±� U4W@U4e!�2\��Vb~WXUFYkl%bVh�b~W²�V�]�k\���Vb~Wi�
(IV′′)

��\_Y]Z]U4Y
M19

� U4WXU �}� \@e!\ � � ��� eVUFW � l��}U�bVhr�jl�l}h4UFl
(λ, i)

� WN�Vl}e � ^ � Y]UFec^?bV�}\ � �Vl}baiU4�jUF�~�jUFh4\Xe
ϕ̃t

�ñY � W  ]\_WXWXU � �VU
ϕ̃s

�ñY � W  ?b~h$bVh
|ϕ̃−1

t (λ, i)| ≡ |ϕ̃−1
s (λ, i)| (mod 2)

��UFhFU4l}l��]e��¢U;b
G̃t≡s(At≡s, Bt≡s, Ẽt≡s) = G̃t

⊎
G̃s

{�UFWX�VW � l � xõ�§e2e~`j�rbi�j�7x?W_UFa�acbl}UF�Vn � l � � � �jU4W�¥f{}b~�]��UFe��2\_�~bVWXU4Y]l � UFW ���4� UFW_UFe � `V��bVWXaibVh4�?b � ¡jbVe�aiU4�-�
(III′′)

��\_Y]Z]UFY
G̃t≡s

�ß�@U4WX\Nm4l}¥]m4l � `jefb	^?�V��`jlFx
(IV′′′)

��\XY]Z]U4Y
ψ : G̃t≡s → H6

�]`ja�`jai`V��7?h4a�d]l}�}b¦bVhc�jl}l�hFUFl
(λ, i)

� W%�jl�e � ^¢U^?�V��`jlF �bVhFbVh

|ψ−1(λ, i)| ≡ 0 (mod 2)



�
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�jü
Ð¢ûNÇ§Õ�É2à
�FÉ!à�×NË�Í7Î~Ç � Ï (IV′′′) ùoÄ8Å�üéÙ8übÄ8Å¥Ø � Å�þ�ý%�)Ä8ü·þ�Ä�ÏxÉÕþXÚ�Ï (III′′) ùoÄ8Å�übÙ8üéÄ8Å =
� É¥ÏrÌrû ÿ �·üiÆrÒ�� q�U4�V�2�]e � U4W  %�k`j�V�ð�~bVY¿U4�V�S^?�V�}b � WXbVY � `Ve2¥ mFl�¥]mFl��

v
 %bVh¦�~W � b~W²�f�Y]`jl}l}�V�'aiU4�jl}h4`j�}n � �Vl}b Y � W_e2�kW � UFW � UF�kU � �k õ�]`V�V�

v ∈ At≡s

x[��U4�V�2�]eðb eV�9�jU � e~UFhF��]`ja�`jai`V��7?h4a�d]l � �
ϕ(u) =





λ3
�?b

u = v,
i2

�?b
u ∈ B,

λ2

UF�V� � �]e � Y � .

� h$b~h�\_W_�VUFY]e~`j��b
(IV′′′)

� U4W �}�4� U4WNl}U4a � U4W|{�UFl��]W x� �}�}br{�d � ` ��� d]Y]e � U4�?� �  ?�k`j�V�Ö�
ÐF�NÇ�6]ÒIÒ�8ÔÌ�6?ÎVÇ�� Ä ø)ÿ Ä8û�Ä�þ t = x1x2 . . . xn, s = y1y2 . . . ym

übÄ8Ã8Í�Ä�þ D Ú&ùoÄ8û®ü»Ø8Ä0�)Ä�ÏrÄ8ÓüéÄ8ü�ü>�oÄ8ÅÕýrÅÕÙ�Ò�Ä�þ�þ�Ä8Å�� t ≡ s Ô®Ìrû®üéÌ�ÒxÚ)ûXÚrþ�þ�ÌrÃ´übÄ8Å �oÄ�Ò0�ÈÅ M19
ÓeØ8Ä8û D Ë Ú&Ú (I) D (II) Ù�Ò (IV′′′)ùoÄ8Å�üéÙ8übÄ8Å�üéÄ8Å �oÄ�Ò0�ÈÅ�û�Ä�þ =

u�\ {�� �}��� U4�?� �  ��]`j�V� b[ýzþ�ÿ����}þ��
(M19)

ai\_Y]Z]UFY �@U4aiU4Y]U �}� �]U4h � �~�}l}n � �?b � ¡[U4�V�j b �2x �7x � U {�UFh4U � �@U4Y Z]U87?Y]\X�VW � ^]�V�}`jl��]`ja�`ja�`j��7?h4a�d]l �ñ^]��`j�]W � acb7x¶��`jl � �¢UFWX� � {�d]e� �]`j�V�ðU4Y]Y]U4eÄb'a�UF� � `V�}Z]n � �Vl}b¦\Xl	\_��bVhVxS��\_�jU4W�UFZ]Zk\X��b-�V��� � `je!Y?b~e[mFl}bVeð^?bV��n � �Vl}\� d]WXb¨{�Z]`jY]l}�V��bV\ � �]bVl}h4Y?�VW � d]e� kn_�V� � U4e2\_Y � �]U � �]Y]eie �±� �j��� � ` � b~hF`jY]`Vl}Y?bVe� 7�?b
mod 2Y]UFaâe!�]WX�VY2�¢�jh4Y]UFe�x%��h � ai`jYkZf{�d]e� ?�]`j�V�

G(V,EG)
� l
H(V,EH)

�j�}� � `je
mod 2aiU4�jUF�V�VUFh4Y]UFe� 

G ≡ H (mod 2)
 %�?b[a�\XY]ZkUFY

(u, v)
 %m4l}¥]m4l}^?�~�}��bðb~h

(u, v)
� Wa�d]W � \X^]W_\Xm4\ � �~l��VY?b~e	^?bV�}\ � �Vl�a�UF�VUF�V�VUFhF\_e

EG

�ñ�¢UFY � l
EH

�ß�?bVYNx
Ð � Ç�6]ÒIÒ�8ÔÌ�6?ÎVÇ�� Ä ø)ÿ Ä8û G(A,B,E) Ä ø)ÿ Ô Æ)Ã×Ì�Ò ø Ã�Æ�ù D Í�Ä8Å ÿ û�Ä�þ Í¼É·ûF�ÈÄ8ûÂÇ�Ò8ú�Ç�ÒxÆ)ûÖÚrþùoÌ�þ)Ú.Ô Æ)Ã×Ì�Ò = � þ�þ�ÌrÃUÅÕÙ8üéÄ�ÏxÉÕþgÌrÅ ÿ Ú)û t ≡ s Ú�ÏrÌrû�Ì�Ò�ÒxÆ ø D Ú)Í�Ä8Å ÿ Ã×Ä(Ú�Ï (I) Ù�Ò[Ú (II)ùoÄ8Å�üéÙ8übÄ8ÅÕÄ�þ=üéÄ8Å �oÄ�Ò0�ÈÅ�û�Ä�þ D Ù�Ò G̃t≡s ≡ G (mod 2)

=
� É¥ÏrÌrû ÿ �·üiÆrÒ�� �§l�U � W_UF��Y � �]�VY���¥f{zm4l}¥]m4l��]`VhFh$�$� �4� U4W � �jUFW � UFW � UF�kU � �k f�k`j�V� |A| = |B|

xs U�7?Yk\²�VW {�d]e¿b
Gt≡s(At≡s, Bt≡s, E)

�j�}� � ` � bVh
At≡s = A ∪? {c}

� l+b
Bt≡s =

B ∪? {d}
U4�V�jU4Y]WX�Vl � �VUFe!eVU4W xéVCUF�V�VUFY

X ∪? {z}
�~�VW � `jh4¡je�UF�V�i�?bVW_acb~h$b;¥k�V�j 7�]`j�V�V 

|X ∪? {z}| = |At≡s| = |Bt≡s|
x§�§e!eV`V� � U4�?� � b�mFl�¥]mFl�`jec\_Y]Z]U0�7U4WX�]U � �2UFe

X ∪? {z}
��jUFW��

At≡s = {ax : x ∈ X} ∪? {c}
� l
Bt≡s = {bx : x ∈ X} ∪? {d}

  � l
c
\_WXWXU � �VU

d
� bV� � `jh4h$bVY?b~e

z
�ñ�]U4hVxr�§�V�

e = (ax, by) ∈ E
� WX�]U4h.Z]U87?Y]\X�VW|{�d]e�b

we = xy
l�hF¡ � xVzU4�V�jU4Y

h =
∏

e∈E

(wey
2) .

q�U4e2\_Y � l}�ke�b
t := y2h

s := y2hh� UF��aiU4eVU � x �§e!eV`V�
Gt≡s ≡ G (mod 2)

 ¤bVh$bVh
t ≡ s

b � UFW �}�4� UFWXU4e!Y]UFeça�UF� � UFWXU4WX�bVhF`jYk`jl}l}�V�]x



�
���
��¤ÃqíðÖ¢`o*qBÙ
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�Vä
�Se~�jY]Y��jU4�]� � � � �kU � �Vl � ��eVU4Zk� �4� � � b � UFY � \��k\XhF`VY!�2n � �Vl � UF�V��^ � W_Z?�VY�eVU4�}U4l}h � �]W!l}h4UFa	�W � W � U � {��]e�x
ÐÖ�NÇ­Ü§Í2Ò���Ú)ÇY� Ä ø)ÿ Ä8û

G :

a1 a2 a3

b1 b2 b3 b4

� ùoÄ8û®ü�É G ø Ã�Æ�ù×Ë®ÌxÏ°þ�Ìrû Ò8ü�ÃGÑ Æ)Å�ü�übÄ8ÃGÍ�Ä�þXÚ=þ�ý%�)Ä8ü�þ�Ä�Ï � þ�ÙbÔ�Ô®Ä8û(û�Ù�Ïxû�Ä�þRþrÉ��
h = x2

1y
2x1x2y

2x2y
2x2x1y

2x2
2y

2x2
2y

2x2x3y
2x2

3y
2x2

3y
2x4x2y

2x4x3y
2

t = y2x2
1y

2x1x2y
2x2y

2x2x1y
2x2

2y
2x2

2y
2x2x3y

2x2
3y

2x2
3y

2x4x2y
2x4x3y

2

s = y2x2
1y

2x1x2y
2x2y

2x2x1y
2x2

2y
2x2

2y
2x2x3y

2x2
3y

2x2
3y

2x4x2y
2x4x3y

2·

·x2
1y

2x1x2y
2x2y

2x2x1y
2x2

2y
2x2

2y
2x2x3y

2x2
3y

2x2
3y

2x4x2y
2x4x3y

2

©»Ù8Å���Æ)ÑÈÅHÚ t ÓiË®Ä�ÏRüiÚ)ÃGüéÌxÏrÊ ø Ã�Æ�ù3�

G̃t :

a1 a2 a3 a4 c

b1 b2 b3 b4 d

11

2 4 2 2

2 4 4

C ÚrÒ�Ìrû®ÅÕÊxÚ)ûRùoÄ8Å�Ã�ÚM��ÏrÌrÅ�Ë Ú)übÊ G̃t
Ù�Ò G̃t≡s

ÉÕÒ =
���$äkx � l��j�2x?WXUFa�ai�Ve!�@¡jW@bVh�bVWX�V�]�]\@eV�9�jU � eVU4hF\_eÖ�
ÐFªNÇ­Ø�ö2Ê@É�Ì9Ø�É!Ë!Õ[Í2Ö@×�Ç.� Ä ø)ÿ Ä8û G(A,B,E) ÌrÅ ÿ Ú)û Ô Æ)Ã×Ì�Ò ø Ã�Æ�ù D Í�Ä8Å ÿ û�Ä�þ(Í¼É·ûF�ÈÄ8ûùoÌ�þ�Ò�Ï�Æ)Í=Ú»Ô Æ)Ã�Ì�Ò = � þ�þ�ÌrÃ�Í�Ä ø Ú>�rË Ú)übÊ¼Ä ø)ÿ Ú�Ï (I) Ù�Ò (II) ùoÄ8Å�üéÙ8übÄ8ÅÕÄ�þ�Ä8ü'übÄ8Å �oÄ�Ò0�·ü � t ≡ sÚ�ÏrÌrû�Ì�Ò�ÒxÆ ø D Í�Ä8Å ÿ Ã×Ä t ≡ s É ø Ú�Ï M19

ùoÄ8ÅÕÄ8ü�ü�Ô®Ìrû®üéÌ�ÒxÚ)û Úrþ�þ�ÌrÃ D Ë Ú+Í¼É·ûF�ÈÄ8û ϕ :
G̃t≡s → H Ë®ÌrÍ�ÌrÍ�ÌrÃ·ÎÐÏxÍ¼ÑíÒ�Ô Æ)Ã×Ì�Ò =
��`jl � bVY � ¡jWtb ( �Ð
��

(H6)
mF`����­� � U4W|{�UFl�l � � �4� l}h4UF��U � Y � Y]eÄ�¢UFW²� � Y]\Ixç�§�]�]U4hV ¤a�\_�VUFWÿ�þ?ý

(H6)
���
� � U4W|{�U4lõb;�7x��7x � Uñ{�UFhFU � �¢UFW_\¢a�UF�${�UF�~�7h � l�l}h4UF��\XY �  2nX�V�.UFW � ��b�e~�9�jU � eVU4hF� ��]\Xh4`jY��7n � bVYk\i�



�
� lí�¿êÖ¡�ð� L¢éqÈ¯#Ç�qí¯Ö«� %$í¦0qíò �Vé
ÏäÂCÇ�6]ÒIÒ�8ÔÌ�6?ÎVÇ�È É·ûF�ÈÄ8û D Ä ø)ÿ H ′

6
Ë Ú)ü·Ò�Ïrý ø Ä8ü�üiÚ)Ã8üiÚ)Å�Í=Ú�ÏrÊ G Ä ø)ÿ Ò�ÏrÄ8Ã0� ø Ã�Æ�ù×Ë®ÌxÏ��ÈÄ�Î:û®É·ÓÆ)Å�Ë Ú)üéÊUÄ ø)ÿ ÌrÅ ÿ Ú)û G̃ Ô Æ)Ã×Ì�Ò ø Ã�Æ�ù D Í�Ä8Å ÿ û�Ä�þQÍ¼É·ûF�ÈÄ8ûRùoÌ�þ�Ò�Ï�Æ)Í=Ú°Ô Æ)Ã×Ì�Ò D Ù�Ò|Ô®Ìrû®übÌ�ÒxÚ)ûÚrþ�þ�ÌrÃÀÅÕÙ8üéÄ�ÏxÉÕþ ϕ : G → H6
Ã×Ä8ü�Ã�Úrþ�Ç8ÉiÊ D Ë Ú+ÅÕÙ8übÄ�ÏxÉÕþ ψ : G̃ → H6

û�Ä8Í�Ô Æ)Ã×Ì�ÒË®ÌrÍ�ÌrÍ�ÌrÃ�ÎÐÏxÍ¼Ñ�Ò =
� É¥ÏrÌrû ÿ �·üiÆrÒ�� VCUF�V�VUFY

G
bVh¤�VWXW_n � �Vl}�¢UFW_\V^?�V��`jl
�V��� � x��§e2e~`j�

G̃
�ñ` � ¥]�~�;efbV^!{�d]e� j�]`j�V�

G
a�\XYkZ]UFY'Y]UFa b

H ′
6

�]b � l�hF�j�j�k�jh � bV� � `jhF¡ � WXU � a�UF�VZ]d]^]WX�VhFd]Yke¢x��§e!eV`j�.^@U4�}l}h4U
G̃
a�\XY]Z]U4Y mFl�¥]mFl}b��~bVW_¡j�?bVY ^]�V�}`jl � `Ve2¥-W_UFl}h~x.��h � �VW_WX\ � {�d]e� @�k`j�V�

G̃
aiU4� � UFW_UFW
bVh�VWXW_n � �~l¤eV�9�VU � U4WXa � Y��jU4\XY]U4e�xq�U4�V�2�]e � U4W  
�k`j�V�

ϕ : G → H ′
6

��U � �}bVeVm4\X¡] �UFe!eV`V��d]�V�jbVY]UFh�b�WXU4e � ^¢UFh � l	a�UF��b~ZUF�V�
ϕ̃ : G̃ → H6

�]`Vai`ja�`j�e7?hFa�dkl � \XlFxëVCUF�V�VUFYÄUFe!eV`V�
ψ = ω ◦ ϕ̃

 ­bV�]`jW
ω
bVh\XhF`Vai`j�e7?hFa.d]l

H6
� l
H ′

6

eV�jh4� �}� x� ac�~l}\Xeð\_���VY��2�]`jh � U4�V�2�]e � U4W  ��]`j�~�
ψ : G̃ → H6

Y]UFa ^?�V��`jlc�]`Vai`ja�`j�e7?h±�a�d]lFx ��\��jU4Wtb-�]b � l�hF�j� � W_UF\ � e2\�� � �jU�ai\_Y]Z]UFY � WXU � a�UF�VZ]d]^]WX�Vh � d]Y]e� õn_�V�
ψ|H6

:
H ′

6 → H6

l}h4\XY ��� Y UF�~�ÄY]UFa ^?�~�}`jl��]`ja�`ja�`j^]��7]hFa�d]l � bVZN %b~ai\�\_hF`ja�`j��7]hFa�d]l\XlF C�k\Xl}h4UFY'bg�?b � l}hF�V���]�V�}a�UFW���YkUFa l�hF�]� {�UFe � n�� �]`ja�`ja�`j��7?h4a�d]l}bc^?�V��`jlFx.��e!e~`j�
ϕ = (ψ|H6

)−1 ◦ ψ G
UF�V�

H6
�ß��b��~bVWX¡	��U � ��bVe~mF\X¡¨{}� � Z]U�7?Yk\²�VW {}bkx� h�UFZ]Zk\X�j\_UFe!eVU4W � UF�?� � bVh � l}\_eVU4�}�]W � \X��bVh4`jWXYk\  2�]`j�V�Ö�

ÏzÆ?Ç
Ì$Í!Ì$É7Ò Ç ( �Ð
'�x

H6
��Ç�Ì9¨5©�ÓbübÄ8Å �oÄ�Ò =

��h4UFe!�¢�jW�^@U4Z]\X� ���j� � �jYðeV�9�jU � e~UFhF\_eÄb êkx �}�4� U4W  §a�\Xl�hFUF��\XY � ýzþ�ÿ����}þ��
(M19)

���
�� UFW {�UFl4x
)�<Z�.< ì B°ô|, D �CV�Ì¥�CVWP�AÉ/{I��C÷
��\XY � b~h[UFZkZ]\X�j\_UFe!�¢�jW�e2\_Z]UF���]W �  �b ýzþ�ÿ�����þ��ëYkUF� � hFl � � � YkUFe a�UF���~WXW²b~^]n � �Vl��V�k`jhY]\XY]m4l;U4�V�i{�¡jW§�¢U4�~�VW_W �  Nai\_Y]Z]\_�ga�o]eV�2Z]��a�¡7Z]l�hFU4�FxíÚ���Z]UFe~UFl;e � ��Z � l4 ­�]`j�~�-b �Ô� W��mFl}`V^@`j� � `je.eV�j� � �¢UFYi�~bVY2�ñU�UF�~���VW � bVWX�VY��}UFa � Y���b�Z]\_my�]` � ¡jai\Xb �]\_hF`jY��2n � �Vl��V�}bk j�~bV�V��Vb~Y7�ñU U4l � W�� W_UF���VWXbV�]�¿bðïf�ñU4�V�2l}hFU4�}o �Ô� W_mFl}`V^@`j� � `jeSUFl�U �}� �¢UFY ò � e � l}�j�]�k\XUFe!�¢UFYUF�V�ÄU4hFhFU4W�efbV^¢mFl�`jW²b � `jl	Y]U4��b � n_�ðU4�}UFZka � Y!� � l}h4UF�}U � Y � Y]eS�]\Xh4`jY��7n � bVYk\  �aiU4W_�ðl�hFU«��}\XY � b�^k�}`j�]W � aib Y]UF�]U4hFU4�]� bVh�UFZ]Zk\X�'a � ��a�UF�j`VWXZ?b � W²bVYLÁ�\r�¿^k�}`j�]W � aibVeV�V�}Y � Wi�l}U { �}� l��]Y]e� %�]`j�~�ðai\_Y]Z]U4Y+Á�\r�Ä^]�}`V�]W � ac�V�k`jhc�~bVYS`jW_�jbVYÄïf�ñU4�V�2l}h4UF�}o �Ô� W_mFl}`V^@`j� �  bVaiU4W_�2�}U�b	l�hF¡j^]��`j�]W � aib�U4e��7\��~bVWXU4Y]l�bVh�bVZ]` ��� Á�\0��^]�}`V�]W � ac�$�~bVW x
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���4���'xõ���j��bo%¤bVW  ´�;xõu�b$�jbVW  �b~Y]ZÝ��x%�kb!�kU4Y?bkx ��ÿ�ñ·��þ�\ \_li\_Yµò�x � û®ûÖÚ)Å�ÒNÌéùÈ Ú)ü·Ë®Ä8Í=Ú)ü�ÉiÇ�Ò  N�$äjï®! �)#8��éVêk�0óké~ìjåk k�VïjïVã]x
���¨��Tkx�ªõ�]e!\zbVY]Z¦£¤lFx@�7h$b~�@¡]x�£¤`jWX`V�}UFZ��]`Vai`ja�`j��^]�]\Xl�ail � `j�tZ]\X��UFm � ^]�}`2Z]d]m � l�` ��V��bV^]�klFx.ô ûoùoÌrÃGÍ=Ú)ü�ÉiÌrû¹©�Ã�Ì�Ç�Ä�Ò�Ò8É·û ø � Ä8ü�übÄ8Ã×Ò  �êk�!õ~ã-���¨éjü�ó¢�¨éVêk k�Vïjïj�7x
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