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REDUCTION OF ROTA’S BASIS CONJECTURE TO A PROBLEM
ON THREE BASES∗
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Abstract. It is shown that Rota’s basis conjecture follows from a similar conjecture that involves
just three bases instead of n bases.
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1. Introduction. In 1989, Rota formulated the following conjecture, which re-
mains open.

Conjecture 1 (Rota’s basis conjecture). Let M be a matroid of rank n on n2

elements that is a disjoint union of n bases B1, B2, . . . , Bn. Then there exists an n×n
grid G containing each element of M exactly once, such that for every i the elements
of Bi appear in the ith row of G and such that every column of G is a basis of M .

Partial results toward this conjecture may be found in [1, 2, 3, 4, 5, 6, 7, 8, 12,
14, 15]. Now consider the following conjecture.

Conjecture 2. Let M be a matroid of rank n on 3n elements that is a disjoint
union of 3 bases. Let I1, I2, . . . , In be disjoint independent sets of M , with 0 ≤ |Ii| ≤ 3
for all i. Then there exists an n × 3 grid G containing each element of M exactly
once, such that for every i the elements of Ii appear in the ith row of G and such that
every column of G is a basis of M .

The main purpose of the present note is to make the following observation.
Theorem 3. Conjecture 2 implies Conjecture 1.
Our proof is inspired by the proof of Theorem 4 in [10].
Proof. Since Conjecture 1 is known if n ≤ 2, we may assume that n ≥ 3. Let M be

given as in the hypothesis of Conjecture 1. Define a transversal to be a subset τ ⊆ M
that contains exactly one element from each Bi. Define a double partition of M
to be a pair (β, τ) where β = (β1, β2, . . . , βn) is a partition of M into n pairwise
disjoint bases βi and τ = (τ1, τ2, . . . , τn) is a partition of M into n pairwise disjoint
transversals. Given a double partition (β, τ), define

μ(β, τ) =
∑

i�=j

|βi ∩ τj |.

Observe that if μ(β, τ) = 0, then necessarily βi = τi for all i, and then Rota’s basis
conjecture follows—just let the (i, j)th entry of G be Bi ∩ τj .

So let (β, τ) be an arbitrary double partition with μ(β, τ) > 0. We show how
to construct a double partition (β′, τ ′) with μ(β′, τ ′) < μ(β, τ); the proof is then
complete, by infinite descent, since by hypothesis there exists at least one double
partition. Since μ(β, τ) > 0, there exist βi and τj with i �= j such that βi ∩ τj �= ∅.
Since n ≥ 3, there also exists k such that i, j, and k are all distinct. It will simplify
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notation to assume that i = 1, j = 2, and k = 3; no generality is lost, and it will be
convenient to be able to reuse the index variables i and j below. Let S = β1∪β2∪β3,
let T = τ1 ∪ τ2 ∪ τ3, and let M ′ = M |S (i.e., M restricted to the ground set S).

For each i, let Ii = Bi ∩ T ∩ S. Then Ii is an independent subset of the
matroid M ′, and |Ii| ≤ |Bi ∩ T | ≤ 3. The Ii are pairwise disjoint because the Bi are
pairwise disjoint. Therefore, we may apply Conjecture 2 to obtain an n × 3 grid G′

whose columns β′
1, β′

2, and β′
3 are disjoint bases of M ′ (and therefore are bases of M)

and whose ith row contains the elements of Ii.
To construct the desired double partition (β′, τ ′), let β′ = β except with β1, β2,

and β3 replaced with β′
1, β′

2, and β′
3, respectively. Similarly, let τ ′ = τ except with τ1,

τ2, and τ3 replaced with τ ′
1, τ ′

2, and τ ′
3, which are defined as follows. Let G′′ be any

n × 3 grid whose ith row contains the elements of Bi ∩ T in some order, and whose
(i, j)th entry agrees with that of G′ whenever that entry is in Ii. Clearly G′′ exists
(though it may not be unique). Let τ ′

j be the jth column of G′′ for j = 1, 2, 3.
It is easily verified that what we have done is to regroup the elements of M ′ into

three new bases and to regroup the elements of T into three new transversals in such
a way that the contribution to μ(β′, τ ′) from intersections of the new bases with the
new transversals is reduced to zero, and such that the total of the other contributions
to μ is unchanged. Thus the overall value of μ is reduced, as required.

Careful inspection of the above proof shows that it is easily adapted to prove
a stronger statement than Theorem 3. Let C(k) denote the statement obtained by
replacing “3” with “k” throughout Conjecture 2. Then the above argument, mutatis
mutandis, yields the following result.

Theorem 4. For any � ≥ k ≥ 2, C(k) implies C(�).
In particular, proving C(k) for any fixed k would prove Rota’s basis conjecture

(in fact, a stronger statement, namely, C(n)) for all n greater than or equal to that
fixed k.

It is therefore natural to ask why we have formulated Conjecture 2 as C(3) rather
than as C(2). The reason is that C(2) is false. The simplest counterexample is a well-
known stumbling block that is partly responsible for the fact that there is no known
general “matroid union intersection theorem,” i.e., a criterion for determining the
minimum number of common independent sets that a set with two matroid structures
on it can be partitioned into. Namely, take M(K4), the graphic matroid of the
complete graph on four vertices, and let the Ii be the three pairs of nonincident
edges of K4. Another counterexample arises from a matroid that Oxley [11] calls J .
Representing J by vectors in Euclidean 4-space, we can, for example, let

I1 = {(−2, 3, 0, 1), (0, 0, 1, 1)},
I2 = {(0, 2, 0, 1), (1, 0, 3, 1)},
I3 = {(1, 0, 0, 1), (0, 1, 2, 1)},
I4 = {(0, 1, 0, 1), (4, 0, 0, 1)}.

It may be possible to construct other examples from non–base-orderable matroids
such as those in [9].

Despite these counterexamples to C(2), we believe that Conjecture 2 is plausible.
Using a database of matroids with nine elements kindly supplied by Gordon Royle [13],
we have computationally verified Conjecture 2 for the case n = 3.

In an earlier version of this paper, the formulation of Conjecture 2 did not require
the Ii to be independent. A counterexample to that version of the conjecture was
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found by Colin McDiarmid. Take the complete graph on the vertex set {1, 2, 3, 4},
and create an extra copy of the three edges incident to vertex 4. Call the edges
12, 13, 14, 23, 24, 34, 14′, 24′, 34′, and let I1 = {14, 14′, 23}, I2 = {24, 24′, 13}, and
I3 = {34, 34′, 12}. More generally, as pointed out by an anonymous referee, if k is
odd, then a wheel with k − 1 copies of each of its k spokes yields a counterexample
to C(k) if the Ii are not required to be independent.

In closing, we speculate that Conjecture 2 might be provable using the following
strategy. First, develop a modified version of C(2) that says that the conclusion
holds provided certain “obstructions” (such as M(K4) and J) are absent. Then
use Rado’s theorem (12.2.2 of [11]), or a suitable strengthening of it, to construct
a first column of G in such a way that the remaining 2n elements are obstruction-
free. Applying the modified version of C(2) would then yield the desired result.
The analysis of obstructions should hopefully be tractable since there are only three
columns to consider.

Acknowledgments. I wish to thank Jonathan Farley, Patrick Brosnan, and
James Oxley for useful discussions, and a referee for correcting an error in my coun-
terexample based on J .

REFERENCES

[1] R. Aharoni and E. Berger, The intersection of a matroid and a simplicial complex, Trans.
Amer. Math. Soc., 358 (2006), pp. 4895–4917.

[2] W. Chan, An exchange property of matroid, Discrete Math., 146 (1995), pp. 299–302.
[3] T. Chow, On the Dinitz conjecture and related conjectures, Discrete Math., 145 (1995), pp.

73–82.
[4] A. A. Drisko, On the number of even and odd Latin squares of order p + 1, Adv. Math., 128

(1997), pp. 20–35.
[5] A. A. Drisko, Proof of the Alon–Tarsi conjecture for n = 2rp, Electron. J. Combin., 5 (1998),

R28.
[6] J. Geelen and P. J. Humphries, Rota’s basis conjecture for paving matroids, SIAM J. Discrete

Math., 20 (2006), pp. 1042–1045.
[7] J. Geelen and K. Webb, On Rota’s basis conjecture, SIAM J. Discrete Math., 21 (2007), pp.

802–804.
[8] R. Huang and G.-C. Rota, On the relations of various conjectures on Latin squares and

straightening coefficients, Discrete Math., 128 (1994), pp. 225–236.
[9] A. W. Ingleton, Non-base-orderable matroids, in Proceedings of the 5th British Combinatorial

Conference, Aberdeen, Scotland, 1975, pp. 355–359.
[10] J. Keijsper,An algorithm for packing connectors, J. Combin. Theory Ser. B, 74 (1998), pp.

397–404.
[11] J. G. Oxley, Matroid Theory, Oxford University Press, Oxford, UK, 1992.
[12] V. Ponomarenko, Reduction of jump systems, Houston J. Math., 30 (2004), pp. 27–33.
[13] D. Mayhew and G. F. Royle, Matroids with nine elements, J. Combin. Theory Ser. B, 98

(2008), pp. 415–431.
[14] M. Wild, On Rota’s problem about n bases in a rank n matroid, Adv. Math., 108 (1994), pp.

336–345.
[15] P. Zappa, The Cayley determinant of the determinant tensor and the Alon–Tarsi conjecture,

Adv. in Appl. Math., 19 (1997), pp. 31–44.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


