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1. Introduction

There exists a unique partition of the positive integers into two disjoint
sets A and B such that no two distinct integers from the same set sum to a
Fibonacci number (see [1], [2], and [3]). For the purposes of this paper, we

shall refer to this partition as the "Fibonacci-free partition." The first few
numbers in the sets A and Bare:

A = {l, 3, 6, 8, 9, 11, ...},

B = {2, 4, 5, 7, 10, 12, ...}.

In this paper, we shall prove that the sets A and B can be written in the
form

A = {[n<jJJ} - ([m<jJ]Ifp(m<jJ) > <jJ/2},

B = {[n<jJ2]}u {[m<jJ]Ifp(m<jJ)> <jJ/2},

where m is a positive integer, <jJ= (1 + 15)/2, n ranges over all the positive
integers, and fp (x) denotes the fractional part of x. (We depart from the
standard notation where (x) denotes the fractional part of x to avoid confusion
in complicated expressions. See Lemma 4.4 below, for instance.) We shall also

prove the following conjecture of Chris Long [4]: the set A satisfies the

equality A = {[n<jJ]}- A', where A' = {[s<jJ3]Is E A}.
We remark that in [3] it is shown that the Fibonacci-free partition cannot

be expressed in the form A = {[na]}, B = {[nb]} for any a and b, but that the
above result shows that such a representation is "almost" possible.

A note on notation: in this paper, unless otherwise specified, Fn denotes

the nth Fibonacci number, [xl denotes the least integer ~ x, and dist(x) is the
distance of x from the nearest integer, i.e.,

dist(x) = min{x- [x], fxl - x}.

2. An Important Lemma

Definition: A positive integer a is said to have the distance property if

dist(a<jJ) > dist(<jJF)

for all Fibonacci numbers F > a.

Lemma 2.1: All positive integers have the distance property.

This crucial lemma is the key to the proof of Theorem 3.4 below. It will
be used in the proofs of all three lemmas in the next section.

Proof: We proceed by induction. Note first of all that 1 has the distance pro-

perty. So now suppose that there exists Fn ~ 2 such that all integers ~ Fn
have the distance property. We have to show that all integers ~ Fn+l also have
the distance property. It is well known that Fibonacci numbers have the

distance property. So we need only check that if k is any integer such that

Fn < k < Fn+l, then dist(k<jJ) > dist(<jJFn+l)'
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