
18.086, Spring 2016
Introduction



Syllabus, Psets etc.

• Course website: http://math.mit.edu/~stoopn/
18.086/ 

• 3 PSets (50% grade) 

• Computational project & presentation (50% grade) 

• Office hours: TBA

http://math.mit.edu/~stoopn/18.086/


Schedule
• Check updated detailed schedule on the course website 

• Rough schedule:

February Finite differences, stability/accuracy, conservation laws

March Conservation laws, finite volume, levelset methods

April Solving large linear (and maybe nonlinear) systems, 
Newton-Krylov methods etc., Optimization

May Optimization/minimzation problems, N-body problems, 
project presentations



Course book



Prerequisites
• Calculus: Gradients/Divergence, Volume/Area/Line 

integrals, Stokes/Gauss-Theorem 

• Linear Algebra: Matrices/Vectors, Eigenvalues and 
-vectors 

• Basic differential equations (ODE/PDE) (18.08) 

• Programming: C/C++, Matlab, Mathematica, 
Python… 



Turbulent mixing

https://www.youtube.com/watch?v=OM0l2YPVMf8



Rayleigh-Bernard convection

https://www.youtube.com/watch?v=X5h6hbCxjz8



Flow in porous media
simulation 2Dsimulation 3Dexperiment
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FIG. 1: Macroscopic and microscopic wrinkling morphologies of sti↵ thin films on spherically curved soft

substrates. a-c, Theoretical predictions based on numerical steady-state solutions of Eq. (1). Color red (blue) signals inward
(outward) wrinkles. Simulation parameters: (a) �0 = �0.029, a = 0.00162, c = 0.0025, (b) �0 = �0.04, a = �1.26 · 10�6,
c = 0.002, (c) �0 = �0.02, a = 1.49 · 10�4, c = 0.0025 (see Table I). d-f, Experimentally observed patterns confirm the
transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h (see
Fig. 2) is increased. Scale bars: 10mm. Parameters: Ef = 2100 kPa, R = 20mm, ⌫ = 0.5 and (d) Es = 230 kPa, h = 0.630mm;
(e) Es = 29 kPa, h = 0.14mm; (f) Es = 63 kPa, h = 0.10mm. g-i, Oxide layers on microscopic PDMS hemispheres exhibit
a similar transition from hexagonal to labyrinth patterns when the excess film stress is increased via changes in the ambient
ethanol concentration (indicated in %). Scale bars 250µm. Micrographs courtesy of D. Breid and A. Crosby [27].

Theory of thin-film deformation on soft substrates

Our derivation starts from the covariant Koiter shell
equations [31], obtained from three-dimensional elasticity
theory through an expansion in the film thickness h ! 0.
Koiter’s model expresses the elastic energy of a freestand-
ing curved shell in terms of deformations of its central
surface (Supplementary Information). Although the Koi-
ter equations have been successfully used in computa-
tional wrinkling studies [25, 26], their nonlinear tenso-
rial structure o↵ers limited insight beyond linear stabil-
ity analysis. We found, however, that substantial analyt-
ical simplifications are possible when a sti↵ film (Young
modulus Ef ) is adhered to a soft substrate with Young
modulus Es ⌧ Ef .

As relevant to our experiments, which are described
in detail below, we consider a spherical geometry with
radius R/h � 1 and assume that film and substrate
have the same Poisson ratio ⌫. Generalizations to non-
spherical surfaces are obtained by replacing the met-
ric tensor appropriately. Continuity across the film-
substrate interface favors deformations that are domi-
nated by the radial displacement u (Fig. 2; from now

all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the
strain energy, which contains the original Koiter shell
energy density as well as additional substrate coupling
and overstress contributions, in terms of the covariant
surface derivative ru and powers of u (Supplementary
Information). Functional variation of the elastic energy
with respect to u then yields a nonlinear partial di↵er-
ential equation for the wrinkled equilibrium state of the
film. Assuming overdamped relaxation dynamics, one
thus obtains the following GSH equation (Supplementary
Information)

@tu = �04u� �242u� au� bu2 � cu3 +

(�1 + �2u) ·
⇥
(ru)2 + 2u4u

⇤
(1)

Here, 4 denotes the Laplace-Beltrami operator, involv-
ing the surface metric tensor of the sphere and Christof-
fel symbols of the second kind, and 42 is the surface
biharmonic operator [33]. The (�0, �2)-terms describe
stress and bending, the (a, b, c)-terms comprise local film-
substrate interactions and stretching contributions, and
the (�1,�2)-terms account for higher-order stretching
forces. For �1 = �2 = 0, Eq. (1) reduces to the stan-
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FIG. 2: Notation and experimental system. a,
Schematic of a curved thin film adhering to a soft spheri-
cal substrate of outer radius R. b, The film (thickness h) is
driven towards a wrinkling instability by the compressive film
stress �, leading to wrinkling pattern with wavelength � and
radial displacement u. c, The experimental system consists
of two merged hemispherical caps. An air channel allows to
tune the film stress � via the pressure di↵erence �p = pe�pi.

dard Swift-Hohenberg equation, as originally derived in
the context of Rayleigh-Bénard convection [10, 34]. The
additional (�1,�2)-terms will prove crucial below when
matching theory and experiments.

The detailed derivation (Supplementary Information),
combined with systematic asymptotic analysis of the pla-
nar limit R/h ! 1, allows us to express the coe�-
cients in Eq. (1) in terms of the standard material pa-
rameters: Poisson ratio of the film ⌫, e↵ective curva-
ture  = h/R, Young ratio ⌘ = 3Es/Ef , and excess
stress ⌃e = (�/�c) � 1 (Table I). The theory contains
only a single fitting parameter, c1, related to the cubic
stretching force term cu3. Equation (1) predicts that
the unbuckled solution u = 0 is stable for negative ex-
cess stresses ⌃e < 0, whereas wrinkling occurs for ⌃e � 0.
Linear stability analysis at ⌃e = 0 and  = 0 reproduces
the classical [35] pattern wavelength relation for planar
wrinkling �/h = 2⇡⌘�1/3 (Supplementary Information).

Numerical simulation of Eq. (1) is nontrivial due to the
metric dependence of the biharmonic operator 42 [33].
To compute the stationary wrinkling patterns (Fig. 1a-c)
predicted by Eq. (1), we implemented a C1-continuous
finite-element algorithms specifically designed for covari-
ant fourth-order problems (Methods). A main benefit of
Eq. (1), however, is that it enables analytical prediction
of the various pattern formation regimes.

Pattern selection

Pattern selection in the wrinkling regime ⌃e � 0 is a
nonlinear process and, therefore, cannot be inferred from
linear stability analysis. Numerical parameter scans of
Eq. (1) yield a variety of qualitatively di↵erent station-
ary states that can be classified as representatives of a
hexagonal phase (Fig. 1a), labyrinth phase (Fig. 1c), or
intermediate coexistence phase (Fig. 1b). Qualitatively,
the transition from hexagons to labyrinths can be under-
stood through a symmetry argument: The (b,�1)-terms
in Eq. (1) break the radial reflection invariance of its so-
lutions under the transformation u ! �u. Since b and
�1 are controlled by  = h/R (Table I), we expect a
curvature-induced SB transition at some critical value
of . Furthermore, recalling that the inclusion of similar
SB terms causes a transition from labyrinths to hexago-
nal patterns in the classical SH model [34], it is plausible
to expect a hexagonal phase at large curvatures  and
labyrinths at smaller values of  in our system.
To obtain a quantitative prediction for the phase

boundaries, we approximate Eq. (1) through a
standard SH equation and make use of estab-
lished results from nonlinear stability analysis [36].
Assuming plane-wave solutions with amplitude A
and wavevector k, the �1-term exerts an aver-
age force �1h(ru)2 + 2u4ui� = ��1A2k2/2 per wave-
length �. One may therefore approximate the �1-term
by an e↵ective quadratic force ��1k2u2, and similarly
the �2-term by an e↵ective cubic force �2k2u3/2 (Supple-
mentary Information). Inserting for k the most unstable
mode, k⇤ =

p
|�0|/(2�2), Eq. (1) can be approximated

by the standard SH equation

@t� = �24��42��A��B�2 � �3 (2)

�0 =
2

3
� 1

6

p
⌘4/3 + 24(1 + ⌫)2 + 164
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+
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2 +
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ã2 = �⌘4/3(c+ 3|�0|�2)
48�2

0

TABLE I: List of parameters for Eq. (1) in units h = 1, with
⌘ = 3Es/Ef , �2 = 1/12, ⌃e = (�/�c)� 1 and  = h/R. The
only remaining fitting parameter of the model is c1.

D. Terwange et. al., Adv. Mat. 2014
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FIG. 1: Macroscopic and microscopic wrinkling morphologies of sti↵ thin films on spherically curved soft

substrates. a-c, Theoretical predictions based on numerical steady-state solutions of Eq. (1). Color red (blue) signals inward
(outward) wrinkles. Simulation parameters: (a) �0 = �0.029, a = 0.00162, c = 0.0025, (b) �0 = �0.04, a = �1.26 · 10�6,
c = 0.002, (c) �0 = �0.02, a = 1.49 · 10�4, c = 0.0025 (see Table I). d-f, Experimentally observed patterns confirm the
transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h (see
Fig. 2) is increased. Scale bars: 10mm. Parameters: Ef = 2100 kPa, R = 20mm, ⌫ = 0.5 and (d) Es = 230 kPa, h = 0.630mm;
(e) Es = 29 kPa, h = 0.14mm; (f) Es = 63 kPa, h = 0.10mm. g-i, Oxide layers on microscopic PDMS hemispheres exhibit
a similar transition from hexagonal to labyrinth patterns when the excess film stress is increased via changes in the ambient
ethanol concentration (indicated in %). Scale bars 250µm. Micrographs courtesy of D. Breid and A. Crosby [27].

Theory of thin-film deformation on soft substrates

Our derivation starts from the covariant Koiter shell
equations [31], obtained from three-dimensional elasticity
theory through an expansion in the film thickness h ! 0.
Koiter’s model expresses the elastic energy of a freestand-
ing curved shell in terms of deformations of its central
surface (Supplementary Information). Although the Koi-
ter equations have been successfully used in computa-
tional wrinkling studies [25, 26], their nonlinear tenso-
rial structure o↵ers limited insight beyond linear stabil-
ity analysis. We found, however, that substantial analyt-
ical simplifications are possible when a sti↵ film (Young
modulus Ef ) is adhered to a soft substrate with Young
modulus Es ⌧ Ef .

As relevant to our experiments, which are described
in detail below, we consider a spherical geometry with
radius R/h � 1 and assume that film and substrate
have the same Poisson ratio ⌫. Generalizations to non-
spherical surfaces are obtained by replacing the met-
ric tensor appropriately. Continuity across the film-
substrate interface favors deformations that are domi-
nated by the radial displacement u (Fig. 2; from now
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lateral displacements, one can systematically expand the
strain energy, which contains the original Koiter shell
energy density as well as additional substrate coupling
and overstress contributions, in terms of the covariant
surface derivative ru and powers of u (Supplementary
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Here, 4 denotes the Laplace-Beltrami operator, involv-
ing the surface metric tensor of the sphere and Christof-
fel symbols of the second kind, and 42 is the surface
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substrate interactions and stretching contributions, and
the (�1,�2)-terms account for higher-order stretching
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3D flagellar beat reconstruction of 
human sperm cells: optimization!
• 2D microscopy:LE
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Fig. 1. (a) Optical layout; an LED is placed behind the condenser aperture, which is closed
as far as possible to approximate a point source. (b) The scattering geometry. (c) Calculated
RG hologram with pixel values rescaled to the range 0-255. The scale bar indicates 10µm.

We first consider a small spherical particle, with radius a, in a typical DHM setup (Fig. 1(b)).
A plane wave with amplitude E0 is incident on a particle located at the origin. The scattered
field Es interferes with the unscattered light E0, resulting in a total intensity at a point r [29]:

I(r) = |E0(r)|2+ℜ [E∗
0(r) ·Es(r)]+ |Es(r)|2. (2)

For a weak scatterer, the scattered intensity |Es(r)|2 is small, and so can be ignored. Dividing
through by the unscattered intensity we obtain the ‘normalized hologram’ b(r):

b(r)≈ 1+ℜ
!
E∗
0(r) ·Es(r)
|E0(r)|2

"
. (3)

Each dipole element in the scatterer gives a separate contribution to the scattered field; these
contributions may be integrated over the volume of the scatterer to give the total scattered
field [19]. The incident, unpolarized field may be represented as the superposition of two or-
thogonally polarized beams. This leads to a scattering pattern which is azimuthally symmetric
about the z-axis,

b(r)≈ 1+ℜ
!
k2 exp (ikr)

2πr (m−1)V f (θ)(1+ cosθ)
"
, (4)

where V is the volume of the scatterer, and f (θ) is the form factor for a sphere [20],

f (θ) = 3(qa)−3 (sin qa−qa cos qa) ,

where q= 2k sin θ
2 .

(5)

Throughout, we assume that the scatterer is far enough from the scattering plane that geometric
rotation of polarization is small [29]. We use Eq. (4) to calculate the RG hologram of a spherical
particle as shown in Fig. 1(c). The hologram was calculated on a plane located 40µm from the
scatterer (i.e. the scatterer was located at zp =−40µm in our coordinate system, as we consider
the center of the hologram plane to be the origin), and measures 512 pixels in each dimension.

#170766 - $15.00 USD Received 18 Jun 2012; revised 28 Jun 2012; accepted 28 Jun 2012; published 9 Jul 2012
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The other relevant parameters were λ = 0.505µm, a = 0.1µm, the particle and surrounding
medium refractive indices np = 1.55 and nm = 1.33 respectively, and the sampling frequency
in the x,y plane, 10 pixels/µm. Based on this simulated data, we reconstruct the light field
associated with the particle using the Rayleigh-Sommerfeld scheme. This method has been
described in detail elsewhere [11, 12], but briefly, we recover the electric field at a height −z′
with the use of the Rayleigh-Sommerfeld propagator

h(x′,y′,z′) =
1
2π

∂
∂ z′

exp(ikr′)
r′

(6)

where r′ = (x′2+ y′2+ z′2)1/2. Note the use of primed coordinates to indicate a position in the
reconstructed (as opposed to physical) volume. We can reconstruct the field (and from there,
the image) at any height above the hologram plane by the convolution

Es(x′,y′,z′) = Es(x,y,0)⊗h(x′,y′,z′). (7)

To demonstrate this, a stack of 512 images were numerically reconstructed, at a spacing along
the optical axis of ∆z′ =−0.156µm, where the sign of this increment indicates a reconstruction
upstream (from hologram to scatterer).
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Fig. 2. Analysis of simulated data for a single weakly scattering sphere (see text for details)
— Scale bars represent 2µm. (a) Intensity as a function of x and z in a plane through the
center of the scatterer. Note the transition from bright to dark upon passing through the
center of the particle in the vertical direction. (b) g(x′,z′) > 0 taken from the previous
image. (c) Intensity profiles sampled through the center of the first panel, in the horizontal
direction (black) and vertical direction (red). (d) Intensity profiles sampled through the
center of the second panel (the gradient image g(x′,z′)). Note that the axial profiles in this
panel and the previous one have been shifted by 40 µm to place the scatterer at the origin.
Here and elsewhere, we use primed coordinates to indicate a position in the reconstructed
volume.

The central region of the plane y′ = 0 (i.e. through the center of the scatterer) is shown in Fig.
2(a). Note the small bright region below the midpoint and the small dark region just above the
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Propagation of scattered 
field:

Where to put scatterers to 
best “fit” observed scattering 
pattern? => optimization 
problem!
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Fig. S2: (A) Schematic of coarse-grained double-ellipsoid approximation of 3D beat geometry. (B,C) Direct analysis of the
projected 2D beat patterns in terms of tangent angle ↵(s⇤) results in spurious beat modes (highlighted in grey), reflected by
a second peak in the power spectrum. These spurious modes disappear when the 3D profile is analyzed in terms of the angle
�(s⇤) between two inertial ellipsoids (bottom), leaving a single dominant frequency.

for each frame. A cubic spline is fit through P
i

to obtain
the smooth flagellar curve �(s). For later analysis, the
3D flagella coordinates are transformed into the comov-
ing frame (x̃, ỹ, z̃), which is centered in the sperm head
such that the x-axis is aligned with the average swimming
direction.

2D vs. 3D flagellar dynamics

We first evaluate whether the beat pattern is planar
and constrained to the focal plane, as observed and stud-
ied in previous high viscosity experiments [6–9]. To this
end, we compare dynamics of the 2D projected tan-
gent angle ↵(s⇤) at arclength s⇤ ⇠ 15µm, corresponding
to about half of the 3D-reconstructed flagellum length
(Fig. S1A) [6], with the 3D angle � between the ma-
jor axes of two inertia ellipsoids, of which the first is
constructed for s 2 [0, s⇤], and the second from the
remaining flagellum, s > s⇤ (Fig. S2A). Note that by
construction, ↵(s⇤) attains positive and negative values,
whereas �(s⇤) is always positive. For the same periodic
signal, �(s⇤) will thus oscillate at twice the frequency
of ↵(s⇤). As expected, both ↵(s⇤) and �(s⇤) are periodic
(Fig. S2B). However, the ↵-time series exhibits a spuri-
ous mode (highlighted gray in Fig. S2B) that disappears
in the power spectrum of the 3D �-signal (Fig. S2C).
This qualitative di↵erence demonstrates that 3D beat re-
construction is essential for understanding human sperm
locomotion.

ROLLING BEAT ANALYSIS

Sperm cells in our experiments almost always roll
around their longitudinal axis during swimming. The
rolling is readily observed by the visible rotation of the
sperm head (the direction of rolling however cannot be in-
ferred from the head rotation). Although rolling is char-
acterized by 3D beat dynamics, we find that most of the
times, the flagellar beat remains nearly planar, with a
plane of changing rotation as explained in the Main Text.
The 3D flagellum dynamics for 8 representative samples
of left- and right-turning sperm cells is shown in Fig. S4
(head-on view from the front).
Woolley [10] reports characteristic flagelloid curves for

mouse sperm in the rolling beat mode. These curves were
found for head-fixated sperm pointing towards and be-
ing oriented perpendicular towards the coverslip. By fo-
cussing at a focal plane ⇠ 15µm behind the sperm head,
Woolley could directly observe the out-of-plane motion
of a single point along the flagellum (Fig. S3A). Tracking
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Fig. S3: (A) Flagelloid curve for mouse sperm, reproduced
from [10]. (B) Flagelloid curves for human sperm, obtained
by observing the sperm head-on and tracking the motion of a
single point located at s = 15µm.


