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1 Introduction

Numerical quadrature is another name for numerical integration, which refershi t
approximation of an integrgl f(z)dxz of some functiory (z) by a discrete summation
> w; f(x;) over pointsx; with some weightsv;. There are many methods of numer-
ical quadrature corresponding to different choices of fmif and weightsw;, from
Euler integration to sophisticated methods such as Gaugsiadrature, with varying
degrees of accuracy for various types of functigiis). In this note, we examine the
accuracy of one of the simplest methods: the trapezoidalwith uniformly spaced
points. In particular, we discuss how the convergence fatéomethod is determined
by the smoothness properties fifr)—and, in practice, usually by the smoothness at
the endpoints. (This behavior is the basis of a more sophtstil method, Clenshaw-
Curtis quadrature, which is essentially trapezoidal irddgn plus a coordinate trans-
formation to remove the endpoint problem.)

For simplicity, without loss of generality, we can take théegral to be forz €

[0, 27], i.e. the integral
2w
I= [ fa)dr,
0

which is approximated in the trapezoidal ruley the summation:
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whereAz = 5.

We now want to analyze how fast the erbry = |I — I| decreases withV.
Many books estimate the error as beidgAz?) = O(N ~2), assumingf (z) is twice
differentiable on(0, 27)—this estimate is correct, but only as an upper bound. For
many interesting functions, the error can decrease muclchrfaster than that, as
discussed below.

1Technically, this is the “composite” trapezoidal rule, whehe “trapezoidal rule” by itself refers to the
approximationf(x) + f(z + Az)]Ax /2 for a singleAz interval.



2 A Simple, Pessimistic Upper Bound

A simple, but perhaps too pessimistic, upper bound is agvisll The trapezoidal rule
corresponds to approximatirfdz) by a straight line on each intervAle, which means
that the error is the integral of a quadratic remainder (teelst order). The integral of
a quadratic over dx is O(Az?): this is thelocal truncation error over each interval.
There areV — 1 = O(Az~1) intervals, so the total error 8(NAz?) = O(Az?) =
O(N~2). (The same bound can be derived in a number of ways, more lgrma
integration by parts.) However, it is important to emphadizat this is only an upper
bound: we didn’t take into account the possibility of catet@ns in the errors between
different intervals.

3 Quadratureerror viaFourier analysis

One way to analyze the error more thoroughly is to consideFthurier-series expan-
sion of the functionf(z).
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Obviously,I = ¢y. But now/y is easy to evaluate.
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We have assumed thatz) has a convergent Fourier series at the points= 27n/N,
which is true iffo27T |f(z)Pdx < oo for somep > 1 and if the periodic extension of
f(z) is continuous at those points,. At the endpoints: = 0 andz = 2, the Fourier
series will converge tdf(0) + f(27)]/2 (i.e. we generally have an effective jump
discontinuity at the endpoints), but this exactly matches the endpoints are handled
in the trapezoidal rule, which is why we were able to replaiterm with the Fourier
series atr = 0 in the above expression. The final summation simplifies enashy
becausé e?mmn/N s zero unlessn is an integer multiple ofV, in which case the
sum isN. Therefore
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and the error in the trapezoidal rule is

Eny=|I-1Iy|= ZCkN =
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which transforms the question of error analysis into a qoestf the convergence rate
of the Fourier series expansionfffz). But the convergence rate of the Fourier series is
determined by the smoothness of the functfén)...or rather, of its periodic extension,
so we have to include the periodicity 6ifz) and its derivatives at the endpoints of the
integration interval.

For example, suppose that the periodic extensiofi(a is ¢ times differentiable
and f(“)(z) is piecewise continuous with some jump discontinuitiesthia case, it is
straighforward to show via integration by parts thatgoes asymptotically als/m*+!.

In this case Ey is O(#), since we can just (asymptotically, for largd pull out

the 1/N**1 factor from each term in the sum (which then becomes someecgent
series independent &f). However, it turns out that even this is an overestimatkef t
discontinuity occurs precisely at tleadpoints f(©)(0) # £ (27). In this case, as we
shall see below, whehis even we get an additional cancellation and the convergence
is O(1/N**+?%); when/ is odd the convergence is still(1/N‘*1).

.As another example, suppose that the periodic extensigi{2of is an analytic
function (infinitely differentiable) with poles a nonzer@tance from the real axis—
in this case, the Fourier series converges exponentiaty émd hencé’y decreases
exponentiallywith N. In general, it follows from above that any infinitely diféartiable
periodic f(x) will have error that vanishes faster than any polynomial jiv, but
exactly how much faster will depend upon the naturé @f) and its singularities.

How does this error analysis compare with 6N —2) estimate from earlier? If
f(z) is an arbitrary differentiable function q, 27), then we must in general assume
f(0) # f(2m), and so the periodic extension ffz) is discontinuous. Hence we can
apply our analysis from above, conclude that 0, and hence the error@@(N 1) ...or
rather,O(N~2), as long as we apply the correction alluded to above, thatiways
round up the exponerit+ 1 to the nexteven integer when the discontinuity occurs at
the endpoints of the integration interval.

3.1 Convergenceratefrom the Fourier series

To obtain the convergence rate of the quadrature error, wé ttefind the asymptotic
convergence rate of the Fourier series coefficieptsThis is a rather standard analysis,
but we repeate it here both as a review and because somatlgngsting occurs when
the first discontinuity occurs at the endpoints, as we atiudexbove.

The most common case is whefigr) [or rather, its periodic extension] has its first
discontinuities in it-th derivative, and countably many jump discontinuitiegén-
eral. Thatis, the periodic extension ) (x) exists but is only piecewise continuous,
with countably many jump discontinuities [most often a magah in the endpoints
FO(0) # £©(2m)], while all lower derivatives are continuous and periodia.this
case, we simply integrate by pafts- 1 times, until we obtain delta functions from the
jump discontinuities. Let

FE (2) = Z%ﬁ(x —z5) +g(z)

for some bounded piecewise-continuous functjon) and delta functions correspond-
ing to jump discontinuities at; in the periodic extension of¥ (). Then, integrating



by parts in the Fourier integral fer,, (for m # 0), we obtain:
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where all of the boundary terms from integration by pdrisnes are zero because of
the assumed periodicity of the derivativest. If f()(0) # £ (2r), then there will
be a boundary term from th@ + 1)-st integration by parts, but this is included above
from thea; term atz; = 0.

We have also integrated by parts one last time orythé¢ term; theg’ () integrand
may include delta functions singéx) is only piecewise continuous, but the important
point is that the{- - - } integral has a bounded magnitude. In particular, we carewrit
g'(z) =3, bj0(x—y;)+h(z) for some bounded piecewise continuous functien),
and then
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Therefore, when we look at the asymptotic behavianagrows large, we immediately
find
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We thus obtain an upper bound for the quadrature dfrpr= O(1/N‘*+1), as given in
the previous section.

However, as mentioned in the previous section, this boutwbipessimistic in one
especially common case: suppose all of the discontinitiest least, the lowest-order
discontinuities) are at the endpoints, i.e. the onjye [0, 27) is 2o = 0. In that case,
we can exploit the fact that we anet interested ir,,, alone, but rather our error is a
summation of terms of the form),, + ¢_,,,. We therefore obtain, in this special case of
endpoint discontinuities:
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That is, in this special case thgm‘*! terms exactly cancel whehis even, and we
increase the order of convergence by one!

An equivalent result states that, fi{x) is infinitely differentiable on the interval
(0,27), then the erroE'y can be expanded as an explicit power serie&inin which
only even powers ofAx are present. A proof (not using Fourier series) is givenan, f
exampleAn Introduction to Numerical Analysis by Suli and Mayerg. However, | find
the Fourier series approach much nicer—the convergendgsimaf the Fourier series
is very standard, straightforward (at least if you avoidreradly pathological functions),
and well known, including many more situations than the dreve discussed above.
(The analysis of Suli and Mayers involves a relatively unfemset of polynomial
basis functions.)

4 Clenshaw-Curtis quadrature

Even if f(x) is a nice, smooth function inside the integration interitak often not
periodic at its endpoints, which is what commonly reducesdtror of the trapezoidal
rule to the pessimisti© (/N ~2) bound. However, this can be fixed by performing a
change of variables, which is the basic idea behind Clengbastis quadrature.

For simplicity let us assume we are integrating foe [—1, 1] rather thar{0, 27].
In this case, we make the substitutior= cos #, and obtain the integral:

I= /_11 fz)dz = /Oﬂf(cosé‘) sin 6d6.

Now, f(cos®) is by construction nice and periodic, so we would like to eglt¢his
integral to|—, 7] and use trapezoidal integration as above. However, thiites! by
thesin # term, which would make the integral ¢an, 7] zero, so we use one additional
trick: we replacef (cos 6) by its cosine series, integrate each cosine term agairest sin
analytically, and obtain the coefficients in the cosineeselly trapezoidal quadrature.
That is:

_ W,
f(cost) = 5 +7nzla,m cos(mb),

s

A, = — /7T f(cos 8) cos(mb)df = 1 f(cos @) cos(mb)db,
0 ™
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Here, the integral to obtaim,, is over[—m, 7| of a periodic functionf (cos #) cos(m#)
whose smoothness is determined by thaf(@f) onz € (-1, 1), regardless of whether
f(z) itself is periodic. Therefore, if'(z) is sufficiently smooth, the coefficients,,
converge quite rapidly to zero as discussed above (evemengially fast if f(z) is
analytic), and can be computed by trapezoidal-rule integravith error that converges

2See also the online course notes by Patch Kesslehtdtp: / / www. me. ber kel ey. edu/
~wat chwr k/ mat h128a/ ext r ap. pdf.



to zero at the same rate. Moreover, it turns out that the s@del-rule integration with
2N — 1 points is equivalent to a type-I discrete cosine transfama, can be evaluated
very rapidly form = 0,..., N simultaneously via fast Fourier transform methods.
[Clenshaw-Curtis quadrature can also be viewed as expan$i(z) in Chebyshev
polynomialsT;, (z), since by definitiort},, (z) = cos(m cos™! x).]



