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ABSTRACT

We present analytical results that shed new light on the properties of photonic-crystal fibers (optical fibers with
periodic structures in their cladding). First, we discuss a general theorem, applicable to any periodic cladding
structure, that gives rigorous conditions for the existence of cutoff-free guided modes—it lets you look at a
structure, in most cases without calculation, and by inspection give a rigorous guarantee that index-guiding
will occur. This theorem especially illuminates the long-wavelength limit, which has proved difficult to study
numerically, to show that the index-guided modes in photonic-crystal fibers (like their step-index counterparts)
need not have any theoretical cutoff for guidance. Second, we look in the opposite regime, that of very short
wavelengths. As previously identified by other authors, there is a scalar approximation that becomes exact in
this limit, even for very high contrast fibers. We show that this “scalar” limit has consequences for practical
operation at finite wavelengths that do not seem to have been fully appreciated: it tells you when band gaps
arise and between which bands, reveals the symmetry and “LP” degeneracies of the modes, and predicts the
scaling of cladding-related losses (roughness, absorption, etc.) as the size of a hollow core is increased.
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1. INTRODUCTION

In this paper, we discuss some general analytical results for the properties of index-guided modes in a broad
class of dielectric waveguides known as photonic-crystal fibers: waveguides surrounded by a photonic crystal®
cladding that is periodic (at least asymptotically) in directions transverse to the waveguide axis.2* Such fibers
have been designed and fabricated to exhibit a number of remarkable properties compared to ordinary dielectric
waveguides, from guiding light in hollow cores to extremely nonlinear solid-core fibers. The propagating modes
of such waveguides (which typically involve complex high-contrast material geometries) can almost never be
found analytically, nor do we suggest any analytical approximations here. Instead, we describe the results
and derivation of general analytical theorems for such fibers, that illuminate their fundamental properties of
index guidance, band gaps, cladding losses, and degenerate “LP” modes. The first result is a new theorem
giving rigorous sufficient conditions for cutoff-free index-guided modes, and is especially informative in the long-
wavelength limit (which is very difficult to study numerically) and for the design of single-polarization fibers.
The second is an exploration of an old (but not widely known) theorem® 6 describing a rigorous scalar short-
wavelength limit—we show that this limit leads to previously unappreciated consequences for the origin of the
band gap in holey fibers, the (near) modal degeneracies, and the scaling of cladding-related losses as the core
sizes is increased.

2. RIGOROUS CONDITIONS FOR CUTOFF-FREE INDEX-GUIDED MODES

The most common guiding mechanism in dielectric waveguides is indezx guiding (or “total internal reflection”),
in which a higher-index core is surrounded by a lower-index cladding e. (¢ is the relative permittivity, the
square of the index). A schematic of several such dielectric waveguides is shown in Fig. 1. In particular, we
suppose that the waveguide is described by a dielectric function e(x,y, z) = e.(z,y, 2) + Ae(x,y, z) such that:
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Figure 1. Schematics of various types of index-guided dielectric waveguides. Light propagates in the z direction (along
wich the structure is either uniform or periodic) and is confined in the zy direction by a higher-index core compared to
the surrounding (homogeneous or periodic cladding).

g, €., and Ae are periodic in z (the propagation direction) with period a (¢ — 0 for the common case of a
waveguide with a constant cross-section); that the cladding dielectric function e. is either periodic in zy (e.g.
in a photonic-crystal fiber) or homogeneous (e.g. in a conventional fiber); and the core is formed by a change
Ae in some localized region of the xy plane, such that Ae — 0 as |22 + y?| — oo. This includes a very wide
variety of dielectric waveguides, from conventional fibers [Fig. 1(a)] to photonic-crystal “holey” fibers [Fig. 1(b)]
to waveguides with a periodic “grating” along the propagation direction [Fig. 1(c)] such as fiber-Bragg gratings’
and other periodic waveguides.®¥ We exclude metallic structures (i.e, we require ¢ > 0), make the approximation
of lossless materials (real €), and for simplicity we consider only isotropic materials here; the case of substrates
is considered below. Intuitively, if the refractive index is increased in the core, i.e. if Ae is non-negative, then we
might expect to get exponentially localized index-guided modes, and this expectation is borne out by innumerable
numerical calculations.? *

However, an intuitive expectation of a guided mode is far from a rigorous guarantee, and upon closer inspection
there arise a number of questions whose answers seem harder to guess with certainty. First, even if Ae is strictly
non-negative, is there a guided mode at every wavelength, or is there the possibility of e.g. a long-wavelength
cutoff (as some have suggested in holey fibers'®)? Second, what if Ae is not strictly non-negative, i.e. the core
consists of partly increased and partly decreased index; it is known in such cases, e.g. in “W-profile fibers” ! that
there is the possibility of a long-wavelength cutoff for guidance, but precisely how much decreased-index regions
does one need to have such a cutoff? Third, under some circumstances it is possible to obtain a single-polarization
fiber, in which the waveguide is truly single-mode (as opposed to two degenerate polarizations in a cylindrical
fiber)!2"17—can this occur if only the core is asymmetrical, or is some further condition required? And when
can one have single-polarization fibers with no long-wavelength cutoff (unlike most previous designs!?1417)? Tt
turns out that all of these questions can be rigorously answered for the very general geometries considered in
Fig. 1, without resorting to approximations or numerical computations.

First, let us review the basic descriptions of the eigenmodes of a dielectric waveguide. In a waveguide as
defined above, the solutions of Maxwell’s equations (both guided and non-guided) can be written in the form
of eigenmodes H(z,y, z)e’?*~** (via Bloch’s theorem thanks to the periodicity in z),! where w is the frequency,
0 is the propagation constant, and the magnetic-field envelope H(z,y, z) is periodic in z with period a (or is
independent of z in the common case of a constant cross section, a — 0). In the absence of the core (i.e. if Ae = 0),
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the (non-localized) modes propagating in the infinite cladding form the “light cone” of the structure;*> 4 and at
each real § there is a fundamental (minimum-w) space-filling mode at a frequency w.(8) with a corresponding
field envelope H..2* Below the “light line” w.(/3), the only solutions in the cladding are evanescent modes that
decay exponentially in the transverse directions.!® Therefore, once the core is introduced (Ae # 0), any solutions
with w < w. must be guided modes, since they are exponentially decaying in the cladding far from the core:
these are the index-guided modes (if any).

2.1 The theorem

The theorem is then simple to state. Let D, = %(V +16z) x H. denote the displacment-field envelope for the
fundamental mode of the cladding. Then, there must be an index-guided mode at 3 if the following condition

holds: - - . _ - - "
/ dm/ dy/ dz (E - €—) ID.|? z/ dm/ dy/ dz A(z,y,2) |De|* <0, (1)
—00 —00 0 c —o0 —o00 0

where we have defined A = 1/e—1/e, (which is negative wherever the index is increased). Furthermore, if Eq. (1)
holds and the fundamental mode of the cladding is doubly degenerate (which happens whenever the cladding has
sufficient symmetry, regardless of the asymmetry of the core), there must be at least two index-guided modes.
There are two important special cases:

e In the common case where Ae > 0 (A < 0) everywhere (i.e. the core only increases the index relative to
the cladding), there is always a guided mode, for every 3, and hence there is no long-wavelength cutoff
(contrary to previous suggestions,'® as discussed below).

e In cases where the cladding is homogeneous [e.g. in Fig. 1(a) and (c)], the condition is simply [A < 0,
which is independent of 8 (and hence implies two guided modes at every g if it holds). This result is a
generalization of an earlier theorem for the case of €. constant and ¢ independent of z.'%:20

Note that these are sufficient conditions, not necessary conditions, for index-guided modes to exist. So, for
example, Eq. (1) is violated in a W-profile fiber with [ A > 0 and some increased-index regions,'! but there
can stil exist a guided mode (albeit with a long-wavelength cutoff). We are unaware of any cutoff-free dielectric
waveguides in which Eq. (1) does not hold, however, and hence suggest that it may indeed be a necessary
condition for cutoff-free index-guided modes; however, this is currently only an interesting conjecture, with no
proof.

2.2 QOutline of the proof

The proof employs the variational (minimax) theorem to find an upper bound on the lowest eigenfrequency w—if
this upper bound is below the light line w.(/3), that guarantees the existence of a guided mode. A similar strategy
was employed for homogeneous claddings,'?2° and our particular approach was inspired by a related technique
used to prove the existence of bound modes for two-dimensional attractive potentials in quantum mechanics.?!
In this section, we outline the basic structure of the proof, and in particular the crucial choice of an appropriate
trial function to bound the frequency; the algebraic details are treated more exhaustively by another manuscript
currently in preparation.

The variational theorem arises because the eigenfrequencies w satisfy a Hermitian eigenproblem @gH = ‘j—;H

for the operator @5 £ Vg5 x %V,g x, with Vg £ V +i32,! The theorem states that the smallest eigenfrequency
wWiin(B) for a given § minimizes the Rayleigh quotient Q(H):

wr2nin . fH* . éﬂH A .
P S T TR AL @)

where the integrals are over the xy plane and the unit cell in z. That means that, if we can find any divergence-
free “trial function” H such that Q(H) < w.(8)?/c?, we are done: there must be a mode below the light line, and
such a mode must be guided. The constraint that the trial function be divergence-free (Vs - H = 0) is crucial,
since there are non-divergenceless fields for which Q(H) = 0 (and is not an upper bound for the eigenfrequencies).
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The trial function must resemble a guided mode in order for Q(H) to form a useful upper bound for the
guided-mode frequencies. Since one expects the guided modes to be exponentially decaying far from the core,
it might seem reasonable to choose a H proportional to e "/~ (where r is the radius) for some sufficiently large
L. It turns out that such a trial function fails, however, in the sense that one cannot prove that Q(H) falls
below the light line without actually solving for the eigenvalue or a similarly impossible analytical task. A
closely related difficulty was observed in the quantum-mechanical analogue, and in fact any function of the form
f(r/L) (exponential, Gaussian, etc.) fails in a similar way for two-dimensional confinement?! (as opposed to one-
dimensional confinenent, where such simple functions work well and the variational proof is commonly assigned
as a homework problem). For this reason, the proof of 2d bound modes in quantum mechanics was initially
developed by much more complicated methods,?>23 but eventually variational approaches were developed by at
least two groups.?'24 In particular, it turned out to be sufficient to use a trial function that decayed proportional
to e~ ("t for sufficiently small o,2! and this is the technique we use here.

In the limit of no confinement (A — 0) the trial function should obviously tend to the fundamental mode
H. = Vg x A. (where A, is a vector potential function). Therefore, combined with the above considerations,
we chose a trial function:

H=Vg3x (yAc) =vHc + Vv x A (3)

where v is the function (22 + y? + 1) (similar to Ref. 21) defined by:
(241
=@ g+ 1) =y 1) =TT (4)

This is chosen so that lim, .oy = 1 (hence H — H_.) and lim, .o, v = 0, where r? + 1 is used to ensure that
is twice differentiable at the origin. By construction, Vg - H = 0.

The remaining proof is straightforward, in principle: one substitutes Eq. (3) into the Rayleigh quotient
Q(H) and then proves that, in the limit of sufficiently small «, @ goes below the light line w.(08) if Eq. (1)
holds. This involves a sequence of carefully bounded integrals to establish their & — 0 limits, similar to Ref. 21.
One does not need to know any explicit form for the cladding fundamental mode H. or A.—it is sufficient to
know that they are of bounded magnitudes, which follows from the fact that Bloch’s theorem applies to the
unperturbed cladding (which was assumed periodic). The algebraic details of this analysis are discussed in the
longer manuscript mentioned above.

Furthermore, in many common cases, the fundamental mode H, of the unperturbed cladding is doubly de-
generate. This is the case whenever the cladding is sufficiently symmetric (so as to admit a two-dimensional
irreducible representation®®), e.g. for a homogeneous cladding (where H.. is simply the two orthogonal polariza-
tions) or for a triangular lattice of circular holes (the traditional holey fiber). In that case, the two degenerate
modes produce a two-dimensional subspace of trial functions (3), all of which have @Q below the light line (since
the derivation above was independent of the fundamental mode chosen). This implies'® that there are at least
two guided modes whenever condition (1) holds. These two guided modes need not be degenerate, if the core is
asymmetrical (however, we are assuming isotropic materials here; for birefringent materials, Eq. (1) and hence
the existence of guided modes can still depend on polarization'?).

2.3 Waveguides with cutoffs

The above theorem implies that either the assumptions of the theorem or Eq. (1) must be violated in order to
obtain a waveguide with a cutoff. It is instructive to examine a few important such cases.

One familiar waveguide with a cutoff is a “W-profile” fiber, in which an increased-index core is surrounded
by a depressed-index annulus,'! surrounded by a homogeneous cladding. The reason why this can have a cutoff
is simple: in the fiber geometries analyzed to have a cutoff, the depressed-index region was large enough to make
JA>o.

There is at least one case in which one desires a cutoff: to obtain a waveguide which supports only a single
polarization mode, the other polarization must be cutoff in some way. Two ways to achieve this have been
proposed in the literature. Most commonly, one uses a waveguide in which Eq. (1) is violated entirely, so that
both polarizations are cut off, but due to asymmetry one is cut off at a longer wavelength than the other.!? 1417
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Alternatively, one can use a birefringent core so that the core is only higher-index for one of the polarizations'?

(note that the equations in this manuscript are for isotropic materials only). However, the above analysis suggests
a third way, one that does not seem to have been considered in the literature: one forms a structure in which the
cladding is periodic but asymmetric (e.g. a triangular lattice of elliptical holes). In this case the theorem only
guarantees a single guided mode for an increased-index core, and it should be possible to obtain a single mode
with no cutoff, with a cutoff for the other polarization.

Another waveguide with a cutoff is any waveguide sitting on a substrate, for example a Silicon strip or ridge
waveguide on an oxide substrate.26 This violates the assumptions of our theorem because the cladding is not
periodic, it is a step function (oxide below and air above). More revealingly, one could inquire where in our
derivation we relied on the periodic property that now fails—the answer, interestingly enough, is the assumption
of that a fundamental mode of the cladding exists. In step-function cladding, the light line is simply the light
line of the oxide, but there is no eigenmode at this frequency (such an eigenmode would have to be a constant in
the oxide and non-constant in the air, and it is then impossible to satisfy the boundary conditions). Put more
formally, our key assumption was not so much that the cladding is periodic, but that the infimum of the cladding
spectrum at each 3 is itself an eigenvalue, which is true for periodic claddings where Bloch’s theorem holds, but
perhaps also for other cases.

Finally, some numerical evidence has been proposed for the claim that a holey fiber with a solid (filled-hole)
core has a long-wavelength cutoff,'® which would seem to contradict our theorem since A < 0 in that case. This
evidence, however, seems to be an artifact of the finite computational cell size. As the wavelength is increased
(0 is decreased), there should always be a guided mode in such a structure, but the modal diameter will increase
rapidly with wavelength. In a simulation with absorbing boundary conditions (or an experiment), the mode will
seem to be “cut off” when the modal diameter exceeds the diameter of the fiber used. Moreover, there is reason
to believe that the modal diameter increases exponentially fast with the wavelength, which is why numerical
study of the long-wavelength limit is so difficult. In quantum mechanics (scalar waves) with a potential well of
depth V, the decay length of the bound mode increases as e“/V when V — 0, for some constant C.2%22 In
electromagnetism, for the long wavelength limit, a homogenized effective-medium description of the structure
becomes applicable,?” and in this limit the modes are described by a scalar wave equation with a “potential”
—w?Ae,?® and hence the quantum analysis applies. Thus, by this informal argument we would expect the modal
diameter to expand proportional to eC* for some constant C (where A = 27¢/w is the vacuum wavelength). It
is important to emphasize, however, that (as far as we are aware) there is no difference in this regard between
photonic-crystal and conventional step-index fibers—for cutoff-free modes in both cases, the modal diameter will
expand rapidly in the long-wavelength limit.

3. CONSEQUENCES OF THE SHORT-WAVELENGTH LIMIT

In this section, we now turn to results in an opposite regime—not about long-wavelength cutoffs but rather about
short-wavelength limits. It is well known that, for low index contrasts, Maxwell’s equations reduce approximately
to a scalar wave equation,?® which greatly simplifies the analysis of low-contrast step-index fibers.?? Perhaps
not so well known is the fact that a scalar-wave equation can also be used to rigorously and accurately describe
high-contrast structures such as holey fibers—in particular, the scalar description becomes accurate (regardless
of index contrast) in the short-wavelength limit. This short-wavelength scalar limit, derived rigorously in Ref. 5,
was used by Birks et al. to predict the possibility of “endlessly single-mode” photonic-crystal fibers.® However,
it has many other interesting consequences for photonic-crystal fibers (even for wavelengths that are not terribly
small) that do not seem to have been fully explored, and which we discuss in the following sections. Moreover,
we explain that a similar theorem applies for large-core hollow-core photonic-crystal fibers, which has important
implications for the reduction of cladding-related losses.

We will consider three classes of photonic-crystal fiber, as depicted in Fig. 2: hollow-core fibers with (a) one-
dimensionally periodic claddings (Bragg fibers) or (b) two-dimensionally periodic claddings of air holes (holey
fibers); and (c) solid-core holey fibers. These xy cross-sections are assumed to be invariant in the axial (2)
direction.
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