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1 Introduction

It is well known that exponential functionsf(x) = ekx, for anyk ∈ R, are isomor-
phisms from addition to multiplication, i.e. for allx, y ∈ R:

f(x + y) = f(x) · f(y). (1)

In fact, exponentials are theonly non-zero anywhere-continuous functions over the
reals (R) with this property. This is proved below, and is a simple enough result that it
has been posed as a homework problem [Rud64]. This immediately raises the question,
however:is there a discontinuous function satisfying (1)? The answer isyes, but it is
surprisingly non-trivial to prove.

I was initially unable to find any published reference to thisfact, although I couldn’t
believe that it was a new result, so I wrote up the proof below.Inquiries with colleagues
in the math department proved fruitless, nor was I able to findthe needle in the haystack
of real-analysis textbooks in the library. Subsequently, however, my friend Yehuda
Avniel, revealing an unexpected background in real analysis, pointed out that the exis-
tence of such a function is proved in an exercise of Hewitt andStromberg [HS65]. It
turns out to be quite easy to do once you have proved the existence of a Hamel basis
for R/Q (a construct I was unfamiliar with). In fact, Hewitt and Stromberg show that
it is sufficient to assume thatf(x) is merely measurable in order to get exponentials (I
sketch the proof below).

Nevertheless, I present my construction of a discontinuousf(x) below, in an el-
ementary tutorial-style fashion, in the hope that it will beuseful to a student or two.
Note that this is not anexplicit construction, only a proof that such a function exists;
the Hamel basis method of Hewitt and Stromberg is similarly non-constructive. Note
also that all of the proofs I know of require the axiom of choice.

2 General properties off(x) 6= 0

Let us begin by proving several useful properties off(x), only assuming that it is
nonzero at somex0.
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• If f(x0) 6= 0 for anyx0, thenf(x) 6= 0 for all x. Proof: f(x0) = f(x) · f(x0 −
x) 6= 0.

• f(0) = 1. Proof: f(x + 0) = f(x) = f(x) · f(0), andf(x) 6= 0.

• f(−x) = f(x)−1 for all x. Proof: f(−x) · f(x) = f(0) = 1.

• f(x) > 0 for all x. Proof: f(x) = f(x/2)2 > 0.

• If f(x) is continuous atx = y for any y, thenf(x) is continuous atall x.
Consequently, iff(x) is discontinuousanywhere, it is discontinuouseverywhere.
Proof: f(x + δ) − f(x) = f(x − y) · [f(y + δ) − f(y)] → 0 for δ → 0 by
continuity aty.

3 f(q) for rational q

We can easily show that we must havef(q) = ekq for somek ∈ R and non-zero
f(x), wheneverq ∈ Q (q rational). It suffices to show this for positive rationalq since
f(−q) = f(q)−1 = e−kq andf(0) = 1 from above.

Proof: Let q = n/m for n andm positive integers. By elementary induction,
f( n

m) = f( 1
m + · · · + 1

m) = f( 1
m )n. Therefore,f( 1

m )m = f(1) and sof( 1
m ) =

f(1)1/m. Thus, we havef( n
m) = f(1)n/m. Sincef(1) > 0 from above, we can write

f(1) = ek for some realk = ln f(1), and thusf(q) = ekq for all q ∈ Q.
If we were now to assume thatf(x) were continuous, it would follow thatf(x) =

ekx everywhere, since the closure ofQ is R.

4 Measurable functions

It turns out to be sufficient to assume thatf(x) is measurable or Lebesgue integrable,
and not identically zero, in order to obtain exponentials from f(x + y) = f(x)f(y).
The proof runs as follows. Sincef(x) is integrable, we can defineg(x) =

∫ x

0 f(x′)dx′.

Therefore,g(x+y)−g(x) =
∫ x+y

x f(x′)dx′ =
∫ y

0 f(x′+x)dx′ = f(x)g(y). Then, if
we choose ay such thatg(y) 6= 0 (which must exist sincef(x) is everywhere non-zero,
from above), we obtain:

f(x + δ) − f(δ) =
[g(x + δ + y) − g(x + δ)] − [g(x + y) − g(x)]

g(y)

=
[g(x + y + δ) − g(x + y)] − [g(x + δ) − g(x)]

g(y)

=
f(x + y)g(δ) − f(x)g(δ)

g(y)
= g(δ)

f(x + y) − f(x)

g(y)
,

and the final expression must go to zero asδ → 0, sinceg(0) = 0 andg(x) is continu-
ous. Thereforef(x) is continuous, and the result follows from above.
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5 A single irrational point

We have now shown thatf(x) = ekx for all rationalx, and will try to construct a
discontinuous function at anir rationalx. Let us consider a single irrational pointu1 ∈
R − Q, and suppose thatf(u1) = ek̄u1 for some real̄k 6= k. It then follows that
f(q1u1 + q) = ek̄q1u1+kq for all q1, q ∈ Q.

Proof: First, f( n
mu1) = f(u1)

n/m = ek̄(n/m)u1 from the same induction process
as in the previous section, for any rationalq1 = n/m. Second,f(q1u1+q) = f(q1u1)·
f(q) = ek̄q1u1+kq .

The consequence of this result is that specifingf(x) for the rationals and a sin-
gle irrational pointu1 immediately specifies it for another dense countable setC1 =
{q1u1 + q | q1, q ∈ Q, q1 6= 0}, whereC1 is purely irrational (disjoint fromQ).

Similarly, if we now pick a second irrational pointu2 ∈ R − Q − C1 and define
f(u2) = ek̄u2 , we must definef(q1u1+q2u2+q) = ek̄(q1u1+q2u2)+kq for all q1, q2, q ∈
Q.

6 A simplistic, incomplete construction

Now, let us give a simplistic, incomplete construction of a discontinuousf(x) satisfy-
ing f(x + y) = f(x) · f(y). Although this construction turns out to be unworkable, it
illustrates the essential ideas that we will employ in a morecomplete form below. The
construction is as follows:

1. Start by definingf(q) = ekq for somek ∈ R and for allq ∈ Q.

2. Then, definef(qu1+q′) = ek̄q1u1+kq for some irrationalu1 ∈ R−Q, realk̄ 6= k,
and for allq1, q ∈ Q, extending our definition to a setS1 = {q1u1 + q | q1, q ∈
Q} (with Q ⊂ S1).

3. Pick another irrationalu2 ∈ R−S1, and definef(q1u1+q2u2+q) = ek̄(q1u1+q2u2)+kq

for all q1, q2, q ∈ Q, extending our definition to a setS2 = {q1u1 + q2u2 +
q | q1, q2, q ∈ Q} (with Q ⊂ S1 ⊂ S2).

4. Pick another irrationalu3 ∈ R − S2 with f(u3) = ek̄u3 , and so onad infinitum.

In this way, we gradually cover more and more ofR with our discontinuousf(x)
definition, all the while preserving the property thatf(x + y) = f(x) · f(y) for all of
the points wheref(x) is defined.

The problem with this approach, of course, is that we will never cover all ofR in
this way. We are definingf(x) over a countable sequence of countable sets, but the
union of such a sequence is only countable and thus has measure zero inR (despite
being dense). To actually cover all ofR by this sort of approach, we must generalize
our process to one of transfinite induction over an uncountable set. In particular, the
uncountable set in question turns out to be a set of equivalence classes onR.
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7 Equivalence classes

The key to definingf(x) seems to be the following equivalence relation onR:

x ∼ y ⇐⇒ x = qy + q′ for someq, q′ ∈ Q, q 6= 0.

It is easy to show that this relation satisfies the usual properties (x ∼ x, x ∼ y ⇒
y ∼ x, andx ∼ y, y ∼ z ⇒ x ∼ z), and therefore partitionsR into a setC of
disjoint equivalence classesC. For each equivalence classC we can pick a single
elementu(C) ∈ C, and all other elements of that class are then given byu(C)q + q′

for q, q′ ∈ Q, q 6= 0. Thus everyC is countable, and thereforeC must be uncountable.
One special equivalence classC = Q is given byu(Q) = 0.

The significance of these equivalence classes, as explainedabove, is that once we
definef(q) = ekq for q ∈ Q then the value off(x) for all x ∈ C is determined by
picking f [u(C)] for a singleu(C) ∈ C. Suppose we definef [u(C)] = ek̄·u(C) for
somek̄ ∈ R andk̄ 6= k. (As notational shorthand, we will denoteu(Cn) by un.) Then
for anyxn = qnun + q′n ∈ Cn we must havef(xn) = ek̄qnun+kq′

n .
However, we cannot picku(C) for the different equivalent classes independently,

because of what happens when we add numbers from two equivalence classes. First,
realize:

• Given x1 ∈ C1 and x2 ∈ C2 for C1 6= C2 and C1,2 6= Q, it follows that
x1 + x2 = x3 ∈ C3 for C3 6= C1,2, C3 6= Q. Proof: If C3 = C1 thenx3 ∼ x1

and thusx2 = (q− 1)x1 + q′: if q = 1 thenx2 ∼ q′ andC2 = Q, while if q 6= 1
thenx2 ∼ x1 andC1 = C2. Thus,C3 6= C1,2. If C3 = Q thenx1 = −x2 + q
andx1 ∼ x2 (C1 = C2).

We thus havex1 + x2 = (q1u1 + q′1) + (q2u2 + q′2) = x3 = q3u3 + q′3 for some
q1,2,3, q

′

1,2,3 ∈ Q, q1,2,3 6= 0, andu1 6= u2 6= u3. We must havef(x1 + x2) =

ek̄(q1u1+q2u2)+k(q′

1
+q′

2
) = f(x3) = ek̄q3u3+kq′

3 . This is only true, however, ifq′1+q′2 =
q′3, which implies

q1u1 + q2u2 = q3u3

for someq3 ∈ Q. That means we cannot pick theu(C)’s independently: they must be
defined inductively to satisfy this algebraic relation for someq3.

Before we do so, we should first check whether we have run into something obvi-
ously impossible. Can we havex3 = q1u1 + q2u2 = q3u3 ∼ x̄3 = q̄1u1 + q̄2u2 =
q̄3u3 + q̄′3 for someq1,2,3, q̄1,2,3, q̄

′

3 ∈ Q andq̄′3 6= 0? No.Proof: x̄3 −
q̄3

q3

x3 = q̄′3, but

this meansqu1 + q′u2 = q̄′3 for rationalq = q̄1 −
q̄3

q3

q1 andq′ = q̄2 −
q̄3

q3

q2. If q 6= 0 or
q′ 6= 0 thenu1 ∼ u2, contradicting our assumption thatC1 6= C2. If q = q′ = 0 then
q̄′3 = 0 and all is well.

8 Transfinite induction

We will proceed to define ouru(C) by transfinite induction onC. First, we must well-
orderC, by invoking the well-ordering theorem onC − {Q} to choose some well-order
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relation “<” on equivalence classes, and then putQ first by definingQ < C for any
C 6= Q. (Recall that a well-ordering is one such that every non-empty set has a least
element. SinceC is uncountable, the well-ordering theorem requires the axiom of
choice.) Then, we will constructu(C) to satisfy the following property by induction:

• Let C0 = {C |Q < C < C0} for some C0 ∈ C. For all finite seriesx =∑
n qnun with distinctun = u(Cn), Cn ∈ C0, and someqn ∈ Q, then whenever

x ∈ C ∈ C0 we requirex = q · u(C) for someq ∈ Q.

That is, we assume that the above property is true for allC < C0, and then choose
u0 = u(C0) so that it still holds when we includeC0 (i.e. for C1 = C0 ∪ {C0}). In
particular, there are two cases: (i) If

∑
n qnun /∈ C0 for anyqn or un with Cn ∈ C0,

then we chooseu0 to be any arbitrary element ofC0. (ii) Otherwise, we picku0 =∑
n qnun for any arbitrary series

∑
n qnun ∈ C0. Then the desired property above

follows: If we have a
∑

n q′nu′

n = qu0 + q′ ∈ C0 (n 6= 0), then by substitutingu0 and
moving it to the left we obtain a sum of the form

∑
n q′′nu′′

n = q′, which is only possible
if q′ = 0 (if any q′′n 6= 0, then we will obtainun ∼ um for somem 6= n, or otherwise
un ∈ Q), similar to the proof at the end of the previous section. On the other hand, if
we havex = q0u0 +

∑
n q′nu′

n ∈ C ∈ C0, thenx =
∑

n q′′nu′′

n and thusx = q · u(C)
by induction. Note that ifq0 6= 0 thenx ∈ C implies that

∑
n q′nu′

n − qu(C) ∈ C0, so
we are in case (ii) above.

The base case, forC0 the empty set, is trivial. We defineu(Q) = 0.

9 A discontinuousf(x)

Now that we have definedu(C) as above, defining the discontinuousf(x) is easy.
Everyx ∈ R is a member of some equivalence classC, and thusx = qu(C) + q′ for
someq, q′ ∈ Q, q 6= 0. Then,f(x) = ek̄qu(C)+kq for some fixed real numbers̄k 6= k.
This is discontinuous sincef(q) = ekq butf(x) 6= ekx for irrationalx.

Let us review why this satisfiesf(x1 + x2) = f(x1) · f(x2) for anyx1, x2 ∈ R,
wherex1 = q1u1 + q′1 andx2 = q2u2 + q′2 with u1 = u(C1) andu2 = u(C2) for x1 ∈
C1 andx2 ∈ C2. If C1 = C2 or C2 = Q, thenf(x1 + x2) = ek̄(q1u1+q2u2)+k(q′

1
+q′

2
)

as desired. Otherwise,x1 + x2 ∈ C3 6= C1,2, and alsoq1u1 + q2u2 ∈ C3. By
our construction ofu(C), however,u3 = u(C3) must then satisfy the propertyq1u1 +
q2u2 = q3u3 for someq3 ∈ Q. Therefore,x1+x2 = q3u3+(q′1+q′2) andf(x1+x2) =
ek̄q3u3+k(q′

1
+q′

2
) = ek̄(q1u1+q2u2)+k(q′

1
+q′

2
) = f(x1) · f(x2).
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