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1 Introduction

It is well known that exponential functionf(z) = ¢, for anyk € R, are isomor-
phisms from addition to multiplication, i.e. for all y € R:

flz+y) = f(x)- fy). (1)

In fact, exponentials are thenly non-zero anywhere-continuous functions over the
reals R) with this property. This is proved below, and is a simplewgytoresult that it
has been posed as a homework problem [Rud64]. This immédiaitses the question,
however:is there a discontinuous function satisfyingZ1)he answer iges but it is
surprisingly non-trivial to prove.

I was initially unable to find any published reference to faid, although | couldn’t
believe that it was a new result, so | wrote up the proof beloguiries with colleagues
in the math department proved fruitless, nor was | able totfircheedle in the haystack
of real-analysis textbooks in the library. Subsequentbyvéver, my friend Yehuda
Avniel, revealing an unexpected background in real anslysiinted out that the exis-
tence of such a function is proved in an exercise of Hewitt &indmberg [HS65]. It
turns out to be quite easy to do once you have proved the ezistef a Hamel basis
for R/Q (a construct | was unfamiliar with). In fact, Hewitt and Strberg show that
it is sufficient to assume thgt(x) is merely measurable in order to get exponentials (I
sketch the proof below).

Nevertheless, | present my construction of a discontinyug below, in an el-
ementary tutorial-style fashion, in the hope that it will beeful to a student or two.
Note that this is not aexplicit construction, only a proof that such a function exists;
the Hamel basis method of Hewitt and Stromberg is similadg-nonstructive. Note
also that all of the proofs | know of require the axiom of cteic

2 General properties of f(x) # 0

Let us begin by proving several useful propertiesf¢f), only assuming that it is
nonzero at some.



o If f(xo) # 0for anyxg, thenf(z) # 0 for all z. Proof: f(xq) = f(z) - f(zo —
#0.

)

e f(0)=1.Proof: f(x+0)= f(z) = f(z)- £(0),andf(z) # 0.
(
(
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o f(—x) = f(z)~! forall x. Proof: f(—z)- f(z) = f(0) = 1.
e f(x) > 0forall z. Proof: f(z) = f(x/2)?> >0

e If f(x) is continuous at: = y for any y, then f(x) is continuous atll z.
Consequently, if (x) is discontinuousnywhereit is discontinuousverywhere

Proof: f(z +6) — f(z) = f(x —y) - [f(y +6) — f(y)] = 0ford — O by
continuity aty.

3 f(q) for rational ¢

We can easily show that we must hafé;) = e*¢ for somek € R and non-zero
f(z), whenever; € Q (g rational). It suffices to show this for positive ratiomadince
f(=q) = f(q)~' = e %2 andf(0) = 1 from above.

Proof: Let ¢ = n/m for n andm positive integers. By elementary induction,
F(2) = f(2+ -+ L) = f()" Therefore,f(L)™ = f(1) and sof(L) =
f(1)Y™. Thus, we havef (L) = f(1)"/™. Sincef(1) > 0 from above, we can write
f(1) = e* for some reak = In f(1), and thusf(q) = ¢*? for all ¢ € Q.

If we were now to assume thgta) were continuous, it would follow that(x) =
e** everywhere, since the closure@fis R.

4 Measurable functions

It turns out to be sufficient to assume thfdt:) is measurable or Lebesgue integrable,
and not identically zero, in order to obtain exponentiatsxfif (x + y) = f(z)f(y).
The proof runs as follows. Singéx) is integrable, we can defingz) = [ f(2')da’
Thereforeg(z+y) —g(x) = [T f(«/)da’ = [V f(a'+a)dz’ = f(x)g(y). Then, if
we choose g such thay(y) # 0 (which must exist sincé¢(z) is everywhere non-zero,
from above), we obtain:

[gz+d+y)—gla+4

9y

)] = lg9(x +y) — g(x)]
)
lg(x+y+0) —glz +y)] — [g(x + ) — g(x)]
)
)

fle+6)—f(6) =

gy
[z +y)g(0) — fx)g(d

- fle+y) - fl@)
9(y)

9(y)

=g(0)
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and the final expression must go to zer@das 0, sinceg(0) = 0 andg(x) is continu-
ous. Thereforg (z) is continuous, and the result follows from above.



5 Asingle irrational point

We have now shown that(x) = e** for all rationalz, and will try to construct a
discontinuous function at ainrationalz. Let us consider a single irrational point €
R — @, and suppose that(u;) = ek for some reak # k. It then follows that
flarur +q) = ePntraforallgr,q € Q.

Proof: First, f(ZLu;) = f(uy)"/™ = e*"/™ from the same induction process
as in the previous section, for any ratiopal= n/m. Secondy (g1u1+¢q) = f(q1u1)-
flq) = ekaiui+kq

The consequence of this result is that speciffiig) for the rationals and a sin-
gle irrational pointu; immediately specifies it for another dense countable’get
{qru1 + q|q1,9 € Q, (1 # 0}, whereC is purely irrational (disjoint fron@Q).

Similarly, if we now pick a second irrational poiat € R — Q — ¢4 and define
f(uz) = e*“2, we must defing (q1u1 +qous+q) = eFlautau)tkaforall gy, gy, q €

Q.

6 A simplistic, incomplete construction

Now, let us give a simplistic, incomplete construction ofiscdntinuousf (x) satisfy-
ing f(z +vy) = f(z) - f(y). Although this construction turns out to be unworkable, it
illustrates the essential ideas that we will employ in a ntan@plete form below. The
construction is as follows:

1. Start by definingf(q) = €*¢ for somek € R and for allg € Q.

2. Then, defing (qui+¢') = eF91v1+k4 for some irrational;, € R—Q, realk # k,
and for allg1, ¢ € Q, extending our definitionto a sét = {q1u1 + q|q1,9 €
Q} (with@Q c 54).

3. Pickanotherirrational, € R—S;, and defingf (qiu1+qaus+q) = eF(aruitazu2)tka
for all ¢1,q2,¢9 € Q, extending our definition to a sé&b = {q1u1 + gous +
71q1,q2,q9 € Q} (WithQ C S C S2).

4. Pick another irrationals € R — S with f(us) = e, and so orad infinitum.

In this way, we gradually cover more and more®fwith our discontinuousf (z)
definition, all the while preserving the property thdtr + y) = f(x) - f(y) for all of
the points whergf (x) is defined.

The problem with this approach, of course, is that we willarezover all ofR in
this way. We are defining(x) over a countable sequence of countable sets, but the
union of such a sequence is only countable and thus has neezaiar inR (despite
being dense). To actually cover all Bfby this sort of approach, we must generalize
our process to one of transfinite induction over an uncoulatsét. In particular, the
uncountable set in question turns out to be a set of equivelelasses oR.



7 Equivalence classes
The key to definingf(z) seems to be the following equivalence relatiorkn
x~y <= 1x=qy+q forsomeq, ¢ € Q, q#0.

It is easy to show that this relation satisfies the usual ptgse ~ =, z ~ y =

y ~x,andz ~ y,y ~ z = x ~ z), and therefore partition® into a setC of
disjoint equivalence class&s. For each equivalence clagswe can pick a single
elementu(C) € C, and all other elements of that class are then given(ty)q + ¢’
forq,q € Q, ¢ # 0. Thus evenC is countable, and therefofemust be uncountable.
One special equivalence claSs= Q is given byu(Q) = 0.

The significance of these equivalence classes, as explabwe, is that once we
definef(q) = € for ¢ € Q then the value off (x) for all z € C is determined by
picking f[u(C)] for a singleu(C) € C. Suppose we defing[u(C)] = e**“(©) for
somek € R andk # k. (As notational shorthand, we will denatéC,,) by u,,.) Then
foranyz, = gou, + ¢, € C,, we must havef (z,,) = eFntntha,,

However, we cannot pick(C') for the different equivalent classes independently,
because of what happens when we add numbers from two equieaddasses. First,
realize:

e Givenz; € Cp andzy € Cy for Cy # Cy andCi 2 # Q, it follows that
1 +x9 =23 € C3 for Cs 75 Cl,g, Cs 75 Q Proof: If C3=0C4 then:vg ~ I
and thusey = (¢ — 1)1 4+ ¢ if ¢ = 1thenzs ~ ¢’ andCs = Q, whileif ¢ # 1
thenxg ~ T andCl = (5. ThUS,Cg 75 0172. If C3 = @ thenxl = —T2+¢q
andI1 ~ T2 (Cl = 02)

We thus haver; + z2 = (q1u1 + ¢1) + (qaue + ¢4) = z3 = qsuz + ¢4 for some
01,23,¢123 € Q qr23 # 0, anduy # uz # uz. We must havef (v + z2) =
eFlarutau)+h(a+a) — f(z4) = ¢rasusthas Thisis only true, however, if, + ¢} =
¢4, which implies

qi1u1 + qau2 = qaus
for somegs € Q. That means we cannot pick théC)’s independently: they must be
defined inductively to satisfy this algebraic relation fonmgegs.

Before we do so, we should first check whether we have run omoeshing obvi-
ously impossible. Can we hawg = qiu1 + qous = q3uz ~ T3 = QU1 + Qo =
gaus + g5 for somegq; 2 3, G1,2,3, g5 € Q andgs # 0? No. Proof: z3 — Z—gng = 4, but
this meangu; + ¢'us = @ for rationalg = g; — Z—gql andq’ = g — Z—:QQ. If g #0or
¢ # 0thenu; ~ us9, contradicting our assumption th@f # Cs. If ¢ = ¢’ = 0 then
g5 = 0 and all is well.

8 Transfinite induction

We will proceed to define our(C') by transfinite induction og. First, we must well-
orderC, by invoking the well-ordering theorem @h— {Q} to choose some well-order



relation “<” on equivalence classes, and then Qufirst by definingQ < C for any
C # Q. (Recall that a well-ordering is one such that every nontgreet has a least
element. Since& is uncountable, the well-ordering theorem requires theraxof
choice.) Then, we will construet(C') to satisfy the following property by induction:

e letly = {C|Q < C < Cp} for someCy € C. For all finite seriest =
> dnun With distinctu,, = «(C,,), C,, € Co, and somg,, € Q, then whenever
x € C € Cy we requirex = ¢ - u(C') for someg € Q.

That is, we assume that the above property is true fo€al Cj, and then choose
ug = u(Cp) so that it still holds when we includ€, (i.e. forC; = Co U {Cp}). In
particular, there are two cases: (i)f,, ¢ u, ¢ Cy for anyg, or u, with C,, € Co,
then we choose to be any arbitrary element @fy. (ii) Otherwise, we pickuy =
>, anun for any arbitrary seried ", g,u, € Co. Then the desired property above
follows: If we have &, ¢),u;, = quo + ¢’ € Cy (n # 0), then by substituting, and
moving it to the left we obtain a sum of the formi,, ¢)/u;, = ¢’, which is only possible
if ¢ = 0 (ifany ¢!/ # 0, then we will obtainu,, ~ u,,, for somem # n, or otherwise
un € Q), similar to the proof at the end of the previous section. Rndther hand, if
we haver = gouo + Y, ¢,ul, € C € Coy, thenz = Y~ ¢//u) and thuse = ¢ - u(C)
by induction. Note that iy # 0 thenz € C implies thaty ¢/ u], — qu(C) € Cy, SO
we are in case (ii) above.

The base case, fa the empty set, is trivial. We defingQ) = 0.

9 Adiscontinuous f(x)

Now that we have defined(C) as above, defining the discontinuofi§r) is easy.
Everyz € R is a member of some equivalence clégsand thuse = qu(C) + ¢’ for
someg, ¢’ € Q, ¢ # 0. Then,f(z) = ekau(C)+ka for some fixed real numbeks# k.
This is discontinuous sincg(q) = e*? but f(x) # e** for irrational .

Let us review why this satisfie(x1 + z2) = f(x1) - f(2z2) foranyz;, ze € R,
wherez; = giuy + ¢} andze = gaus + g4 With uy = w(C1) andug = u(Cs) forz; €
Cirandzy € Cy. If C1 = Cr0rCy = Q, thenf(:vl + ,TQ) = ek(q1u1+q2u2)+k(qi+q;)
as desired. Otherwise;; + x2 € C3 # (42, and alsogiu; + qaue € C3. By
our construction of:(C'), howeveru; = u(C3) must then satisfy the propergyu, +

gau2 = qzugz for somegs € Q. Thereforeg; +x2 = qausz+(q) +4¢5) andf(r1+x2) =
ekasus+h(di+a3) — ok(qruatqaua)+k(qi+4as) — flxy) - f(x2).
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