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1 October 2014

1. Find the equation for the plane tangent to the graph of z = 2x + 1+ y at (x, y) = (3,2). Express your
answer in standard form.

Solution. Note that the graph of z = 2x +1+ y is already a plane! So we can just rearrange to get 2x + y −
z = −1. However, let’s solve using calculus methods to show how it would work if we hadn’t made that
observation.

Let f (x, y) = 2x +1+ y . The plane tangent to z = 2x +1+ y at a point (x0, y0, f (a)) (where a = (x0, y0)) is

normal to the vector
(
∂ f
∂x (a), ∂ f

∂y (a),−1
)
. We calculate ∂ f

∂x = 2 and ∂ f
∂y = 1 to find that (2,1,−1) is a normal

vector. Substituting into n · ((x, y, z)−P ) with P = (3,2, f (3,2)) = (3,2,9), we find that the tangent plane is
2x + y − z =−1 .

2. Let f (x) = (x3−8)/(x−2) when x 6= 2 and let f (2) = c1. Determine the value of the constant c1 for which
f is continuous. Do the same for

g (x, y) =
{

3|x|3+3|y |3−x10 arctan(1+y)
|x|3+|y |3 if (x, y) 6= (0,0)

c2 if (x, y) = (0,0).

Solution. f (x) = x2 +2x +4 when x 6= 2, so the limit as x → 2 of f (x) is 22 +2(2)+4 = 12. Since a function
is continuous at 2 if the limit at 2 exists and equals the value of the function c1 = 4 is the right choice.

When (x, y) 6= (0,0), g (x, y) equals 3− x10

|x|3+|y |3 arctan(1+ y). As (x, y) → (0,0), the second term goes to 0.
One way to see this is to use the boundedness of arctan and switch the rest of the expression to polar
coordinates. So the limit of g (x, y) as (x, y) → (0,0) is 3 .

3. Consider an arbitrary function f :R2 →R. (a) Does the value of f (0,0) affect the limit at (0,0)? In other
words, can we change the existence or value of lim(x,y)→(0,0) f (x, y) by changing the value of f (0,0)? (b)
Consider some point (x0, y0) 6= (0,0) which is near (0,0). Does the value of f (x0, y0) affect the limit at
(0,0)?

Solution. The value at (0,0) does not matter, by the definition of a limit. The value at (x0, y0) also does not
affect the limit, because the existence and value of the limit can determined by considering the values of

f (x, y) for (x, y) in (for example) the ball of radius 1
2

√
x2

0 + y2
0 centered at (0,0). This ball does not include

the point (x0, y0).

4. (a) What are the level curves of the function f (x, y) = x2+y2? (b) List one vector which is tangent to the
level curve through (3,4). (c) Find the gradient of f at (3,4), and verify that the gradient is perpendicular
to the tangent line from part (b). (d) Try to state a generalization of this fact to level surfaces of arbitrary
functions f :Rn →R. (e) Use part (d) to provide a different way of finding the formula for the equation of
a plane tangent to the graph of z = f (x, y) at a given point P .

Solution. The level curves are circles centered at the origin, and the tangent to the level curve through
(3,4) is (−4,3). The gradient of f is (2x,2y), which at (3,4) equals (6,8). Dotting (−4,3) and (6,8), we see



that they are indeed perpendicular. The generalization of this statement is that the gradient of f at a
point P is perpendicular to the tangent to the level surface of f at P .


