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Topics: the fundamental theorem and path independence, curl and divergence

1. Consider a function f (x, y) and a curve C starting at a and ending at b as show below. Put
a bunch of points spaced out along the curve, and use linear approximation to estimate the ex-

pression
∫
∇ f · dr over the bolded portion of the curve, in terms of the values of f at the two

endpoints of this portion.

a

b

∆x
∆y

∆r = (∆x, ∆y)

2. What formula do you get when you add up the result of the previous exercise over all the small
pieces of C? This is called the fundamental theorem of calculus for line integrals.

3. Use the fundamental theorem of line integrals to find
∫

C
F · dr, where F = (x, y) and C is a path

from (1, 0) to (0, 1).



4. If F is a gradient field and C is a closed curve (meaning that it starts and ends in the same

location), then what is
∫

C
F · dr?

5. Use the previous result to show that (−y, x) is not a gradient field.

6. Clairaut’s theorem says that fxy = fyx whenever f is a function with continuous second partial
derivatives. Use Clairaut’s theorem to show that if F = (M, N) is a gradient field, then My = Nx.



7. The curl of a vector field F = (M, N, P) is given by∣∣∣∣∣∣∣∣∣
i j k
∂

∂x
∂

∂y
∂

∂z
M N P

.

∣∣∣∣∣∣∣∣∣
Find the curl of (−y, x, z2).

8. The physical intepretation of curl, roughly speaking, is that the z component says how much the
vector field is twisting around the point in the xy plane, and similarly for the other components.
Imagine a small rotor in the xy-plane at each point; if the vector field would make this rotor
spin clockwise, the z-curl is negative in that component at that point; counterclockwise would be
positive and no spin at all would be zero. Identify each of the following graphs as positive curl
everywhere, negative curl everywhere, or zero curl everywhere.



9. The divergence of a vector field F = (M, N, P) is defined to be Mx + Ny + Pz. Its value at each
point tells you the net flow out of a small region around that point.

10. The vector field plotted above is (x2 + y, y2 + x). Evaluate the divergence of this vector field
and show that your previous answer was correct


