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Topics: triple integrals in Cartesian, cylindrical, and spherical coordinates

1. The figure below shows the region of integration for the integral∫ 1

0

∫ 1

√
x

∫ 1−y

0
f (x, y, z) dz dy dx.

Rewrite this integral as an equivalent iterated interval in the five other orders.



2. In 3D, the volume elements are

dV = dx dy dz (rectangular)
= r dr dθ dh (cylindrical)

= ρ2 sinϕ dρ dϕ dθ (spherical)

Find the volume of a sphere of radius R by using spherical coordinates to integrate 1 over the
sphere of radius R centered at the origin.

3. The moment of inertia of a body R with mass density δ(x, y, z) rotating about an axis is defined

by the integral
∫∫∫

R
|r(x, y, z)|2δ(x, y, z)dV, where r(x, y, z) is the vector from the axis of rotation

to the point (x, y, z). Calculate the moment of inertia of a sphere of uniform mass density and
radius a.



4. Find the volume of the region bounded between the surfaces z = x2 + y2 and z = 8− x2 − y2.

5. Evaluate
∫ 2

−2

∫ √4−y2

−
√

4−y2

∫
√

x2+y2
xz dz dx dy by changing to cylindrical coordinates.



6. Consider the intersection of a unit sphere with the set of points whose spherical angle ϕ is less
than 45 degrees. Write down an iterated integral representing the integral of f (x, y, z) over this
region.

7. Find the volume of the solid that is enclosed by the cone z =
√

x2 + y2 and the sphere x2 + y2 +

z2 = 2.

8. (Challenge problem) Consider the solid S of all points in R3 whose distances to the three coor-
dinate axes are all less than or equal to 1. Find the volume of S.


