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Directional derivatives, gradients, and Lagrange multipliers

1. In addition to taking a derivative of a function f (x, y) in a coordinate direction, we can take a
derivative in an arbitrary direction specified by a unit vector u = (u1, u2). We define

(Du f )(x0, y0) = lim
h→0

f ((x0, y0) + uh)− f (x0, y0)

h
.

Use a tangent plane approximation to express (Du f )(x0, y0) in terms of u1, u2, and the partial
derivatives of f .



2. The gradient of a function f is a vector of its partial derivatives: ∇ f =

(
∂ f
∂x

,
∂ f
∂y

)
. Find the

gradient of the function
√

x2 + y2.

3. Suppose that the gradient of f at (3, 2) is equal to (−4, 1). Find the vector u that maximizes
Du f . Find the vector u that minimizes Du f . Find the vector u for which Du f is equal to zero.



4. (a) Define f (x, y) = x2 + y2, and suppose that g is a function such that the graph of g(x, y) = c
is the heart-shaped curve below. Identify the point Pmax on the curve g(x, y) = c for which f is
maximal. Identify the point Pmin on the curve where f is minimal.

(b) Draw the level curve of f which passes through Pmax and the level curve of f which passes
through Pmin.

(c) Describe the relationship between the two level surfaces which intersect at Pmax or at Pmin in
your picture above. Use that relationship to write down a system of three equations satisfied by
the coordinates of Pmax and Pmin. This is called the method of Lagrange multipliers.



5. Use the method of Lagrange multipliers to find the maximum and minimum values of the
function f (x, y) = x2 + 2y2 on the circle x2 + y2 = 1.

6. Use the method of Lagrange multipliers to find the maximum volume of a rectangular box
without a lid which can be made from 12 square meters of cardboard.


