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1. Find the maximum and minimum values of the function f (x) = x2(1− x) on the interval [0, 1].

2. A multivariable optimization problem is about finding values of (x, y) such that a function f (x, y)
is maximized or minimized. Here’s one you can do with no calculus: find the maximum and
minimum of the function f (x, y) = x2 + y2 on the square [−3, 3]× [−3, 3].

3. If we consider the one-variable function f (x, 0) (shown as a trace of the graph of f below, on
the left), then what is special about this function at the point x = 0 at which f has a minimum?
Write a sentence interpreting the graph on the right in a similar way.



4. The point (x0, y0) is a critical point of a differentiable function f if:

5. Find all the critical points of f (x, y) = −x4 − y4 + 3x2 + 3y2, and use your result to find the
maximum and minimum values of f on the square [−2, 2]× [−2, 2].

6. Differentiating a multivariable function with respect to one argument (while holding the others
constant) is called a partial derivative with respect to that argument. Find the partial derivatives
of the following functions with respect to both x and with respect to y, and differentiate each of
those with respect to both x and y. (Note: the partial derivative of a function u with respect to x is

denoted
∂u
∂x

or ux, and the derivative of that with respect to x is denoted
∂2u
∂x2 or uxx. The derivative

of ux with respect to y is called uxy.)

x
1 + x2y

sin(xy) + x



7. The following three graphs depict a function, its partial derivative with respect to x, and its
partial derivative with respect to y. Identify which is which.

8. Find a vector which is tangent to the graph of f (x) = x2 at the point (3, 6).

9. The plane tangent to the graph of z = f (x, y) at a point (x0, y0) must contain the line tangent
to the x = x0 trace and the line tangent to the y = y0 trace (see figure). Use these facts to find the

a vector which is orthogonal to the plane tangent to the graph of f (x, y) =
√

1− x2 − y2 at the
point (1/2, 1/2).



10. Repeat the previous exercise with an arbitrary function f and an arbitrary point (x0, y0).

11. Consider the function f (x, y) =
exy

e(1 + x2)
. Use a tangent plane to approximate f (0.99, 0.98).



12. Level lines of a function f (x, y) are shown below. Find a point (x0, y0) where fx is positive.
Repeat with fxx, fy, and fxy. Find a point where fxx = 0.
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13. (Challenge problem) Prove the following theorem: If the partial derivatives fxy and fyx exist
and are continuous in a disk, then they are equal at every point (x0, y0) in the disk.

Step 1. Write each mixed partial derivative at (x0, y0) as a limit of a quotient (which we will call
F(h, k)) as h→ 0 and k→ 0, using the definition of a derivative.

Step 2. Use the mean-value theorem to rewrite F(h, k) two different ways, one of which equals the
value of fxy near (x0, y0) and the other of which equals the value of fyx near (x0, y0). Take a limit
as h, k→ 0 and conclude.


