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Topics: Functions of multiple variables, limits and continuity Topics. Functions of multiple variables, limits
and continuity (Section 13.2, 13.3 in E&P).

1. The implied domain of a function is the set of points that make sense when plugged into the
function. For example, the implied domain of 1/(x2 + y2) is {(x, y) : (x, y) 6= (0, 0)}, since (0, 0)
is the only pair of points that cannot meaningfully be substituted into the expression (to give a

real number). Find the implied domain of f (x, y) =
√

25− x2 − y2.

2. The graph of a function f (x, y) of two variables is the set of points satisfying z = f (x, y). Sketch

the graph of g(x, y) =
1
2

√
4− 4x2 − y2.



3. Contour curves of a function are traces of the function’s graph in horizontal (z = constant)
planes. Identify the contour curves in the figure below (hint: yes, this problem is easy).

Level curves are the projections of contour curves onto the xy-plane. On a 2D xy-plane, sketch the
level curves of the above surface.

4. For functions f (x, y, z) of three variables, we cannot draw graphs anymore (because we would
need a fourth dimension to illustrate the output). We can, however, draw contour surfaces, which
are solution sets of f (x, y, z) = c, where c is a constant. Sketch a few contour surfaces of the
functions f (x, y, z) = x2 + y2 + z2 and g(x, y, z) = z2 − x2 − y2.



5. (a) If x is very close to 3 and y is very close to 2, then what is xy very close to?

(b) As a reminder, recall the definition of a limit for a function f : D → R, where D ⊂ R. The limit
of a function f (x) as x approaches a ∈ R is equal to L if :

(c) Summarizing (a), we say that the limit of xy as (x, y)→ (3, 2) is equal to 6. More generally, we
say that the limit of f (x, y) as (x, y) approaches (a, b) is equal to L if :

6. We say that f is continuous at (a, b) if the limit of f (x, y) as (x, y) approaches (a, b) exists and
equals f (a, b). We say that f is continuous if it is continuous at every point in its domain. Discuss
the continuity of the function f whose domain is D = [0, 1]× [0, 1] and which is equal to 1 on D,
as well as the function g whose domain is R2 and which is equal to 1 on D and 0 everywhere else.



7. Show that lim
(x,y)→(0,0)

xy
x2 + y2 does not exist by finding the limit along the line x = y and along

the line x = 0.

8. Show that lim
(x,y)→(0,0)

x3 + y3

x2 + y2 exists by switching to polar coordinates.



9. Show that lim
(x,y)→(0,0)

xy2

x2 + y4 does not exist by finding the limit along a coordinate axis and along

the parabola y2 = x.

10. Evaluate lim
(x,y)→(0,0)

x4 + y4

(x2 + y2)3/2 by switching to polar coordinates.



11. Suppose that f (1/n, 2/n) = 1 for every integer n, and that f is a continuous function from R2

to R. What is the limit of f (x, y) as (x, y) approaches the origin along the negative y-axis?

12. (#52 on p. 867) Suppose that f (x, y) = (x − y)/(x3 − y) except at points of the curve y = x3,
where we define f (x, y) to be 1. Show that f is not continuous at (1, 1). Evaluate the limits along
the vertical line x = 1 and the horizontal line y = 1.

13. (Challenge) Make an ε-δ argument to explain why the limit of f (x, y) as (x, y)→ (a, b) cannot
exist if the limits along two paths approaching (a, b) exist and are different.


