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Topics: Vectors, dot products

1. We denote by Rn the set of order n-tuples of real numbers. For example,

R3 = {(x, y, z) : x, y, z ∈ R}.
Elements of Rn are called vectors, and x,y, and z are the three components of the vector (x, y, z). We
define addition of vectors componentwise, and we can multiply vectors by real numbers (called
scalars in this context) componentwise:

(x1, y1) + (x2, y2) = (x1 + x2, y1 + y2)

λ(x, y) = (λx,λy).

We denote vectors with boldface notation or an arrow: u or ~u.

We depict a vector u = (x, y) graphically by drawing an arrow from the origin to the point (x, y),
or any translate of this arrow. Define u = (1, 2) and v = (3, 1) and confirm that u, v, and u + v fit
together to form a triangle. On the second set of axes, draw 2u, −u, and −3u.

2. We define subtraction by u− v = . Show how u, v, and u− v fit together to form a
triangle.



3. The dot product of two three-dimensional vectors is defined by

(x1, y1, z1) · (x2, y2, z2) = x1x2 + y1y2 + z1z2,

and the norm (or length or magnitude) of a vector is defined by |(x, y, z)| =
√

x2 + y2 + z2.

Verify that u · (v + w) = u · v + u ·w and that u · u = |u|2.



4. Use the diagram below and the law of cosines to show that u · v = |u||v| cos θ, where θ is the
angle between u and v.

u

v

u− v

θ

5. Show that the vectors (6, 3) and (2,−4) are perpendicular, while (8, 9) and (−10, 9) are not.



6. Use vectors to prove that the line joining the midpoints of two sides of a triangle is parallel to
the third side and half its length.

7. Find the angle between the diagonal of a cube and a diagonal of one of its faces.


