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1. A function u(x, y) is said to satisfy Laplace’s equation if

∂2u
∂x2 +

∂2u
∂y2 = 0.

Show that u(x, y) = ex sin y satisfies Laplace’s equation.

2. Calculate uxy and uyx for u(x, y) = ln(x + 2y) and for u(x, y) = cos(x2y).

3. Level curves of f (x, y) are shown below. Determine whether each of the following quantities is positive
or negative at the point P shown in the figure (a) fx, (b) fy, (c) fxx, (d) fyy, and (e) fxy

4. Consider the equation z = x2 − xy + 3y2. As (x, y) changes from (3,−1) to (2.96,−0.95), find the
change in the value of z. Repeat the exercise with z = x2 − xy + 3y2 replaced by the plane tangent to
z = x2 − xy + 3y2 at the point (3,−1).

5. The length l, width w, and height h of a box change with time. At a particular moment, the dimensions
are ` = 1 m, w = h = 2 m, and ` and w are increasing at a rate of 2 m/s while h is decreasing at a rate
of 3 m/s. Find the rates at which the volume, the surface area and the length of the longest diagonal are
changing at that moment.

6. Find the directions in which the directional derivative of f (x, y) = ye−xy at the point (0, 2) has value 1.

7. Suppose that the directional derivatives of f (x, y) are known at a given point in two nonparallel di-
rections given by unit vectors u and v. Is it possible to find ∇ f at this point? If so, how would you do
it?

8. Use the method of Lagrange multipliers to find the point on the ellipse
(

x− 3
2

)2
+ (y− 4)2 = 1 which is

closest to the origin. (Note: at some point you will have to solve a degree-four polynomial equation whose
roots are not nice. Simply use a computer algebra system, like wolframalpha.com, to approximate these
roots to four decimal places.)

9. Find and classify all extreme values (that is, local and global maxima and minima) of the function
f (x, y) = x2 + y2 + 4x− 4y on the domain {(x, y) ∈ R2 : x2 + y2 ≤ 9}.


