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1. Vectors and dot products

(a) Vectors are ordered pairs or triples of real numbers, and they are added together or
multiplied by scalars componentwise

(b) Vector operations satisfy the properties you’d expect: associativity, commutativity, dis-
tribution of scalar multiplication across vector addition, etc

(c) u, v, and u + v form a triangle, as do u, v, and u− v

(d) To calculate the dot product of two vectors, you multiply corresponding components
and add up the results

(e) The length of a vector is |u| =
√

u · u
(f) Dot products distribute across vector addition

(g) u · v = |u||v| cos θ, where θ is the angle between u and v

2. Matrices

(a) The linear functions from R2 to R2 are the ones of the form L(x, y) = (ax + by, cx + dy),
where a, b, c, d are real numbers

(b) It’s handy to describe L by putting its coefficients in a matrix like
(

a b
c d

)
(c) To find the matrix corresponding to a composition of two linear functions, we multiply

the matrices. Matrix multiplication works by dotting the ith row of the first matrix with
the jth column of the second matrix to produce the entry in the ith row and jth column
of the resulting matrix.

(d) Linear functions can rotate, reflect, shear, project, and scale.

(e) To figure out the factor by which a linear functions transforms areas , we calculate the
absolute value of the determinant of the matrix, which for a 2× 2 is |ad− bc|.

(f) To find the determinant of a 3× 3 or larger, we expand by minors: (1) choose a row or
column, (2) for each entry of that row or column, form a term by multiplying that entry
times the determinant of the matrix obtained by deleting the row and column of that
entry times a +1 or −1 factor coming from a checkboard pattern of ±1’s, and (3) add
up the resulting terms.

3. Cross products

(a) The cross product of two vectors (u1, u2, u3) and (v1, v2, v3) can be obtained by expand-
ing this expression along the first row:∣∣∣∣∣∣

i j k
u1 u2 u3
v1 v2 v3

∣∣∣∣∣∣
(b) u× v is orthogonal to both u and v



(c) |u× v| = |u||v| sin θ, where θ is the angle between u and v

(d) The volume of the parallelepiped spanned by three vectors u, v, and w is called the
triple scalar product and is equal to the absolute value of u · (v ×w) and is also equal
to the absolute value of the determinant of the 3 × 3 matrix obtained by putting the
components of the three vectors in order into the three rows

4. Lines and planes in space

(a) The line passing through (x0, y0, z0) parallel to the vector (a, b, c) is described paramet-
rically as the set of all points of the form (x0 + at, y0 + bt, z0 + ct), where t is any real
number

(b) The plane passing through (x0, y0, z0) and perpendicular to the vector (a, b, c) has equa-
tion

(a, b, c) · (x− x0, y− y0, z− z0) = 0,

or
ax + by + cz = d,

where d = ax0 + by0 + cz0

(c) To find the distance between any two straight figures (2D planes, 1D lines, or 0D points),
some helpful ideas: find some points on the two figures, draw a right triangle involving
those points and the desired distances, write down a trig expression for the desired
distance, and rewrite the resulting expression in a way that substitutes dot or cross
products for trig functions

5. Motion in space

(a) The position of a particle moving at space is given by a vector-valued function of t
denoted r(t)

(b) The velocity of the particle is v(t) = r′(t), where the derivative is taken componentwise

(c) The velocity vector is tangent to the path traced out by r(t), and its magnitude is the
speed of the particle

(d) The acceleration of the particle is a(t) = r′′(t), where the derivatives are taken compo-
nentwise

6. Quadric surfaces

(a) The graph of an equation in three variables x, y, z is the set of all points (x, y, z) that
satisfy that equation

(b) The main tool for understanding 3D surfaces is to take traces, which are intersections of
the surface with planes, usually parallel to the coordinate planes

(c) To find the surface of revolution of curve in the z-x plane about the z-axis, replace x

with
√

x2 + y2 in the equation describing the curve

(d) Quadric surfaces are the surfaces you get from graphing quadratic equations in x, y, z
(like conic sections in 2D)

(e) Quadric surfaces include paraboloids (with no z2 term), both elliptic and hyperbolic
(saddle), as well as elliptic cones and one-sheeted and two-sheeted hyperboloids



(f) Cylindrical coordinates represent a point (x, y, z) in space in terms of the quantities r,
θ, and z, where r is distance to the z-axis, θ is the angle of (x, y) with respect to the
positive x-axis, and z is the signed distance to the x-y plane

(g) Spherical coordinates represent a point (x, y, z) in space in terms of the quantities ρ,
θ, and φ, where ρ is distance to the origin, θ is the angle of (x, y) with respect to the
positive x-axis, and φ is the angle with respect to the positive z-axis

(h) You can work out the translations between Cartesian and spherical coordinates by
drawing a pair of right triangles involving (0, 0, 0), (x, 0, 0), (x, y, 0), and (x, y, z) and
using basic trigonometry

7. Functions of multiple variables

(a) The implied domain of a function f (x, y) or f (x, y, z) specified via some expression is
the set of pairs (x, y) or triples (x, y, z) that it makes sense to substitute into the given
expression

(b) The graph of a function f (x, y) is the set of all points (x, y, f (x, y)), where the pair (x, y)
is in the domain of the function

(c) The level curves of a function f (x, y) are the sets of the form {(x, y) : f (x, y) = c},
where c is some real number

(d) The graph of a function f (x, y, z) cannot be visualized. However, f ’s level sets (which
will be level surfaces) can be visualized: they are the sets of all points (x, y, z) where
f (x, y, z) is equal to some particular value c.

8. Limits and continuity

(a) For a function f (x, y), we say that the limit of f (x, y) as (x, y)→ (a, b) equals L if for all

ε > 0, there is a δ > 0 so that whenever
√
(x− a)2 + (y− b)2 < δ, the value of f (x, y)

is within ε of L.

(b) We can check the limit of f (x, y) as (x, y) → (a, b) along the line of slope m passing
through (a, b) by substituting (x, y) = (a + t, b + mt) and taking t→ 0.

(c) If the limits along two different lines through (a, b) are not equal or if there’s any line
along which the limit fails to exist, then the limit of f (x, y) as (x, y) → (a, b) does not
exist

(d) If the limits along all lines exist and are the same, then it’s still possible the limit does
not exist

(e) To show that a limit equals L, substitute a + r cos θ for x and b + r sin θ for y and show
that the resulting expression is close to L whenever r is small regardless of the value of θ

9. Partial derivatives

(a) The partial derivative
∂ f
∂x

of a function f (x, y) at a point (x0, y0) is the slope of the graph

of f in the x-direction at the point (x0, y0). In other words, it’s the slope of the trace of
the graph in the plane y = y0

(b) To find the partial derivative with respect to x, we hold y constant and differentiate
like normal, and to find the partial derivative with respect to y, we hold x constant and
differentiate



(c) To solving matching problems involving partial derivatives of functions given their
graphs, we take x = constant and y = constant traces of the graph and consider the
behavior of the tangent-line slopes of those traces

10. Multivariate optimization

(a) Critical points are where both partial derivatives are equal to zero

(b) To find the absolute min/max of a function over a given domain, we have to find all
critical points inside the domain and check the value of the function at those points as
well as on the boundary of the domain.

11. Tangent planes and linear approximation

(a) The equation of the plane tangent to the graph of a function f at the point (x0, y0, f (x0, y0))
is given by

z = f (x0, y0) + fx(x0, y0)(x− x0) + fy(x0, y0)(y− y0)

(b) The above equation can be used to approximate what f does for values of x and y
very close to (x0, y0): it says that the output changes by the x-change x − x0 times f ’s
sensitivity to changes in x (namely fx(x0, y0)) plus the y-change times f ’s sensitivity to
changes in y (namely fy(x0, y0))

12. Directional derivatives and gradient

(a) The directional derivative Du f of a function f in a direction u at a point (x0, y0 is defined
to be the rate of change of f as x and y move jointly away from (x0, y0) in the u direction.
Here u is understood to have unit length

(b) The gradient ∇ f of a function f is obtained by putting all the partial derivatives of a
function f together into a vector

(c) The directional derivative turns out to be equal to ∇ f · u
(d) Because of the formula ∇ f · u, the gradient is the direction in which f increases most

rapidly. Minus one times the gradient is the direction of maximum decrease, and the
directions orthogonal to these are the ones in which f is constant

13. Lagrange multipliers

(a) If we want to optimize a function f (x, y) where x and y vary over a shape specified by
the equation g(x, y) = 0, then we solve the system of equations{

∇ f = λ∇g
g = 0.


