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ABSTRACT. We give a brief, informal introduction to Schramm-Loewner evolutions, the Gaussian free
field, and the connections between them. These connections have been developed in recent papers by
Dubedat [1] and Miller and Sheffield [2, 3, 4].

1. SCHRAMM-LOEWNER EVOLUTIONS

1.1. Motivation. SLEκ is a one-parameter family of non-self-crossing random fractal curves in a
planar domain, from one boundary point to another (chordal SLE) or from a boundary point to
an interior point (radial SLE). The parameter κ ∈ [0,∞) dictates how “windy” the path is: the
Hausdorff dimension of the path is 1 + κ/8 for 0 ≤ κ ≤ 8. Here are some simulations of discrete
approximations of SLEκ from 0 to ∞ in the upper half plane.

0
∑= 8/3

0
∑= 4

0
∑= 6

The curve ηt is parametrized by t ∈ [0,∞], though we are often concerned with the trace, which
is the set of points the curve passes through. Just as Brownian motion arises as a natural limit of
random walks, SLE curves arise naturally as limit of various interfaces or other discrete paths which
do not cross themselves.
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For example, we may intersect the hexagonal lattice with a planar domain, and color two fixed
boundary arcs different colors. Coloring the remaining hexagonal faces independently with proba-
bility 1/2 for each color (this method of coloring is called critical percolation), we define a unique
chordal path separating the two colors.

As the mesh size goes to 0, the law of this random path converges to the law of an SLE6. Here are
some other values of κ for which SLEκ arises naturally.

• Loop-erased random walk, κ = 2 [Lawler, Schramm, Werner]
• Boundary of Brownian motion, κ = 8/3 [Lawler, Schramm, Werner]
• Ising model interface , κ = 3 [Smirnov, Chelkak and Hongler, Kytölä]
• Level lines of discrete Gaussian free field, κ = 4, [Schramm and Sheffield]
• Percolation interface, κ = 6, [Smirnov and Camia, Newman]
• Uniform spanning tree, κ = 8, [Lawler, Schramm, Werner]

SLE convergence results are useful for the study of discrete models, because they permit the appli-
cation of stochastic calculus tools to questions about limiting behavior. For example, the percolation
convergence result gave rise to a computation of the one-arm exponent. This theorem says that the
probability of the origin-containing cluster reaching a distance of R lattice units from the origin is
R−5/48+o(1) as R→ ∞.

1.2. Definition. The definition of SLE is motivated by the observation that for many discrete ran-
dom paths, a limiting law is expected to satisfy two key properties. We emphasize that these
properties pertain to the family of measures

{µD,a,b : D /∈ {∅,C} is simply connected, and a, b ∈ ∂D with a 6= b}.
Let η be a random path in a simply connected domain D with law µ = µD,a,b.

(1) Domain Markov property. Conditioned on the path η([0, τ]) up to some stopping time τ,
the law of the remainder of the path is µD\η([0,τ]),η(τ),b.

(2) Conformal invariance. Up to a time reparametrization, the law of φ(η) from φ(a) to φ(b)
in the domain φ(D) is equal to µφ(D),φ(a),φ(b).



Suppose that {µD,a,b} is a family of probability measures satisfying conformal invariance and the
domain Markov property. By the conformal invariance property, the whole family is determined by
µH,0,∞. By the domain Markov property, we may sample a path η ∼ µH,0,∞ up to a time T > 0 as
follows: choose a large integer n and sample the curve up to a small time t = T/n. Conformally
map1 H\η([0, t]) back to H, and repeat n times. The original path η[0, T ] is recovered by composing
the inverses of the resulting i.i.d. sequence of random maps {g(k)t }nk=1.

For t ≥ 0, we define Wt ∈ R to be the image of η(t) under gt. The process t 7→ Wt is called the
driving function of η. The independence of the conformal maps {g

(k)
t }nk=1 implies that (Wt)t≥0 is a

rescaled limit of a symmetric random walk on R. Under certain assumptions on the law of these
i.i.d. steps, this implies that (Wt)t≥0 is a scalar multiple of a Brownian motion. A more rigorous
justification can be achieved by dispensing with this limiting procedure and appealing directly
to Lévy’s theorem, which says that the only continuous stationary processes with independent
increments are Brownian motions with drift.

η(t)
gt

Wt = gt(η(t))

The idea for constructing SLE is to start with Wt =
√
κBt and work backwards to produce the con-

formal maps gt (which in turn gives η[0, t] as the complement of g−1t (H)). Fortunately, Loewner’s
theorem (developed in the 1920s to prove a special case of the Bieberbach conjecture) provides
such a mechanism. The idea is to switch the role of z and t by fixing z ∈ H and studying the time
evolution of gt(z). It turns out that (gt(z))0≤t<∞ satisfies a simple ordinary differential equation.
This observation allows us to use an ODE existence and uniqueness theorem to recover (ηt)0≤t<∞
and (gt)0≤t<∞ from (Wt)0≤t<∞.

More precisely the construction goes as follows. For each point z ∈ H, consider the motion of
a particle starting at z and moving in the time-dependent vector field 2/z translated Wt units
horizontally:

1It is convenient to normalize the conformal map gt : H \ η([0, t]) → H so that gt(z) − z→ 0 as z→ ∞.



Wt

Sometimes such a particle starting from z will be “swallowed” by Wt at a time Tz < ∞, which
means that the ODE defining the particle’s motion can be defined up to but not beyond time Tz.
The hull Kt generated by Wt is defined to be the set of points whose particles have been swallowed
by time t, i.e., Kt = {z ∈ H : Tz ≤ t}. It turns out that the map sending z to the location of z’s
particle at time t is equal to the conformal map gt : H \ Kt → H (to motivate this, compare the
arrows indicating “particle motion” in the previous two figures).

It is not true in general that the growing family Kt of hulls is a path. In fact, when κ > 4, large
regions in the plane are swallowed all at once, and Kt is not a path. Nevertheless, it is a theorem of
Rohde and Schramm that for all κ ≥ 0 the family of hulls is almost surely generated by a continuous
path, which means that there exists a path ηt for which Kt is equal to the set of all points in the plane
separated from ∞ by ηt. The figure below illustrates this and summarizes the phase transitions as
κ ranges from 0 to ∞.

κ= 0 0 < κ≤ 4 4 < κ< 8 8 ≤ κ

Kt is a simple path SLEκ is neither simple SLEκ is space-filling
nor space-filling

1.3. SLE(κ, ρ). There is an important class of SLE variants called SLEκ(ρ), in which the Loewner
driving function is a Brownian motion plus a drift term which takes into force being applied by addi-
tional force points which move in the Loewner flow. We identify points x1,L, . . . , xl,L and x1,R, . . . , xr,R

to the left and to the right of 0 on the real line. We also choose associated weights ρ1,L, . . . , ρl,L and
ρ1,R, . . . , ρr,R (which are real numbers). The driving functionWt and force points V i,qt start at 0 and



xi,q for q ∈ {L, R}, and the evolve according to the system of SDEs

dWt =
√
κdBt +

∑
q∈{L,R}

∑
i

ρi,q dt

Wt − V
i,q
t

dV
i,q
t =

2

V
i,q
t −Wt

dt.

Note that the summation in the first equation may be interpreted as the net force being applied by
the force points toW, and the second equation just states that the force points move in the Loewner
flow. One can use Bessel processes to solve this system of SDEs until the first time W collides with
a force point. Extending the solution beyond this time is somewhat delicate. See [2] for details.

These processes arise frequently in the study of conformally invariant systems. For example, the
limiting joint law of the collection of loops describing all the interfaces in a model such as perco-
lation can be described [5] in terms of a branching variant of an SLEκ(ρ) process with one force
point and ρ = κ− 6. This random collection of loops is called the conformal loop ensemble.

1.4. Duality. Observe that, given what we have seen so far, one has little flexibility in coupling
multiple SLE paths in the same domain. You could run one SLE η1 to completion, then indepen-
dently run a second SLE in a connected component ofD\η1. However, such paths interact with one
another in a relatively trivial way. To give an example of how we might like to couple SLE, consider
that outer boundary of SLEκ for κ ∈ (4, 8) “looks like” an SLEκ ′ process for some κ ′ ∈ (0, 4), at least
locally. In fact, an early conjecture of Duplantier, called SLE duality, asserts that this is true with
κ ′ = 16/κ. We will see that the Gaussian free field resolves and even strengthens this conjecture by
providing us with a rich collection of ways to couple multiple SLE paths.

2. GAUSSIAN FREE FIELD

The discrete Gaussian free field (DGFF) h is a random real-valued function a vertex V of finite graph.
We distinguish a nonempty set ∂V ⊂ V, and we require h to agree with some specified function
ψ : ∂V → R. The density of h is given by

Z−1 exp

(
−
1

2

∑
x∼y

(h(x) − h(y))2

)
,

where the sum is over all pairs of neighbors in V. Thus the DGFF is a multivariate Gaussian in
R|V |−|∂V | whose covariances are such that large gradients across edges are penalized. If we want to
define h on a planar domain, we interpolate between lattice values linearly (or in any other natural
manner). The following figures show the DGFF on 20 × 20 and 50 × 50 grids, with the obvious
choice for ∂V and with ψ ≡ 0.



The following theorem serves as a starting point for understanding the link between the Gaussian
free field and SLE. The moral is that level sets of the DGFF are SLE4-type curves in the limit.

Theorem 1. Let λ =
√
π/8, and consider the discrete Gaussian free field with constant boundary

conditions a ≥ λ on one boundary arc xy and −b ≤ −λ on the complementary arc yx. The unique
path from x to y on which h is zero converges in the fine mesh limit to SLE4(a/λ− 1;b/λ− 1). (See
the figure below.)

A discrete Gaussian free field on a one-dimensional lattice is a random walk and thus converges
to a Brownian motion (suitably rescaled). Is there a corresponding limit for the two-dimensional
discrete Gaussian free field? The answer is yes, but the limiting object is not a function as in the
one-dimensional case, but rather a generalized function, i.e., a linear functional on the space of
smooth, compactly supported functions (with the topology for which φn → φ if all the φn are
supported on the same compact subset of Ω and all the derivatives of φn converge uniformly to
those of φ). First of all, let’s assume ψ ≡ 0 and take into account other possibilities for ψ by just
adding the harmonic extension of ψ to the zero-boundary GFF.

To define the continuum free field, let’s consider a different point of view on the DGFF. It is an
instructive exercise to verify that the DGFF h : D→ R can be written as a finite sum

∑
i αifi, where

αi are i.i.d. standard normals and {fi} form an orthonormal basis of the Hilbert space of real-valued
functions on D with Dirichlet inner product

(f, g)∇ =
∑
x∼y

(f(x) − f(y))(g(x) − g(y)).

For the (zero-boundary) continuum GFF, we define an analogous Dirichlet inner product

(f, g)∇ =
1

2π

∫
D

∇f · ∇gd(Area).

on the space of smooth, compactly supported functions onD. We take the Hilbert space completion
with respect to this Dirichlet inner product, and we consider an orthonormal basis (fi)i∈N of this



Hilbert space (the Sobolev space H10(D) of L2 functions vanishing on ∂D and with one weak deriv-
ative in L2). The continuum Gaussian free field (GFF) is defined by the formal sum h =

∑
i αifi.

Since this sum does not converge in H10(D), we have to say what we mean by this. We think of h
as a random map g 7→ (h, g)∇ defined for g ∈ H10(D) by

(h, g)∇ :=
∑

αi(fi, g)∇.

For fixed g ∈ H10(D), this sum converges almost surely since its partial sums form an L2-bounded
martingale. However, for almost every sequence (αi)i∈N, there exists g ∈ H10(D) for which (h, g)∇ is
infinite. Thus (h, ·)∇ is not a bounded linear functional on H10(D). It is a bounded linear functional
on the dense space C∞

c (D) ⊂ H10(D), however. Thus one has two ways of thinking of (h, ·)∇:

(1) (h, ·)∇ is a bounded linear functional on C∞
c (D)

(2) {(h, g)∇ : g ∈ H10(D)} is a collection of Gaussian random variables with mean zero and
covariance E(h, g1)∇(h, g2)∇ = (g1, g2)∇.

The former has the conceptual advantage that h is realized as a random generalized function, while
the latter has the advantage of defining (h, g)∇ for a larger class of test functions g.

3. IMAGINARY GEOMETRY OF THE GAUSSIAN FREE FIELD

3.1. Flow lines. The main goal of [2, 3, 4] is to find general SLEκ(ρL, ρR) processes in the Gaussian
free field, much as SLE4 curves can be found by looking at zero sets of the DGFF and letting the
mesh size vanish. To get SLEκ for values of κ other than 4, we will consider flow lines instead of
zero sets. Moreover, we will carry out the construction directly in the continuum setting.

Let D ( C be simply connected domain. As a warm-up, let us suppose that h : D → R is a
random function which is almost surely continuous and nonconstant. For example, h might be
discrete Gaussian free field on a lattice, linearly interpolated. Perhaps the most natural way to
define curves depending on h is to consider level sets of h, i.e., sets of the form {x : h(x) = c},
where c is some constant. Another way of using h to define curves is to let the value of h (mod
2π) at x determine the direction of an arrow at x and consider the path of a particle moving in the
resulting vector field. These solutions of the ODE η(t) = exp(ih(η(t))) are called flow lines of the
function h. Below is a picture of a flow line starting from 0 with h(x, y) = x+ y.
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It will be useful to include two additional parameters χ > 0 and θ ∈ R/2πZ which allow us to
consider multiples of h and to rotate the whole vector field by an angle θ. In summary, a flow
line η will be indexed by a triple (z0, χ, θ) of starting point, scale factor, and angle. Given these
parameters, η = η(z0, χ, θ) is defined to be the solution of the initial value problem

η(0) = z0

η ′(t) = exp (ih(η(t))/χ+ iθ) .

We can couple a random function h with a flow line η in the obvious way: sample h and let η be
the unique solution to the above ODE. Note that in this coupling, the flow line is determined by h
(that is, it’s σ(h)-measurable). We would like to produce such a coupling where h is a Gaussian
free field, but the ODE formulation is inadequate since h is not defined pointwise. To overcome
this difficulty2, we will derive a formulation of the ODE that is equivalent in the continuous case
but which is sufficiently general to handle generalized functions.

Let’s assume D = H and that z0 = 0 is on the boundary of the domain. Also, let θ = π/2, so that
the path starts in an upward direction if h(0) = 0. If h is continuous, then for each t we may define
the flow line (ηs)0≤s≤t and the conformal map ft : H \ η[0, t] → H which sends η(t) to 0. Note that
ft differs from the conformal map gt from before by a shift of Wt; i.e., to obtain ft we apply gt and
then shift move the image of the tip η(t) to 0.

ftη

η(s) vr

vl

0

Consider the two small arrows vl and vr to the left and right of η(s). Note that the conformal map
rotates vl from an angle η ′(s) to an angle 0, for a change of −η ′(s) = −h(η(s))/χ− π/2. Similarly,
ft rotates vr from η ′(s) to π, for a change of π − η ′(s) = −h(η(s))/χ + π/2. Using the ODE to
substitute for η ′(s), we find that

lim
z→w−

arg f ′t(z) = −h(w)/χ− π/2,

where the approach z→ w ∈ η([0, t]) is on the left side of the curve, and

lim
z→w+

arg f ′t(z) = −h(w)/χ+ π/2

on the right side. The main point of this observation is that these two limiting statements charac-
terize the solution of the ODE without reference to the derivative of the path.

Note that we can recover the natural coupling between h and η (at least up to some fixed time t)
in the following rather convoluted way: we first sample η([0, t]), determine the values of h using
the values of f ′t to the left and right of the path, and then sample h from its conditional distribution
given the determined values along the curve. The limiting values of h(z) as z approaches w ∈
η([0, t]) are given by χ · winding, where “winding” refers to the angle of the tangent relative to
straight up. We denote this by writing χ ·winding along each side of the curve, as shown below.

2A more intuitively appealing approach would be to define the coupling for a discrete GFF and let the mesh size go
to zero. This has not been done.



χ·winding
χ·winding

Since h is continuous, the limiting values of h as z approaches w ∈ η([0, t]) are the same from
the left and from the right. We will define the coupling between the Gaussian free field h and
SLEκ(ρL, ρR) paths η in a similar way. Without Picard’s uniqueness results for ODEs at our disposal,
it requires more work to show that η is determined by h in this coupling.

3.2. The coupling. We begin by describing the coupling between the GFF and SLEκ(ρL, ρR) for
κ ∈ (0, 4), and we’ll only couple h with η([0, t]), where t < ∞ is some fixed time. The full
coupling is carried out in [1], and it begins with the case considered here. We fix the constants
χ = 2/

√
κ −
√
κ/2 and λ = π/

√
κ. First run η up to time t, define h to be a Gaussian free field in

H \ η([0, t]) with boundary values specified in the figure below.

x1,Lx2,L x1,R x2,R

λ− χπ
2
+ χ·winding =

−λ+ χπ
2
+ χ·winding =

λ−λ−λ(1+ ρ1,L)−λ(1+ ρ1,L + ρ2,L) λ(1+ ρ1,R) λ(1+ ρ1,R + ρ2,R)

η(t)

−λ− χarg f ′t =

λ− χarg f ′t =−λ ′ + χ·winding

λ ′ + χ·winding

Thus h is given by a collection of Gaussian random variables (h,φ)∇, where φ ranges over smooth
functions compactly supported in H \ η([0, t]). It turns out that the SLE curve is “slim” enough that
we can define (h,φ)∇ when φ is compactly supported in H (that is, we may drop the restriction
that the support of ρ does not intersect η([0, t]).

Theorem 2. The marginal distribution of h in the above coupling (h, η) is that of a Gaussian free
field in H with boundary conditions given by those along the real line in the figure above. Moreover,
η is almost surely determined by h in this coupling.

The proof of the first part of this theorem appears in [6], and a proof of the second part appears in
[2]. A proof of the complete version of the theorem (coupling η all the way to t = ∞) appears in
[1, Theorem 6.4], though the notation and the perspective are different.



(a) If θ1 < θ2, then ηx1θ1 stays to the
right of ηx2θ2 .

(b) If θ1 = θ2, then ηx1θ1 merges with
η
x2
θ2

upon intersecting.
(c) If θ2 < θ1 < θ2 + π, then
η
x1
θ1

crosses ηx2θ2 upon interesting but
does not cross back.

FIGURE 1. Flow line interaction when the starting point varies.

Notice that, unlike in the case that h is continuous, the free field has a “height gap” of 2λ ′ = 2λ−πχ
across its flow lines. This gap ranges monotonically from 0 when κ = 0 to its supremum π as
κ→ 4−.

3.3. Properties of the coupling. Now that we have a way to couple flow lines with the Gaussian
free field, let’s explore how flow lines with different parameters (z0 and θ) relate to one another.
Figure 1 summarizes what happens when z0 varies3.

What happens when θ varies is even more interesting. Even if we let θ vary continuously between
0 and π, many of these uncountably many flow lines quickly merge. This union of flow lines for
varying angles is called the fan, and it has Lebesgue measure zero almost surely [2]. See Figure 2

The fan gives rise to a resolution of the SLE duality conjecture. The fan doesn’t exactly look like
an SLE16/κ, but its outer boundary does. Perhaps there is a way to couple an SLE16/κ with the fan
so that these SLEκ curves corresponding to extreme angles are equal to the outer boundary of the
SLE16/κ. It turns out that all we have to do is fill in the holes by drawing new fans from all the
points in the original fan, repeat n times, and take the union over all n. This construction gives
the same set even if we only draw the two flow lines with extreme angles 0 and π each time. This
procedure is illustrated in Figure 3. Therefore, not only is the outer boundary of SLE16/κ generated
by SLEκ-type curves, in fact the whole SLE16/κ path can be generated by angle-varying SLEκ-type
curves!

3.4. Applications. In addition to SLE duality, several other important conjectures have been re-
solved using these imaginary geometry tools. For example, the trace of an SLEκ path from a to b in
D has the same law as the trace of an SLEκ path from b to a in D. Until recently, this reversibility
property was proved only for κ ∈ (0, 4] due to work by Dapeng Zhan [7] and for a few other values
of κ because of connections with discrete models. Though the proof is not easy, it can be carried
out using imaginary geometry tools in the space of 35 pages [4].

A second example is reversibility of SLEκ(ρ1, ρ2) for κ ∈ (0, 4). This proof takes more work [3].

3The remaining figures were all taken directly from [2].



FIGURE 2. Flow line interaction when the angle varies. The colorful set is the fan.
The boundary data are chosen so that the angle-π/2 flow line approximates an SLE1
process.

FIGURE 3. Counterflow construction of SLEκ when κ > 4.

Still another example is the continuity of SLEκ(ρ) processes. In [2], it is proved that if κ > 0 and Kt
is the family of hulls corresponding to an SLEκ(ρL, ρR) process from 0 to ∞ in H, then K is almost
surely generated by a continuous path η.

In addition to these SLE questions, imaginary geometry also gives a useful framework for address-
ing questions about the conformal loop ensemble. One can use the SLEκ(ρ) coupling to couple the
CLE with the free field. This point of view can be used to understand CLE through a GFF lens and
also to understand the GFF using CLEs.
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