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1. Integration in Cartesian and polar coordinates

(a) The integral of a function f (x, y) over a 2D region R is the signed volume of the 3D
region between the graph of f and the xy-plane. Signed means that volumes below the
xy-plane count as negative

(b) To find the integral of a function f (x, y) over a 2D region R, we set up a double iterated
integral over R: the bounds for the outer integral are the smallest and largest values y
can be, and the bounds for the inner integral are the smallest and largest values x can
be for each “y = constant” slice. We can also do it with x and y switched

(c) Sometimes a directly-impossible iterated integral can be solved by rewriting it as a
double integral and then writing it as an iterated integral with the order of x and y
switched

(d) If the region R has some polar symmetries, the iterated integral can be set up in polar
coordinates instead. This is the same except (i) the area is r dr dθ instead of dx dy, and
(ii) you’ll need to substitute x = r cos θ and y = r sin θ to express the function’s values
in terms of r and θ

2. Integration in spherical and cylindrical coordinates

(a) Same story as in 2D, except the volumes are dV = r dr dθ dz and dV = ρ2 sinφ dρ dφ dθ
(b) Keep in mind that the bounds of integration can depend only on variables which ap-

pear in integrals farther outside. So if your integration order is dx dy dz, then the inner
integral’s bounds can depend on y and/or z, the second integral’s bounds can depend
only on z, and the outer integral’s bounds must be constant

3. Applications

(a) The mass of a solid whose mass density at each point is given by a function ρ is equal
to the integral of ρ over the region occupied by the solid

(b) The x-coordinate of the center of mass of a solid with mass density ρ is equal to∫∫∫
xρ(x, y, z) dV∫∫∫
ρ(x, y, z) dV

,

where both integrals are over the region occupied by the solid. Same for y and z
(c) The average value of any function f defined on a region is equal to the integral of f

over that region divided by the integral of 1 over that region

(d) The moment of inertia of a solid about an axis is equal to the integral of the solid’s
density function times the squared distance to the axis over the region occupied by the
solid

4. Multivariate change of variables

(a) If we need to integrate over a funky region, we write that region as the image under
some transformation (x(u, v), y(u, v)) of some simpler region in uv-space



(b) The original integral can be calculated as the integral of the integrand expressed in
terms of u and v times the Jacobian, which is the absolute value of the determinant of
the matrix of partial derivatives of all four partial derivatives of x or y with respect to u
or v

(c) To find the transformation, it helps to write the boundaries of the region of integration
as level sets of some functions of x and y. We call these u and v and solve the resulting
system of equations for x and y

(d) Sometimes that doesn’t work, and we’ll need to choose our transformation so that sub-
stituting simplifies the integrand. So, for example, if the integrand contains the expres-
sion x + y and the expression x− y, we might try u = x + y and v = x− y

5. Line integrals

(a) A function F from R2 to R2 is called a vector field, and we represent it by drawing at each
location (interpreted as input to the function) a small vector (interpreted as the output).

(b) The line integral of F over a curve C with parametrization r(t) where t ranges from a to
b can be calculated as ∫ b

a
F(r(t)) · dr(t)

dt
dt

It represents the work it takes to move a particle in the presence of a force F along the
path, where motion with the field counts as positive and against the field as negative

(c) Line integrals are parametrization independent, which means that we get the same answer
no matter which parametrization r we use for a given curve

(d) Line integrals are not, in general, path independent. This means that for some vector
fields F, the integral may be different along two different curves connecting the same
pair of points

6. Fundamental theorem of calculus for line integrals

(a) The theorem:
∫

C
∇ f · dr = f (b)− f (a), where C goes from a to b

(b) Implications: (1) line integrals for gradient fields are path independent, (2) line integrals

of gradient fields around closed curves are zero, and (3) to evaluate a line integral
∫

C
F ·

dr, we can look for a function f whose gradient equals F and subtract its values at the
endpoints (but this function might not exist)

7. Divergence and Curl

(a) The divergence of a vector field F = (M, N, P) is defined to be Mx + Ny + Pz

(b) The physical interpretation of divergence at a point is net flow per unit volume out of a
small ball around the point (where we’re thinking of the vector field as describing the
velocity of a fluid flow)

(c) The curl of a vector field F = (M, N, P) is defined by expanding the “determinant”

curl F = ∇× F =

∣∣∣∣∣∣
i j k

∂x ∂y ∂z
M N P

∣∣∣∣∣∣ ,

where ∂x is an abbreviation for ∂
∂x



(d) The physical interpretation of the x-component of curl at particular point, again think-
ing of the vector field as representing fluid flow, is the spin that the flow would induce
on a small rotor at that point whose axis of rotation is parallel to the x-axis. Same for y
and z.

8. Divergence theorem and Stokes’ theorem

(a) Just as a parametrized curve in 3D is a map from R1 (or a subset thereof) to R3, a
parametrized surface is a map from R2 (or a subset thereof) to R3

(b) The flux of a vector field F through a surface S is the amount of flow across the surface

(c) The flux is written as
∫∫

S
F · n dS, which means: break the surface S into a zillion little

patches, and for each path compute the value of F there dotted with the unit vector n
which is normal to the surface there, and multiply that by the area dS of the patch.

(d) The flux can be calculated using a parametrization r : D → R3 as∫∫
S

F · n dS =
∫∫

D
F · (ru × rv) dA,

where ru × rv includes the Jacobian |ru × rv| and the normal vector n = ru×rv
|ru×rv| in one!

(e) The divergence theorem says if S is a closed surface (meaning it has no boundary, like
a sphere or donut, unlike a hemisphere or half-plane), the flux of any vector field F can
be calculated using ∫∫

S
F · n dS =

∫∫∫
E

div F dV,

where E is the 3D region enclosed by the surface

(f) Stokes’ theorem says that if the vector field being integrated is the curl of another vector
field, then the flux equals: ∫∫

S
curl F · dS =

∫
∂S

F · dr,

where ∂S is the boundary of the surface (the set of all points where if you zoom in
around the point, the surface in the vicinity of that point looks like a half-plane rather
than like a whole plane; for the upper hemisphere, the boundary is the equator)

(g) The orientation of ∂S is the direction for which the surface is on your left as you walk
around the boundary in that direction. So, for the upper hemisphere, the appropriate
orientation of the equal would be east

(h) Stokes’ theorem implies that if the surface S is closed and the vector field being inte-
grated is the curl of another vector field, then the flux integral equals zero


