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1 Motivation.

The aim of this article is to motivate the inclusion of Grébner bases in algebraic geometry via
the computation of syzygies. In particular, we will discuss Grobner bases for finite modules over
polynomial rings, and mention how this tool can be used to compute minimal free resolutions of
graded finite modules. We won’t prove any results. Instead, we refer the reader to the references
at the end for proofs.

This article was written as a final project for the program on computational algebraic geometry
at the University of Utah during June 16 to July 3, 2008.

We begin with an example from [BM].

1.1 The example of the twisted cubic in P3.

We work in projective space P3 over a field k, and let S = k[w,x,y,2] be the homogeneous
coordinate ring of P3. Define polynomials f; = w? — 2y, fo = wy — 2z, and f3 = wz — y%;
the homogeneous ideal I = (fi, fa2, f3) defines a twisted cubic curve X C P3. Note also that X
has a parameterization (r,s) — (r2s,r3,rs?, s3). We would somehow like to be able deform I to
some monomial ideal J, motivated by the fact that computations are much easier to perform for
monomial ideals, and with the hopes that such computations could be used to obtain information
about our original ideal I.

We define an action of £* on the monomials of S of degree < 4 by

t. wa.Tbchd _ t7(16a+4b+c)waxbyczd‘
On a polynomial p with degree < 4, we get an operation by having k* act on the monomials of p,
and then “clear denominators” for ¢. In our case, this means the following:

t27 t14 2 _

firmw? = tTay = g1, forowy—tPaz=tgy, f3wz—t'"y? = gs.

If we evaluate these polynomials at ¢ = 0, we end up with monomials. This will in general
happen: what we are really doing is picking out the “biggest” monomial of our polynomial under
the lexicographic ordering given by w > =z > y > z. Motivated by this, we will call the above
operation in, and write in(p) for the largest monomial of p.

Now comes the next point: what sorts of information can be extracted from the monomial ideal
(in(f1),in(f2),in(f3)) = (w? wy,wz)? First, let us examine the geometry of this process. First,
define Iy = (w? — t*"zy, wy — t'3z2, wz — t'4y?). The map k[t] — S[t]/I; defines a map ¢: X; — Al
where X; = Proj S[t]/I; is the closed subscheme of P* defined by I;. The preimage of 1 under ¢ is
our original twisted cubic curve X; = X, and the preimage of s # 0 under is a curve X, isomorphic
to X. We are interested in the structure of Xy, which should correspond to a monomial ideal. One
first guess might be that X is defined by the ideal (w?, wy, wz), but this will turn out to be wrong.



1.2 Flat families.

To understand the picture better, we recall that a family of schemes is the fibers of a morphism
f: X — Y, and that we call the family flat if f is a flat morphism. One of the key points of flat
morphisms is the following characterization:

Theorem 1 ([Har, II11.9.9]). Let T' be an integral Noetherian scheme, and X C P7. a closed
subscheme. For each t € T, let P, be the Hilbert polynomial of the fiber Xy = X X1 Spec k(t) when
considered as a closed subscheme ofPZ(t), where k(t) = Or/mry denotes the residue field oft € T
Then X is flat over T if and only if P; is independent of t.

In our example, we take T'= A', and consider X as a closed subscheme of P4 = Pi X Spec k A,lﬁ.
Evaluating ¢ = s, the Hilbert polynomial of S/Is is P(d) = 3d + 1 for s # 0. But the Hilbert
polynomial of S/(w?, wy,wz) is 22 + %z + 2, which is not even of the same degree. This should
come as no surprise: the ideal (w?, wy, wz) defines a closed subscheme of dimension 2.

As we shall explain in the next section, the main issue here is that with respect to our ordering
w >z >y > z, the set {f1, fo, f3} is not a Grobner basis of I. It turns out that the ideal that cuts
out Xo is (w?, wy, wz, xz?).

2 Grobner Bases.

2.1 More of the twisted cubic curve.

We will continue our discussion of the twisted cubic curve X of the previous section here and
examine what might be going wrong. Consider the monomials m; = w?, my = wy, m3 = wz. The
module of syzygies, or relations, on the m; are generated by

ymi —wmeo =0
zm1 —wmg =0
zmgo — yms = 0.
If we substitute g; for m;, we see that
yg1 — wga = t'Pags,
and
_ 414
zg1 — wgs = 1"yg2,
are lifts to syzygies of the g;, but

209 — Ygs = —tBxz? 1 3,

and the right-hand side is not generated by the g;, so does not lift to a syzygy. The solution is to
throw in g4 = 222 4 ty?, which is in the ideal (g1, g2, g3), but now when we repeat the process with
the new set of (redundant) generators, all of the pairwise syzygies of the leading monomials will
lift to syzygies of the g;. This also explains why the special fiber X of the previous section needed
more generators.



2.2 Grobner bases for modules.

All of the following information and more can be found in [Eis95, Chapter 15]. First, some notation.
When we write 2%, this will be shorthand for the monomial z{*---z% . Let F be a finite free S-
module with basis {e1,...,e,}. A monomial in F' is an element of the form m = x%¢; for some i,
and a term is an element of the form cx%e; for ¢ € k. A monomial submodule is one generated
by monomials. We can recover our original notion of monomials by taking F' = S and {e;} = {1}.
If m and n are monomials of S, we say that a term cme; divides dne; if ¢ = j and m divides n in
the usual sense, and define the quotient cme;/dne; to be em/dn € S.

A monomial order on F is a total order > on the monomials of I’ such that if mq,mso
are monomials of F' and n is a monomial of S of positive degree, then m; > msy implies that
nmy > nmg > ma. For terms, cm; > dmg if m; > mg (this is just notation and does not define
an ordering). Given a monomial order > on F, and f € F, we will define in-(f) (the initial
term of f) to be the largest term of f. If M is a submodule of F, we will write in~ (M) to be
the submodule generated by {in~(f) | f € M}. Also, if {g1,...,9:} is a generating set for M such
that {in>(g1),...,in>(g¢)} generates in- (M), then we will call {g1,...,9:} a Grobner basis with
respect to >.

2.3 A division algorithm.

Now we describe an algorithm which will be a fundamental step in computing a Grébner basis of
a submodule. As usual, let S = k[z1,...,z,] and let F' be a free finite S-module with basis {e;},
and some monomial order >.

Pick f,g1,...,9: € F. Our goal is to develop a standard form

fzzmugsu+f,

for f with respect to gi,...,g9;. We do so by induction. Suppose that the indices s1,...,s, and
mi,..., my have been chosen. Set

p
f;/; =f- ZmugSu'
u=1

If f, # 0, and m is the maximal term of f;, with respect to > which is divisible by some in (g;),
then suppose that 7 is minimal with respect to this property, and set

Sp+1 = ia

Mmp41 2= m/ in>(gi)-

We repeat this process as long as fI’, # 0 and some ins (g;) divides a monomial of fz’,. The element
f'is the last f} produced from this algorithm.

This algorithm terminates in a finite amount of time because at each step, the maximal term
of fl’) divisible by some ins (g;) decreases at each step, and one can show that monomial orders are
well-orderings.

2.4 Buchberger’s criterion and algorithm.

Now we will show how one can use the division algorithm to compute a Groébner basis of a module.
We first define some notation that will be used for the rest of the section.



Let F be a free module over S with basis {ei, ..., e,} and let > be a monomial order on F'. Pick
nonzero elements g1, ..., g of F. Let € Se; be a free module with basis {e1,...,&;} corresponding
to the elements g1, ..., g:, and define a map

P! @Sai —F, &~ g

If ins (g;) and ins (g;) involve the same basis element of F', i.e., ins(g;) = 2%¢¢ and ins(g;) = zbey
for some ¢, then define

mij := inx(g:)/ ged(ins (g4), in> (g5))
where ged denotes the largest term which divides both ins (g;) and ins(g;). Also define
Oij 1= Mjig; — Myj€;.
Using the division algorithm, we have standard expressions
mjigi — mijg; = Y £ gu + hij

for mjig; — mijg; with respect to g1,...,¢:. If in>(g;) and ins(g;) do not involve the same basis
element of F', then define h;; = 0 in this case.
The important theorem is the following:

Theorem 2 (Buchberger’s criterion). The elements g1,...,g: form a Grébner basis if and only if
hij =0 for alli and j.

For a proof, see [Eis95, Theorem 15.8].
This gives a nice algorithm for computing a Grobner basis of a submodule M of F. Namely,

suppose we are given a set of generators {g1,...,¢:} of M. Then we compute the h;; as above. If
they are all 0, then Theorem [2says that {g1,...,g:} is a Grébner basis. Otherwise, pick some h;; #
0, and repeat the process with the set of generators {g,..., g, hij}. This process is guaranteed to

terminate because it generates a strictly increasing chain of submodules consisting of initial terms.

2.5 Computing syzygies.

It turns out that Buchberger’s algorithm provides more data than meets the eye. Using the notation
from the previous section, let {g1,...,g:} be a Grébner basis of M. Then set

Tij 1= Myji€; — Myj€j — Z fle,.
u
By Theorem [2| we know that ¢(7;;) = 0. We will define a monomial order >’ on @2:1 Se; by
setting me, >' ne, if and only if
1. ins (mgy,) > ins (ng,) with respect to the ordering > on F, or
2. ins(mg,) = in=(ngy) (up to a scalar multiple) and u < v.
The next theorem allows us to compute syzygies of modules:

Theorem 3 (Schreyer [Sch]). With the notation above, the 7;; are a Grébner basis for @

-, Se;
with respect to the ordering >'.

For a proof, see [Eis95, Theorem 15.10].



3 Application to Minimal Free Resolutions.
We end with an application to the computation of minimal free resolutions of finite graded S-
modules. First, we define what a minimal free resolution is. Let (F,d) be a complex

dit1 d; di—1 do dy
F:... F; ‘> F_4 Fy Fy 0.

We say that (F,d) is a resolution of Fy if imaged;y; = kerd; for all i, and (F,d) is a free
resolution if each F; is a free S-module. A free resolution is minimal if for each ¢, a basis of F;_1
maps onto a minimal set of generators for coker d; under the quotient map.

The case of interest is when Fj is a graded module. In this case, we are concerned with graded
resolutions. This means simply that each d; is a degree 0 map. Note that a degree a map M — N
can always be made a degree 0 map by replacing M with M(—a), where M(—a) is defined by
M(—a); = M;_, for all d (here the subscript refers to the graded part with that degree). The
following theorem states that graded minimal free resolutions are unique up to isomorphism.

Theorem 4. Let M a finite graded S-module. If F and G are minimal graded free resolutions of
M, then there exists a graded isomorphism of compleres F — G which is the identity map on M.

Another useful fact is that minimal resolutions have finite length. Define the length of a
resolution (F,d) to be the largest ¢ such that F; # 0 but F;11 = 0.

Theorem 5 (Hilbert syzygy theorem). Let M a finite graded S-module. Then there exists a graded
free resolution of M consisting of finite S-modules of length at most n.

Proofs of the above two theorems can be found in [Eis95, Theorem 20.2] and [Eis95, Corollary
19.7], respectively.

Combining all of the above, we now have an algorithm for computing the minimal free resolution
of a finite S-module M. Suppose we are given a set of generators and relations for M. The first step
is to find a minimal generating set {g1,...,g:} for M with relations {ry,...,rs}. Then we define
= @le Sei(—a;), where deg g; = a;, and d;: F1 — M by ¢; — g;. Since we know the generators,
we have a generating set {g, ..., g, } for the kernel of d;. We then set F, = @:/:1 Sel(—aj), where
deg g, = al, and define dy: F» — Fj by €, + g}. Theorem [3| then gives a method of computing a
generating set for ker da by computing a Grobner basis for ker d; (which we can do for submodules
of free modules). We can then define F3, etc. We continue in this way until eventually ker d; = 0
for some 4, which is guaranteed by Theorem [5] The resulting resolution will be minimal because
we chose minimal generating sets at each step.

4 Further Comments.

As mentioned earlier, much more reading on Grébner bases can be found in [Eis95, Chapter 15]
along with some programming projects and future directions.

An implementation of Grobner bases and computation of minimal free resolutions of S-modules
can be found in the program Macaulay 2 [M2]. A more thorough discussion of syzygies and their
connections with algebraic geometry can be found in the book [Eis05].

Improvements to the algorithm presented above for computing the minimal free resolution of a
graded module can be found in [LSS].

The minimal free resolution (F,d) of a finite graded S-module M has an associated Betti table
(Bij), where (3;; is defined as the number of generators of degree 4 in F};. From Theorem we know
that these numbers are an invariant of M. The papers [ES] and [BS] make great progress toward
a classification of the possible tables (3;;) that can arise from a module.
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