
ON THOM’S QUELQUES PROPRIÉTÉS (PART 1)

SIDDHARTH VENKATESH

Abstract. These are notes for a talk given in the Kan Seminar at MIT in Fall 2015. This talk

considers two related questions studied by Thom in his “Quelques Propriété Globales des Variétés

Differentiables” paper: when is a cohomology class mod 2 of a manifold representable by a
submanifold and what is the homotopy type of the Thom space MO(k) of the universal bundle over

the k-Grassmanian BO(k). We show that the answer to the former is affirmative as long as the

dimension of the cohomology class is more than half the dimension of the manifold. We also show
that the stable homotopy type of MO(k) is that of a proudct of Eilenberg-Maclane spaces K(Z/2Z, n)

with the n allowed to vary and then prove the former statement as a consequence of the latter.
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1. Introduction
We begin by asking the following question. Suppose X is a compact manifold and α ∈ Hk(X). Then,
by Poincare duality, α corresponds to some β ∈ Hn−k(X). Now, one way to get homology classes in X
is to take a closed (hence compact) n− k submanifold and then take the image under pushforward via
the inclusion of the fundamental class. Thom says that such cohomology classes are representable by a
submanifold and the first question he aks is which cohomology classes are representable in this manner.

Thom shows that the answer to this question is always in the affirmative as long as k ≥ n
2 , a fact I call

the representability theorem. His proof of this fact follows by first showing that a cohomology class in
Hk(X) is representable by a submanifold if and only if it is pulled back from the Thom class under a
map from X to MO(k), the Thom space of the universal bundle of the Grassmanian BO(k).
Subsequently he shows that MO(k) has the stable homotopy type of a product of Eilenberg-Maclane
spaces, from which the representability theorem follows as an easy corollary.

This is the content of the talk I am about to give. I will begin by proving the equivalence between the
two different notions of representability. This proof uses the notion of transversality and an
approximation theorem for maps transverse to a fixed submanifold in the image. Following this, I will
study the cohomology of MO(k). I first introduce the notion of a naive spectra, show that the
sequence MO(k) forms such a spectra and then define the stable range of cohomology for MO(k).
Subsequently, I use an upper triangularity argument to show that in the stable range, the cohomology
of MO(k) is free as a module over the Steenrod algebra A. Using the computation of the cohomology
of K(Z/2Z, n) done previously by Serre, I will use this computation to show that MO(k) has the
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stable homotopy type of a product of such Eilenberg-Maclane spaces and then prove the
representability theorem as a consequence of this computation.

In the talk on the second part of the paper, given next time, the focus shifts from representability to a
computation of the stable homotopy groups of MO (and more precisly to a computation of the
cohomology theory represented by MO). In particular, Thom shows in his paper, that MO represents
unoriented cobordism and the proof of this fact will occupy most of the next talk.

A remark on notation. In this talk we do not deal with issues of orientability and the coefficients of our
cohomology and homology groups are always Z/2Z. We will omit the coefficients from the notation.

2. Representability by Submanifolds

For this section, V n will be a compact manifold of dimension n. Let α ∈ Hk(V ) and let α∨ be the
Poincare dual class in Hn−k(V ). Let G be a closed subgroup of O(k) (most commonly this will be
either O(k) or SO(k) and in all applications in this talk, it will be O(k)).

Definition 2.1. We say that α is representable by a submanifold with G-structure if there exists an
n− k-manifold Wn−k with a closed embedding i : W → V such that the normal bundle of W in V has
G as its structure group and i∗[K] = α∨.

There is a second notion of G-representability that we can define. Let BG be the classifying space of
G, so BG classifies rank k vector bundles with G structure. Let AG be the canonical vector bundle
over BG and let MG be its Thom space, which we view as the one point compactification of AG.
Then, there is a unique cohomology class in MG, denoted by τ , which restricts to the fundamental
class on the one point compactification of each fiber of AG. This is the Thom class of MG, and we can
use it to define a notion of G-realizability.

Definition 2.2. With α as above, we say that α is G-realizable if there exists a map φ : V →MG
such that φ∗τ = α.

Since we now have two different notions of G-representability, it is natural to ask if they coincide.
Fortunately, the answer is yes.

Theorem 2.3. Let α ∈ Hk(V ). Then, α is G-realizable if and only if α is representable by a
submanifold with G-structure.

Proof. ⇐: Let us begin with the reverse direction. Suppose that there exists W , an n− k closed
submanifold embedded via i : W → V inside V such that i∗[W ] = α∨ and that the normal bundle of W
in V has G-structure. Since W is then compact, there exists a tubular neighborhood N of W in V ,
such that N is diffeomorphic to the normal bundle of W in V . Since N has G-structure, it is induced
from a map f : W → BG. More precisely, there exists a map F : N → AG that makes the following
diagram commute

N AG

W BG

F

p p

f

We view the Thom space Th(N) of N as the one point compactification of N and extend
F : Th(N)→MG by sending the point at infinity to the point at infinity. We then have a
commutative diagram in cohomology
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Hk(Th(N)) = Hk(N,N0) Hk(MG) = Hk(AG,AG0)

H0(W ) H0(BG)

F ∗

φ∗ φ∗G

f∗

where the vertical maps are the Thom isomorphism maps. Furthermore, we define a map
h : V → Th(N) by sending N identically onto N ⊆ Th(N) and sending V \N to the point at infinity.
Since N is open, this map is continuous. We define φ : V →MG as F ◦ h. We want to show that

(φ∗(τ))∨ = i∗[W ].

First, note that F ∗(τ) is the Thom class of N by the above commutative diagram (or naturality of the
Thom class also works here). So, we want to see what h∗ does on cohomology and it is not too hard to
see that h∗ can be identified with the composition of the excision isomorphism

Hk(N,N0)→ Hk(V, V \W )

followed by the natural map Hk(V, V \W )→ Hk(V ). So, the left hand side is the Poincare dual of the
image under excision of the Thom class of N . But a computation in Milnor and Stasheff (page 119)
shows that the Poincare dual of i∗[W ] is precisely the image under excision of the Thom class of the
normal bundle of W in V . Hence, the above equality holds and hence

α = i∗[W ]∨ = φ∗(τ).

This proves the reverse direction.

⇒: To prove the forward direction, we first need a transversality lemma. Suppose X and Y are now
manifolds and Z is a submanifold of Y . Then, if f : X → Y is a smooth map, we say that f is
transverse or t-regular to Z if for each z ∈ Z, and each x ∈ f−1(z), the induced map

df : TxX → TyY/TzZ

is a surjection. In particular, if f satisfies this property, then f−1(Z) is a submanifold of X with the
same codimension as that of Z in Y , and df induces an isomorphism between the normal bundle of
f−1(Z) in X onto the normal bundle of Z in Y . In his paper, Thom proves that given any smooth map
f : X → Y and given a closed submanifold Z of Y , there exists a map f1 homotopic to f such that f is
transverse to Z.

We are now ready to prove the forward direction. Suppose there exists a map φ : V →MG such that
φ∗(τ) = α. Since V is compact, φ actually lands in MGN , the Thom space of the canonical bundle on
BGN = Gr(k,N) for some large enough N . This Thom space is a smooth manifold away from the
point at infinity. So, on V \φ−a(a), we can use smooth approximation to replace φ by a homotopic map
φ1 that is smooth on this open set. By the transverse approximation theorem stated above, we can
assume φ1 is regular on BGN (the zero section inside AGN .) Using a partition of unity, we can do a
gluing argument to get a map Φ defined on all of V that is homotopic to φ and agrees with φ1 in some
neighborhood of φ−1

1 (BGN ). This imples that Φ is transverse to BGN and hence, we have the
following two facts:

1. W = Φ−1(BGN ) is a codimension k-submanifold of Φ−1(AGN ) closed inside V .
2. Φ∗ of the normal bundle of BGN inside AGN is isomorphic to the normal bundle of

Φ−1(BGN ) inside Φ−1(AGN ).

But the normal bundle of the zero section inside a vector bundle is just that vector bundle itself.
Hence, Φ∗(AGN ) is the normal bundle of W inside Φ−1(AGN ), which is just the normal bundle of W
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inside V . Hence, the normal bundle of W has G-structure. Additionally, by the same argument as
before, the image under excision of the Thom class of the normal bundle is Poincare dual to the
pushforward of [W ]. But α = Φ∗(τ) is precisely the Thom class of the normal bundle of W by
naturality of the Thom class with respect to classifying maps. This proves the forward direction.

�

An immediate corollary of the above theorem is the following.

Corollary 2.4. α ∈ Hk(V ) is representable by a submanifold if and only if α = Φ∗(τ) for some map
Φ : V →MO(k).

Our goal is to use this equivalence to prove the following theorem.

Theorem 2.5. If α ∈ Hk(V,F2), for k ≥ dim(V )
2 , then α is representable by a submanifold.

Before we do anything else, we note that the theorem is trivial for k = 1 and, in fact, holds for k = 1
even if the dimension of V is larger than 2. This is because α ∈ H1(V ) is represented by a map into
RP∞. But MO(1) is just RP∞ and the fundamental class corresponds to the Thom class under this
identification. Hence, α is representable by a map into MO(1).

Now, as a preliminary step, we note that with α as in the theorem, α is classified by a map

V → K(Z/2, k).

What we want is for α to be classified by a map V →MO(k). Now, there is a map
MO(k)→ K(Z/2, k) classifying the Thom class. Thus, our theorem would be proved if we could show
that there exists a section of this map i.e. a map K(Z/2, k)→MO(k) that sends the Thom class to
the fundamental class. This unfortunately does not hold but fortunately, we can construct a map at
the level of the 2k-skeletons. Since V is comapct of dimension 2k, this will actually suffice for us, as we
can use cellular approximation to make the map V → K(Z/2, k) map into the 2k-skeleton. So, we
reduce the problem to proving the following proposition.

Proposition 2.6. There exists a map g : K(Z/2, k)2k →MO(k)2k such that g∗(τ) = i, the
fundamental class.

We will prove this problem by analysing the cohomology of MO(k) in the range between k and 2k
(noting that MO(k) is k − 1-connected and hence the reduced cohomology in lower degrees is trivial).
In particular, we will show that in this range, the reduced cohomology of MO(k) is free as a module
over the Steenrod algebra.

3. Stable Homotopy Type and Cohomology of MO(k)

Note that H̃∗(MO(k)) = H∗(AO(k), AO(k)0). Now, we have a map from AO(k)0 to BO(k − 1) by
sending (V, v) 7→ v⊥ ∈ V . This map is a homotopy equivalence and furthermore, on identifying AO(k)
tiwh BO(k) and AO(k)0 with BO(k − 1), the inclusion of AO(k)0 into AO(k)0 gets identified with the
canonical map BO(k − 1)→ BO(k). Since, this map induces a surjection on cohomology with kernel

the ideal generated by the top Stieffel-Whitney class wk. Hence, we can identifyH̃∗(MO(k)) with the
ideal generated by wk in H∗(BO(k)).

Using the idea of the splitting principle, we can go a little further. By the Plucker embedding of BO(k)
into a product of k RP∞, we identify H∗(BO(k)) with the symmetric polynomials in k variables, with

wi mapping to the ith elementary symmetric polynomial. Hence, we can identify H̃∗(MO(k)) with the
ideal generated by t1 · · · tk in the algebra of symmetric polynomials. This identification is useful
because it allows us to read off the action of the Steenrod operators by using two properties

1. Sq1(ti) = t2i . Sqi(tj) = 0 for i > 1.
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2. The total steenrod square is multiplicative on reduced cohomology.

kBy simple properties of elementary symmetric functions and the description of H∗(MO(k)) above, we
see that the rank of Hk+h(MO(k)) is the number of partitions ofh, p(h). To find a set that behaves

like a basis for H̃∗(MO(k)) over the Steenrod algebra, in the range between k and 2k, we will divide
our partitions into two types of partitions.

Definition 3.1. We say that a partition ω = (a1, . . . , ar) of h is nondyadic if for every i, ai 6= 2j − 1
for any j. We say that ω is dyadic if for every i, ai = 2j − 1 for some j.

This terminology comes from the terminology that a variable ti in a monomial in t1, . . . , tk is said to be
dyadic if its exponent is either 0 or a power of 2. The reason the −1 comes into the definition is

because we multiply by t1 · · · tk to go from symmetric polynomials to H̃∗(MO(k)).

Now, if c(m) is the number of non-dyadic paritions of m and d(m) is the number of dyadic partitions
of m, then, because of the decomposition of partitions h into dyadic and non-dyadic pieces, we have∑

m≤h

c(m)d(m− h).

We now construct an analogous decomposition on cohomology of MO(k). Given a non-dyadic parition
ω = (a1, . . . , ar) of h, we define

Xh
ω = Σta1+1

1 · · · tar+1
r tr+1 · · · tk

where Σ refers to the symmetrization of the correponding monomial. We now prove the following
theorem:

Theorem 3.2. The set {SqI Xh
ω : 0 ≤ h ≤ k} with ω varying non-dyadic partitions of h and I varying

over admissible sequences of degree m− h for m ≤ k forms a basis for Hk+m(MO(k)).

Proof. First note that the number of admissible sequences of degree m− h is d(m− h). Hence, if we
show that above set is linearly independent, by a rank calculation using the formula

p(m) =
∑
h≤m

c(h)d(m− h),

we see that the above set is a basis. Hence, we will just prove the linear independence of the above set.
To do so, we use a pre-order on the symmetrizations of monomials in t1, . . . , tk. If a and b are two
monomials in t1, . . . , tk, we say that a ≤ b if either the number of nondyadic variables in a is less than
the number of nondyadic variables in b or the degree of the nondyadic variables in a is greater than the
degree of the nondyadic variables in b. This pre-order is preserved under the action of Sk and hence
extends to a preorder on the symmetrization of monomials in t1, . . . , tk.

We now claim that for ω = (a1, . . . , ar) nondyadic,

Σta1+1
1 · · · tar+1

r SqI(tr+1 · · · tk)

is larger than all the other symmetrizations of monomials that appear in SqI Xh
Ω. First, the fact that

this element is nonzero follows from the following lemma, which can be proved using the Wu formula
and a partial order argument.

Lemma 3.3. Any linear combination of admissible sequence of Steenrod squares SqI of degree less
than k + 1 acts faithfully on wk ∈ H∗(BO(k)).

Now, SqI acts on tr+1 · · · tk in exactly the same manner as it acts on wk−r ∈ H∗(BO(k − r)). Hence, if
the above symmetrization is 0, then I must have degree > k − r. But then, since a1 ≥ 2, the total
degree of the monomials in the symmetrization above is > 3(r) + 2(k − r) > 2k and is hence out of the
range we are looking at. Thus, the symmetrization of the monomial is nonzero.

To prove that this symmetrization is bigger than all other symmetrizations that appear, we use the
fact that if ti is a dyadic variable in a monomial then it remains dyadic after applying a Steenrod
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square. This follows from a simple computation using the binomial formula mod 2. So, in the other
symmetrizations that appear in SqI Xh

ω a Steenrod square has to hit a non-dyadic variable. Two things
can now happen. If it becomes dyadic, it stays dyadic throughout the sequence of Steenrod operators
and the resulting monomial now has fewer non-dyadic variables than

Σta1+1
1 · · · tar+1

r SqI(tr+1 · · · tk).

However, if it stays non-dyadic throughout the sequence of Steenrod operators, then the total degree of
the non-dyadic variables now becomes larger than those in

Σta1+1
1 · · · tar+1

r SqI(tr+1 · · · tk).

Hence, in either case, the resulting monomial is less than the above symmetrization. Thus, the above
symmetrization is bigger than all other symmetrizations that appear.

So now, suppose ∑
I,h,ω

cI,h,ω SqI Xh
ω = 0.

By looking at the biggest elements in the square we immediately reduce to the case of a single h and
single ω, since for different ω, the nondyadic parts of the biggest symmetrization are different. So, we
replace the above equation with ∑

I

cI SqI Xh
ω = 0

for some fixed ω. By looking again at the biggest element, we get∑
I

cIΣta1+1
1 · · · tar+1

r SqI(tr+1 · · · tk) = 0

from which we see that ∑
I

cI SqI(tr+1 · · · tk) = 0.

Applying the above Lemma again, we see that cI = 0, from which the linear independence of the set
follows.

�

We now use the above theorem to construct the desired map from K(Z/2, k)2k →MO(k)2k. Each Xh
ω

for h ≤ k defines a map from MO(k) to K(Z/2, k + h). Taking the product gives us a map

f : MO(k)→ K(Z/2, k)× Y
where Y is a product of K(Z/2, k + h)’s with 0 < h ≤ k. Our goal is to show that f induces an
isomorphism on cohomology mod p in degrees 0, . . . , 2k − 1 and induces an injection on cohomology
mod p in degree 2k (for all primes p). We first deal with the case for p > 2. In this case the
cohomology mod p of the right hand side is 0 in degrees 0, . . . , 2k, while the left hand side has no
cohomology mod p in degrees 0, . . . , 2k − 1, which gives the desired statement for p > 2. For p = 2, we
use the following proposition due to Serre:

Proposition 3.4. Let il be the fundamental class of K(Z/2, l). Then, for m < l, a basis for

H l+m(K(Z/2, l),Z/2) is given by {SqI il} where I varies over admissible sequences of degree m.

Additionally, a basis for H2m is given by {SqI il} where I varies over the set all admissible sequences of
length m except Sqm.

This proposition, coupled with the Kunneth formula and the theorem above, shows that f induces an
isomorphism in cohomology in degrees 0, . . . , 2k − 1 and an injection in degree 2k in cohomology mod
2. We now apply a theorem of Whitehead.
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Theorem 3.5. Let f : X → Y be a map of CW complexes that induces an isomorphism in
cohomology mod p in degrees 0, . . . , 2k − 1 and an injection in degree 2k for all primes p. Then, there
exists a map f ′ : Y 2k → X2k that is a homotopy inverse for f at the level of the 2k − 1-skeleta.

Applying this to X = MO(k) and Y the product of Eilenberg maclane spaces and composing the
resulting map

f ′ : (K(Z/2, k)× Y )2k

with the inclusion of K(Z/2, k)2k gives us a map g : K(Z/2, k)2k →MO(k)2k. Since the map from
MO(k) into K(Z/2, k) classifies the Thom class, g∗(τ) is the fundamental class of K(Z/2, k). This is
precisely what we needed to prove the representability theorem.
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4. Statements to put on a side board before the talk
4.1. Representability Theorem.

Theorem 4.1. Let V be a compact manifold of dimension n and let α ∈ Hk(V,Z/2) with either k = 1
or n ≤ 2k. Then, there exists a closed submanifold i : W → V such that α∨ = i∗[W ], the pushforward
of the fundamental class of W .

4.2. Equivalence of Representability.

Theorem 4.2. Let V be a compact manifold of dimension n and α ∈ Hk(V ). Then, α is representible
by a submanifold if and only if α is the pullback of the Thom class of MO(k) via a map V →MO(k).

4.3. Action of Steenrod Algebra on Top Stieffel-Whitney Class + Wu’s Formula.

Lemma 4.3. If H is any linear combination of SqI for I an admissible sequence of degree ≤ k, then
H(wk) 6= 0 for wk ∈ Hk(BO(k)).

Proposition 4.4. The action of the Steenrod squares on the Stieffel-Whitney classes in H∗(BO(k)) is
given by

Sqr wi =
∑
t

(
i+ t− r − 1

t

)
wr−tri+t.

4.4. Basis Theorem.

Theorem 4.5. For m ≤ k, the set

{SqI Xh
ω0 ≤ h ≤ k}

where ω varies over nondyadic partitions of h and I varies over admissible sequences of degree m− h
gives a basis for Hk+m(MO(k),Z/2).

4.5. A Theorem of Whitehead.

Theorem 4.6. Let f : X → Y be a map of CW complexes that induces an isomorphism in
cohomology mod p in degrees 0, . . . , 2k − 1 and an injection in degree 2k for all primes p. Then, there
exists a map f ′ : Y 2k → X2k that is a homotopy inverse for f at the level of the 2k − 1-skeleta.
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