
EQUIVARIANT K-THEORY AND COMPLETION

SIDDHARTH VENKATESH

Abstract. These are notes for a talk given in the Kan Seminar at MIT in Fall 2015. In this talk, I
give the proof of the completion theorem in equivariant K-theory given by Atiyah and Segal in [?].
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1. Definition of Equivariant K-Theory
Let G be a compact Lie group and let X be a compact G-space.

Definition 1.1. A G-vector bundle on X is a vector bundle π : E → X equipped with a continuous
G-action such that π is G-equivariant and such that g : Ex → Eg(x) is linear.

Definition 1.2. 1. K0
G(X) = Gr(VectG(X)).

2. K̃0
G(X) = coker(R(G) = K0

G(∗)→ K0
G(X)).

3. K−qG (X) = K̃0
G(Sq(X)).

4. Bott Periodicity holds so you can extend to positive index too.

5. Kq
G(X,A) = K̃q

G(X ∪ CA).
6. K∗G(X) = ⊕q∈ZK

q
G(X).

In this paper, the goal is to connect K∗G(X) with K∗G(X × EG). Unfortunately the latter space is not
compact and the definitions above fail to give a good theory for non-compact spaces. Here is how we
get around that. Atiyah shows (in an earlier paper) that there is some G-space Y such that K0

G(X) is
the G-homotopy classes of maps from X to Y for compact X. This definition can then be extended to
non-compact X.
However, the space Y is too unweildy to use. In the case of X × EG, we have a simpler workaround.
We use Milnor’s model for EG, in whch EG is the colimit of EGn = G ∗ · · · ∗G. In this case, we can
approximate EG by EGn. With this as motivation, we state the completion theorem.

Theorem 1.3. Suppose Kq
G(X) is finitely generated as a module over R(G), the representation ring of

G. Then,

K̂G(X) ∼= lim←−KG(X × EGn)

where the first ring is completed with respect to the augmentation ideal ker dim : R(G)→ Z.

It will be a consequence of this theorem and a result of Milnor that the inverse limit of
KG(X × EGn) ∼= KG(X × EG). Since equivariant K-theory on a space with free G-action is the same
as the K-theory of the quotient, we have the following consequence of the completion theorem:

Corollary 1.4. If Kq
G(X) is finitely generated as a module over R(G), then

K̂G(X) ∼= K((X × EG)/G)
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Warning: The theorem is nontrivial, since equivariant K-theory is not a homotopy invariant. It is only
invariant under G-homotopy and EG is not G-homotopic to a point (as there are no G-equivariant
maps from a point to EG).

Before we move on to the proof, let us apply this theorem to compute K∗(RP∞). Note that if we take
X = ∗, then the theorem says that

R̂(G) ∼= K∗(BG).

Taking G = Z/2Z, we see that

K∗(RP∞) ∼= Z[[x]]/(x2 − 2x).

Note already that completion is necessary because the right hand side (after tensoring with Q) has
dimension 1, while Z[x]/(x2 − 2x) has dimension 2.

So, how would we prove such a theorem? Well, the completion on the left hand side is constructed via
the projective system of rings KG(X)/InGKG(X) while the right hand side is constructed via the
projective system of rings K∗G(X × EGn). Now, the first step in getting the completion theory is to
just construct a map between the projective systems. This is done as follows.

Since EGn is covered by n-contractible spaces, InG acts trivially on EGn. Hence, the projection from
EGn to a point induces maps on K-theory that factor through R(G)/InGR(G). By naturality, this
implies that map induced by the projection

αn : K∗G(X)/InGK
∗
G(X)→ KG(X × EGn)

factors through the submodule generated by InG. Again, by naturality, this is a map of projective
systems. We will show that this αn is an isomorphism after completion.

Now, to show this, it would of course suffice to show that αn is an isomorphism but unfortunately this
won’t be true. But we can prove a weaker condition that will suffice. Essentially, the idea is that the
IG-adic filtration induces a metric on the completion with InG being the neighborhood of 0 of radius
1/n. Simialrly, the inverse system on the right induces a metric on its inverse limit. Asking for αn to
be an isomorphism is the same as asking the map on the completion to be an isometry. But to get an
isomorphism of the completions it’s just as good to just get a homeomorphism. Thus, what we really
need to show is that for each n, there exists some k and a map
βn : KG(X × EGn+k)→ K∗G(X)/InGK

∗
G(X) such that the following diagram commutes

K∗G(X)/In+k
G K∗G(X) K∗G(X × EGn+k)

K∗G(X)/InGK
∗
G(X) K∗G(X × EGn)

αn+k

αn

βn

If such a β exists, we will say that αn defines an isomorphism of pro-rings.

2. Proof of the Completion Theorem
Before we do any work for the theorem, we prove a property about R(G) for compact G that is the
reason the finiteness assumptions are introduced.

Proposition 2.1. For compact Lie groups G, R(G) is finitely generated over Z and hence Noetherian.
In fact R(H) is finitely generated over R(G) if H ⊆ G.
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We now prove the theorem in several steps.

Step 1: The case where G = S1 = T .
Since we we will eventually induct from T to Tn, we will prove a slightly more general statement.

Lemma 2.2. Let H be a compact Lie group acting on X with K∗H(X) finite over R(H). Let
θ : H → T be a homomorphism by which H acts on ET . Then,

αn : K∗H(X)/InTK
∗
H(X)→ K∗H(X × ETn)

is an isomorphism of pro-rings.

Proof. We do the proof for K0
H . The proof for the higher K-groups is the same. Note that ETn is the

nth join of S1 which is just S2n−1 and T acts on S2n−1 via scalar multiplication. So, ETn is the unit
sphere bundle in the standard n-dimensional representation Cn of T . So, we have a long exact
sequence in K-theory

· · · → K0
H(X ×D2n, X × S2n)→ K0

H(X)→ K0
H(X × S2n)→ · · ·

Now, we hit this sequence with the equivariant Thom isomorphism.

Theorem 2.3. Let H act on a compact space X. Let V be a representation of X and let D,S be the
disk and sphere bundles. Then,

K∗H(X ×D,X × S)

is free as a K∗H(X)-module with generator µ where µ|X = λ−1(V ).

In our case, λ−1(V ) = xn, where x = 1− ρ with ρ the standard 1-dimensional representation of T . But,
x generates the augmentation ideal IT as well. Hence, if we make the suitable replacements in the long
exact sequence and truncate to get a short exact sequence, we get (for K = K0

H(X),K1 = K1
H(X))

0→ K/xnK → K0
H(X × ETn)→ (K1)x

n

→ 0

where the first map is αn. Now, since K1 is a Noetherian R(H)-module, which is Noetherian as a ring,

for some k, we must have (K1)x
k

= (K1)x
k+1

. Hence, xk annihilates all of (K1)x
i+k

. So, look at the
following commutative diagram:

0 K/xn+kK K0
G(X × S2n+2k−1) (K1)x

n+k

0

0 K/xnK K0
G(X × S2n−1) (K1)x

n

0

αn+k

αn

βn
×xk

The middle vertical map actually factors into K/xnK because the right vertical map is 0. Hence, βn
can be constructed and we have our theorem for S1.

�

Step 2: Proof for Tm.
We will by induction on m, the folliwing lemma.

Lemma 2.4. Let H be a compact Lie group acting on X with K∗H(X) . Let θ : H → Tm be a
character by which H acts on ETm. Then,

αn : K∗H(X)/InTmK∗H(X)→ K∗H(X × ETm
n )

is an isomorphism of pro-rings.
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Proof. The base case is done. So, assume the statement is true for Tm−1. We again do the proof just
for the K0

H -group. Let K = K0
H(X).

Write Tm = T × Tm−1. Then, as a model for ETm, we can use ET × ETm−1, and instead of using
ETn as the compact G-invariant family, we can use ETp × ETm−1

q because both families are cofinal.
Similarly, if we let IT , ITm−1 be the ideals generated by the respective augmentation ideals in ITm ,
then the ITm-adic topologies and the topology on K0

G induced by IpT + IqTm−1 are the same. Hence, we
can use the inverse system K/(IpT + IqTm−1)K to compute the completion on the left.

Now, the natural map K → K0
H(X × ETp × ETm−1

q ) factors through K/(IpT + IqTm−1) and hence we
get maps

αp,q : K/IpT + IqTm−1 → K0
H(X × ETp × ETm−1

q ).

On taking completions, this induces the same map as αn. Hence, it suffices to show that αp,q induces
an isomorphism of pro-rings. We can now use our induction hypothesis. Note that

K/IpT + IqTm−1 = K ⊗R(Tm) R(Tm)/IpT ⊗R(Tm R(Tm)/IqTm−1 = K/IpT ⊗R/I
q
Tm−1

and we can factorize αp,q as

αp ⊗ 1 : K/IpT ⊗R/I
q
Tm−1 → K0

H(X × ETp)⊗R/IqTm−1

followed by

αq

for X replaced with X × ETp. Now, the system αp gives an isomorphism of pro-rings by case 1.
Additionally, the proof of case 1 showed that K0

H(X ×ETp) was fin gen over R(H) (as we sandwhiched
it in between two fin gen modules). Hence, αq is an isomorphism of pro-rings by the induction
hypothesis. Thus, αp,q is an isomorphism of pro-rings as well.

Remark. We really needed the more general statement since we constantly needed to work with
KTm(X × ETp) etc and so we couldn’t induct without allowing a more general statement.

�

Step 3: The proof for U(n) = U .
This step requires a second black box from [?].

Theorem 2.5. Let j : T → U be the inclusion of the maximal torus of U . For any compact U -space,
let j∗ : KU (X)→ KT (X) be the induced map on K-theory. Then, there exists a KU (X)-module
homomorphism

j∗ : KT (X)→ KU (X)

that is functorial in X and is a left inverse for j∗.

Hence, we can identify KG(X) as a canonical direct summand of KT (X). Atiyah calls this theorem the
”equivariant splitting principle” because it allows us to often induct from tori to U(n) when
considering equivariant K-theory problems. The case of general G is then often trivial. So, it reduces
problems to problems over tori. Let us apply it to our problem.

Note that the natural map from K∗T (X)→ K∗T (X × EUn) factors through

ηn : K∗T (X)/InUK
∗
T (X)→ K∗T (X × EUn)

for the same reason that it factors through InT . Since the theorem tells us that K∗U (X) is a canonical
direct summand of K∗T (X), we just need to show that ηn gives an isomorphism of pro-rings. Now, look
at the commutative diagram
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K∗T (X)/InUK
∗
T (X) K∗T (X × EUn)

K∗T (X)/InTK
∗
T (X) K∗T (X × ETn)

ηn

αn

The bottom map is an isomorphism of pro-rings by Step 2. The right vertical map is an isomorphism
of pro-rings by our cofinality comments since EU and ET both are contractible spaces on which T acts
freely. The left vertical map is an isomorphism of pro-rings as the IT -adic topology and the IU -adic
and IT -adic topology on R(T ) (and hence on any R(T )-module) coincide (as IT ∩R(U) = IU ). Hence,
ηn gives us an isomorphism of pro-rings.

Step 4: General case.

Embed G inside U(n) = U . Suppose X is a compact G-space and define X = (U ×X)/G. This is a
U -space. We claim that K∗G(X) ∼= K∗U (X). Any G-vector bundle E on X gives a U -vector bundle

(U × E)/G on X. On the other hand, we have a natural inclusion X → X that sends x 7→ (1, x). This
is a G-equivariant map and hence pulls back a U -vector bundle to a G-vector bundle. These
constructions are mutually inverse. The rest of the argument follows more or less trivially from this
construction and from two facts:

1. You can use EU as EG as X × EGn = X × EUn.
2. The IG-adic and IU -adic topology on R(G)-modules coincides.
3. R(G) is finite over R(U).

This proves that K̂∗G(X) is isomorphic to the inverse limit of K∗G(X × EGn). We are left with proving
that the latter is K∗G(X × EG).

3. Vanishing of Higher Inverse Limit
The remaining goal we have is to prove the second half of the completion theorem, namely that

K∗G(X × EG) ∼= lim−→K∗G(X × EGn).

The proof of this is more or less just homological algebra and is fairly uninteresting. I also won’t be
proving many of the statements involved. What I will do is give an idea of how it’s proved and define
the main technical constructions clearly.

The obstruction to this is given by R1 lim←−, where for a projective system An over N with structure
maps αn : An+1 → An,

R1 lim←−(An) = coker(1− α)

with 1− α :
∏

nAn →
∏

nAn sends (ai) to (bj) with bj = aj − αj(aj+1).
Now, a theorem of Milnor (with a small argument by Atiyah) says that we have an exact sequence

0→ R1 lim←−K
q−1
G (X × EGn)→ Kq

G(X × EG)→ lim←−K
q
G(X × EGn)→ 0.

But by what we showed earlier, Kq
G(X × EGn) is isomorphic as a projective system to a projective

system in which all αi are surjections. In this case, there is no R1 lim←−. Hence, we have the desired
result.
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4. Partial Unpacking of some Black Boxes
Let me end the talk by partially unpacking the two biggest black boxes in the proof of the
pro-theorem: the equivariant Thom isomorphism and the equivariant splitting principle. Both these
theorems are proved in [?] and in essentially the same way. Here is a sketch of Atiyah’s proof:

1. Atiyah’s main idea is that if you want to prove a functorial K∗G(X)-module homomorphism α
is an isomorphism, it suffices to construct a functorial K∗G(X)-module map going the other way
that sends α(1) to 1. So, you only need to check the inverse property on a single element. This
argument follows purely from formal properties of K-theory.

2. The Thom isomorphism naturally fits into this formalism as, for any G-module V of dimension

n, we have a map from K∗G(X) to K̃∗G(D2n(V ), S2n−1(V )) sending 1 to the Thom class
λ−1(V ). Viewing the latter as a K-theory class requires the framework of complexes of vector
bundles but in that framework, it is easy to see that this map is functorial and a module
homomorphism.

3. To construct the potential inverse, Atiyah uses some elliptic operator theory. More precisely,
he uses the construction of the index of the operator, which is a functorial homomorphism of
abelian groups from KG-theory to Z. By tensoring with K∗G(X) and projectivising, he gets a
functorial K∗G(X)-module homomorphism going the other way (for the Thom isomorphism).

4. Finally, using some elementary Hodge theory, he computes the value of the index on the Thom
class to show that the Thom class goes to 1 under this map.

5. For the splitting principle, Atiyah replaces the theorem with a stronger theorem that fits into
his framework. He then does a similar index construction and a Hodge theoretic computation
to finish the proof.
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