
CONSTRUCTIBLE SHEAVES AND STRATIFIED SPACES
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Abstract. These are notes for a talk given in the MIT Graduate Seminar on D-modules and

Perverse Sheaves in Fall 2015. In this talk, I recall the definition of topologically stratified spaces and

look at low dimensional examples to study their properties. Subsequently, I define the category of
constructible sheaves on stratified spaces and explain how the constructible sheaves are given by

quiver data. I end the talk by introducing the various functors on the category of sheaves on a locally

compact space defined via morphisms, compute these functors when the morphisms have special
properties and prove the proper base change formula.
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1. Topologically Stratified Spaces Redux
In the last talk, I defined (albeit poorly) the notion of a topologically pseudomanifold and the notion of
intersection homology on such a space. However, I did not spend much time giving examples of
pseudomanifolds or stratified spaces. So, in order to give a better picture of what these spaces look like,
I would like to study the properties implied by the definition by looking at low dimensional examples.

Let me begin by recalling the definition of a topologically stratified space. This definition is inductive
on the dimension of the space. A topologically stratified space of dimension 0 is a countable discrete
set of points. For m > 0, we have the following definition.

Definition 1.1. A topologically stratified space of dimension m is a paracompact, second countable
space X equipped with a filtration

X = Xm ⊇ Xm−1 ⊇ Xm−2 · · · ⊇ X0 ⊇ X−1 = ∅
such that if x ∈ Xk\Xk−1, then there exists a neighborhood Nx of x in X that satisfies the following
properties:

(1) There exists a compact topologically stratified space

Lx = Lm−k−1 ⊇ Lm−k−2 ⊇ · · · ⊇ L0

of dimension m− k − 1 and a homeomorphism

φx : Nx → Rk × C(Lx)

with C(L) = L× [0, 1)/L× {0} the open cone on Lx. By convention, we set C(∅) to be a single
point, so that if k = m, then Lx is empty and Nx ∼= Rm.

(2) For i ≥ 0, φ sends Nx ∩Xk+i+1 homeomorphically onto Rk × C(Li).
(3) φ sends Nx ∩Xk homeomorphically onto Rk × {v} where v is the vertex of C(Lx).
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A few notes on the definition.

(a) Note that Xk = Xk−1 is allowed and Xk can even be empty. This happens for example in the
case when X is a topological manifold of dimension m and can hence be stratified by Xm = X
and Xi = ∅ for i < m.

(b) If Xi\Xi−1 is nonempty, then its connected components are called the dimension i strata of X.

(c) The space Lx is called the link of x. Note that this space is “locally constant” with respect to
x. More precisely, if Nx is a neighborhood of x satisfying the conditions above, then for any y
in Nx ∩ (Xk\Xk−1), we can take Ly = Lx and Ny = Nx and these satisfy the above properties
since the definition does not distinguish between x and y. Hence, the link of x only depends on
the stratum that x is in.

(d) If x ∈ Xk\Xk−1, then by shrinking Nx, we can make Nx ∩Xk = Nx ∩ (Xk\Xk−1), as Xk−1 is
closed in Xk. Hence, we see that for any x ∈ Xk\Xk−1, there is a neighborhood Nx
homeomorphic to Euclidean space. Hence, each stratum is a topological manifold. We use the
term smoothness of strata to refer to this fact. This terminology is a little misleading because
a priori, we have no C∞ structure on the strata. However, usually there will be a smooth
structure on the strata from context.

Remark. An important consequence of the above computation is that for x ∈ Xk\Xk−1, Nx
can be chosen to be disjoint from Xk−1. Hence, the local behaviour of a dimension k-strata
depends only on Xi for i ≥ k.

(e) For x ∈ Xk\Xk−1, if we choose Nx to be disjoint to Xk−1, then the intersection of Nx with
each Xi is completely described by Lx. We describe an intuitive picture of the local behaviour
of the stratification using this link. Taking a slice along a dimension k stratum gives Rk. In the
normal direction to this stratum, we have a cone on a lower dimensional stratified space, the
link Lx, moving outwards from the vertex, which is on the dimension k stratum. Zooming in
on the link, if we take a slice along a dimension i stratum of the link, then taking the product
of this slice with (0, 1) in the cone on Lx and then adding the Rk-directions that are tangent to
the dimension k-stratum gives us the local picture of the k + i+ 1 stratum.

(f) Continuing with a description non-rigorous but useful for intuition, the stratification can often
be thought of as a breakdown of the space X into sets that become more and more singular as
the codimension rises. As the codimension increases, the dimension of the link L increases as
well and hence L gets more and more complicated. Since L controls the local singularities of a
stratum, this shows that the complexity of the singularity often increases with codimension
and can never decrease. However, it is not necessary for the complexity of the singularity to
increase with codimension. A counterexample can be seen in the stratification

C ⊇ {0} ⊇ {0}
on C.

Remark. A quick word on notation. If X is an m-dimensional topologically stratified space and I
write the stratification as

X = Xm ⊇ Xm−1 · · · ⊇ Xr

with r > 0 and Xr of dimension r, then I mean that all Xi with 0 ≤ i < r are empty. On the other
hand, if I use the above notation and Xr is 0-dimensional, then all Xi for 0 ≤ i ≤ r are equal to Xr.

Let us now supplement intuition with rigor by looking at some examples of topologically stratified
spaces (roughly in increasing order of complexity). We restrict our attention to spaces that are second
countable.

1. 0-dimensional stratified spaces: these are just countable discrete sets of points. So nothing new
here.
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2. 1-dimensional stratified spaces: Let us examine the local picture. Around any point in X1\X0,
the space is smooth, as the top stratum is open and is a manifold. So, suppose x ∈ X0. Then,
the condition (3) in the definition says that X0 is discrete, while condition (1) and (2) combine
to say that there is a neighborhood of x looks like a finite number of lines intersecting exactly
at x. Hence, 1-dimensional stratified spaces are graphs with rays (edges that have a source
vertex but no end vertex), lines (edges with no starting or ending point) and loops, and the
strata in dimension 0 must contain the vertices of degree not equal to 2, where the degree is
the number of edges that start at the vertex plus the number of edges that end at the vertex
(so loops are counted twice).

3. 2-dimensional stratified spaces: 2-dimensional stratified spaces are one degree of complexity up
from the graphs. Again, let us study the local picture. For points in the open stratum X2\X1,
we have a Euclidean disk as a neighborhood. Points in X1\X0 have a neighborhood that looks
like a line crossed with a finite tree and hence looks like a finite number of planes intersecting
in a line that is the neighborhood intersected with X1. X0 is again discrete and each point x in
X0 has a neighborhood Nx that looks like a cone on a finite graph, with the vertex of the cone
equal to x. Condition 2 then says that the intersection of Nx with X1 looks like a cone on a
subset of the vertices of the graph that contains all the vertices of degree 6= 2. In particular,
Nx ∩X1 looks like a bunch of lines intersecting exactly at x.

Let us look, in particular, at the 2-dimensional stratified spaces X such that X1 = X0. This
will be the case for complex quasi-projective curves for example and it is hence interesting to
look at these examples separately. It suffices to look at the local picture for x ∈ X0. By the
definition, there is a neighborhood Nx such that Nx = C(L) with L = L1 ⊇ L0 a one
dimensional stratified space i.e. a graph. But, Nx ∩X1 = C(L0) = x and hence L0 must be
empty. Thus, every vertex in L must be of degree 2 and thus L is a disjoint union of loops (as
it must also be a finite graph) Taking the cone on L thus gives us a wedge sum of cones on S1

i.e. just normal 2-dimensional cones). But this is the local topology of any complex
quasi-projective curve (here we require the curve to be pure dimension 1).

4. Consider now a three-dimensional stratified space X with

X = X3 ⊇ X2 = X1 ⊇ X0 = ∅.
Again, to understand the local picture it suffices to understand what happens in a
neighborhood of x ∈ X1. Here, condition (1) says that we have a 1-dimensional topologically
stratified space Lx and a neighborhood Nx of x such that Nx = R1 × C(L). Again, since there
is no codimension 1 stratum, condition (2) says that L0 = ∅ and hence L is a disjoint union of
loops. Thus, Nx is a product of R1 and a wedge sum of cones on a circle. In particular, we see
that the local behaviour of X is the local behaviour of a 2-dimensional stratified space Y with
Y1 = Y0, shifted up one dimension by crossing with a line. This argument generalizes to the
following proposition:

Proposition 1.2. Suppose X is an m-dimensional stratified space with Xi = ∅ if and only if
i < r. Then, there exists an m− r dimensional stratified space Y satisfying the following
properties:

1. If Xj = Xj−1, then Yj−r = Yj−r−1.
2. If x ∈ Xj\Xj−1 and y ∈ Yj−r\Yj−r−1, then one can find neighborhoods Nx, Ny as in the

definition of a stratified space such that Nx = Rr ×Ny with the Rr a hyperplane in the Rj
used in the definition of Nx.

5. Let us do one last low dimensional example. Let X be a 4-dimensional stratified space with

X = X4 ⊇ X3 = X2 ⊇ X1 = X0.

(a situation which would occur in the case of a complex quasi-projective surface). We analyse
the local picture again. To study the 2-dimensional strata. We will use the technique described
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in the above proposition. The local behaviour of X2\X0 depends only on X4, X3, X2. Hence,
we can throw out X0 to get an open subspace of X, call it Y , which has a 4-dimensional
stratification as follows:

Y = Y4 ⊇ Y3 = Y2 ⊇ ∅.
Using the above proposition, the local behaviour of Y is just the local behaviour of a
2-dimensional stratified space

Z = Z2 ⊇ Z1 = Z0

shifted up two dimensions by crossing with a 2-plane. Hence, The local behaviour of X2\X0 is
a 2-plane crossed with a wedge sum of cones and 2-planes. For x ∈ X0, there exists a
neighborhood Nx ∼= C(L) with L a 3-dimensional stratified space with

L3 ⊇ L2 = L1 ⊇ ∅.
Hence, by earlier description, L is a product of a line with a wedge sum of cones and 2-planes
and thus Nx is the cone on such a space.

6. Let X be an m-dimensional stratified space with an isolated singularity {x} i.e.,

X = Xm ⊇ Xm−1 = {x}.
Then, there must exist a neighborhood Nx of x such that Nx ∼= C(L), where L is an
m− 1-dimensional topological space. By condition (2), every stratum of L must have
dimension m− 1. Hence, L is a compact manifold of dimension m− 1 and X is the cone on a
compact manifold locally near its singularities.

7. The cone construction. Suppose X is an m-dimensional stratified space. Then, the open cone
on X, C(X) is an m− 1-dimensional stratified space, where C(X)i = C(Xi−1) for i ≥ 0,
(remember that by convention the cone on the emptyset is a point, which here is the vertex). I
leave it as an easy exercise to construct the links and verify the axioms.

8. We end with the most complicated example yet: a hyperplane arrangement in Cn+1. Let us
take an affine hyperplane arrangement X = H1 ∪ · · · ∪Hr in Cn+1 that satisfies the following
regularity condition: for ij 6= ik, if

Hi1,...,il := Hi1 ∩ · · · ∩Hil 6= ∅,
then Hi1,...,il has complex codimension l in Cn+1. Set m = 2n and define,

Xm−2k =
⋃

i1<···<ik

Hi1,...,ik .

For k > 0, set Xm−2k+1 = Xm−2k.

We claim that this is an m-dimensional stratified space. We will prove this by induction on
the complex dimension n of the hyperplanes. Now, suppose x ∈ Xm−2k\Xm−2k−2 for some
k > 0. Then, there are exactly k + 1 hyperplanes containing x and without loss of generality,
we may assume these are H1, . . . ,Hk+1. Now, H1,...,k+1 is an affine complex codimension
k + 1-plane in Cn+1 and there exists a small disk around x in this plane that is also contained
in exactly H1, . . . ,Hk+1. We take this disk D to be our Rm−2k.

By contracting in the direction of H1,...,k+1, we see that locally around x, the hyperplane
arrangement looks like the product of D with Y , where Y is a hyperplane arrangement of k+ 1
hyperplanes in Ck+1. Y satisfies the same regularity conditions as X and so we can define Yi
similarly to Xi. Now, the intersection of all k hyperplanes in Y is Y0, which is a point y. Hence,
if k 6= n, by induction, since the stratification of Y is a topological stratification, we can find a
neighborhood, Ny of y and a link L such that there exists a homeomorphism Ny ∼= C(L) that
satisfies conditions (2) and (3) in the definition of a stratified space. More explicitly, we have
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Ny ∩ Yi+1 = C(Li)

and

NY ∩ Y0 = {y}
is the vertex of C(L). Now, defining Nx = D ×Ny ∼= D × C(Ly) and Lx = Ly we see that the
homeomorphism Nx ∼= D × C(Ly) will satisfy the conditions (2) and (3) as well because

Xm−2k+i = D × Yi = D × C(Li−1).

Hence, we reduce to the case where k = n and hence Xm−2k = X0. Since the condition we need
is local, we can consider X0 = {0} contained in the intersection of H1, . . . ,Hn. The regularity
conditions now tell us that the intersection of any i+ 1 of H1, . . . ,Hn is a complex codimension
i+ 1 linear subspace of Cn+1 and this is precisely Xm−2i (at least locally). This implies that
the unit normal vectors for each hyperplane form a basis for Cn+1. Define an inner-product by
requiring this basis to be orthonormal and then define the link L of 0 as the intersection of the
unit sphere with the hyperplane arrangement. It is not too hard now to show that this link
satisfies This link is naturally stratified by taking Li−1 = L∩Xi. The cone on L is just the unit
ball in Cn and it is easy to see that this satisfies the conditions (2) and (3) in the definition.

2. Complex Quasi-Projective Varieties and Whitney
Stratifications

For quasi-projective complex varieties of pure dimension, there is a second notion of stratification.

Definition 2.1. Let X be a quasi-projective variety of pure dimension n. By an algebraic
stratification of X, we mean a filtration

X = Xn ⊇ · · · ⊇ X0 ⊇ X−1 = ∅
of X by closed subvarieties Xj such that if Xj\Xj−1 is nonempty, then it is a nonsingular variety of
pure dimension j.

Given an algebraic stratification of X, if Xj\Xj−1 6= ∅, then we call the connected components Sα of
Xj\Xj−1 the dimension j strata of X.

Definition 2.2. Given a stratification of X as above, we say the stratification is a Whitney
stratification if it satisfies two conditions. Fix strata Sα, Sβ .

Whitney’s Condition (a): If a sequence of points ai ∈ Sα tends to a point c ∈ Sβ (in the
analytic topology), then the tangent space TcSβ is contained in the limit of the tangent spaces
TaiSα, provided this limit exists.

Whitney’s Condition (b): If a sequence of points bi ∈ Sβ and ai ∈ Sα both tend to the
same point c ∈ Sβ , then the limit of the lines joining ai and bi is contained in the limit of the
tangent spaces to Sα at ai, provided both limits exist.

Remark. In the definition of Whitney’s conditions, we view X as a subvariety of some projective
space and view tangent spaces and lines as linear subspaces of the ambient projective space. So, taking
limits in this ambient projective space makes sense. Of course, a priori, the condition might depend on
the embedding into projective space.

The Whitney conditions are fairly strong conditions on the stratification and can fail even for examples
that are not pathological (see [KW, p. 67-68]). I won’t deal with the nonexamples here because they
require drawing and I am terrible at drawing examples out. Instead, let me illustrate the Whitney
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conditions by looking at the example of the regular hyperplane arrangement considered in example 8 of
the previous section.

Let Z = X be the hyperplane arrangement in Cn+1 considered in example 8 and define Zk = X2k, with
the latter as defined in example 8. We showed that this stratification was a topological stratification.
It is clear that this stratification is also a complex stratification. Let us now show that it satisfies the
Whitney conditions. Put the stratification on the hyperplanes. Here, we can view the tangent spaces
and lines as linear subspaces of Cn+1 rather than of its projective closure. Then, note that if Sα is a
stratum of Z, then for all x ∈ Sβ , TxSβ is the closure of Sβ in Z.

Condition (a): If ai ∈ Sα tend to c ∈ Sβ , then the closure of Sα contains the closure of Sβ .
This proves condition (a) holds for the stratification.
Condition (b): If bi ∈ Sβ and ai ∈ Sα both tend to the same point c ∈ Sβ , then again, the
closure of Sα contains the closure of Sβ . The lines from bi to ai are contained inside the closure
of Sα (since the latter is a hyperplane). This proves condition (b) holds for the stratification.

We now state, without proof, and apply a difficult theorem of Borel’s.

Theorem 2.3. (Borel). If X is a quasi-projective variety of pure dimension n and

X = Xn ⊇ · · · ⊇ X0

is a Whitney stratification of X. Then, defining Y = X and Y2k = Xk for all k between 0 and n, and
defining Y2k+1 = Xk for 0 ≤ k < n gives a topological stratification of X of dimension 2n.

Thus, if we are willing to black box Borel’s theorem, then the above computation gives an “easier”
proof that the stratification on the regular hyperplane arrangement is a topological stratification. In
practice, this is one of the main reasons to introduce the notion of Whitney stratifications: the
hypotheses are much easier to check than those of topological stratifications.

We end this section by giving another reason to introduce Whitney stratifications: some such
stratification always exists for a pure dimension quasi-projective variety. This is a theorem of Whitney,
that we state without proof.

Theorem 2.4. (Whitney) Any quasi-projective variety of pure dimension n has a Whitney
stratification.

So, this theorem shows that complex quasi-projective varieties of pure dimension are at least
stratifiable, even if we cannot explicitly give a stratification. However, often in representation theoretic
context, the stratification will be evident from context. For example: the nilpotent cone of a
semisimple Lie algebra g has a natural stratification where the smooth stratum is the set of regular
elements, the first nonsingular stratum is the set of subregular elements and so on.

3. Constructible Sheaves on Stratified Spaces
A constructible sheaf on X is a sheaf that is built out of extremely simple sheaves on each of the
strata. Before giving the full definition, let us recall the notion of a local system on a space Y .

Definition 3.1. A local system on a topological space Y is a locally constant sheaf whose stalks are
finite dimensional C-vector spaces.

If Y is locally path connected, locally simply connected (as all our spaces are), then we can instead
view a local system via one of the following equivalent definitions:

1. A representation of the fundamental groupoid: What this means is that at every point of Y ,
there is a vector space Vy and for every homotopy class of paths from y to y′, there is an
isomorphism Vy to Vy′ compatible with composition.

2. A representation of the fundamental group. This representation is called the monodromy
representation associated to the locally constant sheaf.
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A brief remark. If F is a locally constant sheaf on Y then in the corresponding representation of the
fundamental groupoid Vy is the stalk of F at y. On the other hand, given a representation of the
fundamental groupoid, the sections of the corresponding sheaf on an open set U are given by a
collection αx ∈ Vx for each x ∈ U such that for any path γ from x to y, the corresponding morphism
sends αx to αy.

There is one very important property of a local system.

Proposition 3.2. Let F be a local system on Y and U a connected open subset of Y . If α is a section
of F on U such that there exists y ∈ U with αy = 0, then α = 0.

Proof. To show that α = 0, we just need to show that αz = 0 for all z ∈ U . Let z ∈ U , and pick a path
γ from y to z. For each point x in γ, pick a neighborhood Ux of x such that Ux is connected and F is
constant on Ux. We can then pick a finite subcover of γ, U1, . . . , Un such that U1 contains y, Un
contains z and Ui ∩ Ui+1 is nonempty. Set y0 = y, yn = z and pick points yi ∈ Ui ∩ Ui+1. By induction
it suffices to prove that if αyi = 0, then αyi+1 = 0. But, yi and yi+1 are both contained in Ui+1, which
is connected, and F is constant on Ui+1. This proves what we want.

�

Construcible sheaves are built out of local systems on the strata of a topologically stratified space.
Suppose X = Xm ⊇ · · · ⊇ X0 is topologically stratified space. Then, for each k, we have an inclusion
map ik : Xk\Xk−1. Recall the functor i−1k : for a sheaf F on X, i−1k F is a sheaf on Xk\Xk−1 such that

i−1k F(U) = lim−→
V⊇ik(U)

F(V ).

We denote i−1k F as F|Xk\Xk−1
.

Definition 3.3. A sheaf of C-vector spaces F on X is constructible with respect to the stratification
on X if F|Xk\Xk−1

is a locally constant sheaf with finite dimensional stalks. If Y is a stratifiable space,
and F a sheaf on X, then we say that F is constructible on Y if there exists some stratification on Y
with respect to which F is constructible.

We define the category of constructible sheaves (with respect to a stratification) to be the full
subcategory of the sheaves of C-vector spaces with constructible objects.

Let me give a couple examples of a constructible sheaf.

Example 3.4. Let X = C, with the stratification C ⊇ {0}. Pick some local system F on C∗. This is
given by a vector space equipped with an isomorphism A representing the action of the generator of
the fundamental group. Let j be the inclusion of C∗ into C. Define the sheaf j∗F and j!F on C as

j∗F(U) = F(U\{0})
and

j!F(U) =

{
F(U) 0 /∈ U
0 0 ∈ U

.

Note that (j!F)C∗ = (j∗F)C∗ = F , a local system on the stratum C∗. On the other hand, (j!F)0 = 0 as
ever open neighborhood of 0 has no sections and (j∗F)0 = V A, as the sections on any small enough
disk around 0 is V A. Hence, both j∗F and j!F are constructible with respect to the given stratification.

The above example actually illustrates a key property that construcible sheaves share with local
systems: the stalks of a constructible sheaf are obtained on some open neighborhood.

Theorem 3.5. Let

X = Xm ⊇ · · · ⊇ X0
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be a topological stratification on X and suppose F is a constructible sheaf on X. For any point x ∈ X,
there exists a basis of neighborhoods {Ui}i=1,...,} around x such that the natural map

F(Ui)→ Fx
is an isomorphism

Proof. Let me first illustrate the idea of the proof by looking at the example of C ⊇ {0}. Let F be
construcible with respect to this stratification. Then, F|C∗ is a local system and hence for any x 6= 0,
we can just take the basis of neighborhoods to be small disks around x. Now, Fx is finite dimensional.
Hence, we can find Dr, a small disk around x of radius r such that the natural map

F(Dr)→ Fx
is surjective. The same thus holds for D r

n
for any n. We take Ui = D r

i
. We need to show that the

natural map from sections to stalks at x is injective for F (D r
i
). Suppose it is not, i.e., suppose there

exists some α ∈ F(Ui) such that αx = 0. Then, α is 0 on some open neighborhood of x, which we can
assume is Uj for some j. Now, Uj\{0} is an open neighborhood of C∗. Hence, there exists some point y
in Ui\{0} that is also in Uj\{0}. Hence, αy = 0. But, α|Ui\0 is a section of F|C∗(Ui\{0}). Hence, by
the proposition regarding local systems above, we see that αz = 0 for all z ∈ Ui\{0} and hence α = 0.

Let us now do the general case, where X is any topologically stratified space. Pick x ∈ Xk\Xk−1 and
let Nx ∼= Rk × C(L) be a neighborhood of x as in the definition of a topological stratification. Here L
is the link of x. Define Nx,r to be the smaller neighborhood of x homeomorphic to Dr ×C(L, r), where
C(Lx, r) is the cone on Lx of radius r instead of 1. Since the stalk at x of F is finite dimensional,
again, we have some open neighborhood U of x such that

F(U)→ Fx
is surjective. We can again assume U is Nx,r for some small enough r and can also assume that U is
disjoint from Xk−1. Define Ui = Nx, ri . We need to show that

F(Ui)→ Fx
is injective. Suppose we now have α ∈ F(Ui) such that αx = 0. Then, there exists some j such that
α|Uj = 0. We first show that Uj contains a point on every connected component of Ui ∩Xl\Xl−1 for
every l ≥ k. For i = k, using condition (3) in the definition of a stratified space, we have

Ui ∩Xk = Ui ∩ (Xk\Xk−1) = D r
i

and hence Uj ∩Xk = D r
j

contains a point in every connected component. For l > k, using condition

(2), we see that

Ui ∩ (Xl\Xl−1) = D r
i
× (C(Ll−k−1,

r

i
)\C(Ll−k−2,

r

i
))

and

Uj ∩ (Xl\Xl−1) = D r
i
× (C(Ll−k−1,

r

j
)\C(Ll−k−2,

r

j
)).

Thus, we have shown that Uj contains a point on every connected component of Ui ∩Xl\Xl−1. Let
Sl,1, . . . , Sl,n be the connected components of Ui ∩ (Xl\Xl−1), for l from k to m. Let sl,t be a point in
Uj ∩ Sl,t. Then, αsl,t = 0. Now, F|Xl\Xl−1

is a local system. Additionally, we have a natural map

F(Ui)→ F|Xl\Xl−1
(Sl,t).

This map does not change stalks at points in St, so the image of α has 0 stalk at sl,t. By the property
of local systems, this implies that the image of α is 0 on Sl,t. Hence, α has zero stalks at all points of
Sl,t. But the union of the Sl,t over all l, t is Ui. Hence, α = 0, as desired.

�
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We end the talk by describing explicitly the category of sheaves on C constructible with respect to the
stratification C ⊇ {0}. Suppose F is a constructible sheaf with respect to this stratification. On C∗, F
restricts to a local system, which is equivalent to the data of (V,A) where V is some finite dimensional
vector space and A is any linear automorphism of V (representing the action of the generator of the
fundamental group). The stalk at 0 is some finite dimensional vector space W . This stalk is obtained
on any small enough disk around 0, and the restriction map from the disk to the punctured disk
defines a map B : W → V A (as the sections on the punctured disk are precisely the invariants under
the action of A).

On the other hand, suppose we are given the data of W,V two finite dimensional vector spaces, an
isomorphism A : V → V and a map B : W → V A, we define a sheaf by on C by setting the sections on
any disk around 0 to be W , defining the sheaf on C∗ via the local system (V,A) and and setting the
restriction maps from the disk to the punctured disk as B : W → V A. To see that this does define a
sheaf, we just need to check that if decompose a disk around 0 into a smaller disk and the punctured
disk, then the gluing axiom holds.

So, suppose we have w ∈W and v ∈ V A viewed as sections of the smaller disk around 0 and the
punctured bigger disk respectively. That they agree on the intersection means that v = B(w). Hence,
we can define a section on the bigger disk as w, and then it is clear that w restricts appropriately to
the smaller disk and the punctured bigger disk.

Thus, we see that the constructible sheaves on C ⊇ {0} are in one to one correspondence with the
representations of the quiver

W V
B

A

with relations AB = B and A invertible. This fact generalizes to arbitrary stratified spaces.
Constructible sheaves are given by quiver data. There is one vertex for each stratum of the space.
There are arrows with relations from each vertex to itself representing the monodromy of the
restriction of the sheaf to the stratum. There are arrows with relations between vertices representing
how the spaces fit together. Hence, constructible sheaves are combinatorial tools to understand the
topology of a singular space.
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