
ETALE COHOMOLOGY OF CURVES

SIDDHARTH VENKATESH

Abstract. These are notes for a talk on the etale cohomology of curves given in a grad student
seminar on etale cohomology held in Spring 2016 at MIT. The talk follows Chapters 13 and 14 of

Milne ([Mil3]).
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1. Outline of Talk

The main goal of this talk is to prove a Poincare duality result for smooth curves over algebraically
closed fields. Eventually, we will want to get a similar result for higher dimensional varieties as well
but for now, we only have the machinery to deal with curves.
Let me begin by recalling how Poincare duality works for smooth varieties of dimension n over C. In
the analytic topology, we have a perfect pairing

Hr(X,Z)×H2n−r
c (X,Z)→ H2n(X,Z) = Z.

More generally, you can replace the sheaf Z with any locally constant sheaf F to get a perfect pairing

Hr(X,F)×H2n−r(X, F̌(1))→ Z
where F̌(1) = Hom(F ,Z). This cannot be done in the Zariski topology because the topolgy is
contractible (if the variety is irreducible). But it turns out that the etale topology is fine enough to
measure cohomology somewhat correctly. In particular, for smooth curves at least, we will show that a
version of Poincare duality holds.

More explicitly, the statement made above holds with some minor changes. First, F will be a local
system in the etale topology i.e. it will be an etale sheaf that becomes a constant sheaf after a finite
etale base change. Such sheafs are the same data as a representation of π1-etale and I will go into this
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in more detail at a later point in my talk. The major changes we have to make is that we cannot work
with Z-coefficients and, in fact, F will have to have finite stalks. There are two heuristic reasons for
this:

1. In some sense, the etale topology only deals well with finite objects because we only allow etale
covers to be of finite type.

2. Z-coefficients fail for varieties over characteristic p because we have problems dealing with
Z/pZ coefficients.

So, the version of Poincare duality we will prove is the topological version but with Z replaced by
Z/nZ for n not divisible by the characteristic and F an etale local system of Z/nZ-modules. One word
of warning here: Poincare duality does not hold for non-algebrically closed fields because of Galois
cohomolog existrnce.

Here is an outline of how the talk will proceed.

1. The first part of the talk will be devoted to computing the cohomology of a curve X in Z/nZ
coefficients. The key idea here is that we have an exact sequence of etale sheaves

0→ Z/nZ→ O×X → O
×
X → 0.

So, we begin by computing the cohomology of X in O×X coefficients.

2. H1(X,O×X) is still Pic(X) even in the etale setting. In the Zariski setting, all higher

cohomology was 0 because O×X was the kernel of a map between flasque sheaves. In the etale
setting, there is no notion of flasqueness that guarantess vanishing of cohomology. Instead, the
computation of higher cohomology will proceed by computing the Galois cohomology of
function fields over algebraically closed fields. The key result here will be a theorem of Tsen
which implies that the higher cohomology vanishes.

3. We then use this result to compute H1(X,Z/nZ) and H2(X,Z/nZ) and prove the higher
cohomology vanishes. The results will come from computing the kernel and cokernel of the
multiplication by n map on the Picard group, which will be given to us by the theory of the
Jacobian variety.

4. The next part of the talk will use the results obtained to derive Poincare duality. We begin by
talking about local systems in the etale topology. In particular, I will give a crash course on
the etale fundamental group.

5. Finally, we will give the definition Poincare duality pairing via ext groups of sheaves and prove
that the pairing is perfect.

6. Time permitting, I might go into some examples of what Poincare duality implies for curves
over finite fields.

2. The Kummer Exact Sequence

The first thing I want to do during this talk is to compute the cohomology certain etale sheaves on
curves. So, let me begin by constructing some sheaves on X (which for now is more general but will
later be a curve over some field.) Here is a general method of constructing etale sheaves.

Proposition 2.1. Let X be a variety over a field k and let Y be an (affine) scheme over X. Then, the
functor

U 7→ HomX(U, Y )

defines a sheaf on Xet.

Proof. Since I only need the affine case, that is all I present. The general case is still true and the proof
is an exercise. We just have to check the sheaf axiom. It is clear for the Zariski site since morphisms of
schemes glue. So, we just need to check the etale descent condition, i.e., if V → U is a surjective etale
map then the sequence
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HomX(U, Y ) HomX(V, Y ) HomX(V ×U V, Y )

is exact. We can assume U and V are affine, say SpecA and SpecB respectively. Let Y = SpecC. The
the sequence becomes

Hom(C,A) Hom(C,B) Hom(C,B ⊗A B)

which is exact because the sequence is exact before taking Hom(C,−) (exactness of the sequence
means epimorphism in the appropriate category and this is preserved under taking Hom.)

�

Remark. Note that the statement also holds for Y × Y ′ if it holds for Y and Y ′. Thus, as the
statement is trivially true for Y = X, we can also assume that the proposition holds for A×X, where
A is any affine scheme. Hence, we can replace the word affine in the proposition with the phrase
relatively affine.

In general, we would prefer to get a sheaf of abelian groups rather than just a sheaf of sets. For this,
the precise condition is that Y is a relatively affine commutative group scheme over X.

Example 2.2. Here are some examples of sheaves constructed from commutative group schemes:

1. Ga: This is the sheaf associated to A1
X and is the structure sheaf OX . It sends U to Γ(U,OU ).

2. Gm: This is the sheaf associated to (A1\{0})X . It is the group of units sheaf, i.e., it sends U to
Γ(U,OU )× and is hence the etale sheaf associated to O×X .

3. µn: Define µn over Z as SpecZ[x]/(xn − 1). The corresponding etale sheaf over X sends U to
the group of nth roots of unity in Γ(U,OU ). Over an algebrically closed field of characteristic
not dividing n, this is the constant sheaf Z/nZ.

The second and third example actually give us an example of an exact sequence of etale sheaves this is
not exact on the Zariski site. It is known as the Kummer exact sequence.

Proposition 2.3. Let X be a variety over k and let n not be divisible by the characteristic of k. The
sequence of etale sheaves of abelian groups

0 µn Gm Gm 0
x 7→ xn

is exact.

Proof. Recall that the geometric stalks of the structure sheaf in the Etale site are strictly Henselian i.e.
they are Henselian and their residue fields are separably closed. Thus, to check this at the level of
stalks is the same as checking that for any strictly local ring (i.e. strictly Henselian local ring) A, we
need the following sequence to be exact:

0 µn(A) A× A× 0
a 7→ an

The only nonobvious part is that every element in A× is an nth power. To see this, let a ∈ A× and let
a be it’s reduction to the residue field. By the separable closure of the residue field,

xn − a
has a solution, as n is not a multiple of the characteristic of the residue field of A. Thus, by the
Henselian property, xn − a has a solution in A as desired.

�
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The first main goal of this talk is to compute the cohomology of µn when X is a curve. To do so, we
will compute the cohomology of Gm and then use the Kummer exact sequence.

3. Cohomology of Gm

We’ve already shown that H1(Xet,Gm) is Pic(X). This is the etale version of the well-known fact that
H1(X,O×X) = Pic(X). We want to compute the higher cohomology of Gm and, in particular, show
that there is none. Since eventually, we will be interested in nonsingular curves, let us from now on
assume that X is a nonsingular variety over some field k.

Now, in this setting in the Zariski site, we have an equivalence between the Picard group of a variety
and its divisor class group. Here is one way to see this equivalence. Define a Zariski sheaf Div that
sends U to the free abelian group generated by its irreducible codimension 1 subschemes. This is a
flasque group as if U is open inside V , then Div(U) is just the free abelian group on those divisors of V
which meet U .

Now, for nonsingular varieties X, if Z is a codimension 1 irreducible susbcheme of X, then Z defines a
discrete valuation vZ on K×, where K is the fraction field of X (since the local ring at the generic
point of Z is a dvr). Hence, we get a map of sheaves from the constant sheaf K× to Div, which on each
U sends

f ∈ K× 7→
∑

Z∈Div(U)

vZ(f)Z.

The key fact is the following well-known result.

Proposition 3.1. If X is a nonsingular variety, then the sequence of Zariski sheaves

0 O×X K× Div 0

is exact.

The proof is standard and uses the fact that regular implies locally factorial. Taking cohomology and
using flasqueness of K and Div, we get two results:

1. H1(X,O×X) = coker(K× → Div(X)), which is the divisor class group.

2. Hr(X,O×X) vanishes for r > 1.

We want the second result in the etale setting (for curves). So, we begin by mimicing the above exact
sequence with a sequence of etale sheaves. The way to do it is to just replace the Zariski sheaves with
their corresponding etale sheaves. More explicitly:

1. O×X is replaced by Gm.
2. K is replaced by its associated etale sheaf, which is g∗Gm,K , where g is the inclusion of the

generic point of X and K is it corresponding fraction field.
3. Div is replaced by an etale sheaf which we also denote as DivX and which is equal to
⊕codim(z)=1iz∗Z.

Thus, we have the following proposition.

Proposition 3.2. For a nonsingular variety X, the sequence of etale sheaves

0 Gm g∗Gm,K DivX 0
n

is exact.

Proof. The proof reduces to the Zariski setting. Note that a sequence of etale sheaves on X is exact if
for any etale U over X, the corresponding sequence of Zariski sheaves on U is exact (the converse is
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obviously false.) This is because exactness can be measured on stalks and the set of open subsets of
such etale U form a cofinal system amongst all etale neighborhoods in X.

But on the Zariski site above any such U , this sequence becomes the same exact sequence as before.
�

Now, what we would like is for g∗(Gm,K) and DivX to have no higher etale cohomology.
Unfortunately, this is harder in the etale setting because we don’t have a notion of flasqueness which
guarantees acyclicity and is not true in general. But it does hold for connected nonsingular curves over
an algebraically closed field. This will be due to a result of Tsen’s which gives us vanishing results for
Galois cohomology of function fields over algebraically closed fields. We develop the necessary
machinery here.

Definition 3.3. A field k is said to be quasi-algebraically closed if every nonconstant homogeneous
polynomial in n-variables of degree < n has a solution in kn.

This definition may seem weird but it has an important consquence for Galois cohomology. Recall that
for a field k with absolute Galois group G, we can view the Galois cohomology Hr(G,M) for a discrete
Galois module M as the etale cohomology of the associated sheaf.

Proposition 3.4. Let k be a quasi-algebraically closed field and let G be its absolute Galois group.
Then,

1. H2(G, (ksep)×) = 0.
2. For any r > 0, Hr(G,M) = 0 if M is a torsion discrete G-module.
3. For any r > 1, Hr(G,M) = 0 if M is a discrete G-module.

The proof involves some difficult results from number theory so we will skip it. A small note is that
H2(G, (ksep)×) is the Brauer group of k and parameterizes central simple extensions of k. Thus, the
first part of the proposition just states that any division algebra over k with center k must be k itself.

How will we use this proposition? Well, the main idea is Tsen’s theorem, which says that function
fields of curves over algebraically closed fields are quasi-algebraically closed.

Proposition 3.5. Let k be an algebrically closed field and let K be a finitely generated extension of k
of transcendence degree 1. Then, K is quasi-algebraically closed.

Proof. Here is a very nice geometric proof (courtesy of Akhil Mathew through his blog). Note that
there is a unique nonsingular projective curve over k with function field K. So, what we are now trying
to prove is that given a homogeneous polynomial F in n variables of degree d < n, there exist rational
functions f1, . . . , fn on X not all 0 such that

F (f1, . . . , fn) = 0.

Let H be a very ample divisor in X. Note that for any m, H0(X,O(mH)) consists of those rational
functions on X whose pole on H is order m at most. Thus, for each m, F gives us a polynomial map

Fm : H0(X,O(mH))n → H0(X,O(dmh)).

What we need is for this map to have a nonzero root for some value of m. Now, both of these are finite
dimensional vector spaces over k, say of dimensions km, lm respectively. So, we can view Fm as an
lm-tuple of polynomials on Ankmk . Each polynomial has 0 as its root. Hence, the intersection of the
solution hypersurfaces is nonempty. Thus, by dimension counting arguments, the intersection of the
solution hypersurfaces will have dimension > 0 (and hence there will be another root than 0), as long
as nkm > lm.

So, all we need is that for some m,

ndimk(H0(X,O(mh))) > dimk(H0(X,O(dmh))).

But, if φ is the Hilbert polynomial of X associated to the divisor H, then the above equation asks for
5



nφ(m) > φ(dm).

Now, for sufficiently large m, since dimension of X is 1,

φ(m) = deg(X)m+ c

for some constant c. Hence, for sufficiently large m,

nφ(m) = ndeg(X) + cn > ddeg(X) + c = φ(dm)

as d < n.
�

We can now apply the previous two results to get the following theorem:

Theorem 3.6. Let X be a connected nonsingular curve over an algebraically closed field k. Then,

Hr(Xet,Gm) =


Γ(X,O×X) r = 0

Pic(X) r = 1

0 r > 1

.

Proof. Looking at the Weil-divisor exact sequence, it suffices to show that Hr(X,DivX) = 0 and
Hr(X, g∗Gm,K) = 0 for r > 0, where K is the function field of X. For the first statement, note that
DivX is the direct sum of pushforward of sheaves on closed points. Thus, the Grothendeick spectral
sequence says that the cohomology such sheaves is the same as before pushing forward. Since k is
algebraically closed, this is 0. So, we just need to show that Hr(X, g∗Gm,K) = 0 for r > 0.

To do so, we will use the Leray spectral sequence. The first step is to show that

Hr(X, g∗Gm,K) = Hr(SpecK,Gm)

which will follow from the spectral sequence if Rrg∗(Gm,K) = 0. So, let us first compute the stalks
Rrg∗(Gm,K)x, where x is a geometric point of X. There are two cases:

1. x lives above the generic point: In this case,

Rrg∗(Gm,K)x = g∗(Rrg∗(Gm,K)) = Rr(g∗g∗)(Gm,K) = 0

for r > 0.
2. x = x for some closed point: In this case, since Rrg∗(Gm,K) is the sheafification of the presheaf
U 7→ Hr(g−1(U),Gm), we see that

Rrg∗(Gm,K)x = Hr(SpecKx,Gm) = Hr(Gal(Kx), (Ksep
x )×)

where Kx is the fraction field of the Henselian OX,x. A theorem of Lang says that this is
quasi-algebraically closed. Hence, Proposition 3.4 now says that the above stalk is 0 for r > 1.
For r = 1, the vanishing of cohomology is Hilbert Theorem 90.

Hence, by the Leray spectral sequence, we see that

Hr(X, g∗Gm,K) = Hr(SpecK,Gm) = 0

for r > 0 by Tsen’s theorem + Hilbert Theorem 90.
�
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4. Cohomology of µn

4.1. For Projective Curves. Again let X be a connected nonsingular curve over an algebraically
closed field k. Additionally assume that X is proper. Let us now look at the long exact sequence in
cohomology associated to the Kummer exact sequence over X. The theorem above tells us that we
have the following exact sequence

0 H0(X,µn) H0(X,Gm) H0(X,Gm) H1(X,µn) Pic(X) Pic(X) H2(X,µn) 0
−n n

and that Hr(X,µn) = 0 for r > 2. Since X is assumed proper and k-algebraically closed, the map
t 7→ tn on k× is surjective and hence we get a smaller exact sequence

0 H1(X,µn) Pic(X) Pic(X) H2(X,µn) 0
n

Hence, to compute the µn cohomology of X, we need to figure out the kernel and cokernel of the
multiplication by n map on Pic(X). First, we make a slight reduction. Note that since X is complete,
any rational function has equal numbers of poles and zeros. Hence, the Picard group has a well-defined
notion of degree. Thus, we get a short exact sequence

0→ Pic0(X)→ Pic(X)→ Z→ 0

where Pic0(X) is the subgroup of degree 0 divisors. Now, the kernel of multiplication by n on Pic(X)
is clearly the same as the kernel of multiplication by n on Pic0(X). But now, the existence of the
Jacobian variety gives us the description of the kernel and cokernel of multiplication by n.

Recall that for any complete nonsingular curve X over k, there exists an abelian variety J of dimension
g equal to the genus of X, called the Jacobian of X, such that J(k) = Pic0(X). It is well known that
for an abelian variety of dimension g over an algebraically closed field, if n is prime to the characteristic
then n : J → J is surjective with kernel a free Z/nZ-module of rank n2g. Thus, we see that the kernel
of multiplication by n is (Z/nZ)2g while the cokernel is Z/nZ. Hence, we have the following theorem.

Theorem 4.1. Let X be a complete nonsingular curve over an algebraically closed field k. Let n be
prime to the characteristic of k. Then,

Hr(X,µn) =


µn(k) r = 0

(Z/nZ)2g r = 1

Z/nZ r = 2

0 r > 2

.

More canonically, the r = 1-cohomology is the kernel of multiplication by n on J(k), where J is the
Jacobian of X and the r = 2-cohomology is the cokernel of multiplication by n on the degree of divisors.

Remark. A small note that will be useful in the next section: under the above identification of
H1(X,µn) = H1(X,Z/nZ), the natural map

H1(X,Z/ln+1Z)→ H1(X,Z/lnZ)

is multiplication by l.

4.2. Lefschetz Trace Formula and Rationality of Zeta Function. The computation of
Hr(X,Z/lZ) done above gives us an important formula for the number of fixed points of
automorphisms of schemes. First, we need an important definition of the l-adic cohomology of a variety.
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Definition 4.2. If U is a variety over a field k (not necessrily algebriacally closed) and l is a prime not
equal to the characteristic of k, then we define

Hr(U,Zl) := lim←−
n

Hr(U,Z/lnZ).

Additionally, we define

Hr(U,Ql) := Hr(U,Zl)⊗Zl
Ql.

Remark. A note of warning here: Hr(U,Zl) is not the same as the cohomology of the constant sheaf
Zl on U . If we look at r = 1, this is the space of continuous homomorphisms π1(Uet)→ Zl but in the
former case Zl has the profinite topology and in the latter case Zl has the discrete topology.

Now if k is algebrically closed, then Z/lnz ∼= µln . Hence, the cohomology computation of the previous
section gives us the following result.

Proposition 4.3. If X is a smooth projective curve over an algebrically closed field k with Jacobian
J , then

H0(X,Ql) = Ql

H1(X,Ql) = Hom(Ql/Zl, J(k))⊗Ql

H2(X,Ql) = lim←−Pic(X)/ln Pic(X)⊗Ql ∼= Ql.

Proof. The only nonobvious statement is the one for H1. By the previous computation,

H1(X,Z/lnZ) = Hom(Z/lnZ, J(k))

and the map

Hom(Z/ln+1Z, J(k))→ Hom(Z/lnZ, J(k))

is multiplication by l. So, the projective system

Hom(Z/lnZ, J(k))

comes from the directed system Z/lnZ with Z/lnZ living inside Z/ln+1Z as Z/ln+1Z. Since taking a
hom of a direct limit is the same as taking inverse limits of homs, we see that

H1(X,Zl) = Hom(lim−→Z/lnZ, J(k)) = Hom(Ql/Zl, J(k))

which is what we need.
�

Now, if X is a variety and φ is a morphism from X to itself, then φ induces morphisms
Hr(X,Ql)→ Hr(X,Ql). Since these are Ql-vector spaces of finite rank (as proved above), we can take
their traces Trrl (φ) on Hr(X,Ql). These traces compute fixed points of φ.

Theorem 4.4. Let X be a smooth curve over an algebraically closed field k. Let φ : X → X be a
nonconstant morphism (so the graph Γφ intersects the diagonal ∆ ⊆ X ×X transversely.) Let (Γφ ◦∆)
be the algebraic number of fixed closed points of φ, where the multiplicity of x with local uniformizing
paramter π is the valuation of φ(π)− π in OX,x. Then, for any l 6= chark,

(Γφ ◦∆) =
∑
r

(−1)r Trrl (φ).
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Proof. This theorem essentially follows from the computation above and a result of Lang. Computing
the right hand side of the equation, we have

Tr0l (φ) = 1, Tr1l (φ) = Tr(J(φ)), Tr2l (φ) = deg φ

where J(φ) is the endomorphism of J induced by φ. Hence, we need

(Γφ ◦∆) = 1− Tr J(φ) + deg

which is a special case of a result of Lang.
�

We can use this trace formula to prove part 1 of the Weil conjectures for smooth curves: rationality of
the zeta function. Let X be a variety over Fq. Recall that the zeta function of X is

Z(X, t) = exp

(∑
n>0

νn(X)tn/n

)
where νn(X) is the number of Fqn -points of X.

Corollary 4.5. Let F be the Frobenius endomorphism of X = X ⊗k k
sep
. Then,

Z(X, t) =
P1(X, t)

P0(X, t)P2(X, t)

where Pi(X, t) = det(1− Ft|Hr(X,Ql)).

Proof. Take the logarithm of the right hand side and use the formula

− log(det(1− Ft)|Hr(X,Ql)) =
∑
n>0

Tr(Fn|Hr(X,Ql))tn/n.

We get

∑
n>0

(−1)r Trrl (F
n)tn/n.

Applying the proposition gives us

∑
n>0

(ΓFn ·∆)tn/n.

Now, the fixed points of Fn is precisely the Fqn -points of X. Additionally, in ΓFn ·∆, the multiplicitiy
of a Fqn-point x with uniformizer π is the OX,x-valuation of

πq
n

− π

which is 1. Hence, the right hand side is the exponential of

∑
n>0

νn(X)tn/n

which is exactly the zeta function of X.
�

9



4.3. For Affine Curves. All that remains is to figure out how much we can get for nonproper X.
In this situation, we can compactify X to X and then the question is how much cohomology is
added/lost if we remove one point from a not necessarily proper nonsingular curve (because X is just
X with finitely many points added). This boils down to computing relative cohomology of X with
respect to X\{x} for a point x ∈ X. Here is an answer.

Proposition 4.6. Let X be a nonsingular curve over k = k. Let x be a closed point of X. If n is
prime to the characteristic of k, then

Hr
x(X,µn) =

{
Z/nZ r = 2

0 r 6= 2
.

Proof. Let R be the strictly local ring of x. Then, by excision, we can replace X with V = SpecR. By
doing the same computation for V as for curves, we see that Hr(V,Gm) = 0 for r > 1. For r = 1, this
is zero because R is a dvr. Now, look at the relative cohomology sequence for (V, V \x):

· · · → Hr
x(V,Gm)→ Hr(V,Gm)→ Hr(SpecK,Gm)→ · · ·

where SpecK = V \x with K the fraction field of R. Hence, for r > 1, we have isomorphisms
Hr−1(SpecK,Gm) ∼= Hr

x(V,Gm). Again, as before, Hr(SpecK,Gm) = 0 for r > 0. Thus,
Hr
x(V,Gm) = 0 for r > 1 and for r = 0 this is obvious.

Now, H1
x(V,Gm) = Picx(V ) = Z. Hence, looking at the Kummer exact sequence for Γx gives the result.

�

Remark. This description of H2
x(X,µn) shows that the map H2

x(X,µn)→ H2(X,µn) is an
isomorphism always. Hence, for noncomplete nonsingular curves X, H2(X,µn) = 0. H1 can also be
read off from this description and it depends on how many points need to be added to compactify X.

5. Compactly Supported Cohomology for Curves

The next big goal of the talk is to “prove” a version Poincare duality for smooth curves. So, we need
some notion of compactly supported cohomology for nonsingular curves. This can be defined by
recalling that nonsingular curves over a field k have unique compactifications.
Recall that for a connected smooth curve U , there is a unique smooth complete curve over k, denoted
by X, with a canonical inclusion j : U → X. X can be obtained from U by taking the set of all
valuation rings of k(U) that contain k.

Definition 5.1. For a sheaf F on Uet, we define the compactly supported cohomology of U with
coefficients in F as,

Hr
c (U,F) = Hr(X, j!F)

where j! is the extension by zero functor.

Because j! is exact, short exact sequences of sheaves on Uet give long exact sequences in compactly
supported cohomology. However, since j! does not preserve injectives, Hr

c is not the rth derived functor
of H0

c (which is good because the latter functor is 0 if j is not the identity).

Using the shrieks to stalks exact sequence and our computation of the cohomology of µn in the previous
section, we can also compute the compactly supported cohomology of µn. Here is the statement:

Proposition 5.2. For a connected nonsingular curve U over an algebraically closed field k, there is a
canonical isomorphism

H2
c (U, µn)→ H2(X,µn) ∼= Z/nZ

for n not divisible by the characteristic of k.
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Proof. Look at µn as a sheaf on X. Then, µn on U is j∗µn. Let i be the embedding of the complement
Z of U (reduced scheme structure for convenience). Look at the exact sequence

0→ j!j
∗µn → µn → i∗i

∗µn → 0.

We get a long exact sequence

· · · → Hr
c (U, µn)→ Hr(X,µn)→ Hr(Z, i∗µn)→ · · ·

Since Z is a finite collection of points and k is algebraically closed, Hr(Z, i∗µn) vanishes for r > 0.
Hence, the natural map

H2
c (U, µn)→ H2(X,µn)

is an isomorphism.
�

6. Poincare Duality

The version of Poincare duality we state will hold for etale versions of locally constant sheaves.

6.1. Local Systems in the Etale Topology.

Definition 6.1. Let F be a sheaf on Xet. We say that F is locally constant if it is constant when
pulled back under some etale cover of X.

Definition 6.2. If F is locally constant, we say that F is finite (with respect to some n not divisible by
the characteristic of the of the base field) if F is a sheaf of Z/nZ-modules and the stalks of F are finite.

Note that for finite locally constant sheaves we can actually assume that F is constant when pulled
back along some finite etale covering.

Recall that in the setting of a usual topological space, local systems are the same as representations of
the fundamental group. The same holds in the etale setting but the fundamental group is replaced by
the etale fundamental group. Some facts about the etale fundamental group will be useful in the proof
of Poincare duality, so here is a crash course.

6.2. Etale Fundamental Group. The idea of the etale fundamental group is to mimic the
construction of the fundamental group in homotopy theory that comes from the study of covering
spaces. In the etale setting, it is convenient to only look at specific covers.

Definition 6.3. Let S be a connected variety and let ρ : T → S be a finite etale map. We say that ρ is
a Galois cover of S with group G, if G acts on T via automorphisms that preserve ρ and if the map

T ×G→ T ×S T
defined by (t, g) 7→ (t, gt) is an isomorphism of S-schemes.

To make it clear where the notation comes from, Galois covers of fields are exactly the Galois
extensions. Topologically, a Galois cover corresponds to a normal covering, i.e., a covering space such
that the group of deck transformations acts transitively. In particular, the property of being Galois is
equivalent to the fiber of a G-cover above any geometric point of S being a principal G-space.

Remark. Note that the group G in the definition of a Galois cover can be recovered from the data of
ρ : T → S as it is the automorphism group of the cover. So, being Galois is a property and not an
extra structure of a group action.
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In topology, we would obtain the fundamental group by looking at the automorphism group of the
universal cover (which is automatically Galois). Unforunately, the universal cover need not be an
algebraic map over S. To fix this problem, we take an inverse limit of the finite Galois groups. Here is
how we can do this.

Let C be the category of finite etale covers of S. Pick a geometric point s of S. Consider the functor
F : C→ Set sending T to the fiber above s. If we have two connected Galois covers (T,G) and (T ′, G′)
and an S-morphism f : T → T ′, this functor gives us an induced surjection on automorphism groups as
follows:

Fix g ∈ G. Then, for any t ∈ F (T ), there is a unique element g′ ∈ G′ such that f(gt) = g′f(t). The
map φt : G→ G′ defined by sending g 7→ g′ is evidently a homomorphism of groups. This
homomorphism is independent of t because T is connected.

Hence, if {Ti}i∈I is a projective system of connected Galois covers over S, with one representative for
each isomorphism class of Galois cover, then we also get a projective system of finite groups on taking
the associated automorphism group.

Definition 6.4. We define the etale fundamental group

π1(S, s) = lim←−
I

AutS(Ti).

We may also often suppress the base point in the notation.

This definition is fairly explicit so it is suited to making computations.

Example 6.5.
1. π1(Spec k, k

sep
) is the absolute Galois group of k, as Galois covers are just Galois extensions.

2. Suppose k is now an algebraically closed field. Then, π1(P1) = 0. This follows from Hurwitz theorem.
If we have a finite map f : X → P1 with X a nonsingular proper curve over k, then Hurwitz theorem
implies that

2g(X)− 2 = −2 deg(f) + deg(R)

where R is the ramification divisor. If f is etale, R = 0. Hence, the right hand side is negative and
thus so must the left be. But then g(x) = 0 and deg(f) = 1. Thus, f is a birational map from P1 to
itself and is thus an isomorphism. Hence, there are no nontrivial Galois covers of P1.

3. Let k now be both algebraically closed and characteristic 0. Then, π1(A1) = 0. Note that the
category of finite etale covers of A1 is in bijection with the category of finite maps f : X → P1 with X
smooth and f ramified only at infinity. Looking again at Hurwits theorem, we have

2g(X)− 2 = −2 deg f + deg(R).

Because k is characteristic 0, there is no issue with wild ramification and hence deg(R) is strictly less
than deg(f). Hence, again, the right hand side is negative, and by the same argument as before,
X = P1 and f is birational, hence an isomorphis.

Note that this result fails in characteristic p. In fact, in this case, π1(A1) need not even be
topologically finitely generated.

4. The above example generalizes a little further: if X is any variety over C, then the etale fundamental
group of X it the profinite completion of the topological fundamental group of X(C). This comes from
the Riemann existence theorem.

While the above definition of the etale fundamental group is suitable for computation, it is functorially
unsatisfactory. Here is a restatement of the definition that works better. If S is a connected variety
and s a geometric point, let F : C→ Set be, as before, the functor from the category of finite etale
covers of S defined by sending T to the fiber in T above s. Now, this functor is not representable but it
is pro-representable: if {Ti} is the projective system of connected Galois covers of S, one for each
isomorphism class, then for any finite etale cover X over S,
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F (X) = lim−→Hom(Ti, X).

Definition 6.6. We define

π1(S, s) := AutF

It is not too hard to see that the two definitions are equivalent but we won’t prove it here. Instead
note that the second definition gives us two very important properties.

1. Since π1(S, s) = AutF , F establishes an isomorphism between the category of Galois covers of
S and the category of continuous π1(S, s)-sets. This can be seen by using the machinery of
Galois categories and is the etale equivalent of the correspondence between quotients of the
topological fundamental group and connected normal covering spaces.

2. The definition gives us functoriality of π1. Suppose S → S′ is a morphism of connected
varieties such that s maps to s′. Then, base change gives us a natural isomorphism

Fs′ → Fs ◦ base change.

This gives us a continuous homomorphism φ of profinite groups π1(S, s)→ π1(S′, s′): if T ′ is a
finite etale cover of S′ and g ∈ AutFs, then

φ(g)T ′ : Fs′(T
′)→ Fs′(T

′)

is defined by gT ′×S′S . Note that for this property, it is essential that F is not just a functor
from connected covers since the property of being connected is not preserved under pullback.

Let me end the section on etale fundamental group by stating two facts, one of which will be very
useful in the proof of Poincare duality.

1. If X is a geometrically connected variety over k, and x is a k-point with a geometric point x
associated to x, then there is a short exact sequence of profinite groups

1→ π1(X,x)→ π1(X,x)→ Gal(k)→ 1.

Thus, etale fundamental groups have a geometric portion and a Galois theoretic portion.

2. H1 in constant coefficients is computed by the fundamental group: More precisely, let G be a
commutative (pro)finite group, and let G be the associated constant sheaf on a variety X.
Then,

H1(X,G) ∼= Homconts(π1(X,x), G).

This is the etale analogue of the fact that topologically H1 is the abelianization of π1.

6.3. The Duality Statement. Here is the theorem of Poincare duality that we can state now.
First, recall that a pairing M ×N → C of abelian groups is perfect if the corresponding morphisms
M → Hom(N,C), N → Hom(M,C) are isomorphisms.

Theorem 6.7. Let U be a connected nonsingular curve over an algebrically closed field k. Let n be a
positive integer not divisible by the characteristic of k. Let F be a finite locally constant sheaf on U .
Then, for any positive integer r, there is a canonical perfect pairing of finite groups

Hr
c (U,F)×H2−r(U, F̌(1))→ H2

C(U, µn) ∼= Z/nZ.
Here, F̌(1) is the sheaf V 7→ HomV (F|V , µn|V ).

The pairing in the above theorem comes from a canonical identification of Hr(U F̌(1)) with
ExtrU,n(F , µn). So before I sketch out the main ideas of the proof of Poincare duality, let me give a
better description of the pairing.

By ExtrU,n(F , µn), let us denote the Ext group in the category of sheaves of Z/nZ-modules on Uet. We
have the following result.
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Lemma 6.8. If F is locally constant on U , then

ExtrU,n(F , µn) = Hr(U, F̌(1)).

Proof. We use the sheaf Ext to Ext spectral sequence. Recall that for etale Z/nZ sheaves F ,G on U ,
we can define the sheaf

Hom(F ,G) : V 7→ Hom(F|V ,G|V ).

WIth G = µn, this is F̌(1). Taking the derived functor (with respect to G) gives us

Extr(F ,G).

There is a spectral sequence

Hr(U,Exts(F ,G))⇒ Extr(F ,G).

To show the result, we just need Exts(F , µn) to vanish for s > 1. Now, the stalk of this sheaf at a
geometric point x is

Exts(Fx,Z/nZ)

in the category of Z/nZ-modules, which is 0 because Z/nZ is projective.
�

So, to describe a Poincare duality pairing, we just need to define some canonical pairing

Hr
c (U,F)× Ext2−rU,n (F , µn)→ H2

c (U, µn).

The simplest way to do this theoretically is to view the Ext group as equivalence classes of actual
extensions. So, giving an element of

Ext2−r(F , µn)

is the same as giving an exact sequence

0→ µn → E1 → · · · → E2−r → F → 0.

Applying j! gives us an exact sequence

0→ j!µn → · · · → j!F → 0.

This gives us an iterated boundary map in cohomology

Hr
c (U,F)→ H2

c (U, µn)

and hence defines the pairing.

This definition is somewhat unsatisfying so let us examine what the pairing is in the special case of
µn = Z/nZ (algebrically closed field remember) with X compact. Note that Z/nZ is self-dual under
Poincare duality.

Example 6.9.
1. The pairing between H0 and H2 is the multiplication map Z/nZ⊗ Z/nZ→ Z/nZ.
2. The pairing between H1 and itself is somewhat mysterious but it can be computed using the
Jacobian J of X. Recall that H1(X,Z/nZ) is the kernel of the multiplication by n map on J(k). The
pairing H1 with itself is the Weil pairing

J(k)n × J(k)n → Z/nZ.
For a definition of the Weil pairing see [Mil1, pp. 52]).
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Let us now get to the proof of Poincare duality. This proof is better understood by going through the
details on your own (since there’s a lot of diagram chasing.) So, let’s just sketch the main ideas of the
proof.

Proof. (Poincare Duality, following Milne)
The first thing to mention about the proof is that there is a lot of Five Lemma diagram chasing. Here
is the main version of the Five Lemma that’s used. Suppose the following diagram has exact rows.

∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

a b c d

b, d injective and a surjective imply c injective.
a, c surjective and d injective imply b surjective.

Step 0: Using Cohomological Dimension to reduce to r = 0, 1, 2. For torsion sheaves, there is no higher
cohomology or compactly supported cohomology. So we have some good notion of dimension here.

For convenience denote by T r(U,F), H2−r(U, F̌ (1)). Since F 7→ F̌(1) is exact, this also sends short
exact sequences to long exact sequences. Our goal is to show that the map

φrU,F : Hr(U,F)→ T r(U,F)

defined by the pairing is an isomorphism. There are two key ideas:

1. Prove the result for r = 0 and then push outwards using Five lemma.
2. Do the main work for Z/nZ and then formally deduce for other locally constant sheaves.

Step 1: Invariance under finite etale maps. The first step is to show that we can freely pass between U
and a finite etale cover of U . Suppose π is a finite map U ′ → U . Then, φrU ′,F is an isomorphism if and
only if the same is true for φrU,π∗F .

The idea is simple. If X is the compactification of U and X ′ is the compactification of U ′, then by the
curve to projective theorem, there is a unique extension of π to a finite map π′ : X → X ′. Since π is
finite, π∗ is exact and hence Hr(U, π∗F) = Hr(U ′,F). Additionally, since π is proper, j! ◦ π∗ = π′∗ ◦ j′!
so the same result holds for T r.

Step 2: Reducing to the complete case for F = µn: We want to figure out what happens if we delete
points from U . So, let V = U\x for a closed point x. Then, we have a commutative diagram

Hr
x(U, µn) Hr(U, µn) Hr(V, µn) Hr+1

x (U, µn)

H2−r(x,Z/nZ) H2−r
c (U,Z/nZ) H2−r

c (V, µn) H3−r(x,Z/nZ)

∼ φrU,µn
φrV,µn

∼

The top row is exact by the relative cohomology sequence. The bottom row is exact by the shrieks to
stars sequence. The two vertical arrows on the ends are isomorphisms because the groups are 0 unless
we are looking at H2

x to H0(x,−) and in this case the maps are the identity Z/nZ→ Z/nZ.
This diagram allows us to deduce some facts for V if we know them for U . We will get to this later.

Step 3: The case of r = 0,F = Z/nZ: In this case, the pairing is the Z/nZ-module structure map

H0(U,Z/nZ)×H2
c (U, µn)→ H2

c (U, µn)

so the statement is obvious.
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Step 4: The case for r = 0, F-general. The following trick is very useful because we will be able to use
it for the r = 1, 2 case. Essentially, it shows that we can assume F is Z/nZ and just prove the results
for that. Let π : V → U be a finite etale covering such that π∗F is constant. By the finiteness of F , we
can embed π∗F → (Z/nZ)s = F ′ for some s. Now, π∗ being exact means that π∗π

∗F embeds inside
π∗F ′. Additionally, the natural map F → π∗π

∗F is a monomorphism. Hence, F embeds inside π∗F ′.
Let F ′′ be the cokernel. This is also a locally constant sheaf since the category of locally constant
sheaves is abelian. Let’s look at the following diagram in cohomology (with exact rows)

0 0 H0(U,F) H0(π∗F ′) H0(U,F ′)

0 0 T 0(U,F) T 0(U, π∗F ′) T 0(U,F ′′)

The fourth vertical map is an isomorphism by Step 3 and Step 1. Thus, by the Five Lemma, the third
vertical map is an injection. Since this holds for any F , it also holds for F ′′. Hence, the fifth vertical
map is an injection, which implies by the Five Lemma that the middle vertical map is an isomorphism.

Step 5: The map φ1(U, µn) is injective. This uses some nontrivial but relatively easy facts about the
etale fundamental group. The first is the correspondence between the etale fundamental group and
coverings of U . The second is that

H1(U,Z/nZ) = Homconts(π1(U, u),Z/nZ).

Let s ∈ H1(U,Z/nZ) map to 0 in T 1(U,Z/nZ). Then, we can view s as a map from π1(U, u)toZ/nZ.
The kernel of s is a normal subgroup and hence there is a Galois covering π : U ′ → U correponding to
this. In particular, this is the universal covering such that the pullback of s vanishes. Let F ′′ be the
cokernel of Z/nZ→ π∗Z/nZ as in the previous step. Then,, look at the diagram

H0(U, π∗Z/nZ) H0(U,F ′′) H1(U,Z/nZ) H1(U, π∗Z/nZ)

T 0(U, π∗Z/nZ) T 0(U,F ′′) T 1(U,Z/nZ) T 1(U, π∗Z/nZ)

∼ ∼

The first two vertical maps are isomorphisms by the previous case. Since s mapsto 0 in
H1(U, π∗Z/nZ) = H1(U ′,Z/nZ), it comes from some element of H0(U,F ′′). But then its image in T 0

goes to 0 in T 1(U,Z/nZ) and hence s actually comes from an element of H0(U, π∗Z/nZ) and is thus 0.
This gives us injectivitiy. This also proves the result for F = Z/nZ, as this is the dual of µn.

Step 6: The r = 1, 2 case in full for F = Z/nZ. Let’s first take U to be complete of genus g. In this
case, our computation of cohomology in µn coefficients shows

H1(X,µn) = (Z/nZ)2g = H1(X,Z/nZ).

Since φ1 is injective and both groups are finite, it’s an isomorphism. The r = 2 case is obvious since
the pairing is the multiplication map

Z/nZ× Z/nZ = H2(X,Z/nZ)× µn(k)→ H2(X,µn) = Z/nZ
(as µn is a free Z/nZ module of rank 1.)

For noncompact U , we delete points 1 by 1 and use Step 2. The Five Lemma applied to Step 2 with
r = 1 immediately tells us that φ1 is an isomorphism. For r = 2, we can get a true Five Lemma
because there are 0’s on the right.

Step 7: General F . Use the Step 4 trick again.
�

16



7. Curves over Finite Fields

In the last part of the talk, we describe a general procedure for base change from non-algebrically
closed fields to algebraically closed fields and then use it to prove a Poincare duality result for curves
over finite fields, with top dimension 3 instead of 2.

7.1. Hochschild-Serre Spectral Sequence. Let π : Y → X be a finite Galois cover with
automorphism group G. We have the following equality of functors

H0(X,−) ∼= H0(G,−) ◦H0(Y, π∗(−)).

It can be shown (see [Mil2, III.2.21b]) that H0(Y, π∗(−)) sends injectives to acyclics for H0(G,−).
Hence, for an etale sheaf F on X, we have a spectral sequence

Hp(G,Hq(Y,F|Y ))⇒ Hp+q(X,F).

This is known as the Hochschild-Serre spectral sequence. If Y → X is a profinite Galois cover, the
same result holds on taking inverse limits. Hence, if X is a variety over a field k with absolute Galois
group Γ, and X is the base change to a separably closed field, then we have a spectral sequence

Hp(Γ, Hq(X,F))⇒ Hp+q(X,F).

7.2. Poincare Duality.

Theorem 7.1. Let U be a smooth curve over k a finite field and let n be prime to the characteristic of
k. Then, for any local system F on U ,

H3
c (U, µn) ∼= Z/nZ

and the canonical pairing

Hr
c (U,F )×H3−r(U, F̌ (1))→ H3

c (U, µn) ∼= Z/nZ
defined via ext groups is perfect.

Remark. Note that here, Z/nZ and µn are not isomorphic as sheaves, so the duality statement really
involves µn and not Z/nZ.

Proof. Let us apply the above spectral sequence to U . In this case Γ = Ẑ topologically generated by σ,
the absolute Frobenius. For any Γ-module M ,

Hr(Γ,M) =


Mσ = ker(σ − 1) r = 0

Mσ = coker(σ − 1) r = 1

0 r > 1

.

Thus, the canonicaly pairing

Hr(Γ,M)×H1−r(Γ, M̌)→ H1(Γ,Z/nZ) ∼= Z/nZ
is perfect. Additionally, if F is any locally constant sheaf on X with finite stalks, the Hochschild-Serre
spectral sequence for F degenerates, and for each r, we get exact sequences

0→ Hr−1(U,F)σ → Hr(U,F)→ Hr(U,F)σ → 0

and

0→ Hr−1
c (U,F)σ → Hr

c (U,F)→ Hr
c (U,F)σ → 0

(for the second replace F with j!F .) In particular, if we look at r = 3, we see that we get an
isomorphism

H3
c (U,F) ∼= H2

c (U,F)σ.
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Now, H2
c (U,F) is Z/nZ identified as Pic(X)/nPic(X) for a compctification X of U . The Frobenius is

the identity on this latter group as it does not change the degree of any divisor. Hence,
H2
c (U,F)σ = H2

c (U,F) ∼= Z/nZ. This proves the first part of the statement. To prove the second part
we use naturality of the pairing. Dualizing the exact sequence for H3−r(U, F̌ (1)), we get a
commutative diagram of exact sequences

0 Hr−1
c (U,F)σ Hr

c (U,F) Hr
c (U)σ 0

0 (H3−r(U, F̌ (1))σ)∨ (H3−r(U, F̌ (1)))∨ (H2−r(U,F)σ)∨ 0

∼ ∼

The result will follow from the five lemma if we can show the outer vertical maps are isomorphisms.
These vertical maps are isomorphisms because they are just the combination of the Poincare duality
isomorphism proved before with the isomorphism

Mσ ∼= ((M̌)σ)∨

stated above.
�
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