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1 Preamble

In this document we address the question of whether all inclusions Sn−1 ↪−→ Sn are conjugate to the standard
embedding in (which realises Sn−1 as permutations of {1, 2, · · ·n} fixing n). In particular this determines
whether all of the Sn−1 ↪−→ Sn inclusions are conjugate. Note that S6 has an outer automorphism. This
automorphism exchanges the conjugacy classes associated to the partitions (2, 1, 1, 1, 1) and (2, 2, 2). It
follows that the image of i6(S5) under an outer automorphism contains an element of cycle type (2, 2, 2), so
it cannot be conjugate to i6(S5). We show this cannot happen for Sn−1 ↪−→ Sn for n ≥ 7 (first for n ≥ 8, and
we handle n = 7 separately).

2 Results

Lemma 2.1 Let λ be a partition of n, with n ≥ 7. Let fλ be the dimension of the irreducible representation
of Sn associated to λ. Then fλ ≤ n only for λ ∈ {(n), (n− 1, 1), (21, 1n−2), (1n)}.

Proof The proof I found for this was messy enough that I don’t want to include it (hopefully there’s a much
better one). I argued as follows.

• Argue by induction on n, checking n = 7 as the base case.

• Consider fλ for λ ` n + 1. If λ is not a rectangular partition, then it has at least two removable
boxes. We use the branching rule, it’s easy to check that upon removing a box, at least one remaining
partition is different from (n− 1) and (1n−1). This means that the dimension of the term coming from
that partition is at least n − 1 by the induction hypothesis (for (n − 1, 1), (21, 1n−2), the dimensions
are exactly n − 1). Since there was at least one other term in the branching rule, the only way that
fλ ≤ |λ| may happen is if there is exactly one other term which has dimension 1, hence necessarily
(n− 1) or (1n−1). But these terms only appear in the restrictions of (n− 1, 1), (21, 1n−2).

• If λ is a rectangular partition, say (ab), we WLOG a ≥ b ≥ 2. Then applying the branching rule

sufficiently many times, we see that fλ ≥ f (a
2) = 1

a+1

(
2a
a

)
. This quantity exceeds a2 ≥ ab = |λ| as

soon as |λ| ≥ 5. The cases (a, b) = (4, 4), (4, 3), (4, 2), (3, 3) are easy to check separately (e.g. hook-
length formula). Note that the case (3, 2) leads to λ = (32) which doesn’t work, but |λ| < 7, so we
have excluded this. This completes the induction.

Theorem 2.2 For n ≥ 8, all inclusions ϕ : Sn−1 ↪−→ Sn are conjugate to the standard inclusion in.

Proof Consider the usual action of Sn on [n] = {1, 2, · · · , n}. If the action of ϕ(Sn−1) is not transitive; say
it has l ≥ 2 orbits of size p1, p2, · · · , pl. Then (n− 1)! = |ϕ(Sn−1) ≤ |Sp1 × Sp2 × · · · × Spl | = p1!p2! · · · pl! ≤
p1!(n− p1)!. This inequality is a contradiction unless p1 ∈ {1, n− 1}, in which case there is a fixed point of
the action so ϕ is conjugate to in. We now assume that ϕ(Sn−1) acts transitively on [n].
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Let V be the usual (n-dimensional) permutation representation of Sn; the character of V evaluated at
s ∈ Sn is just the number of fixed points of s. We consider ResSn

ϕ(Sn−1)
(V ). Note that the multiplicity of

the trivial representation 1 of ϕ(Sn−1) in a permutation representation is computed by Burnside’s Lemma;
it is equal to the number of orbits. In this case we know that there is a unique trivial summand of this
restriction (the action of ϕ(Sn−1) is transitive). This means that the remaining irreducibles have dimension
at most n−1. Since n−1 ≥ 7, we apply the lemma to see that these can only be the standard representation
σ, the sign representation ε, or their tensor product εσ. In particular, by dimension counting, we have the
following possibilities for the isomorphism type of the restriction: ResSn

ϕ(Sn−1)
(V ) is one of:

• 1⊕ ε⊕(n−1)

• 1⊕ ε⊕ εσ

• 1⊕ ε⊕ σ

We eliminate the first two possibilities by calculating the character value on a specific element. Let
(12) ∈ Sn−1 be a 2-cycle. We calculate the character value at ϕ((12)) as follows. Because this is a permuta-
tion representation, the character value is equal to the number of fixed points of ϕ((12)), in particular it is
nonnegative. On the other hand, we consider each of the above cases for the structure as a representation of
Sn−1. Of course ε((12)) = −1, so the character value in the first case would be 1+(n−1)(−1) = 2−n, which
is negative for n ≥ 7. Note that σ((12)) = (n−1)−2−1 = n−4 (it is one less than the number of fixed points
of (12) as a permutation of {1, 2, · · · , n−1}). Hence in the second case we get 1+(−1)+(−1)(n−4) = 4−n,
which is again negative for n ≥ 7. We conclude that the actual decomposition of ResSn

ϕ(Sn−1)
(V ) is given by

the final option, 1⊕ ε⊕ σ.

Now to obtain a contradiction, we may use the following argument. If n − 1 is even, then an (n − 1)-
cycle is an odd element of Sn−1 with no fixed points. If n− 1 is odd, then an element of cycle type (2, n− 3)
is odd and has no fixed points. Thus consider the character value of ResSn

ϕ(Sn−1)
(V ) on an odd element with

no fixed points. It must be 1 + (−1) + (0− 1) = −1. This contradicts the fact that the character values of a
permutation representation are nonnegative. In particular this means that when n ≥ 8, every ϕ : Sn−1 ↪−→ Sn
makes Sn−1 act on [n] by fixing a point (and therefore ϕ is conjugate to in).

Remark The irreducible representation ρ of S6 associated to λ = (3, 3) is 5-dimensional. Note that λ =
(2, 2, 2) also gives a 5-dimensional representation, but the other irreducible dimensions are 9, 9, 10, 10, 16
(excluding 1, ε, σ, εσ). In the above argument we consider the cases 1⊕ε⊕ρ and 1⊕ε⊕ερ. The charater of ρ on
(12) is 1, and this lets us rule out 1⊕ε⊕ερ because the character value at (12) is 1+(−1)+(−1)(1) = −1 < 0
(again, fails to be nonnegative). We can rule out the 1 ⊕ ε ⊕ ρ case by considering the character value at
(12)(34)(56), which is 1 + (−1) + (−3) = −3 < 0, again, a contradiction. So we can actually take n ≥ 7 in
the statement of the theorem (and as was mentioned previously, we cannot do n = 6).
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