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| Separation of elements

S,,: permutationsof 1,2,....,n



| Separation of elements

S,,: permutationsof 1,2,....,n

Let n > 2. Choose w € G,, (uniform distribution).
What is the probability p2(n) that 1,2 are in the
same cycle of w?

—



| The “fundamental bijection”

Write w as a product of disjoint cycles, least
element of each cycle first, decreasing order of
least elements:

(6,8)(4)(2,7,3)(1,5).



| The “fundamental bijection”

Write w as a product of disjoint cycles, least

element of each cycle first, decreasing order of
least elements:

(6,8)(4)(2,7,3)(1,5).

Remove parentheses, obtaining w € G,
(one-line form):

68427315.

—



| The “fundamental bijection”

Write w as a product of disjoint cycles, least
element of each cycle first, decreasing order of
least elements:

(6,8)(4)(2,7,3)(1,5).

Remove parentheses, obtaining w € G,
(one-line form):

08427315.
The map f: 6, — G, f(w) = w, is a bijection

(Foata). |



| Answer to question

(6,8)(4)(2,7,3)(1,5)
68427315

Sy 8



| Answer to question

= (6,8)(4)(2,7,3)(1,5)
= 68427315

Sy 8

Note. 1 and 2 are in the same cycle of w
< 1 precedes 2 in w.
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| Answer to question

= (6,8)(4)(2,7,3)(1,5)
= 68427315

Sy 8

Note. 1 and 2 are in the same cycle of w
< 1 precedes 2 in w.

= Theorem. ps(n) =1/2

—



| a-separation

Leta = (aq,..., ;) be a composition of m, i.e.,
a; > 1, > a; =m.

Let n > m. Define w € G,, 1o be a-separated |if
1,2,...,aq are in the same cycle ' of w,

a1+ 1,00 +2,..., 01 + ay are in the same cycle
Cy # C of w, etc.

—



| a-separation

Leta = (aq,..., ;) be a composition of m, i.e.,
a; > 1, > a; =m.

Let n > m. Define w € G,, 1o be a-separated |if
1,2,...,aq are in the same cycle ' of w,

a1+ 1,00 +2,..., 01 + ay are in the same cycle
Cy # C of w, etc.

Example. w = (1,2,10)(3,12,7)(4,6,5,9)(8,11)

IS (2,1, 2)-separated.



| Generalization of po(n) = 1/2

Let po (1) be the probability that a random
permutation w € G,, IS a-Sseparated,

a=(aq,...,01), Y a; =m.



| Generalization of po(n) = 1/2

Let p.(n) be the probability that a random
permutation w € G,, IS a-Sseparated,

a=(aq,...,01), Y a; =m.

Similar argument gives:

Theorem.
(0 — D! (ap — 1)!

—



| Conjecture of M. Bona

Conjecture (Bona). Let u, v be random n-cycles
in G,,, n odd. The probability wo(n) that uv is

(2)-separated (i.e., 1 and 2 appear in the same
cycle of uv) Is 1/2.



| Conjecture of M. Bona

Conjecture (Bona). Let u, v be random n-cycles
in G,,, n odd. The probability wo(n) that uv is
(2)-separated (i.e., 1 and 2 appear in the same
cycle of uv) Is 1/2.

Corollary. Probability that uv is (1, 1)-separated:

1

1
7T(171)<n) =1 — 5 - 5

—



| n = 3 and evenn

Example (n = 3).

(1,2,3)(1,3,2) = (1)(2)(3): (1,1) — separated
(1,3,2)(1,2,3) = (1)(2)(3): (1,1) — separated
(1,2,3)(1,2,3) = (1,3,2): (2)— separated
(1,3,2)(1,3,2) = (1,2,3): (2)— separated

—



| n = 3 and evenn

Example (n = 3).

(1,2,3)(1,3,2) = (1)(2)(3): (1,1) — separated
(1,3,2)(1,2,3) = (1)(2)(3): (1,1) — separated
(1,2,3)(1,2,3) = (1,3,2): (2)— separated
(1,3,2)(1,3,2) = (1,2,3): (2)— separated

What about n even?

—



| n = 3 and evenn

Example (n = 3).

(1,2,3)(1,3,2) = (1)(2)(3): (1,1) — separated
(1,3,2)(1,2,3) = (1)(2)(3): (1,1) — separated
(1,2,3)(1,2,3) = (1,3,2): (2)— separated
(1,3,2)(1,3,2) = (1,2,3): (2)— separated

What about n even?
Probability w5 (n) that uv is (2)-separated:

n 2| 4 6 38 10

mo(n) | O | 7/18 | 9/20 | 33/70 | 13/27 |




| Theorem on(2)-separation

Theorem. We have




| Sketch of proof

Let w € G,, have cycle type A - n, l.e.,
A=(ALAo ), A= X > >0, ) Ni=mn,

cycle lengths \; > 0.



| Sketch of proof

Let w € G,, have cycle type A - n, l.e.,
A=(ALAo ), A= X > >0, ) Ni=mn,

cycle lengths \; > 0.

type((1,3)(2,9,5,4)(7)(6,8)) = (4,2,2,1)

—



Given type(w) = ), let gx be the probability that
w IS 2-separated.



Given type(w) = ), let gx be the probability that
w IS 2-separated.

> (5) - 1)

e (g) n(n —1)

—



Given type(w) = ), let gx be the probability that
w IS 2-separated.

> (5) - 1)

e (g) n(n —1)

E.Q., q11,..1)=0.

—



Let ay be the number of pairs (u,v) of n-cycles in
S,, for which uwv has type A (a connection
coefficient ).



Let ay be the number of pairs (u,v) of n-cycles in
S,, for which uwv has type A (a connection

coefficient ).

E.g., a'(l,l,l) — a3 — 2, @(2’1) = 0.



Let ay be the number of pairs (u,v) of n-cycles in
S,, for which uwv has type A (a connection

coefficient ).

E.g., a’(l,l,l) = a3 = 27 @(2’1) — O

ma(n) = W Z)\Fn axgh.



I The key lemma

Lemma (Boccara , 1980).

Cnl(n=1) [ N (o 1Y
ay = - /OH(x (x — 1)) da.

—




| A “formula” for my(n)




I The exponential formula

How to extract information?



I The exponential formula

How to extract information?

generating functions.



I The exponential formula

How to extract information?
generating functions.
Let pp(x) = 2] + b + -+,

pa(x) = pa,(T)pa, () -~ -

“Exponential formula, permutation version”



| The “bad’ factor

expz —pm = ZZ)\ boa(x).

m>1 A




| The “bad’ factor

exp Z %pm(:ﬁ) — Z Z)Tlp)\(x).

m>1 A\

Compare




| The “bad’ factor

exp Z %pm(:ﬁ) — Z Z)Tlp)\(x).

m>1 A\

Compare




| A trick

Let £(\) = number of parts.

9—t(A)+1 0° 0° pr(a,b)] :Z)\.()\._l).
0a?  0aob L a=b=l o

—



| A trick

Let £(A) = number of parts.

9—t(A)+1 0° 0° pA(CL b)\ :Z)\_()\._l).
0a?  0aob L a=b=l o

Exponential formula gives:

> (n = ma(n)t” = 2/01 (5; a§;b>

o Z% (ak . bk) (2 — (2 — 1))tk i

4 Ta=b=1




| Miraculous integral

Get:
1 42 2
t“(1 — 20 — 2t 2t
E]n—n@mﬁnze/ (1= 20 = 20w + 207) )
0

(1—t(zx — 1)1 —tz)3

1

3 —3+t
_ 2 | 2

(1 —1)°

—



| Miraculous integral

Get:

. [T = 20 — 2tx + 2t2?)
2_(n=Dmn)t" = /O -tz 1)1 ta)p ™
1

3 —3+t
= —log(l —t*) + = + -2
208l =) o+ 7

(coefficient of t") /(n — 1):

(

1
3 TLOdd
. n even.

—

Wg(n) — < 9

\ (n_1)<n+2)

DO | —



| Generalizations, with R. Du (it

(1) = probability that uv is a-separated for
random n-cycles u, v




| Generalizations, with R. Du (it

(1) = probability that uv is a-separated for
random n-cycles u, v

Some simple relations hold, e.qg.,

7T3<TL) = 7T4(TL) -+ 7T371<TL).



| Generalizations, with R. Du (f:#A8)

(1) = probability that uv is a-separated for
random n-cycles u, v

Some simple relations hold, e.qg.,

7T3<TL) = 7T4(n) -+ 7T371<TL).

Previous technique for my(n) extends to 7, (n).

—



Theorem. Letn > m > 2. Then mm)(n) is given
by

(1
— n — m odd

m
1 2
m

| . n —m even
L (m—=2)(n—m+ 1)(n+m) e

\

—



I A general result

po(n) = probability that a random
permutation w € G,, IS a-separated
= (g — D! (o — DI/ml.



| A general result

po(n) = probability that a random
permutation w € G,, IS a-separated
= (g — D! (o — DI/ml.

Theorem. Let o be a composition. Then there
exist rational functions R, (n) and S, (n) of n such
that for n sufficiently large,

)
R.(n), n even

S.(n), n odd.

Ta(n) = <

\

—



| A general result

po(n) = probability that a random
permutation w € G,, IS a-separated
= (g — D! (o — DI/ml.

Theorem. Let o be a composition. Then there
exist rational functions R, (n) and S, (n) of n such
that for n sufficiently large,

)
R.(n), n even

\ S.(n), n odd.

Moreover, 7,(n) = po(n) + O(1/n). |

Ta(n) = <




| Not the whole story

1 n24+n—32
720 20(n—3)(ntd)(n—5)(nt6) v EVEN

1 n°+n—26
720 20(n—2)(ni3)(n—4)(n+5)7 n odd

|



| Not the whole story

1 n’+n—32
720 20(n-3)(ntd)(n_5)nt6)> L EVEN

T(2,22) =
( ) 1 n?+n—26 n odd
720 20(n—2)(n+3)(n—4)(n+5)’
1 n*+2n3—38n2—-39n+234 n even
120~ 5(n—1)(n+2)(n—3)(n+4)(n—5)(n+6)’
T(4,2) = ,
1 3n“+3n—5H8& n Odd

120 10(n—2)(n+3)(n—4)(n+5)’

|



| Not the whole story

1 n24+n—=32
720~ 20(n—3)(n+4)(n—5)(n+6)’ n even

T(2,22) =
( ) 1 n?+n—26 n odd
720 20(n—2)(n+3)(n—4)(n+5)’
1 n*+2n3—38n2—39n+234 n even
120~ 5(n—1)(n+2)(n—3)(n+4)(n—5)(n+6)’
T(4,2) = ,
1 3n“+3n—5H8& n Odd

120 10(n—2)(n+3)(n—4)(n+5)’

Obvious conjecture for denominators and degree
of “error term.” |



The function o, (n)

E.Q., o3211(n) = probability that no cycle of a
product wv of two random n-cycles u,v € G,
contains elements from two (or more) of the sets

{1,2,3},{4,5}, {6}, {7}.



The function o, (n)

E.Q., o3211(n) = probability that no cycle of a
product wv of two random n-cycles u,v € G,
contains elements from two (or more) of the sets

{1,2,3},{4,5}, {6}, {7}.

o32(n) = msa(n) + 3ma21(n) + m311(n)
+4m9111(n) + T11111(N).

—



The function o, (n)

E.Q., o3211(n) = probability that no cycle of a
product wv of two random n-cycles u,v € G,
contains elements from two (or more) of the sets

{1,2,3}, {4,5}, {6}, {7}.
032(n) = m32(n) + 3ma21(n) + m311(n)
+47mo111(n) + mi1111(N).
Mobius inversion on II; gives:

m32(n) = o32(n) — 30921(n) — o311(N)
+502111(n) — 2011111 (N).



| Somedaia

n even —

11 n*+n—8
4 (n—=1)(n+2)(n—3)(n+4)
2 /1 n®+n—8
on(n) = g(g ' <n1)(n+2)(n3)(n+4>>

031 (TL) —

1
(n — 2)(n + 3)
1 1

(1 ' (n_z)(n+3))’ |

nodd = o3(n) =

Wl DN | H—

o2(n) =



| A conjecture

Conjecture. Let o and ( be compositions of m
with the same number £ of parts. Then

0a(n) _ 05(n)

HO%! : H@'!.




| A conjecture

Conjecture. Let o and ( be compositions of m
with the same number £ of parts. Then

0a(n) _ 05(n)

HO%! : H@!.

Implies all previous conjectures.




| Bernardi-Morales

Olivier Bernardi and Alejandro Morales, 2011
conjecture Is true.



| Bernardi-Morales

Olivier Bernardi and Alejandro Morales, 2011
conjecture Is true.

Moreover, for o a composition of m with & parts,

1
Taln) = Toul - (n— 1),
E e e A I G Sk ¢
_;( ; G+ =k + 1))

—



| Bernardi-Morales

Olivier Bernardi and Alejandro Morales, 2011
conjecture Is true.

Moreover, for o a composition of m with & parts,

1
7o) = Fal tn = 1,
_mk(—l)f (") DTG _
0 G+ m=k+ 1,50

Determines o,(n) and 7, (n) for all a. |



| A basic bijection

Proof by Bernardi-Morales begins with a
standard bijection between products

uv = n-cycle and bipartite unicellular
edge-labelled maps on an (orientable) surface.

—



| A basic bijection

Proof by Bernardi-Morales begins with a
standard bijection between products

uv = n-cycle and bipartite unicellular
edge-labelled maps on an (orientable) surface.

Genus g of surface given by

g = 5(n+ 1~ n(u) — (0).

where k denotes number of cycles.

—



I An example forg = 1

(1,2,3,4)(5)(6,7)(8,9)(10)(11)-(1,7,8)(2,5,6)(3,11, 10)(4, 9)
= (1,5,6,8,4,7,2,11, 10, 3,9)




| Tree-rooted maps

There i1s a (difficult) bijection with bipartite
tree-rooted maps .



| Tree-rooted maps

There i1s a (difficult) bijection with bipartite
tree-rooted maps .
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| Tree-rooted maps

There i1s a (difficult) bijection with bipartite
tree-rooted maps

4
1 O
OF ¢
O
1
\ I
L O——o
O
®




| Generalizations

How can we generalize the product wv of two
n-cycles?



| Generalizations

How can we generalize the product wv of two
n-cycles?

Most successful generalization: product of
n-cycle and (n — j)-cycle.

—



| n-cycle times(n — j)-cycle

Let A Fn, 0 < j <n. Letay; be the number of
pairs (u,v) € G,, x 6, for which u is an n-cycle, v
is an (n — j)-cycle, and uv has type .



| n-cycle times(n — j)-cycle

Let A Fn, 0 < j <n. Letay; be the number of
pairs (u,v) € G,, x 6, for which u is an n-cycle, v
is an (n — j)-cycle, and uv has type .

Theorem (Boccara).

(n—j5—1)! |
ay; = ‘7 / daﬂ — (z — 1)) du.




| Thecase; = 1

—2)!
)] = n /de (x — 1) )dx

( 2n!(n—2)!

o S A odd type

0, A even type.




| The case; = 1

— 2)!
a1 = (n /da:H (x — 1) )dx

[ 2n!(n—2)!
= < 2\

\

, A odd type
0, A even type.

In other words, If u Is an n-cycle and v Is an
(n — 1)-cycle, then ww is equidistributed on odd

permutations.



| The case; = 1

— 2)!
a1 = (n /da:H (x — 1) )dx

[ 2n!(n—2)!
= < X

\

, A odd type
0, A even type.

In other words, If u Is an n-cycle and v Is an
(n — 1)-cycle, then ww is equidistributed on odd
permutations.

Bijective proof known (A. Machi, 1992). |



| Explicit formula

Letuw € G,, be arandom n-cycleandv € G,, a
random (n — 1)-cycle. Let o (n,n — 1) be the
probability that uv IS a-separated.

Theorem. Let > «a; = m. Then

(g — D) (ap —1)!
(m — 2)!

To(n,n—1) =

(g + V")

—
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