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Is there a tiling?

How many?

About how many?

s atiling easy to nd?

S It easy to prove atiling doesn't exist?

S It easy to convince someone that a tiling

doesn't exist?

What Is a “typical” tiling?



» Relations among diff erent tilings

# Special properties, such as symmetr y
» [nnite tilings



| Is there a tiling?

Tiles should be “mathematicall y interesting. ”
12 pentominos:










Number of tiings of a6 10 rectangle: 2339
Found by “brute force” computer search

(uninteresting)



Is there atiling with 31 dominos (or dimers)?

—



color the chessboar d:




Each domino covers one black and one white
square , so 31 dominos cover 31 white
squares and 31 black squares. There are 32
white squares and 30 black squares In all, so

a tiling does not exist.



Each domino covers one black and one white
square , so 31 dominos cover 31 white
squares and 31 black squares. There are 32
white squares and 30 black squares In all, so
a tiling does not exist.

Example of a coloring argument . |



What if we remove one black square and one
white square?










What if we remove two black squares and two
white squares?



What if we remove two black squares and two
white squares?




I Another coloring argument

CanalO0 10 board be tiled with 1 4
rectangles (in any orientation)?




Plane Tilinas — p. 1



Every tile covers each color an even number
(including 0) of times. But the board has 25

tiles of each color, so atiling is impossib le. |



| Coloring doesn't alwayswork!

T(l) T(2) E@

R

n hexagons on each side
n(n + 1)=2 hexagons In all

Can T (n) be covered by “tribones™?

WS ]






Conway: The triangular array T (n) can be
tiled by tribones If and only If

n = 12k; 12k + 2;12k + 9; 12k + 11 for some
k 0.

Smallest values: 0, 2,9, 11, 12, 14, 21, 23, 24,
26, 33,35, :::.

Cannot be proved by a coloring argument

(involves a nonabelian group)



| How many tilings?

There are 2339 ways (up to symmetr y) to tile
a6 10 rectangle with the 12 pentominos.

Found by computer search: not so
Interesting.



First signi cant result on the enumeration of
tilings due to Kastele yn, Fisher—Temperley
(independentl vy, 1961):

The number of tiings of a2m  2n rectangle
with 2mn dominos Is:

—



First signi cant result on the enumeration of
tilings due to Kastele yn, Fisher—Temperley
(independentl vy, 1961):

The number of tiings of a2m  2n rectangle
with 2mn dominos Is:

Yy y j
4mn COS? + COS
P21 kel 2m + 1 2n + 1

—




For instance, m = 2, n = 3:

45(cos?36 + cos?25:71 )(cos?72 + cos?25:71 )

(cos?36 + co0s?51:43 )(cos?72 + cos?51:43)
(cos?36 + cos?77:14 )(cos?72 + cos?>77:14)

= 45(1:4662)(:9072)(1:0432)(:4842)

= 281



For instance, m = 2, n = 3:

45(cos? 36 + cos®25:71 )(cos?72 + cos?25:71)
(cos?36 + co0s?51:43 )(cos?72 + cos?51:43)
(cos?36 + cos?77:14 )(cos?72 + cos?>77:14)

= 45(1:4662)(:9072)(1:0432)(:4842)
= 281

8 8board: 12988816 = 3604 tilings

—



| Aztec diamonds

AZ(1)

AZ(2)

AZ(3)

AZ(7) |



Eight domino tilings of AZ(2), the Aztec

diamond of order 2:




Elkies-K uperber g-Larsen-Propp (1992). The

number of domino tilings of AZ(n) Is
2n(n+1) :2_

(four proofs originall y, now around 12)

1

2

3

A4

5

6

7

2

8

64

1024

32768

2097152

268435456

—



Since 2(n+2)( n+1) :2:2(n+1) n=2 — 2n+1 “we
would like to associate 2"*' AZ-tilings of
order n + 1 with each AZ-tiling of order n, so
that each AZ-tiling of order n + 1 occur s
exactly once.

This Is done by domino shufing

—



| Domino shuf ing




10

Four new “holes”: 2% = 16 ways to tile each.

—



| About how many tilings?

AZ(n) 1s a‘“skewed” n n square. How do
the number of domino tilings of AZ(n) and an
n n square (n even) compare?

If a region with N squarethas T tilings, then

It has (loosel y speaking) T degrees of
freedom per square.

—



Number of tilings of AZ(n): T = on(n+1) =2
Number of squares of AZ(n):

N 2n(n + 1)

Number of degrees of freedom per square:

Py Rsog. 189207115

—



Number of tilings of 2n  2n square:

. Qn Qn 2 _] 2 _k
4" izl k=1 COS” g7 t COS” 5 =
Let
B 1 1 1
c=l wte 2t

= 0:9159655941

(Catalan's constant ). |



Theorem (Kasteleyn, et al.) The number of
domino tilings of a2n  2n square Is about

2
C*"" where

b=
1:338515152

C



Thus the square board Is “easier’” to tile than
the Aztec diamond: 1:3385 degrees of
freedom per square vs. 1:189207115



Thus the square board Is “easier’” to tile than
the Aztec diamond: 1:3385 degrees of
freedom per square vs. 1:189207115




I Proving.tilings don't exist

What If a tiling doesn't exist? Is it easy to
demonstrate that this I1s the case?



| Proving.tilings don't exist

What If a tiling doesn't exist? Is it easy to
demonstrate that this I1s the case?

In general, almost certainly no (even for 1 3

rectangular tiles). But yes (!) for domino
tilings.

—



16 white squares and 16 black squares |



The six black squares with are adjacent to a
total of ve white squares marked . No tiling

can cover all six black square marked with . |



I The Marriage Theorem

Philip Hall (1935): If a region cannot be tiled
with dominos, then one can always nd such
a demonstration of impossibility .



| Tilings rectangleswith rectangles

Cana/ 10rectangle be tiled with 2 3
rectangles (in any orientation)?




| Tilings rectangleswith rectangles

Cana/ 10rectangle be tiled with 2 3
rectangles (in any orientation)?

Clearly no: a2 3rectangle has 6 squares,

while a7 10 rectangle has 70 squares (not
divisib le by 6). |



Canal/7 28rectangle be tiled with 4 7
rectangles?




No: there Is no way to cover the r st column.

176 4a+ 7b |



Can al0 15rectangle betiled with 1 6
rectangles?




| deBruijn-Klar ner Theorem

de Bruijn-Klarner : an m  n rectangle can be
tiled with a b rectangles If and only If:

®» The r st row and r st column can be
covered.

# m ornisdivisib le by a,and m or n is
divisib le by b.

Since neither 10 nor 15 are divisib le by 6, the
10 15rectangle cannot be tiled with 1 6

rectangles.



| Similar rectangles

Let x > 0, such as x = P35 Can a square be
tiled with nitel y many rectangle similar to a
1 X rectangle (in any orientation)? In other
words, can a square be tiled with nitel y
many rectangles all of the form a ax
(where a may vary)?

—



1.5




X =2/3

213

2/3

X = 2=3

3X 2 = |



X 7236

1/5x 2764




5 5
Other root: 10 = 0:2763932023

—



X =.5698

4302

2451 1549



X = 0:5698402910
X3 X2+ 2x 1=0

Other roots:

0:215 + 1:307p 1

0:215 1:307p 1



Freiling-Rinne (1994), Laczkovic h-
Szekeres (1995): A square can be tiled with

nitel y many rectangles similar toal X
rectangle if and only If:

# X IS the root of a polynomial with integ er
coef cients.

s Ifa+ bp ~ 1is another root of the
polynomial of least degree satised by X,

then a > O.



roof i1s based on encoding a tiling by a contin ued
fraction and using the theory of continued
fractions.



| Examples

X 5 _p 2. Then x2 2 = 0. Other root is
2 < 0. Thus a sguare cannot be tiled pWith

nitel y many rectangles similar to al 2
rectangle .

—



144x% 408x + 1 = O:

Other root Is

p§+ E— 0:002453 > 0

SO a square can be tiled with, nitel y many

rectangles similar toal ( 2+ £

rectangle .



| Sguaring.the square

Can a square be tiled with nitel y many
squares of diff erent sizes?



| Sguaring.the square

Can a square be tiled with nitel y many
squares of diff erent sizes?

First example: Roland Sprague, 1939

General theory based on electrical netw orks:
Brooks, Smith, Stone, Tutte

Smallest example has 20 squares:

—



ac 27
50
8
19
15 11
2 6
97
)9 %5 18
4
V/
42




| What is a “typical” tiling?

A random domino tiling of al2 12 square:

No obvious structure . |



A random tiling of the Aztec diamond of order
50:

“Regular” at the corners, chaotic in the middle. |
What is the region of regularity ?



Arctic Circle Theorem (Jockusc h-Propp-Shor ,
1995). For very large n, and for “most”

domino tilings of the Aztec diamond AZ(n),
the region of regularity “appr oaches” the

outside of a circle tangent to the four limiting
sides of AZ,.

—



The tangent circle is the Arctic circle. Outside

this circle the tiling is “fr ozen.” |



I Relationsamongtilings

Two domino tilings of aregion In the plane:

A Ip consists of reversing the orientation of
two dominos forming a2 2 square.

_—

—



Domino Ipping theorem (Thurston, et al.). If
R has no holes (simply-connected ), then any
domino tiling of R can be reached from any
other by a sequence of Ips.






Flipping theorem s false If holes are allowed.




| Confronting In nity



| Confronting In nity



(1) A nite (bounded) region, Innitel y many
tiles.

Can a square of side 1 be tiled with

- 1 1 1 1 1 1 1
rectangles of sizesl 35,5 3,3 2.7 %
?
Total area: -5+ 5=+ =5+ =1

12 23 34

—



1/2

1/3 1/4 1/5 6] ...
1/2 y
1




1/2
1/3 1/3 1/5
1/4 1/6
1/2
1/5
1/4




Unsolved , but Paulhus (1998) showed that the

tiles will t into a square of side 1+ 10 ° (not
a tiling, since there Is lefto ver space).



| Confronting in nity |l

Finitel y many tiles, but an indeterminatel vy
large region.

Whic h polyominos can tile rectangles?

order 2
_



The order of a polyomino Is the least number
of copies of it needed to tile some rectangle .

No polyomino has order 3.



order 10

=Lt
|_IIIII | L




1:2:10; 18; 50; 138; 246; 2/0



1:2:10; 18; 50; 138; 246; 2/0

Unknown: order 67 odd order?



order 246

order 270

order 468 |



Nno order

Cannot tile a rectangle (order does not exist).

—



| Undecidabllity

Conjecture . There does not exist an
algorithm to decide whether a polyomino P
tiles some rectangle .



| Confronting in nity |l

Tiling the plane:


















| References

Transparencies:

www-math.mit.edu/ rstan/transparencies/
tilings3.pdf

Paper (with F. Ardila):

www .claymath.or g/fas/senior_sc holar s/
Stanle y/tilings.pdf
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