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I Descent polytopes

Denis Chebikin, Ph.D. thesis, M.I.T., 2008, and
Richard Ehrenborg

SCln—-1]={1,2,...,n—1}
Descent polytope DPg C R":

O§$Z<1

CL‘@'>$¢+1 itee S

Same as order polytope O(Zgs) of zigzag
poset Zg. |



I Example of zigzag poset

n=9 S={3,67)

O(Zg) = {order-preserving maps f: Z¢ — |0, 1]}

—



| Combinatorics of DPg

Volume and Ehrhart polynomial of DP s follows
from theory of P-partitions. In particular, let
w=a---a, €6, and define

D(w) =17 :a; >a;.1} Cn—1],
the descent set of w. Define

671(5) - #{w €6, : D(w) - S}

—



| Combinatorics of DPg

Volume and Ehrhart polynomial of DP s follows
from theory of P-partitions. In particular, let
w=a---a, €6, and define

D(w) ={i : a; > ap1} € [n— 1],
the descent set of w. Define

Bu(S) = #{w € &, : D(w) = S}
Bn(5)

n!

Theorem. vol(DPg) =

—



The f-vector of DPg4

(fos f15+++5 fn_1): f-vector of DPg, i.e., f; is the
number of ;-dimensional faces. Set f,, = 1.

Define the f-polynomial Fs(t) = » [t
1=0

x, Y. honcommuting variables

For S C [n — 1] define vg = vy ---v,_1, Where

/

x, iti &S

Vi = { e
Y if1€585.

—



I A generating function




I A generating function

P(x,y) = Z(D T, Y)

— (2+t)+(3+3t+t2)(a:+y)+---

Eg,n=25=0:0<ux <2y <1, atriangle, so

coefficient of z is 3 + 3t + 2.



| Chebikin-Ehrenborg theorem

Theorem. &(z,y) =

(1 t+1 )
1—(+1)((1-y) o+ (1—-2)"1y))
| 1
l—x—vy

—



I T he flag. f-vector of DPg

LetT = {ap < --- < ax} C [0,n — 1]|. Define
Oés(T) = #{Fg CFC---CkFp:dimkF;,= CLZ'}.

Call ag the flag f-vector of DPg.



| T he flag. f-vector of DPg

LetT = {ap < --- < ax} C [0,n — 1]|. Define
Cts(T> — #{F() CFC---CkFp:dimkF;,= CLZ'}.

Call ag the flag f-vector of DPg.

Open. Is there a “nice” generating function for
ag(T')'s (or equivalently, the flag h-vector of
cd-index) generalizing Chebikin’s theorem?

—



I Root polytopes, subdivision algebra

Karola Meszaros, graduate student, M.I.T.
(Postnikov & RS): Let

M, = x12723 -+ Tp—1n.
Continually apply
Tii%ik — Tik(Tij + Tjk),

ending with P, (z;;).



I An example

Example.

L12X23734 — X13119L34 + L1393 34
—  T14T13T12 + L14T34T12

L14013L23 T L14L34L23
—  X14T13%12 T T14T3412

TL1421323 + L14L24T23 + T14T24T 34
- Pg(ilj’w)

—



I Invariance of P, (x;;)

The polynomials P,(z;;) depend on the
seguence of operations. However:



I Invariance of P, (x;;)

The polynomials P,(z;;) depend on the
seguence of operations. However:

Theorem. P,(1,1,...,1)=C, = -L(*"), a
Catalan number.



I Full root polytopes

e;. ith unit vector in R**!
A7 the positive roots

{e;—e; 1 <i<j<n+1}

full root polytope P(A*): convex hull of A, and
the origin in R""! (Gelfand-Graev-Postnikov)

—



I Root polytopes

T: atree on the vertex set [n + 1]

root polytope P (T') (of type A,): intersection of
P(A;") with the cone generated by e; — e;, where
ij € E(T),1<]

P(T)




I Noncrossing alternating trees

A graph GG on [n + 1] iIs noncrossing if A vertices
i < j <k <lsuchthatik € E(G) and jl € E(G).

(- Is alternating if A7 < j < k such that
ij € E(G) and jk € E(G).



I Noncrossing alternating trees

A graph GG on [n + 1] iIs noncrossing if A vertices
i < j <k <lsuchthatik € E(G) and jl € E(G).

(- Is alternating if A7 < j < k such that
ij € E(G) and jk € E(G).



| Some notation

G graph with vertex set [n + 1] and edge set
(ij © iy, ivia, ... 050 € B(GQ), i <iy < --- <ip<ij}

the transitive closure of ¢



| Some notation

G graph with vertex set [n + 1] and edge set

{ij : iy, 199, ...,06) € B(GQ), i <iy < --- <ip<j}
the transitive closure of ¢

T a noncrossing tree on |n + 1]

Ti, ...,y noncrossing, alternating spanning

trees of T



| Volume of P(T)

Theorem. The root polytopes P(T1), ..., P(T;)
are n-simplices with disjoint interior and union
P(T). Moreover,

vol P(T') =

ol

where fr Is the number of noncrossing
alternating spanning trees of 7.

—



| Volume of P(T)

Theorem. The root polytopes P(T1), ..., P(T;)
are n-simplices with disjoint interior and union
P(T). Moreover,

vol P(T') =

ol

where fr Is the number of noncrossing
alternating spanning trees of 7.

(several generalizations)

—



| Example




I Yang-Baxter algebras

Proof of theorem:

B(A,): quasi-classical Yang-Baxter algebra
(Anatol Kirillov). It Is an associative algebra over
Q|4] (3 a central indeterminate) generated by

{$231§2<j§n 1},

with relations

TiiTie = TipTii + TipTik + Pxi

TiTii, 1 2,7, k, [ are distinct. |

Lijj Lkl



| Subdivision algebra

S(A,): subdivision algebra (Meszaros). It is
B(A,) made commutative, i.e.,

Lij Ukl — LEILij tfor i,j, /C, [.



| Reduction. rule

Treat the first relation as a reduction rule:

TiiTik — TikTij + TipTik + BTk,



| Reduction. rule

Treat the first relation as a reduction rule:

TiiTik — TikTij + TipTik + BTk,

€i — § A% T &%




| Reduced.forms

A reduced form of the monomial m in B(A,,) or
S(A,) is a polynomial obtained from m by

applying successive reductions until no longer
possible.



| Reduced.forms

A reduced form of the monomial m in B(A,,) or
S(A,) is a polynomial obtained from m by
applying successive reductions until no longer
nossible.

~or S(A,,) and 8 = 0, same as reduction of
Postinikov and RS.

—



| A reduction redux

L12L23T34 — T13T12L34 T L13L23T34
—  X14T13%12 T T14T3412
TX14213223 + L1434 23
—  X14T13%12 T T14T3412
TL14213223 + L14L24T23 + T14T24T 34
- Pg(ilj’w)

—



I Reduced form of a graph monomial

G graph on vertex set |n + 1]

H mUES

ijeB(G



| Reduced form of a graph monomial

G graph on vertex set |n + 1]

H ZCZJGS

ijeE(G

Theorem. Let T be a noncrossing tree on [n + 1]
and Pr a reduced form of m¢. Then

Pr(zi; =1,8=0) = fr,

the number of noncrossing alternating spanning

trees of 7. |



I Relation to root polytopes

The monomials appearing in the reduced form
Pr(x;;, 3 = 0) correspond to the facets in a
triangulation of P(A,,).



I Relation to root polytopes

The monomials appearing in the reduced form
Pr(x;;, 3 = 0) correspond to the facets in a
triangulation of P(A,,).

L1223 — T19T13 + T23T13

€.~ & A& T 6

2 e,—e |
0 2 3



| Interior faces of P(A,)

The interior faces (not necessarily facets) of
P(A,,) correspond to the terms in the reduced
form of Pr(z;;, 3).



| Interior faces of P(A,)

The interior faces (not necessarily facets) of
P(A,,) correspond to the terms in the reduced
form of Pr(z;;, 3).

T1oT93 — T19T13 + To3T13 + Bx13

€.~ & A&7 6

2 e,—e |
0 2 3



| Noncommutative version

In the ring B(A,,), the reduced form of any
monomial m IS (up to commutations).

Proof uses noncommutative Grobner bases.

—



| Noncommutative version

In the ring B(A,,), the reduced form of any
monomial m Is unigue (up to commutations).

Proof uses noncommutative Grobner bases.

Similar results to S(A,,) for a combinatorial
Interpretation of the monomials appearing in a
reduced form.

—



| Noncommutative version

In the ring B(A,,), the reduced form of any
monomial m Is unigue (up to commutations).

Proof uses noncommutative Grobner bases.

Similar results to S(A,,) for a combinatorial
Interpretation of the monomials appearing in a
reduced form.

Many generalizations . ..

—



I Matching polytopes

Ricky Liu, graduate student, M.I.T.
G = (V,F): agraph; n = #E
M. matching polytope of 7, I.e.,

Mg=<{w: E—Rsy|VoeV )y wle)<1pCR"

\ vee y,

—



| \Vertices.of M

matching M a set of vertex-disjoint edges
If L C E, define x; € Mg by

(1, e € L
0, e& L.

\

Note. My has integer vertices if and only If G Is
bipartite. In that case, the vertices are x s,

where M Is a matching of G.



| \Vertices.of M

matching M a set of vertex-disjoint edges
If L C E, define x; € Mg by

(1, e e L
0, e& L.

\

Note. My has integer vertices if and only If G Is
bipartite. In that case, the vertices are x s,
where M Is a matching of G.

Corollary. G bipartite =

V(G) =nl- VOl(M(;) c /. |



I G7 le GQ

H = graph, u,v € V(H), u # v

G;: adjoin pendant edges uu’, vv’ (so v, v’ are
endpoints)

(1. adjoin pendant edge uu’ and an edge uv
(5. adjoin pendant edge vv' and an edge uv

—



| | eaf recurrence




| | eaf recurrence

’ ’ ’ ’
u V u V
u Y
e _® Ue _ .oV Ue- —oV Ue- —oV
/ ~__- / ~__- / ~__- / ~__-
/ _>J / / _>J / / _>J / / _>J /
e Sy e Sy e SV e Sy
/ A / A / A / A
1 1 ~ 1 1 ~ 1 1 ~ 1 1 ~

H G G G,
F. set of all forests
f: F — R satisfies the leaf recurrence if

f(G) = f(Gh) + f(G2).



| Volume.of M

Theorem. There is a unique f: 7 — R:



| Volume.of M

Theorem. There is a unique f: 7 — R:

» Forthe starT'= K, 1, we have f(T) = 1.



| Volume.of M

Theorem. There is a unique f: 7 — R:

» Forthe starT'= K, 1, we have f(T) = 1.

» If G; and G5 are disjoint, #V (G1) = m, and
#V (Gy) = n —m, then

(1

f(G1+Ga) = ( )f(G1)f(G2).

—

m



| Volume of M~

Theorem. There is a unique f: 7 — R:

» Forthe starT'= K, 1, we have f(T) = 1.

» If G; and G5 are disjoint, #V (G1) = m, and
#V (Gy) = n —m, then

(1

f(G1+Ga) = ( )f(Gl)f(Gz)-

—

T

» { satisfies the leaf recurrence.



| Volume of M~

Theorem. There is a unique f: 7 — R:

» Forthe starT'= K, 1, we have f(T) = 1.

» If G; and G5 are disjoint, #V (G1) = m, and
#V (Gy) = n —m, then

(1

f(G1+Ga) = ( )f(Gl)f(Gz)-

T

» { satisfies the leaf recurrence.

Then f(G) = V(G). |



| Volume.of M. (continued)

Theorem. The previous theorem can be used to
compute V(F') for any forest F'.



I Diagrams and tableaux

B: the set of unit squares in R? with centers (i, 5),
i,5 > 1. Denote also by (2, 3) the unit square
with center (i, j).



I Diagrams and tableaux

B: the set of unit squares in R? with centers (i, 5),
i,5 > 1. Denote also by (2, 3) the unit square
with center (i, j).

Diagram D: a finite subset of 5



I Diagrams and tableaux

B: the set of unit squares in R? with centers (i, 5),
i,5 > 1. Denote also by (2, 3) the unit square
with center (i, j).

Diagram D: a finite subset of 5

13 16
25
31|32|33 35|36




| Row and.column stabilizers

D: diagram with n boxes, ordered in some way
S,, actson D



| Row and.column stabilizers

D: diagram with n boxes, ordered in some way
S,, actson D

Rp (Cp): subgroup of G,, stabilizing each row
(column) of D

R(D) = Z w, C (D) = Z sgn(w)w

weRp welCp

—



| The Specht module S?

The Specht module S” (over C) is the left ideal

SP = C[&,]C(D)R(D)
of C|G,,].



| The Specht module SP

The Specht module S” (over C) is the left ideal
SP = C[6,|C(D)R(D)
of C|G,,].

Note. S? affords a representation of G,, by left
multiplication.

—



| Irreducible Specht modules

Note. If D Is the (Young) diagram of a partition A
of n, then S” is irreducible. Conversely, if S is
irreducible, then SP = SP" for the diagram D’ of
some partition,

—



I Irreducible Specht modules

Note. If D Is the (Young) diagram of a partition A
of n, then S” is irreducible. Conversely, if S is
irreducible, then SP = SP" for the diagram D’ of
some partition,

—




I T he diagram of a forest F

Let V(F') = AU B, so that all edges are between
A and B. Label the A-vertices 1, ..., m and
B-vertices 1,...,n. Let

D(F)=A{(i,5) :1yye E(F), i€ A, j€ B}.

—



I T he diagram of a forest F

Let V(F') = AU B, so that all edges are between
A and B. Label the A-vertices 1, ..., m and
B-vertices 1,...,n. Let

D(F)=A{(i,5) :1yye E(F), i€ A, j€ B}.

2
T 3 11| 12] 13
i T .
2 |

O




| The Specht module of D(F)

Note. SP¥) is independent (up to isomorphism)
of the labeling.



| The Specht module of D(F)

Note. SP¥) is independent (up to isomorphism)
of the labeling.

Theorem. dim SP) = V(F)



| The Specht module of D(F)

Note. SP¥) is independent (up to isomorphism)
of the labeling.
Theorem. dim SP) = V(F)

The diagrams D(F") are not
%-avoiding diagrams in the sense of Reiner and
Shimozono.

—



| Decomposition of SPF)

How does the Specht module SP*) decompose
Into irreducible representations of &,,?



| Decomposition of SP(F)

How does the Specht module SP*) decompose
Into irreducible representations of &,,?

Recall the leaf recurrence

f(G) = f(G1) + f(Go)

with initial conditions f(K, 1) = 1.



I Decomposition theorem

Theorem. For a forest F', f(F) is well-defined,
and

f(F) = ch SPY).



| Decomposition theorem

Theorem. For a forest F', f(F) is well-defined,
and

f(F) = ch SPY).

In other words, If

where s, IS a Schur function, then ¢, Is the
multiplicity of the irreducible representation of S,

indexed by \ in SPU), |



I The Ehrhart polynomial of Mg

Open. What is the Ehrhart polynomial of Mp?
Does it have any representation-theoretic
significance?
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