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(restricted) Kostant’s partition
function:
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e;=(0---010---0) € R™"!
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I/EZm—H, ZWZO
Aq—lf,—qu{ez'j ; 1§i<j§m—|—1}CZm+1
S C Al

Kg(v) =# {(bij)ez'jeS = Zbijeij}

Proposition. Let

S = S(G) = {67;]' ; (Z,]) S E(G)}

The number of N-flows with excess
flow (ay,...,am) is equal to

Kq(ay,...,am, —Zai).
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Main Theorem (D. Peterson, un-
published, for S = A,}). Let

d; = outdeg(i) — 1.
Then
Ks(al,...,am,—Zai) =
ZK5<V1 —diy. . Vp1 — dpy—1)

(a1 + d1> (aml + dml)

2 Vm—1 |
summed over all vi,..., V1 € N
satisfying

V4t > di+ -+ d;
Y vi=di++dpy



(v1,12) = (2,0),(1, 1)
S = {e12, €13, €23, €24, €34}

Ks(a,b,c, —a—b—C) —

st an() ()

_ (agl) +(a+1)(b+1).



Idea of proof. Consider
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Systematically apply the identity
1 1 B
: — =

e
l—xza:j 1l —zjz,
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(Elliott-MacMahon algorithm).

1 — :1:7;:13];1 l —x;x



Corollary. Let d = dim F. Then

d - vol(Fg) =V (Fq)

— KS<dm—17 dm—27 A 7d17 o Z dZ)
For G = K, 11, we have

¥ m — 1
V<me+1):K(1727°°°7m_2,_< 9 ))

Chan-Robbins conjecture:

Theorem (Zeilberger). We have

V (Fipr) = Cree Cno,
1 (2n

— ") (Catalan num-

where C), =
ber).

Can also do

K (aarie-("3) 4 (5)):
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Theorem (easy). K(ay,...,am, — ) a;)
s divisible by

(a1 +1)(a;+2)---(a; +m —1).
Theorem (J. R. Schmidt and A. M.

Bincer, 1984; A. N. Kirillov, 1999) Also
divisible by

a1 +ao+ -+ ay_o+3a,_1+ 3.
In fact,
3K(a1,...,am,—2ai) —
(a1 + -+ ayp—9 + 3ay,—1 + 3)

'KHO em—l,m(al’ ooy My — Z a”i)'
Bijective proof?



MIXED LATTICE POINT
ENUMERATORS

Pi, ..., Pm integer polytopes in RY
ai,...,am € N
P =a1P1+ - +anPm
= {a1v1 + -+ amvym : v; € Pi}.
(Minkowski sum)
McMullen: Let
N(P)=#(2'nP),
the mixed lattice point enumera-

tor of Pi,...,Pm (m = 1. Ehrhart
polynomial). Then

N(P) S Q[al, C. ,am].
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Let N(Pg) = terms of total degree
d. Then

N(P)y = vol(P)
= vol(a;Py + -+ - + amPm)
= 2 (i)
it tim=d 150 -5 tm
V(PP

mixed volume
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Now let V(G) = {1,2,...,m + 1}
and v = (ay, ..., am) as before. Let
Gi = Gliit1,...m+1
F; = Fg, C REWG),
Then
N(ayFi+ -+ amFm) =
#(N, v)-flows in G
— KSWL---,@ma—ZCLi)-

In particular,
V(aeFr+ -+ amFm) =
Z KS(Vl_db"'an—l_dm—ll

. . WV
certain v;€N mixed volumes
V1 Vm—1
aq 1

vl vy
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