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Let P be a (�nite) set of 
losed inter-

vals [a; b℄ � R , with a < b. De�ne a

partial ordering of P by

[a; b℄ < [
; d℄ if b < 
:

Any poset (partially ordered set) iso-

morphi
 to P is an interval order.
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Theorem. (Fishburn, 1970) A �-

nite poset is an interval order if and

only if it 
ontains no indu
ed

not OKOK

Let r(A) denote the number of re-

gions of the hyperplane arrangementA.
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Theorem. Let a

1

; : : : ; a

n

> 0. Let

I(a

1

; : : : ; a

n

) be the number of (labelled)

interval orders su
h that interval I

i

has length a

i

. Then

I(a

1

; : : : ; a

n

) = r(I(a

1

; : : : ; a

n

));

where I(a

1

; : : : ; a

n

) is the arrangement

(in R

n

)

x

i

� x

j

= a

i

; i 6= j; 1 � i; j � n:

Proof.
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Spe
ial 
ase:

I

n

: x

i

�x

j

= 1; i 6= j; 1 � i; j � n

De�nition. A poset is a semiorder

or unit interval order if it is an in-

terval order using intervals of length one.

Theorem. (S
ott & Suppes, 1958)

A �nite poset is a semiorder if and

only if it 
ontains no indu
ed

or

Corollary. r(I

n

) is the number of

semiorders on f1; 2; : : : ; ng.
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I

0

n

: x

i

�x

j

= 0;�1; 1 � i < j � n:

r(I

0

n

) = n! �# nonisomorphi


semiorders with n elements

= n!C

n

; C

n

=

1

n + 1

�

2n

n

�

(Catalan number).
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Let

F (x) =

X

n�0

C

n

x

n

=

1�

p

1� 4x

2x

:

Then

X

n�0

r(I

n

)

x

n

n!

= F (1� e

�x

):

(Chandon, Lemaire, & Pouget, 1978).

8



Now let a

1

; : : : ; a

n

be generi
, e.g.,

linearly independent over Q , or

a

1

<< a

2

<< � � � << a

n

:

Note. I(a

1

; : : : ; a

n

) is independent

of a

1

; : : : ; a

n

(though the interval or-

ders themselves depend on a

1

; : : : ; a

n

)

(sin
e the interse
tion posets are the same).

Example. (a

1

; a

2

; a

3

; a

4

) = (1; 2; 4; 8; 16)

2
1

5

4
3

4321

5

Cannot be a
hieved by (a

1

; a

2

; a

3

; a

4

) =

(1; 1:0001; 1:001; 1:01; 1:1).
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Let h

n

= I(a

1

; : : : ; a

n

).

Theorem. De�ne

y = 1 + x + 5

x

2

2!

+ 46

x

3

3!

+ � � �

by

1 = y(2� e

xy

):

Let

z =

X

n�0

h

n

x

n

n!

= 1 + x + 3

x

2

2!

+ 19

x

3

3!

+ 195

x

4

4!

+ � � � :

Then

z

0

z

= y

2

; z(0) = 1:
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Proof. Whitney, Zaslavsky =)

h

n

=

X

B

(�1)


y
le dim

2

#blo
ks

;

whereB ranges over all bipartite graphs

with verti
es 1; 2; : : : ; n.

+ + + -++1 2 4 4 8 8 2. 6. .12 3. 12. 4. .1 3

= 195
 

Et
.
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The Linial Arrangement

L

n

: x

i

� x

j

= 1; 1 � i < j � n

L3
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r(L

1

) = 1

r(L

2

) = 2

r(L

3

) = 7

r(L

4

) = 36

r(L

5

) = 246

r(L

6

) = 2104

r(L

7

) = 21652

r(L

8

) = 260720

r(L

9

) = 3598120

r(L

10

) = 56010096

r(L

11

) = 971055240

r(L

12

) = 18558391936
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Theorem. r(L

n

) is the number of

posets on f1; 2; : : : ; ng obtained by in-

terse
ting a semiorder (unit interval

order) with the 
hain

1 < 2 < � � � < n:

order
semi- not an

interval
order

U4

1

311

42

2
=

2

3

3

4
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Theorem (A. Postnikov). Let

a < b < 
 < d:

The obstru
tions to being an inter-

se
tion of a semiorder with the 
hain

1 < 2 < � � � < n

are the indu
ed posets

dd
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cc
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d
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Theorem (Athanasiadis, Postnikov)

Let

y =

X

n�0

r(L

n

)

x

n

n!

:

Then

y = exp

x

2

(1 + y)

r(L

n

) =

1

2

n

n

X

k=0

�

n

k

�

(k + 1)

n�1

:
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De�ne

[a; a + 2℄ < [b; b + 2℄ if a + 1 < b

[a; a + 2℄ < [b; b + 2℄ if a + 2 < b:

A double semiorder (easily gener-

alized to k-interval orders and k-semiorders)

is the \double poset" obtained from a

(�nite) set of intervals of length two and

the two relations < and <.

31

2 44
3

1 2
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Theorem. (a)The double semiorders

on 1; 2 : : : ; n are in one-to-one 
orre-

sponden
e with the regions of the ar-

rangement

I

n;2

: x

i

�x

j

= �1; �2; 1 � i < j � n:

(b) Let

I

0

n;2

: x

i

�x

j

= 0;�1;�2; 1 � i < j � n:

Then

r(I

0

n;2

) = n! �# nonisomorphi
 double

semiorders with n elements

= n!

1

2n + 1

�

3n

n

�
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(
) Let

G(x) =

X

n�0

r(I

0

n;2

)

x

n

n!

=

X

n�0

1

2n + 1

�

3n

n

�

x

n

:

Then

X

n�0

r(I

n;2

)

x

n

n!

= G(1� e

�x

):

Compare:

F (x) =

X

n�0

r(I

0

n

)

x

n

n!

=

X

n�0

1

n + 1

�

2n

n

�

x

n

X

n�0

r(I

n

)

x

n

n!

= F (1� e

�x

):
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